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ABSTRACT

Let (X, d) be a compact metric space and p a Borel probability on X. For
each N > 1 let dé\g be the foo-product on X of copies of d, and consider
1-Lipschitz functions X~ — R for dXl.

If the support of p is connected and locally connected, then all such
functions are close in probability to juntas: that is, functions that depend
on only a few coordinates of X . This describes the failure of measure
concentration for these product spaces, and can be seen as a Lipschitz-
function counterpart of the celebrated result of Friedgut that Boolean

functions with small influences are close to juntas.

1. Introduction

In this paper, a metric probability space will be a triple (X, d, 1) in which d
is a compact metric on X and p is a probability measure on the Borel o-algebra
of (X,d).
Given a metric space (X,d) and an integer N > 1, we shall write d2), for the
{-product of N copies of d: that is,
djovo((zn)nSNa (Tp)n<N) = glgz)v( d(n, 7).

If 41 is a probability measure on X, then p denotes its N-fold product on X .
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Recall that a sequence of metric probability spaces (Xy,dn,pun) exhibits
concentration of measure if

(1) sup  pn{|f - [fdun| >} — 0 Y5>0
f: XN —R
Lip(f) <1
as N — oo (see, for instance, [Led01] and the many references there).
Unless p is a Dirac mass, the sequence of metric probability spaces

(XN, d, ™)

oo

does not exhibit concentration of measure. FEach coordinate projection
7 : XV — X is 1-Lipschitz and pushes pV to p. Composing one of these
with any non-constant 1-Lipschitz function f : X — R witnesses that (1) is
violated, because for small enough § > 0 the supremum on the left is bounded
below by the positive constant uf{|f — | fdu| > 6}, independently of N.

In light of this, one can ask for a rough description of all functions X — R
that have a fixed Lipschitz constant but are not highly concentrated for the
measure Y. If the support of u, spt 4, is disconnected, then there are many such
functions, and no special description is conceivable: for instance, if X = {0,1},
d(0,1) =1 and p = } (6o + 01), then all functions X — [0, 1] are 1-Lipschitz
for the metric d. This observation may easily be extended to other examples
with disconnected spt .

However, the situation changes in case spt p has some connectedness. This
will be made precise in Theorem 1.1 below, which will involve the following
notions.

First, (X, d, p) is (locally) connected if spt p is (locally) connected.

Next, when a probability space (X, 1) is understood and n € [N, let Ejn\ (n}
denote the conditional expectation operator on Li(u’Y) defined by integrating
out the n*® coordinate:

E[N]\{n}f('rla o a:EN) ::/ f('rlv" 5 Tn—1,Y, Tn+t1, .- '7:CN) M(dy>
X
More generally, for S = [N]\ {n1,...,ni} C [N] let

Es = Enp(ni} © - © BN\ {ni}

where clearly the order of composition is unimportant. In this notation, S
records those coordinates in [N] on which the dependence of f is retained.
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Lastly, for any metric space (X,d) and function f : X — R, the non-
decreasing modulus of continuity of f is the function w : [0, 00) — [0, 0]
defined by

w(r) = sup{|f () — f(W)I| d(z,y) <r}.

Clearly w(0) = 0, and uniform continuity of f is equivalent to continuity of w
at 0.

THEOREM 1.1: Let (X,d, i) be a connected and locally connected metric prob-
ability space, and let w : [0,00) —> [0, 0] be non-decreasing. For every € > 0
there is some integer p > 1, depending on X, € and w, with the following prop-
erty. For every N > 1, if f : X~ — R has modulus of continuity at most w
for the metric d¥, then there is S C [N] with |S| < p such that

If = Esfll, vy <e.

I suspect that this theorem needs only the assumption of connectedness, not
local connectedness.

Approximation in Lq(u”) is convenient for the proof, but it implies an ap-
proximation in L,(uY) for any p < co: this is because

diam(X", dY) = diam(X,d) < oo

for all N, and so the modulus-of-continuity bound implies also a uniform bound
on |f — f f|. However, Theorem 1.1 cannot be tightened to an approximation
in Lo, (u™): for instance, on [0, 1] with Lebesgue measure, the function

f(xlv"'azN) = I%aj)\/gxn

is 1-Lipschitz, takes values in (1 — ¢, 1] with probability 1 — (1 — )%, but is not
uniformly close to any function depending on only N — 1 coordinates.

Let T := R/Z, endowed with the metric inherited from the usual distance on
R, which we still denote by | - |. Most of the work in proving Theorem 1.1 will
go towards the following special case:

THEOREM 1.2: For every € > 0 there is a ¢ > 1 such that if f : TV — R is
1-Lipschitz for the metric | - |, then there is some S C [N] with |S| < ¢ such
that

If — Esfllo, vy <e.
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An easy exercise shows that with the above metrics on product spaces, any
conditional expectation of the form Egf has modulus of continuity not greater
than that of f itself. Therefore both of these theorems give approximations in
measure by juntas that are ‘as continuous’ as the original function f.

In fact, the method below will give a stronger variant of Theorem 1.2, formu-
lated in terms of a kind of Sobolev norm for f: see Theorem 2.1. This stronger
version also has a consequence for maps between Hamming metrics, rather than
loo-metrics. Recall that given (X, d), the associated Hamming metric d)¥ on
XN is defined by

div((xn)nSNv( W )n<N) =N Z d(xp,x

Clearly d¥ < d¥. The additional consequence of Theorem 2.1 is as follows.

THEOREM 1.3: Let N, M > 1 with M/N =: a. Then for every e,L > 0 there
is a ¢ > 1, depending only on e, a and L, with the following property. If
F:[0,1)N — [0,1]M is L-Lipschitz for the Hamming metrics on domain and
target, then there is another L-Lipschitz function

G=(Gy,...,Gp): [0, 1]V — [0, 1M

such that

/ |F(z) — G(z)|}" dz <,
(0,1}

and such that each G,, depends on only q coordinates of [0, 1]V

The proof of Theorem 1.2 is a close relative of arguments of Kahn, Kalai
and Linial [KKL], Bourgain, Kahn, Kalai, Katznelson and Linial [BKK*92],
Friedgut and Kalai [FK96], and Friedgut [Fri98, Fri04], used for the analysis
of Boolean functions on product spaces under various conditions. That con-
nection will be discussed further during the course of the proof. Perhaps the
closest predecessor of Theorems 1.1 and 1.2 is the theorem of Friedgut that
a Boolean function on {0,1}" with controlled total influences is close, in the
uniform measure, to a Boolean function depending on a controlled number of
coordinates: see [Fri9g].

Theorems 1.1 and 1.2 also have relatives in other studies of concentration for
product measures and f,-metrics. Several earlier works have sought conditions
on a metric probability space (X, x) under which the isoperimetric function of



Vol. 211, 2016 FAILURE OF CONCENTRATION 225

(XN N, dY ) may be either estimated or determined exactly, and some quite
general results are now known: see, for instance, Barthe [Bar04] and the refer-
ence given there. However, those results generally concern the strictly extremal
behaviour of the isoperimetric problem in these spaces, for situations in which
the minimizing sets can be described exactly, or in which that problem can be
shown to behave well under tensorizing. By contrast, the isoperimetric result
descending from Theorem 1.1 is very crude:

THEOREM: For any connected and locally connected (X, d, i), and any 6,& > 0,
there is some q, depending on the space and on ¢ and e, such that the following
holds. If A,B C X~ are such that

inf{dY (z,y)| v € A, y € B} >,
then there are a set S C [N] with |S| < ¢, and subsets A’, B’ C X that depend
only on coordinates in S, such that u™ (A\ A’), u™ (B \ B') < ¢ and
inf{dY (z,y) |z c A, yc B} >6 —e.

Thus, in a sense, the approximate isoperimetric problem for ¢..-product
spaces may be confined to low-dimensional products.

Sketch proof. The 1-Lipschitz function f(x) := min{J, dist(x, A)} has the prop-
erty that f|A = 0 and f|B = 6. Applying Theorem 1.1 to f gives a set S of
controlled size such that f ~ Egf, and now one can read off A’ and B’ as
suitable level sets of Egf.

This argument is likely to give a very poor quantitative dependence, and the
further details are routine, so they will be omitted. It is also similar to part of
the argument of Dinur, Friedgut and Regev in [DFR08] concerning the structure
of independent sets in graph powers.

ACKNOWLEDGEMENT. An earlier version of this paper was significantly strength-
ened following suggestions by the anonymous referee.

2. Proof of the special case

For a differentiable function f : TV — R and n < N, let 9, f be the partial
derivative in the n*® coordinate, and let

Af = (O f)N_, : TV — RV,
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At any point # € T™ one may identify the tangent space with RY in the obvious
way. As one zooms in on that point the metric d¥ converges to the norm of
¢X . From this it follows easily that

2 Lin(f) = sup [37(@)ly = sup (Zw )

for all f € CL(TV).

The method below actually gives a slightly stronger result than Theorem 1.2.
For p € [1,00) and a suitably integrable function F=(Fy,..., Fy): TN — RN,
define the norm

Pl = ([ 1rei ) <Z [ mera)”

where the integrals are with respect to the Haar probability measure on TV .
This norm will be used with p equal to 1 or 2.
From each norm [ - ||,y , one may define a seminorm on CHTN) by

[ ||5f||L,,é;y-

When p = 2, this is the homogeneous Sobolev seminorm || f|| o B2y’
w

Since || - [ley < ||+ |lgx for all p, any f € CH(TN) satisfies

||5f||Lpz;V < Lip(f) Vpe€[l,00).

From this and the fact that any 1-Lipschitz function on TY may be uniformly
approximated by smooth 1-Lipschitz functions, the following immediately im-
plies Theorem 1.2.

THEOREM 2.1: For every e > 0 there is a ¢ > 1 such that if f € C}(T) satisfies
10fll e <1 and ||f — [ fll2 < 1, then there is some S C [N] with |S| < q
such that

If = Esfll <e.

The same result holds for functions on [0, 1]V, possibly with a different depen-

dence of q on €.

Most of the work below will go into the first part of Theorem 2.1, and that
is also the case that will imply Theorem 1.1. The result for [0, 1]V is an easy
corollary, but is included here because it is needed for Theorem 1.3.
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Now let A:=3Y"_\ 02, the non-positive definite Laplacian. Let Px=exp(tA),
t > 0, be the resuRing heat semigroup, which is well-defined and self-adjoint
on Ly(TV). As is standard, this is the semigroup corresponding to Brownian
motion on TV. For each ¢ > 0 it may be written explicitly in terms of the
Gaussian measure v; on R with variance ¢:

3) Puf@) = [ flas)2 ()

where y denotes the image of y under the obvious quotient map RY — TV,
Every P; is a contraction for the norm || - ||LPZ£J for any p € [1,00]. A simple
calculation gives 0, P;f = P;0, f for all ¢, n and differentiable f, and hence

(4) ||5Ptf||Lpeg < ||5f||Lpz;V

for any p, f and t > 0.

The proof of Theorem 2.1 follows similar lines to the proofs of the main results
in [KKL, BKK%92, FK96, Fri98, Fri04], concerning the structure of Boolean
functions with low total influences on {0,1}" and [0, 1]". Note, however, that
the obvious analog of Theorem 1.2 for Boolean functions — that Boolean func-
tions with small total influences are close to juntas — is false for functions on
[0,1]": see Hatami [Hat09, Hat12] for the precise structure in that case.

e On the one hand, if |\5f||L1[§ < 1, then the evolution ¢ — P, f is not
too fast in the norm || - ||1, so that for small ¢ one has P, f =~ f.

e On the other hand, a hypercontractivity inequality for the semigroup
(Py)t>0 implies that if |0, f]]1 < 1 for some n, then ||0,P; f]|2 rapidly
decays towards zero. This will occur so fast that even for small ¢, the
derivatives 9, P; f are extremely small in || - |2 for all but a few choices
of n, so that P;f is close to a function that depends on only those few
coordinates.

Thus, one may first approximate f by P;f for some small ¢ > 0, and then prove
that P, f is close to a function of only a few coordinates.
The first of these two steps results from the following.

LEMMA 2.2: If f € CL(TY) then

If = Pefll < V0S|, VE=0.
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Proof. This is easily deduced from the representation (3), which gives

1=pts [ 10 - 1+ p)laEY ) de

By the Fundamental Theorem of Calculus and a change of variables, this last

/Old f@ + sy) ds| 42N
<[] L.

Z YnOn f (2’

By the monotonicity of Lebesgue norms, this is at most

/TN (/RN (éyn%ﬂx’))zw@(dw) e

and now, since the coordinates ¥, of y are independent under N this bound

bound equals

fo

(dy) dz

Z YnOn f (x + sy)‘ N(dy) dsdz

N(dy) da'.

equals
1/2 N 1/2 .
([Lwtam) " [ (Swos@l) s =ve [ 171 ar.
RN ™ \ ;21 TN
Finally, this is at most \/t||f||ng;v, since || - [lgy <[ - [l

For the second part of the proof, the key ingredients are a reverse Poincaré
inequality and a hypercontractive estimate for the heat semigroup on a torus.

PROPOSITION 2.3 (Reverse Poincaré inequality): If f € C*(TV) then

IOP: fllpaey < IIfll2/vt ¥E>0.
Proof. For any f € CY(TY), the self-adjointness of P; and integration by parts
give

||5Ptf||izggf2 / (0P f( Z / Pif(z)- 0,Fif(z) da

o Z1 /TN etAf(x) ) 872;etAf(x) dz = f(l') : (*A)thAf(x) dz

Tn
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Since —A has spectrum contained in [0, o), the Spectral Theorem gives

[(~A)e o < (max ae2%)| 2 < £/t

Substituting above, the Cauchy—Bunyakowski-Schwartz inequality gives

HOPLfI7 ey < 1F 2l (=2)e™ fllz < 1 £113/1.
PROPOSITION 2.4 (Hypercontractivity on tori): Let
t>0 and p:=1+e e (1,2).
If f € L,(TY), then
1P fll2 < 1f1lp-
Proof. In case N = 1, this is a special case of Weissler’s hypercontractive es-
timates in [Wei80, Theorem 2]. Given this, the result for general N follows

because the operator P; is a tensor product of one-dimensional operators, and
all the norms || - ||, also tensorize.

Weissler’s proof of the case N = 1 closely follows Gross’ famous work [Gro75]
on the Ornstein—Uhlenbeck semigroup and Nelson’s hypercontractive estimates.
The main task is to prove a logarithmic Sobolev inequality for the Laplacian
on the circle; this can then be integrated over a time interval to give hypercon-
tractivity. Weissler’s proof of the logarithmic Sobolev inequality uses Fourier
analysis, but a more direct argument from standard properties of the heat semi-
group is also possible: cf. [Led01, Theorem 5.1].

Lastly, the proof will also need the following simple Poincaré inequality.

LEMMA 2.5: For any S C [N] and f € C*(T") one has
If=Esfl3< > lonfll3

n€[N\S
Proof. If S = [N]\ {n}, then the desired inequality is
If = Esfllz < 10af11

This follows by applying the Poincaré inequality on T to each of the one-

dimensional slices

f(xla"'aznflv 'azn+1;-"7xN)7 (zla'"aznflazn+la-"7xN) S TN?la

and then integrating over TV 1.
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For the general case, observe that for any n and S, the operators d,, and Eg
commute, and so one has

[0nEs fll2 = | Es(Onf)ll2 < [|Onfll2-

Now, if S=[N]\{n1,...,na} and one defines fo:=f and then fi :=E|n)\ (n,} [r—1
for k =1,..., M, then this sequence is a reverse martingale, so we have

M M
1f = Esf13 =" llfeer = full3 <D N0n fecal3 < D0 10uS13
k=1 k=1 ne[N\S

LEMMA 2.6: Suppose that f € CY(TY) has Hngng{v <1 and |fl2 <1. Fix
t>0andn >0, and let

§:={n € [N][ |0nfllx = n}.
Then
o—2t 1—e—2t
[Porf — EsPatflla <t 2 p2ate2n,
Proof. Proposition 2.4 and the log-convexity of the Lebesgue norms give
P2t (On f)ll2 =[P (OnFrf)ll2
<[|OnPef 1402t

22t 1—e—2t

<OuPS 5 (0PI

Substituting this into Lemma 2.5 gives

1Paf = EsPacfl3 < Y IPat(@nf)ll3

ne[N]\S
402t 2(1—e" 2
< S0 NOuPfI3 0P
ne[N]\S
2e~ 2t 1—e— 2t
9 1+e—2t 9 1+e—2t
s( ) ||5nPtf||2> ( 3 ||anPtf||1) ,
ne[N\S n€[N\S

where the last bound follows from Holder’s Inequality with exponents

14+e 2 14e2
( 2e—2t 71— e*2t>'
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Applying the contractivity of P, and then the definition of S to the second
factor, we may now bound this by

1—e— 2t

1f:f;t 14e—2t
( 3 ||anPtf||3) ( T |anf||%)

ne[N\S ne[NN\S

1—e—2t

9 124:;22tf 1 e—2t
<X loaPsIB n Y louflh)
ne[N ]\S n€[N\S

o2t

771+L—2t (||5Ptf||L2gN) 1+L—2t (”afHLlZN) o2t _

Finally, our assumptions on f and Proposition 2.3 bound this by

72? —2t 1— L72t

1—e—2t
IR (9 ) e <o
Taking square roots completes the proof.
Proof of Theorem 2.1. Consider f € C*(TY). Replacing f with f — [ f if nec-

essary, we may assume that [ f = 0. Let ¢,7 > 0, and let S be as in Lemma 2.6.

Combining Lemmas 2.2 and 2.6 gives

If = Esflli <IIf — Patflli + | Porf — EsPorfll1 + | Es(f — Porf)|1
L2f — Parflli + | Porf — EsPorf||2

o2t 1_e—2t

<2\/2t 4+t 1+e*2t . 772(1+572t) )
For any € > 0, choose t € (0752/32), so that
2V/2t < ¢/2;

then choose 1 > 0 so small that
o—2t o2t

b2t 172<1+f2t> <e/2.
For this choice of ¢t and 7, one obtains
If = Esfll <e.
On the other hand, the definition of S gives
IS <> Monflls = 10Fllz,ey < 1,

nes

so |S| < 1/n, which is bounded only in terms of .
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Lastly, suppose instead that f € C*([0,1]"). Let F : T — [0, 1] be the map
defined by

20 if 6 €[0,1/2),

F(0+17) =
2-20 if6ell/2,1).

Then F*N : TN — [0, 1]" is 2-Lipschitz, differentiable almost everywhere and
measure preserving, so f o F*¥ ig differentiable almost everywhere and

(£ F*M)[ Ly < 2H5fHLpz;DV Vp € [1,00).

Therefore f o F*N may be uniformly approximated by continuously differen-
tiable functions satisfying the same inequalities, for example by convolving with
a mollifier. Since also (Esf)o F*N = Eg(f o F*¥), the proof is completed by
applying the first part of the result to f o F*¥.

Theorem 2.1 begs the following question. I suspect the answer is negative,
but have not been able to find a counterexample.

Question 2.7: In the statement of Theorem 2.1, is it enough to assume that
HngLle{V < 1, without the bound on || f — [ f||2? (Of course one should expect
a worse dependence of ¢ on ¢.)

Remarks: 1. The argument above can also be used, essentially without change,
to prove an analog of Theorem 2.1 for the standard Gaussian measure v on R¥:
a function f € CY(RY) for which [ ||5f||[{\[ dy <1 and [|f]|L,y) < 1 may be
approximated in L () by functions of boundedly many coordinates.

Indeed, it seems likely that these methods, and Theorem 2.1, generalize to a
large class of Markov diffusion semigroups subject to suitable ‘curvature’ condi-
tions, as studied in [Led00, BGL14]. More general reverse Poincaré inequalities,
for instance, can be found in [BGL14, Section 4.7], and hypercontractivity es-
timates in [BGL14, Section 5.2].

2. Another connection worth remarking is with the recent works [KMS12]
and [CEL12]. These establish versions of Talagrand’s famous variance-bound
for functions on {£1}" (see [Tal94]) in various new settings, including some
product and non-product measures on RY, using a similar strategy to that
above. It should also be possible to deduce Theorem 2.1 directly from one of
those Talagrand-type inequalities, such as [CEL12, Theorem 1].
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3. Proof of the general case

LEMMA 3.1: Let (X,d) be a compact metric space and let f : X — R be
continuous with a non-decreasing modulus of continuity w. Let ¢ > 0, and
let Ky = sup,~.r ‘w(r) € [0,00] and K = max{Ki,1}. Then there is a
K-Lipschitz function h : X — R such that || f — hlle < Ke.

Proof. This is vacuous if K = 0o, so assume K is finite. For each n € Z let
Xn={z € X| f(z) <en},
and define h : X — R by
h(x) := ian(en + Kd(xz, Xp)).
ne
As a pointwise infimum of K-Lipschitz functions, h is K-Lipschitz. If f(z) < en,
then z € X,,, and so h(x) < en+ Kd(x, X,) = en. Infimizing over n, this gives
hiz) < f(x) +e.
On the other hand, for any x € X, n € Z and y € X,,, one has

f(x) < fly) +wld(z,y)) < fly) +wldz,y) +¢) < fly) + Kd(z,y) + Ke.
Using that f(y) < en and then infimizing over y € X,,, this gives
f(z) <en+ Kd(z, X,) + Ke.
Now infimizing over n gives f(z) < h(x) + Ke, as required.

Proof of Theorem 1.1. As Gromov reminds us in the proof of the Non-Dis-
sipation Theorem in [Gro01, Section 3%.62]7 since (X,d, u) is connected and
locally connected, there is a uniformly continuous map F : T — X such that
Fym = p. Let o be a non-decreasing modulus of continuity for F. For any
(Tn)n, (Yn)n € XV, one has

max d(F(wn), F(yn)) < maxo(jan —ynl) = o(|(@n)n - (Yn)nl o)

so XN . TN — XN has the same modulus of continuity o for all N for the
metrics | - | and d%.

Now let f : XV — R have non-decreasing modulus of continuity w for the
metric dY,. By the above, f o F*¥ : TN — R has non-decreasing modulus
of continuity w o 0. Let ¢ > 0, and let K. := max{sup,>.r 'w(o(r)),1}, as
in Lemma 3.1 for the function f. That lemma gives a K.-Lipschitz function
h: TN — R for which || fo F*N — bl < K.e.
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Having found this h, Theorem 1.2 gives a set S C [N] with |S| bounded in
terms of € and K. (hence, in terms of €, w and o) such that

Ih — Eshlly <e,
and combining this with the previous inequalities gives
If = Bsflls <20f o F*N — hlly + |h — Eshlly < 2Kee +e.

An easy exercise shows that K.e — 0 as ¢ — 0, so this completes the
proof.

4. Lipschitz maps between Hamming cubes

Proof of Theorem 1.3. Suppose that F' = (Fy,..., Fy) : [0, 1)V — [0,1]M i

L-Lipschitz between the Hamming metrics. It may be uniformly approximated
by smooth L-Lipschitz functions, so assume smoothness also. The L-Lipschitz
bound implies that

M N
> Fn(z +da) = F(x)| < LY |da,|
n=1

m=1
for all z € [0,1]" and all perturbations dz = (dx1,...,dzy).
For fixed n < N, this inequality may be applied with

dz =(0,...,0,dz,,0,...,0)

to obtain

Ms

max |Fy, (z + dx)
M

m<

m(x +dz) — Fp(2)] < Ll|da,|.

Normalizing and letting |dz,,| — 0, this implies firstly that ||0pFmllo., < L
for all n and m, and secondly that
M

ZZwF )| < LN = LM/a — v S 1FFnly < Lo

m=1n=1 ml

Given € > 0, let
I={m < M| |0Full,, <2L/ac}.

Applying Chebyshev’s Inequality, the last inequality above implies that
Il = (1 —¢/2)M
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For each m € I, one has ||5Fm||ng{v < 2L/ag, and of course F, is uniformly
bounded by 1. Therefore, for each m € I, the second part of Theorem 2.1 gives
a subset Sy, C [INV] of size bounded in terms of L, € and « such that

||Fm WLF Hl < 8/2

Let G, := Eg, F,, for m € I, and let G,, be any constant function in case
m € [M]\ I. Then the above inequalities combine to give

M — |1
F(x) — dx < F,,— FEs F,l|1+
IR 261: 1Fo — Es, Bl + 1

<e/2+¢e/2=¢.

Equivalently, Theorem 1.3 asserts that most of the functions F,, are indi-
vidually close to functions that depend on only small sets of coordinates. One
cannot tighten this conclusion to apply to strictly every F,,. For example, the

function
[07 ]']N — [05 1]N : (1‘15 v a:EN) = (‘Tla v ,$N717Sin(277($1 +- I’N)))

is easily checked to be continuously differentiable and 2-Lipschitz for the Ham-
ming metrics, but its last coordinate is not close to any function depending on
fewer than NV coordinates. By concatenating several such examples, for any
divergent positive sequence ay = o(IN), one may construct a sequence of 2-
Lipschitz maps in which roughly ay of the output coordinates each depend on
roughly N/ay of the input coordinates.

A similar argument to the proof of Theorem 1.3, using Friedgut’s Theo-
rem [Fri98] on Boolean functions with small influences in place of Theorem 2.1,
shows that the analog of Theorem 1.3 also holds for functions

{0, 1}V — {0,1}M,

where domain and target are again given the Hamming metrics. This argument
appeared recently in Subsection 1.1 of [BCS], where it was used to analyze a
particular bi-Lipschitz bijection between {0,1}" and a radius-(N/2) Hamming
ball in {0, 1}V *! (although those authors were also able to give a more precise
bespoke analysis for that function). Actually, the argument using Friedgut’s
Theorem in [BCS] requires only ‘bounded average stretch’ for the function
{0,1}¥—{0,1}M. In our setting of a map F=(Fy,..., Fy):[0,1]¥—[0,1]M
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this corresponds to assuming that

M —

Y N0F g, ey < LM

m=1
for some fixed constant L. One can therefore obtain a closer analog of that
conclusion from [BCS] by using the full strength of Theorem 2.1.

By contrast, no obvious analog of Theorem 1.3 holds between Euclidean

spheres with the Euclidean metrics. To see this, consider the following two
natural classes of Lipschitz map S3V—1 — §3V—1.

e maps of the form

(x1,...,23n) = (Fi(21, 22, 23), ..., Fn(®3nv—2, 23N -1, T3N)),

where F; : R3 — R3 for ¢ < N are 10-Lipschitz functions such that

|1 Fi(u,v,w)[gg = [[Fi(u,v,w)lgg (for example, one may choose a se-

quence of 10-Lipschitz maps S? — S? and extend them radially to

R?);

e orthogonal rotations.

Both of these classes are individually somewhat simple. However, one may now
form a composition of a few maps drawn alternately from these two classes, and
easily produce a map with the property that no output coordinate is close to
any function that depends on only a low-dimensional projection of the domain
sphere. It is also easy to see that such compositions can be chosen to be O(1)-
bi-Lipschitz and preserve Lebesgue measure on S*N~! by a suitable choice of
the functions F; appearing in the examples of the first kind.

5. Some questions about non-product measures

Several important developments in the theory of concentration have come from
extensions of concentration inequalities from product to non-product measures.
Similarly, it would be interesting to know whether any other natural measures
on product spaces enjoy an analog of Theorem 1.1.

One rich source of examples is dynamics. Suppose that (X, d, u) is a connected
and locally connected metric probability space and that T : X — X is a pu-
preserving homeomorphism. Then for each N one may form the topological
embeddings

TON= = d, T, 7%,..., TN 1) : X — XV,
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and consider the image 70N —1] (X) and pushforward measure T,EO;NA] . Equiv-
alently, one may consider the original measure space (X, u) with the pullback

of the metric dY, giving the new metric

DN (x,y) = oBX d(T"x, T"y).
This construction is important in the theory of dynamical systems: the exponen-
tial growth rate of the DY -covering numbers of X gives the Bowen—Dinaburg
definition of topological entropy.

One may obtain examples similar to /.-product spaces with product mea-
sures in this way. For instance, if (X,u,T) is the shift on T? with its Haar
measure and some sensible choice of compact metric, then the above metrics
1%

DY behave increasingly like the metrics | - on finite marginals of TZ#. This

suggests the following question.

Question 5.1: For which systems (X, u,T) is it the case that Ve > 0 3p, K > 1
such that VN > 1, if f : X — R is 1-Lipschitz for the metric DY then it is
e-close in || - ||, to a function of the form

F(TMz, Tx,..., T )

for some ny,...,np, € {0,1,...,N — 1}, where F': X? — R is K-Lipschitz for
the metric d2 7

Another instructive example is the map 6 — 26 on (T,| - |,m7). An easy
exercise shows that for this map, DY is equivalent up to constants to the metric

PN (0,60") ;= min{2V |0 — |, 1}.

Therefore any function T — [0, 1] which is 2¥-Lipschitz for the usual metric
|- | becomes Lipschitz with bounded Lipschitz constant for the metric DY . This
certainly includes many maps that cannot be approximated in measure by ‘low-
dimensional’ functions F' as above, so the (x2)-map is not an example. Similar
reasoning seems to apply to Anosov diffeomorphisms, so these in general do not

give examples.

Question 5.2: Are there any positive examples for the previous question in which
(X, T) has finite topological entropy?
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