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ABSTRACT

We study some properties of hyperbolic Gaussian analytic functions of
intensity L in the unit ball of C". First we deal with the asymptotics of
fluctuations of linear statistics as L — oo. Then we estimate the probabil-
ity of large deviations (with respect to the expected value) of such linear
statistics and use this estimate to prove a hole theorem.

Introduction

Let B,, denote the unit ball in C™ and let v denote the Lebesgue measure in C™
normalised so that v(B,) = 1. Explicitly dv = :T'L dm = ", where dm is the
Lebesgue measure and 3 =,/ 90|z|? is the fundamental form of the Euclidean
metric.
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For L > n consider the weighted Bergman space

By (B,) = {f € HE) 1R = o [ 7GR o) du) < +oo},

where

dv(z)
(]‘) d:u’(z) = (1 _ |Z|2)n+17
and Cn,L = n‘Il:‘((l‘/LG)
Let

is chosen so that ||1||,, = 1.

ea(z) = (F(QLIITU,?D ) 1/220‘

denote the normalisation of the monomial z* in the norm |||, 1, so that {eq }q is

an orthonormal basis of Br(B,). As usual, here we denote
z = (z1,...,2,) and use the multi-index notation o = (ag,...,an),
al =ail- - ap), |a| = a1 + -+ |ap| and 2% = 2{* -+ 207,

The hyperbolic Gaussian analytic function (GAF) of intensity L is
defined as

(L + |a)\1/2
fL(Z):Zaa( Ey!F(L')D) 2%, z€B,,

where a, are i.i.d. complex Gaussians of mean 0 and variance 1 (aq ~ N¢(0,1)).

We choose the orthonormal basis {e4 }, for convenience, but any other basis
would produce the same covariance kernel (see below) and therefore the same
results.

The sum defining f; can be analytically continued to L > 0, hence the
discussion below is also valid for all such L. However, since we only study
asymptotic properties of fr as L tends to infinity, we shall not really use this
extension.

The characteristics of the hyperbolic GAF are determined by its covariance
kernel, which is given by (see [ST04, Section 1], [Sto94, pp. 17-18])

K (z,w) =E[fr(2)fr(w)] = > F(aL!FJELIf;I) oo
_ = (L +m) 1. .
- Z F(L) Z a'Z w
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A main feature of the hyperbolic GAF is that the distribution of its zero set
ZfL = {Z € By,; fL(Z) = 0}

is invariant under the group Aut(B,,) of holomorphic automorphisms of the ball.
Given w € B, there exists ¢, € Aut(B,,) such that ¢, (w) =0 and ¢,,(0) = w,
and all automorphisms are essentially of this form: for all v € Aut(B,,) there
exist w € B,, and Y in the unitary group such that ¢ = Ug,, (see [Rud0s,
2.2.5]). Then the pseudo-hyperbolic distance g in B, is defined as

Q(Z,’LU):|¢U,(Z)|, ZaweBn;
and the corresponding pseudo-hyperbolic balls as
E(w,r) ={z€B, : 0(z,w) <r}, r<l1.

There is an immediate relation between the normalised covariance kernel
K 1 — [2]2)L/2(1 — ||2)L/2
o) o) = B )
VEL(z,2)\/Kp(w,w) (1-z w)

and the pseudo-hyperbolic distance, given by the identity
(1= =)@ = [w]?)

The transformations
o L—|w* L2
T = (g o) @0l

are isometries of By, (B,,), hence the random zero sets Zy, and Zy, o4, have the
same distribution. More specifically, the distribution of the (random) integra-
tion current

i~
2p,) =, 00log|fif?
is invariant under automorphisms of the unit ball.

The Edelman—Kostlan formula (see [HKPV09, Section 2.4] and [Sod00, The-
orem 1]) gives the so-called first intensity of the GAF:

ElZ7,] = , 0010g Ky (2,2) = Luw(2),
T
where w is the invariant form
i 1 1 i
_ 1 ( ) - 1—|2%)s; 1dzj Adz.
w(z) QWaa 0g 1— |22 (1—1z2]2)22m j§1[( |2|%)8j,1 + z125]dzj Adzy
Notice that g = w™ is also invariant by Aut(B,,) [Sto94, p. 19].
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In this paper we study some statistical properties of the zero variety Z¢, for
large values of the intensity L. The outline of the paper is as follows.

In Section 1 we study the fluctuations of linear statistics as the intensity L
tends to oo. Let D, _1,,—1) denote the space of compactly supported smooth
forms of bidegree (n — 1,n —1). For ¢ € D(,,_1 1), consider the integral of ¢

IL(w)/ZfLw/anM[ZfL]-

By the Edelman—Kostlan formula,

over Zy, :

Q B =L [ ¢hw

B,
We compute the leading term of Var[IL(¢)] in the limit as L — oo and see that
the rate of self-averaging of the integral of I, (p) increases with the dimension.
A quantitative statement is the following.

THEOREM 1: Let ¢ be a compactly supported, real-valued (n — 1,n — 1)-form
with C? coefficients and let Dy be the function defined by 2278(§<p = Ded.
Then

Var[I1 ()] = nl¢(n + 2) ( /B (Dgp)2du) Lln + o( lLoffl)

Notice that this shows a strong form of self-averaging of the volume Iy (),
in the sense that
Var I, (p) —O( 1 )
(ElL()))? — “\Lr+2)”
Notice also that the self-averaging increases with the dimension.
The same computations involved in the proof of this theorem show the as-
ymptotic normality of I1,(¢), i.e., that the distribution of

IL(p) — E[IL(¢)]
V/VarlIL ()]

converges weakly to the (real) standard gaussian (Corollary 5), for each .
The proofs are rather straight-forward generalisations of the proof for the one-

dimensional case given by Sodin and Tsirelson [ST04], or the analogous result

in the context of compact manifolds given by Shiffman and Zelditch, which we

now outline.
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Let py be a Gaussian holomorphic polynomial in CP™ or, more generally,
a section of a power £V of a positive Hermitian line bundle % over an n-
dimensional Kéhler manifold M. Given a test form ¢ of bidegree (n—1,n —1),
define

In(p) = <p=/ N [Zpy].
Zpn M

According to [SZ10, Theorem 1.1], for a real-valued (n — 1,n — 1)-form with C3
coefficients, as N — oo,

Varlin(@)] = ", Cnt 20108613 o, +0( i, )

4 Nn+1/27e
The proof of this result is based on a bi-potential expression of Var[Iy ()]
(see (4)) together with good estimates of the covariance kernel, something we
certainly have for the GAF in the ball.

In Section 2, we deal with large deviations. We study the probability that

the deviation of Iy (¢) from its expected value is at least a fixed proportion of
E[1L()].

THEOREM 2: For all p € D(;,_1,,—1) and 0 > 0, there exist ¢ > 0 and Lo(p, 6,n)
such that for all L > Ly,

P[|IL(p) —E(IL(v))| > 6E(IL(p))] < e*cL"“'

Replacing § fB @ Aw by 0 we get the equivalent formulation:

1 nt1
PH IL(gp)—/ gp/\w‘>6}§e_CL+.
L B

n

Following the scheme of [SZZ08, p. 1994] we deduce a corollary that implies
the upper bound in the hole theorem (Theorem 4 below). For a compactly
supported function v in B,, denote

() = wwnflzzjg Y AN (2],

Zg,

Notice that (3) gives here

Bl ()] = L | v

In particular, and for an open set U in the ball, let xy denote its characteristic
function and let I, (U) = I.(xv). Then E[IL(U)] = Lu(U).
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COROLLARY 3: Suppose that U is an open set contained in a compact subset
of B,,. For all § > 0 there exist ¢ > 0 and Lg such that for all L > Ly,

_CLn+1

PHiIL(U) )] > 0] <e

The case n = 1 of Theorem 2 is given in [Bucl3, Theorem 5.7]. Our proof
is inspired by the methods of B. Shiffman, S. Zelditch and S. Zrebiec for the
study of the analogous problem for compact Kéhler manifolds. According to
[SZZ08, Theorem 1.5], given § > 0, and letting w denote the Kahler form of the

manifold,
1 1
P / p— / wA @
N Jz N T JM

P
where here N indicates the power of the positive Hermitian bundle over M.

_ Nn+1
>5} <e ¢ ,

In the last Section we study the probability that Z;, has a pseudohyper-
bolic hole of radius r. By the invariance under automorphisms of the distri-
bution of the zero variety, this is the same as studying the probability that
Zg N B(O,T) = 0.

THEOREM 4: Letr€(0,1) be fixed. There exist C1=C1(n,r) >0, Co=Cs(n,r)>0
and Lg such that for all L > Ly,

e—C1L"+1 S P[ZfL n B(O,T) — (Z)] S 6—02L"+1.

This result is also inspired by an analogue for entire functions in the plane
given by Sodin and Tsirelson [ST05]. Let

7= {f e H©): [5G dm(:) < +oo}

and consider the Gaussian entire function
oo
fu(z) = arer(2),
k=0

where ay, are 1.i.d. complex standard Gaussians and {ey(z)}72, is an orthonor-
mal basis of Fr..
The Edelman—Kostlan formula gives

El77,] = © dm(),

and for a test function ¢,

) =1 [ o™ = [ owvn®,
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In particular
E[#(Z;, N D(0,r)] = E[#(Zy, N D(0,7VL))],

and therefore studying the asymptotics as L — oo is equivalent to replacing L
by 72 and letting r — oo.
Sodin and Tsirelson proved [ST05, Theorem 1] that, as r — oo,

e O < PZy NDO,7r) =0] < emer’

Zrebiec extended this result to C™ [Zre07, Theorem 1.2], showing that the decay

_CTZHZ, which matches with our Theorem 4.

rate is then e
Shiffman, Zelditch and Zrebiec proved also a hole theorem for sections of
powers of a positive Hermitian line bundle over a compact Kéhler manifold

[SZZ08, Theorem 1.4]. In that case the decay rate of the hole probability is

. _ n+1
again e N

A final word about notation. By A < B we mean that there exists C' > 0
independent of the relevant variables of A and B for which A < CB. Then
A ~ B means that A < B and B < A.

1. Linear statistics

Proof of Theorem 1. The proof is as in [HKPV09, Section 3.5], so we keep it
short. By Stokes and Fubini’s theorems

Var( 1, ()
“s1a(e) Btz = [ on ) ovmos (V3]
_4EH/ log |fLL Z)>2;5590 2]

_4/ / [1 g |fL(Z)|Z )1 (ﬁé( w)| )] 99(2) ;8590(10)-
Consider the normalised GAF

fz) =

fr(2)
\/KL (Za Z) .
Then (f(2), f(w)) has joint gaussian distribution with mean 0 and marginal
variances 1. Since f(z) ~ N¢(0,1) the expectation E(log | f(2)]) is constant, and
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integrated against 0y gives 0. Therefore, in the integral above, the expectation
can be replaced by

Cov(log|f(2)] log |f(w)]) = Ellog |f (2)| log | f(w)[] — Ellog | /(=) [E[log |f (w)]].

This yields the following bi-potential expression of the variance, which is our
starting point:

Var[Iy (¢ / / pr(z,w) 88@( ) irag(p(w)
(4)
— /Bn /Bn pr(z,w)Do(2) Dp(w)du(z)du(w),

where p(z, w) = 4 Cov(log | f(2)|,log | f(w)]). By [HKPV09, Lemma 3.5.2]

e 2w 2m
o) = 3 0t
where
Lo Enew) (- R )
(5) eL( ) ) - \/KL(Z,Z)\/KL(’LU,'LU) - (1 — 7. w)L

is the normalised covariance kernel of fr.
We see next that only the near diagonal part of the double integral (4) is
relevant. Let e, = 2/L""1 and split the integral in three parts:

) Varllu(@ = [ pulew) Dol D))
12) e wDRE) Do) D))

(13) + / o PE ) (D) () ).

The bound for the first integral is straight-forward,

e . IDw(Z)Dw(W)Idu(Z)dM(W)S€L< / IDw(Z)Idu(Z))-

Bn
In order to bound (I2) let ¢, denote the automorphism of B,, exchanging z
and 0, so that |0 (z,w)|? = (1—]|¢.(w)|*)L (see (2)). By the uniform continuity
of 100y there exists n(t) with lim;_,; n(t) = 0 such that for all z,w € B,

|Dg(2) = Dp(w)| < (1 — |z (w)[?).
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An immediate estimate shows that

o0 xm
r<y <2 we0l]
m=1

and therefore

(6) (1= o= (w))* < pr(z,w) <2(1 = [d:(w)*)".

By the invariance by automorphisms of the measure du, we get (after changing
appropriately the value of Cy, at each step)

12| < 2619/ (1= (w) ) “n(1 =2 (w)[*)dp(z)dp(w)
{pr(2,w)>er }N(supp pXsupp ¢)

< Conl(er/2)V") / (1~ 6= (w) ) dp(2) dp(w)

{pL(z,w)>eL }N(supp ¢ xsupp )

<ConCcar [ ([ )
< Conl(en/2)") | (1= [2P) du(2).

zipL(2,0)>er
Since n(t) < |1 — ¢ for ¢ near 1, we see that

log L

n((eL/2)") S1—(en/2)M " ~ I

and therefore
log L

R (1= P du(a).
zipr(2,0)>ep

On the other hand, using again the invariance, we see that

B={ [ (Dp(w)du(w) (1= 2*) “dp(=).
(/. )

Since limyp oo si/L = 1 we have thus I2 = o(I3) and therefore

(7) Var[IL(p)] = I3 (1 + O(loiL)) +O(er).

It remains to compute the second factor in I3:

J ::/ (2,0)du(z Z / (1 —|2))™Fdu(z).
z:pL(z,O)>8L z:pr (2, 0)>EL

By (6),
(|22 <1—e/"}  {pr(2,0) > er} C {2 <1 (er/2)V*}
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and therefore

— S 1 2\mL 2NmL
e mzzl m? /|z|2<1—(?>1/L(1_|Z| ) dﬂ(z)_/”“*?)l“(l_|Z| )" dp(z).

pr(2,0)<er

CLAIM 1: The sum of the negative terms is negligible. More precisely,

m log" 'L
z o o= P ) = 0V F,, ).

pL(z,0) <€L

Assuming this we have

(8) J= Z I+o -

where, denoting rp, =1 — (%f )L,

I, = / (1~ |22y du(z) = / (1 22" du(z).
|z|2<rL |z|2<rL

Integration in polar coordinates ([Rud08, 1.4.3]) shows that I, is a truncated
beta function:

\/’I‘L TL
I, = n/ (1- T2)mL_n_1T2(n_1)2T dr = n/ (1 —t)ymEmn=lgn=lqs,
0 0

A repeated integration by parts yields, for n, k > 0,

n/ (1—t)F=1nLat

0
n—1
n!T(k) Fyn-1) n!T'(k i1 m
1—(1— +n— 1— +i-1,n—j
I‘(n+k)( ( ;an] k+])( ") o

thus taking k = mL — n we deduce from (8) that

J=n mzz:l Trll2 [F(;EZL)R) [ = (1= rp)mL=Y]

(mL —n) Lenti—1 n—j
17 m n+j—1,n—3 .
Zr’n—j mL—n—|— )( TL) "L ]

CLAIM 2: The negative terms in this sum are again negligible. Specifically,

S W mL—n)

1og”+jL)
L(n—jH)T'(mL—n+j)

L2n+3

i M

(1— TL)mL_"“_lrz_j = O(
el m
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The asymptotics of the I'-function

9) lim LOPF)

m—oo I'(m)mn

and the fact that (1 —rz)™L = (e1,/2)™ tends to 0 as L — oo yield

i mL - ”) fo(L™) = n! i 12 1 4o(L)
o —m (mL)
—n! Lln C(n+2) + o(L™).

Plugging this in (7) we finally obtain the stated result.

Proof of Claim 1. Denote by N the sum we need to estimate. Using the fact
that e, = 2L~ (1) and unwinding the condition pr(z,0) < €1, a rough esti-
mate yields

1
N = _ 2 mL—n—ld
mz::lmz Pyt |2<51/L( |2|%) v(z)
1 1/L
Y el ({i-at<p < () ))
m=1

2 (log2 +o(L_1)) (n—i— 1 1OgL_i_O(loiL))nfl

Proof of Claim 2. We have

n—j

, ; n ; 1
(1- rL)mL7n+371T27J — ="t (mL—n+j-1) (nz log L + O(Lin))

log" ™/ L
)
L(n+1)ym+n+j
On the other hand, the number of terms in the sum in j is independent of L,
so by (9), for L big enough and for all j
T'(mL —n) 1

li = .
LS D(mL —n+4)  (mL)d
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Thus, denoting by M the double sum in m and j we see that

[eS) n—1 ‘ |

1 1 1 n+j L | n+j I

M:Z 2 _ og1 ‘:O(og2 3)-
m=1 m j=1 (mL)‘] L(n+ )ym+n-+j L nt

As an immediate consequence of the results of M. Sodin and B. Tsirelson and
the previous computations we obtain the asymptotic normality of Iy, (p).

COROLLARY 5: As L — oo the distribution of the normalised random variable

I(p) — E[IL(9)]
v/ Var(IL,(¢))

tends weakly to the standard (real) gaussian, for each .

Proof. Consider the normalised GAF f7(z), whose covariance kernel is 0, (z, w).
Notice that

Ju(g) = / log |1 (=) P Dep(2)du(=) = I (i) — / log K1 (2, 2) Dep(=)du(z),

n n

and that the second term has no random part. Hence

(JL(p) = E[JL(p)))/v/ Var[JL(9)] and (IL(p) — E[IL(9)])/+/ Var[IL(p)]

have the same distribution, and according to [ST04, Theorem 2.2], to prove the
asymptotic normality of Jy,(¢) it is enough to see that

Js,, Jo, 10(2,w)[2[Do(2)[| Dep(w) | dpu(z) dpa(w)

a lim inf >0
(@) s SuDcs, fo. 0102 w)|du(2)
(b) lim sup / 0L (2, w)|du(z) = 0.

L—oo yeB,, JB,

By the invariance under automorphisms of the measure p

[ ol dut) = [ @1 duce)
B, B,
and (b) follows.

On the other hand, the double integral in the numerator of (a) is essentially
the same as the integral we have estimated in the proof of the previous theorem
(see (4)), and the same computations show that (a) holds.
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2. Large deviations
We begin with the proof of Corollary 3 (assuming Theorem 2).

Proof of Corollary 3. Since w™~! A [Zy,] is a positive current, the functional
I, (¢) is monotone, i.e., if ¥1 < )9 then I (1) < Ir(1h2).

Let 1,%2 be smooth compactly supported functions in B, such that
0<4¢1 <xuv <t2<1and

/ Y1 dp > p(U)(1 - 6) / Yo dp < p(U)(1 +6).

cLnt?t

Outside an exceptional set of probability e~ we have, by Theorem 2,

IL(U) < () < (1+ 8)E[I1 ()] = (1 + 6)L / oy < (1+ 62 Lu(U).

Similarly, using 11, we see that

I(U) 2 (1= 6)*Lp(U)

CLn+1

outside another set of probability e~ , which after appropiately changing

the value of § completes the proof.

A different proof of Corollary 3 can be obtained by following the scheme
of [HKPV09, Theorem 7.2.5], using the Poisson—Szegd representation of the
averages flélzl log | f(€)|do(§) instead of Jensen’s formula.

Proof of Theorem 2. Applying Stokes’ theorem, we have

T
[L(@)_E[[L(@)]:/B Balog K|f(L| ):/B log K|Lf(Lz| 2) 2;8590.
Thus,

IQWO—MQ@WSHDMW/ | log |f2.(2)[*|du(2)-

Supp ¢
By (3), the proof of Theorem 2 will be completed as soon as we prove the

following Lemma.

LEMMA 6: For any regular compact set K and any § > 0 there exists ¢ = ¢(d, K)
such that

| [ loglfi(e)Pldn(z) > o2 < e
K

The key ingredient in the proof of this lemma is given by the following control
on the average of ‘log | fL|2‘ over pseudo-hyperbolic balls.
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LEMMA 7: There exists a constant ¢ > 0 such that for a hyperbolic ball
E = E(20,5), 20 € B,, s € (0,1),

1 R /n —cL™t?
Pl iy OB OPIdue) > sLu() /7] < et

Let us see first how this allows to complete the proof of Lemma 6, and there-
fore of Theorem 2.

Proof of Lemma 6. Cover K with pseudo-hyperbolic balls E; = E();,¢),
j =1,...,N of fixed invariant volume pu(E;) = n (to be determined later
on). A direct estimate shows that N ~ u(K)/n.

By Lemma 7, outside an exceptional event of probability Ne_CL"Hg e_C/L"H,

N
f(6)]2 log | f1.(6)I%|d
/K log | £2.(€) Pldu(€) SZ /E N1og 72 PIdu )
N
< 5Lyt~ Lu(K)nt/m,
j=1

Choosing 7 such that p(K)n*/" = § we are done.

Now we proceed to prove Lemma 7. A first step is the following lemma.

LEMMA 8: Fixr <1 and d > 0. There exists ¢ > 0 and Ly = L(r, ) such that
for all L > Lo and all zg € B,

(a) Plmaxp(.,,log|fr(2)|? < —6L] < e L™,
(b) Plmaxg., . log|fr(2)]? > 6L] < e=ee”""”.

Combining both estimates P[maxp., ) |log 1fL(2)]2] > 6L] < e=eL™".

Proof. By the invariance of the distribution of f , it is enough to consider the
case zg = 0.
(a) Consider the event

&= {ImlégdogIf‘L(Z)I2 < —0L}.

Note that

[fL(2)?

log |fr(2)]* = log Ky (e 2)

1
— 2 _
710g|fL(Z)| IOg (1_ |Z|2)L7
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hence, by subharmonicity,

— L8}

€1 C {maxlog fL(@)f < Llog |~ ,

= {glgloglfL(Z)F < L(log —6)}.

1—1r2
Therefore, letting § = [log(l 2 7h

log|fo(z)] _ (1 % 1
Pl < Plmax =700 < (2 5) 1Og1—r2]

The estimate of P[€1] will be done as soon as we prove the following lemma,
which is the analogue of the upper bound in [HKPV09, Lemma 7.2.7].

LEMMA 9: For0 < § < 1/2andr € (0,1) there exist ¢ = ¢(d,7) and Lo = Lo(d, )
such that for all L > Ly
log|fL(z)] _ (1 1 -
Plmax =y §(2_5)log1fr2}§e

Proof of Lemma 9. Under the event we want to estimate

max |2(2)] < (1 r2) L),

We shall see that this implies that some coefficients of the series of f; are

CLn+1

necessarily “small”, something that only happens with a probability less than

_ n-+1 .
e~ L™ Since

9°FL(0) o Fllal + N2 o
IRET DL g!%)) 2

we have

)

_( ol(L) \1/20°fL(0)
o = (F(L+|a|)) al
and by Cauchy’s formula [Rud08, p. 37]
9“fL(0
O [ et
Hence \ Lo
laa] < ( all'(L) ) 2T (n + |af)

(L + |a) (max £~ |)(maX|fL|)

'(n)alrlel ces
Since for m € N,

o 1
(10) Z al|allel ol

laj=m
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we have

(L) 12T (n+ o)) 1 a* \1/2 L5 —la
laal < (F(L+Ial)) o) (a”a“a‘) (1= 2)-LG=0),lal

Using
a® 1
(11) Z al|allel T oml

lee|=m

Stirling’s formula and the asymptotics for the Gamma function (9), we get (for
m>>n)

Z |ao¢|2 < F(L) r (n+m)r72m(

2)-L(1-20)
~I(L+m) T%(n)m!

1—r
|a]=m

< (L)L (n +m) nelp=2m(q _p2)-L(1-20)

~ T(L+m)
L m+n
< L(L(Ti+ ;LL)qu nLp=2m () _ 2y ~L(1-20)
m

< é;;inn;;ﬁz: m2n7,72m(1 . T2)7L(1725)_

(We use this lemma (and Lemma 8) in the proof of Lemma 7, which is in
turn used in Lemma 6 with a radius r = € such that u(E()\;,€)) = (6/p(K))".
Since in Lemma 6 it is enough to consider § small, here it is enough to consider
r close to 0. We assume thus that r is close to 0, although the proof seems to
work for all » € (0,1).)

For the indices m such that

r?L—n
12 <
( ) m= 1—172
we have (1 —7%)m < 7?L —n and therefore }"}"7~% < 1. Hence
S ape, B
Ao T Ly (1P a2 (L (122 ]

Fix e (possibly very small) and let us find conditions on m so that the term
in the brackets is smaller than (1 + ¢)~!. Assume that m satisfies (12) and

r2L

(13) m>-0),"",.



Vol. 209, 2015 GAUSSIAN ANALYTIC FUNCTIONS IN THE UNIT BALL 871

Then limy,_yoo mZ = 1 and we can take Lg such that m%Z < 1+ ¢ for L > Ly.
Then, for the term in the brackets to be smaller than (1 + ¢)~! it is enough to
have
L(1+e¢) < 1
(L+m)(1—7r2)1-20 = 1 4 ¢’
that is
(1+€)2L < (L+m)(1—r*)1°.

This will occur for the m’s in our range if

1—6)r?
(1+€)2 < (1+ (1_22 )(177,2)1—6'
Thus for the existence of an € > 0 with this property it is enough to have

(1—0)r?
1—1r2

(1—0)r?

1<(1+ L2y

)(1 L)l (1 2)d
The function f(z) = (1 )%+ 8:3? has f(0) =1 and f/(z) = (ig;ﬁ)ﬁ; > 0,
thus f(x) > 1 for > 0.

All combined, for the indices m satisfying (12) and (13), i.e., in the set
r?L r2L — n}

A::{m: (175)1_r2§m§ 12

the following estimate holds

Yo laal S+

laj=m
Let us see next that this happens with very small probability. Note that

N(n,m)

P| Y P <o e = [T7| X lgP<a+a)

la]=m meEA j=1

where &; ~ N¢(0,1) are independent and N(n,m) =I'(n +m)/(m!T'(n)) is the
N(

number of indices o with |a| = m. The variable Zj:?’m) €12 follows a Gamma

distribution of parameter N(n,m), therefore,

N(n,m)

2 1 (e N 1
D R A

i=1 ’

1 1
I(N(n,m)) N(n,m)

IN

(1 + 6)7mN(n,m).
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Observe that for m € A, m ~ L and, by (9), N(n,m) ~ m"~! ~ L"~!. With
this and Stirling’s formula we get

N(n,m)

logP[ Mgl <a+ e><m+">}
j=1

—logT(L" 1) —log L" ™' — L - L" ' log(1 +¢)
~ — L"log(l+¢€)[1 4+ o(1)] < —CL".

Therefore, changing appropiately the value C' at each step, we finally see that

|: Z |aa|2 (14+€)™™, ¥m € A:| S(efCL”)#A _ (ech")LnLo(l) < e*CL"*l.

lee|=

This finishes the proof of (a) in Lemma 8.

(b) Let now

1

L log 1 |z|2] > 5L}.

Ey 1= {IrillgglogﬁL( 2)|? > 6L} = {max [10g|fL( )= 9

We estimate the probability of this event by controlling the coefficients of the
series of fr. Let C be a constant to be determined later on. Split the sum
defining |f.| as

< X ool (Coe ) e el (Tp ) e

(14) la|<CSL la|>C5L
— (1) + ().

We shall estimate each part separately.
Let us begin with the first sum. Using Cauchy—Schwarz inequality, (10) and
(11), we obtain

0=(, 5,00 (5, W )

la|<C6L |a|<CSL
1/2 1/2
(X k) (X )
|a|<CSL m<CSL m!l(L)

1/2

g( 3 |aa|2>1/2(1|z|2)_L/2< > |aa|2) VEL(z,2).

la|<C6L la|<CSL
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Now we shall see that, except for an event of small probability, (II) is bounded
(if C is choosen appropiately). For |z| < r,

(IT) < Z |a0‘|(FED|fI|‘(—’I;)L)>1/2(|:|aa|)1/2r0‘|

|a|>CoL
L(laf + L)\1/2
< lof
< 2 |““|( |a|!F(L)) "
|a|>CoL

Let 8 > 0 be such that » = e~# and consider v € (0,3) and € > 0 such that
0 < v < v+ €< . Define the following event:

A= {las| < e Va:|a| > COL}.
If A occurs, by the asymptotics (9),

(IT) < Z e"m(r(mjLL))l/QrmF(mjLn)

i m!T(L) L(n)m!

1 L—1

5 Z m 2z mtleymem < < Z mn+L/2 eVr )
\/F(L) m>CJSL \/F m>C§L

LEMMA 10: Given € > 0 there exists C' > 0 big enough so that for allm > C§L

mn+L/2
< Ce*™,

VI(T) ~

Proof. 1t is enough to see that there exists a constant D such that for x > CdL
L 1
f(x) :=ex — <n+ 2) logx + 5 logT'(L) + D > 0.

Note that lim, .. f(x) = +oo and that f is increasing for x > e~ 1(n + L/2).
Choose C with CSL > e !(n+L/2), so that f is increasing for > CSL. Then,
by Stirling’s formula,

#(C3L) = CSL — (n+ ) log(CL) + log (L) +log D

27r)1/2 L

=eCoL — (n )log Cé) —nlogL + 21og(L — +0(1)

= [606 1 log(C6) — }L +o(L).

2

Choose C' big enough so that the term in the brackets is positive, and therefore
f(z) >0 for x > COL.
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Taking C' as in this lemma we obtain

1
< —[B=(v+e)lm
Ih = zc;aLe S elstrre)
m>
Now we show that the event A has “big” probability. The variables |a,|* are
independent exponentials, hence

]P’[A] = H 1-— P[|aa| > e’y\al] _ H [1 B S,ezwm]l“r((v:x;n!).

la|>C6L m>CSL

e

Since z = e~*" is close to 0, we can use the estimate log(1 — ) ~ —z. Thus,

using (9) once more,
. _evmy ne1 —e20m
log P[4] = Z I'(n)m! log[l —e | ~ Z m" e .
m>C4éL m>CéL
There exists Lo such that for all L > Ly and m > C6L,

L'(n+m)

n—1_—e27

m am
mt e <e ¢

)

and therefore
logP[A] > — Z S
m>CéL
Choosing C' big enough so that, in addition to the previous conditions,

1
C>1 ,
¥ 8, .2

we have
_ _(2v—m)CSL (1_..2y=5L
e > e (1-r%)

and therefore
(=)7L

P[A] > e

So far we have proved that, after choosing v appropriately, and under the
event A,

1/2
|fr(2)] < ( Z |aa|2) VEL(z,2)+C,.
la|<CSL
Therefore, the condition

)P _ s
Ki(z,2) > e

imposed in & implies that, for |z| < r and L big,

2
S s (-, O Yl

la|<CSL VEL(z,2)
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Let

I'(n+m) < C&Lr(n +C6L)

rimym! = L pmycsny =0

Mp=#{a: o] <CSL} = )

m<CéL

Hence,

P[AN &, SPH Z laa|> > e‘SLH
|a|<CSL
, el
< 2 P["““' Z2ML]
la|<CSL
5L SL

—Mpe () < g

Using this last estimate and the bound for P[A], we have finally that

_oLé/2

]P)[gg] S e

It remains to prove Lemma 7. Before we proceed we need the following

mean-value estimate of log | fz (\)]2.

LEMMA 11: Let A € B,,, s > 0 and consider the pseudo-hyperbolic ball E(}, s).
Then

7 2 1 ¢ 2
8 FL 0 < s ) o B + L),
where
1i252 2

Proof. By the subharmonicity of log |fz(z)|?> we have

S 1
o8 FuP <y oy o o8I + Llos(1 — =)
— 1 o ¢ 2
2 1 2
e tos =) =) s e



876 J. BUCKLEY, X. MASSANEDA AND B. PRIDHNANI Isr. J. Math.

Identity (2) and the pluriharmonicity of log |1 — X - £|? yield

1 o e
B ) gy B EE
= 5(0.8)) Sy B0 19O
2 1 (1 leP
=log(1 — [A]?) + (B, ) /3(075)1 g(1 — [€]2)dp(€).

7‘2

Changing into polar coordinates and performing the change of variable z = | " ,

we get

s ,r2n71
L o e =on [ o0 T ar

2

1—s2
=— n/ 2" log(1 + z) da.
0
This and the fact that u(B(0,s)) = (1f2;)n ([St094] (4.4)) finish the proof.

Proof of Lemma 7. According to Lemma 8(a), except for an exceptional event
of probability e*CLHl, there is A € E := E(zo, s) such that

—L(u(E))V" < log | (M.

Therefore, using Lemma 11,

1/n 1 £ 1/n
~LGuEN < [ ToBI @R + L)

Hence
1 £ 1/n
0< iy 108 Fu(Pdn(e) + 22

Separating the positive and negative parts of the logarithm we obtain
1
H(E)

Hence,

Jox liu@Pdne) < o [ 108" 1u©)Pdute) + 2L(u(E)

1 . 9 R .
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Again by Lemma 8, outside another exceptional event of probability e—eL™t!

'u(lE) /E |log | f.(&)[?|dpu(€) S2mb§x10g+ \FL(O)2 + 2L(W(E)) /™

<5Lu(E)M™.

3. The hole theorem

Here we prove Theorem 4.
The upper bound is a direct consequence of the results in the previous section.
Letting U = B(0,r) and applying Corollary 3 with §u(U) instead of 6 we get

P[ZfL QB(O,T) = @] < ]P)HIL(U) — LM(U)| > 5L,LL(U)] < 6,02Ln,+1'

The method to prove the lower bound is by now standard (see, for example,
[HKPV09, Theorem 7.2.3] and [ST04]): we shall choose three events forcing fr,
to have a hole B(0,r) and then we shall see that the probability of such events

Can+1

is at least e~ . Our starting point is the estimate

) N 1/2
5 (M| 5 ()

0<|a|<CL la|>CL

|fL(2)| > |ao|—

)

where C will be chosen later on.
The first event is

E1 Z:{ |0,0| Z 1},
which has probability
P[Ey] = Pllao)* > 1] =e .

The second event corresponds to the tail of the power series of fr. Let

all'(n)
= al < n, : .
E, { laa| \/F(n+ |a|)|a| Vao: |al > C’L}

We shall see next that P[E>] is big, and that under the event E5 the tail of
the power series of fr is small.
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Using (10) we have

> ol )]

|la|>CL
DL+ |a) a® 4,1Y2
< Y lal| (L)l |a||a\”2‘ ]
|la|>CL
F(L+m m a® \1/2

Thus, using Cauchy—Schwarz inequality and (11),

al)y 1/2 m 1/2 1/2
> (") = = ) (2 )

|a|>CL m>CL |lal=m

Using the asymptotics of the Gamma function (9), we estimate

I(m+L) mb!

mb/m m
r(Lym! = 0(L) = {F(L)l/m}

Note that the function g(z) := (z%/T'(L))Y/* is decreasing for z > L. Thus if
m > C'L, Stirling’s formula yields

mL/m (OL)l/C Ol/CLl/(QCL)el/C

r(L)Y/m < D(LVEn =~ (2m)1/ecD) [1+0(1)] < (eC) ¢ K 2¢

where K = max,~q a2t/ = e1/e,
Let h(C) = (eC)¢ K20 and note that h(C) > 1 and limg_s h(C) = 1.
Hence, there exists C' big enough so that h(C)r? < (1 — §)? and therefore

> (i) ]« 5 e we)

/2

|a|>CL m>CL la|=
1/2
< -0 X )
m>CL la|=m

Under the event FEs,
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hence the tail of f1 is controlled by the tail of a convergent series and there
exists C' big enough so that

% ()

|la|>CL

1
< _ sS\m, . 2n
< E (1=6)"m" < 4

m>CL

Now we prove that the probability of Es is big. Since the variables a, are
independent we have, again by (9),

2 lallT(n) o,
> Plladl >F(n+|a|)|a| ]

|a|>CL
m>CL !

< Y PEP > cnm’m]m"*1 = e—Cenm™ T -1
m>CL meCL

Thus for L big enough, P[ES] < 1/2, and P[E3] > 1/2.
The third event takes care of the middle terms in the power series of f. Let

1 |a|'T(n)
By i= {|aal? ~1?)k Va:0< o] <CL}.
3= el < ygon g ot 7T Ves0<lals
Using Cauchy—Schwarz inequality, (10) and(11) we get, as in previous compu-
tations,
(L + a2,
> ) -
all(L)
0<|a|<CL
1/2 o 1/2
I(la]+ L) «
< 2 2|al
(5 wl) (2 T e
0<|a|<CL 0<|a|<CL
1/2 1/2
I'(m+ L)
2 2m
(X wr) (X o)
0<|a|<CL 0<m<CL
1/2
(3 k) amee
0<|a|<CL

Under the event Fs,

1 1
2 o 1,20 — 1,2\
Z |a/04| — Z 160L( T') ].6( T') ’

0<|a|<CL 0<m<CL
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and therefore

I'(L 1/2 1
Z aa( ( +|CY|)) ol <t
al(L) 4
0<|a|<CL
On the other hand,

mID(n) T(n+m)

P[E3] = H [1— e 102 r<m+n)(1‘Tz>L] mir(n)
0<m<CL
Note that if L is big enough, then the term appearing in the exponential is
small. Since 1 —e™* > z/2 for z € (0,1/2), we get

1 mll(n) P
pEsl > ] | (1 - "]
vem=cL 32CLT(m+mn)
_ [ I'(n) 1 r2)L} Cocm<or miron H m! ) irn)
32CL vemZcL L(m+n)

Now we estimate each term of the product and the sum by the “worst” term.
Denote M = [CL]. The exponent in the first factor is controlled by

M
I'(n+m) I'n+M) T(n+M)
<M = <M™ < (CL)".
Z: m!l(n) — M!'T'(n) (M) (n) — = (¢1)
Similarly, for the second factor we have
ﬁ ( ml )2,57:(2”3) - ( M! )MS&W My R
o2 \I(m+n) ~\I'(M + n) “\I'(M +n)
. (F(C’L +1) ) ey
~\I'(CL+n) '

Then, using again (9),

log P[E5] >(CL)" log [ I'(n) (1- T2>L] L T+CL)) [F(OL + 1)]

320L rcrL)  elrer +n)
T'(n n
=(CL)"log [32(02(1 — 7“2)L} + (CL)" log(CL)!
r
=C"L" [log 32(221 —nlog L — Llog 1 —1r2}

1 log L log ~(")
:70nLn+110g1—r2 [1+LTILO gl 7ng32c1 }
81 2 08 1 ;2

1
=—C"L"log e [1+o(1)].
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Finally,

P[E;NE;NC] >e “™ log(, 1,2 )L™ [1+o(1)]

and under this event |fr(2)]|>1—-1/4—1/4 > 0.
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