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ABSTRACT

Let M be a simply-connected closed manifold of dimension m. Chas and
Sullivan have defined (co)products on the homology of the free loop space
H.(LM). Félix and Thomas have extended the loop (co)products to those
of simply-connected Gorenstein spaces over a field. We describe these loop
(co)products in terms of the torsion and extension functors by developing
string topology in appropriate derived categories.

In Algebraic Topology, one of the most important tools for computing
the (co)homology of the space of free loops on a space is the (co)homolo-
gical Eilenberg—Moore spectral sequence. Consider, over any field, the
homological Eilenberg—Moore spectral sequence converging to H«(LM).
Our description of the loop product enables one to conclude that this
spectral sequence is multiplicative with respect to the Chas—Sullivan loop
product and that its Fa-term is the Hochschild cohomology of H*(M).
This gives a new method to compute the loop products on Hy(LS™)
and H.(LCP"), the free loop space homology of spheres and complex
projective spaces.

1. Introduction

To any topological space X is associated its space of free loops LX. Let M be
a simply-connected closed oriented manifold of dimension m. In [5], Chas and
Sullivan have defined a product called the loop product on the homology of
LM

Hp(LM) ® Hq(LM) - Hp-i-q—m(LM)
and a coproduct called the loop coproduct
H,(LM) — Hy, (LM x LM)

such that the shifted homology of the free loop space H,(LM) := H,jm(LM)
is a graded algebra while H,._,,(LM) is a graded coalgebra. This was the
beginning of String Topology.

In [12], Félix and Thomas generalized the loop (co)products of Chas and Sul-
livan from manifolds to the spaces that they studied previously and what they
call Gorenstein spaces. The formal definition of Gorenstein space states a con-
dition for the Ext functor for the differential graded algebra of singular cochains
of a space in a field. These spaces form a class much more general than that of
manifolds and it includes Poincaré duality spaces and Borel constructions, in
particular, the classifying spaces of connected Lie groups; see [10, 33, 22].
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In the remainder of this section, our main results are surveyed.

We describe explicitly the loop (co)products for a Gorenstein space in terms
of the differential torsion product and the extension functors; see Theorems 2.3,
2.5 and 2.14. The key idea of the consideration comes from the general setting
in [12] for defining string operations mentioned above. Thus our description
of the loop (co)product with derived functors fits derived string topology,
namely the framework of string topology due to Félix and Thomas.

In Algebraic Topology, there are two powerful spectral sequences to compute
the (co)homology of a space namely the Leray—Serre spectral sequence and the
Eilenberg—Moore spectral sequence (EMSS). Both have advantages and disad-
vantages. The differentials in the EMSS are often simple (even trivial). But
usually, you have extension problems.

In [8], Cohen, Jones and Yan have shown that the Leray—Serre spectral se-
quence converging to H,(LM) is multiplicative with respect to the loop product.
Here we show that over any field K, the homological Eilenberg—Moore spectral
sequence converging to H.(LM) enjoys also a multiplicative structure corre-
sponding to the loop product. Its FEs-term is represented by the Hochschild
cohomology ring of H*(M;K) with coefficients in itself,

HH"(H"(M;K), H*(M; K));

see Theorem 2.11. This was announced by McClure [28, Theorem B].

It is conjectured that there is an isomorphism of graded algebras between the
loop homology of M and the Hochschild cohomology of the singular cochains
on M. But over F,, even in the case of a simply-connected closed orientable
manifold, there is no complete written proof of such an isomorphism of algebras
(see [14, p. 237] for details). Anyway, even if we assume such isomorphism, it is
not clear that the spectral sequence obtained by filtering Hochschild cohomology
is isomorphic to the EMSS although these two spectral sequences have the same
Fs and Eo.-term.

It is worth stressing that our main result on the multiplicativity of the EMSS,
Theorem 2.11, is applicable, not only to Poincaré duality spaces, but to each
space in the more wide class of Gorenstein spaces. Note also that the EMSS is
compatible with the loop coproduct; see Theorem 2.8.

Let M be a simply-connected space whose cohomology is of finite dimension
and is generated by a single element (e.g., M is a sphere or a complex projective
space). Then explicit calculations of the EMSS made in the sequel [20] to
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this paper yield that the loop homology of M is isomorphic to the Hochschild
cohomology of H*(M;K) as an algebra. This illustrates computability of our
spectral sequence in Theorem 2.11.

Let A be a commutative Gorenstein algebra. We define a generalized cup
product on the Hochschild cohomology HH*(A, AY) of A with coefficients in
its dual, AY; see Example 5.7. If M is a simply-connected Gorenstein space,
then the algebra of polynomial differential forms Apyp (M) is a commutative
Gorenstein algebra and we show that over Q, HH*(Apr (M), Apr(M)Y) is
isomorphic as algebras to H.(LM); see Theorem 2.17. Thus, when M is a
Poincaré duality space, we recover the isomorphism of algebras

H*(LM,Q) = HH*(APL(M),APL(M))

of Félix and Thomas; see Corollary 2.18.

With the aid of the torsion functor descriptions of the loop (co)products, we
see that the composite (the loop product) o (the loop coproduct) is trivial for a
simply-connected Poincaré duality space; see Theorem 2.13.

It is also important to mention that in the Appendices, we have paid attention
to signs and extended the properties of shriek maps on Gorenstein spaces given
in [12], in order to prove that the loop product is associative and commutative
for Poincaré duality space.

2. Derived string topology and main results

The goal of this section is to state our results in detail. The proofs are found
in Sections 3 to 7.

We begin by recalling the most prominent result on shriek maps due to Félix
and Thomas, which supplies string topology with many homological and ho-
motopical algebraic tools. Let K be a field of arbitrary characteristic. In what
follows, we denote by C*(M) and H*(M) the normalized singular cochain al-
gebra of a space M with coefficients in K and its cohomology, respectively. For
a differential graded algebra A, let D(Mod-A) and D(A-Mod) be the derived
categories of right A-modules and left A-modules, respectively. Unless other-
wise explicitly stated, it is assumed that a space has the homotopy type of a
CW-complex whose homology with coefficients in an underlying field is of finite

type.
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Consider a pull-back diagram F:

X > F

a, VP

N > M
f

in which p is a fibration over a simply-connected Poincaré duality space M of
dimension m with the fundamental class wys and N is a Poincaré duality space
of dimension n with the fundamental class wpy.

THEOREM 2.1 ([23],[12, Theorems 1 and 2]): With the notation above there
exist unique elements
fle Exter i (CF(N),C* (M) and g e Exte ) (CT(X), C(E))

such that H*(f')(wy) = war, and in D(Mod-C*(M)) the following diagram is
commutative:

g9

ci(x) ? =)
« A A .
q p
CHN) = Cermen (),
E

Let A be a differential graded augmented algebra over K. We call A a Goren-
stein algebra of dimension m if

0 if * #m,

dim Ext% (K, 4) =
1 if x =m.

A path-connected space M is called a K-Gorenstein space (simply, Gorenstein
space) of dimension m if the normalized singular cochain algebra C*(M) with
coefficients in K is a Gorenstein algebra of dimension m. We write dim M for
the dimension m.

The result [10, Theorem 3.1] yields that a simply-connected Poincaré duality
space, for example a simply-connected closed orientable manifold, is Gorenstein.
The classifying space BG of connected Lie group G and the Borel construction
EG x ¢ M for a simply-connected Gorenstein space M with dim H*(M;K) < oo
on which G acts are also examples of Gorenstein spaces; see [10, 33, 22]. Observe
that, for a closed oriented manifold M, dim M coincides with the ordinary
dimension of M and that for the classifying space BG of a connected Lie group,
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dim BG = —dim G. Thus the dimensions of Gorenstein spaces may become
negative.

The following theorem enables us to generalize the above result concerning
shriek maps on a Poincaré duality space to that on a Gorenstein space.

THEOREM 2.2 ([12, Theorem 12]): Let X be a simply-connected K-Gorenstein
space of dimension m whose cohomology with coeflicients in K is of finite type.
Then

Exte (xn) (C*(X), O (X)) = H*~"=Dm (X),
where C*(X) is considered a C*(X™)-module via the diagonal map A: X — X™.

We denote by A' the map in D(Mod-C*(X™)) which corresponds to a gener-

ator of Extglz)lg:; (C*(X), X*(X™)) =2 H°(X). Then, for a Gorenstein space X

of dimension m and a fibre square

g’ -E
’

Py vP
X A>X",

there exists a unique map g' in Ext(g:(;))m(C* (E"),C*(E)) which fits into the

commutative diagram in D(Mod-C*(X™))

]

g'

crE) =B
e A A .
®") P
C*(X) > C*(X™).

A
We remark that the result follows from the same proof as that of Theorem 2.1.

Let K <f A ~L bea diagram in the category of differential graded al-
gebras (henceforth called DGA’s). We consider K and L right and left modules
over A via maps f and g, respectively. Then the differential torsion product
Tor4(K, L) is denoted by Tora (K, L), when the actions are emphasized.

We recall here the Eilenberg—Moore map. Consider the pull-back diagram F
mentioned above, in which p is a fibration and M is a simply-connected space.
Let ¢ : F' — C*(E) be a left semi-free resolution of C*(E) in C*(M)-Mod, the
category of left C*(M)-modules. Then the Eilenberg—Moore map

EM : Tort. (3 (C*(N), C*(E)) - = H(C*(N) ®c-(ap) F) — H*(X)
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is defined by
EM(x ®@ceary u) = ¢"(x) — (g%e(u)) for x @) u € C*(N) @c=(ar) F.

We see that the map EM is an isomorphism of graded algebras with respect
to the cup products; see [17] for example. In particular, for a simply-connected
space M, consider the commutative diagram,

LM =M< 7 M

€EVo v p:(evo,e’U1)v K

M > M x M
A

where ev; stands for the evaluation map at ¢ and o : M < MY for the inclusion
of the constant paths. We then obtain the composite EM’ :

Tor1(1,0™)

H*(LM)<EM TOI'E*(MXQ) (C*M, C*MI)A*,I)* - > TOYZ'*(MXQ) (C*M, ChkM)A*,A*-

o

Our first result states that the torsion functor Tor¢. y x2) (C*(M), C*(M))a+ A+
admits (co)products which are compatible with EM’.

In order to describe such a result, we first recall the definition of the loop
product on a simply-connected Gorenstein space. Consider the diagram

Com
(2.1) LM< """ LM xyy LM " = LM x LM
evo v v v(evo,evl)
M M L ZMxM,

where the right-hand square is the pull-back of the diagonal map A, ¢ is the
inclusion and Comp denotes the concatenation of loops. By definition the com-
posite

q¢' o (Comp)* : C*(LM) — C*(LM x p LM) — C*(LM x LM)

induces the dual to the loop product Dip on H*(LM); see [12, Introduction].
We see that C*(LM) and C*(LM x LM) are C*(M x M)-modules via the
map evp o A and (evy, evy), respectively. Moreover, since ¢' is a morphism of
C*(M x M)-modules, it follows that so is ¢' o (Comp)*. The proof of Theorem
2.1 states that the map ¢' is obtained extending the shriek map A', which is
first given, in the derived category D(Mod-C*(M x M)). This fact allows us to
formulate ¢' in terms of differential torsion functors.
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THEOREM 2.3: Let M be a simply-connected Gorenstein space of dimension

m. Consider the comultiplication (Dlp) given by the composite

Tor,,x (1,1)

13
Torg,. ar2y (C*(M), C(M)) axax > Torg, sy (CH(M), C(M)) (1x A)oa)*,((1x A)oa)*

A Tor(x Ax1y= (1,A)

Tor*c*(MAL)(C*(M)vC*(M2))(A20A)*,A2*
: Tory (A1
v y or ( )

CH(M), CTMNFE A )™ D = Torg i (CF(M2), C(M2)) g2+ p2e

(TOI‘ C*(A{4)

C*(]Mz (
See Remark 2.4 below for the definition of T. Then the composite EM’ :

* EM™! * * *
H*(LM) = Torg (32)(C" (M), C*(M")) s~

Tor * * *
‘LATOrc*(M2)(C (M)7C (M))A*vA*

o

is an isomorphism which respects the dual to the loop product Dlp and the
comultiplication (Dlp) defined here.

Remark 2.4: The isomorphism T in Theorem 2.3 is the canonical map defined
by [17, p. 26] or by [27, p. 255] as the composite

Tor M), C* (M) &2 = Torg,. 22 (C7(M)®2,C*(M)2)

Tor~ (7v,7)
\

Torjc, (yr2ye2yv (CUM)®2)Y (CL(M)P2))

* * 2 * 2
TOI‘C*(J\/I4)(C (M )70 (M ))TOYEZV (EZ\/,EZ?;)

where T is the T-product of Cartan—Eilenberg [4, XI. Proposition 1.2.1] or [26,
VIILTheorem 2.1], EZ : C.(M)®? 5 C,(M?) denotes the Eilenberg Zilber
quasi-isomorphism and v : Hom(C,(M),K)®? — Hom(C.(M)®% K) is the

canonical map.

It is worth mentioning that this theorem gives an intriguing decomposition of
the cup product on the Hochschild cohomology of a commutative algebra; see
Lemma 5.4 below.
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The loop coproduct on a Gorenstein space is also interpreted in terms of
torsion products. In order to recall the loop coproduct, we consider the com-
mutative diagram

Com
(2.2) IMxLM~< " LMxyLM "=LM
l
\ \
M = M x M,

where [ : LM — M x M is a map defined by I(y) = (¥(0),7(3)). By definition,
the composite

Comp' o q* : C*(LM x LM) — C*(LM xp LM) — C*(LM)

induces the dual to the loop coproduct Dicop on H*(LM).

Note that we apply Theorem 2.1 to (2.2) in defining the loop coproduct. On
the other hand, applying Theorem 2.1 to the diagram (2.1), the loop product
is defined.

THEOREM 2.5: Let M be a simply-connected Gorenstein space of dimension
m. Consider the multiplication defined by the composite

IR

(Tort,. ey (O (M), C*(M)) e ar)® = = Tort (0 (CF(M2), € (M%) g, s
' Torp (A*,1)
\
TOF*C*(MA;)(C*(M%C*(M2))(A20A)*,A2*
» Tor A!,l
v . v 1(A%1)
*+m * * - *+m * 2 * 2
Torc*(l\/[2)(c (M)7C (M))A*’A*T'gra*(A*,A;[‘)OI.C*(J\/IZI)(C (M )7C (M ))W/*,A2*

where the maps a: M? — M* and v : M? — M* are defined by
a(z,y) = (x,y,y,y) and 7'(x,y) = (z,y,y, ).
See Remark 2.4 above for the definition of T. Then the composite EM’ :
* EM™! * * *
H (LM) T TOI'C*(Mz)(C (M), C (MI))A*J)*
Tory(1,0™)

TOI‘Z*(M2)(C*(M),C*(M))A*yA*

is an isomorphism which respects the dual to the loop coproduct Dlcop and the
multiplication defined here.
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Remark 2.6: A relative version of the loop product is also in our interest. Let
f: N — M be amap. Then by definition, the relative loop space LM fits into
the pull-back diagram

LM - M
(evg,evr)
\ \
> M x M,
(£,£)

where ev; denotes the evaluation map at ¢t. We may write Ly M for the relative
loop space LM in case there is no danger of confusion. Suppose further that
M is simply-connected and has a base point. Let N be a simply-connected
Gorenstein space. Then the diagram

Comp

LyM < LM xnx LyM " = LyM x LyM

(evo,evr)

\%
N >N XxN
A

gives rise to the composite
q' o (Comp)* : C*(LyM) — C*(LyM xn LyM) — C*(LyM x LyM)

which, by definition, induces the dual to the relative loop product Drip on the
cohomology H*(LyM) with degree dim N; see [14, 16] for case that N is a
smooth manifold. Since the diagram above corresponds to the diagram (2.1),
the proof of Theorem 2.3 permits one to conclude that Drilp has also the same
description as in Theorem 2.3, where C* (V) is put instead of C*(M) in the
left-hand variables of the torsion functors in the theorem.

As for the loop coproduct, we cannot define its relative version in natural way
because of the evaluation map [ of loops at %; see the diagram (2.2). Indeed
the point () for a loop v in LyM is not necessarily in N.

The associativity of Dip and Dlcop on a Gorenstein space is an impor-
tant issue. We describe here an algebra structure on the shifted homology
H_.yq(LNM) = (H*(LyM)V)*~4 of a simply-connected Poincaré duality space
N of dimension d with a map f: N — M to a simply-connected space.

We define a map m : H,(LnM) ® H.(LNM) — H.(LnyM) of degree d by

m(a®b) = (=)D (Drip)V)(a @ b)
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for a and b € H,(LyM); see [8, sign of Proposition 4] or [39, Definition 3.2].
Moreover, put H,(LxyM) = H.iq(LnyM). Then we establish the following
proposition.

PROPOSITION 2.7: Let N be a simply-connected Poincaré duality space. Then
the shifted homology H,.(LxM) is an associative algebra with respect to the
product m. Moreover, if M = N, then the shifted homology H..(LM) is graded

commutative.

As mentioned below, the loop product on LM is not commutative in general.

We call a bigraded vector space V' a bimagma with shifted degree (i, j) if V' is
endowed with a multiplication V ® V' — V and a comultiplication V — V @ V
of degree (i, j).

Let K and L be objects in Mod-A and A-Mod, respectively. Consider a
torsion product of the form Tor4 (K, L) which is the homology of the derived
tensor product K ®% L. The external degree of the bar resolution of the sec-
ond variable L filters the torsion products. Indeed, we can regard the torsion
product Tor4 (K, L) as the homology H(M ®4 B(A, A, L)) with the bar resolu-
tion B(A, A, L) — L of L. Then the filtration F = {FPTor4 (K, L)},<o of the
torsion product is defined by

FPTor(K,L) = Im{i* : H(M ®4 BSP(A, A,L)) — Tora(K,L)}.

Thus the filtration F = {FPTorcs(pz2)(C* (M), C*(M"))}p<o induces a filtra-
tion of H*(LM) via the Eilenberg—Moore map for a simply-connected space
M.

By adapting differential torsion functor descriptions of the loop (co)products
in Theorems 2.3 and 2.5, we can give the EMSS a bimagma structure.

THEOREM 2.8: Let M be a simply-connected Gorenstein space of dimension d.
Then the FEilenberg—Moore spectral sequence

{ES" dr}

converging to H*(LM;K) admits loop (co)products which is compatible with
those in the target; that is, each term E** is endowed with a comultiplication

. ) st st
Dlp, : EP9 — &b E3' @ E?
s+s'=p,t+t'=q+d
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and a multiplication
Dlcop, : ES' ® Eﬁ/’t/ — Ef+s/’t+t/+d
which are compatible with differentials in the sense that
Dip,d, =(-1)4(d,®1+1®d,)DIp, and Dlcop,(d,®1+1®d,)=(—1)%d,Dlcop,.

Here (d, ® 1+ 1 ® d,.)(a ® b) means dya @ b+ (—1)PTa ® d.b if a € EP.
Note the unusual sign (—1)%. Moreover, the Eo-term E** is isomorphic to

GrH*(LM;K) as a bimagma with shifted degree (0, d).

If the dimension of the Gorenstein space is non-positive, unfortunately the
loop product and the loop coproduct in the EMSS are trivial and the only
information that Theorem 2.8 gives is the following corollary.

COROLLARY 2.9: Let M be a simply-connected Gorenstein space of dimension
d. Assume that d is negative or that d is null and H*(M) is not concentrated in
degree 0. Consider the filtration given by the cohomological Eilenberg—Moore
spectral sequence converging to H*(LM;XK). Then the dual to the loop product
and that to the loop coproduct increase both the filtration degree of H*(LM)
by at least one.

Remark 2.10: a) Let M be a simply-connected closed oriented manifold. We
can choose a map A' : C*(M) — C*(M x M) so that H(AYwy = warsar;
that is, A' is the usual shriek map in the cochain level. Then the map Dip and
Dlcop coincide with the dual to the loop product and to the loop coproduct in
the sense of Chas and Sullivan [5], Cohen and Godin [9], respectively. Indeed,
this fact follows from the uniqueness of the shriek map and the comments in
three paragraphs in the end of [12, p. 421]. Thus the Eilenberg-Moore spectral
sequence in Theorem 2.8 converges to H*(LM;K) as an algebra and a coalgebra.

b) Let M be the classifying space BG of a connected Lie group G. Since the
homotopy fibre of A : BG — BG x BG in (2.1) and (2.2) is homotopy equivalent
to G, we can choose the shrick map A' described in Theorems 2.5 and 2.3 as
the integration along the fibre. Thus ¢' also coincides with the integration along
the fibre; see [12, Theorems 6 and 13]. This yields that the bimagma structure
in GrH*(LBG;K) is induced by the loop product and coproduct in the sense
of Chataur and Menichi [7].

c) Let M be the Borel construction EG Xg X of a connected compact Lie
group G acting on a simply-connected closed oriented manifold X. In [2],
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Behrend, Ginot, Noohi and Xu defined a loop product and a loop coproduct on
the homology H. (LX) of free loop of a stack X. Their main example of stack is
the quotient stack [X/G] associated to a connected compact Lie group G acting
smoothly on a closed oriented manifold X. Although Félix and Thomas did
not prove it, we believe that their loop (co)products for the Gorenstein space
M = EG x¢ X coincide with the loop (co)products for the quotient stack [X/G]|
of [2].

The following theorem is the main result of this paper.

THEOREM 2.11: Let N be a simply-connected Gorenstein space of dimension d.
Let f : N — M be a continuous map to a simply-connected space M. Then the
Eilenberg—Moore spectral sequence is a right-half plane cohomological spectral
sequence {E** d,} converging to the Chas—Sullivan loop homology H, (L M)
as an algebra with

Ey* = HH**(H*(M); H.(N))
as a bigraded algebra; that is, there exists a decreasing filtration

{FPHL (LN M) }p>0

of (H.(LyM),m) such that EX* = Gr**H,.(LyM) as a bigraded algebra,
where

GrPH (L M) = FPH_ (1) (LNM)/FPTH_ (1 q) (Ln M).

Here the product on the Ea-term is the cup product (see Definition 5.1 (1))
induced by

(—1)*H(A")Y : Hy(N) @ g+ (ar) Hi (N) — HL(N).

Suppose further that N is a Poincaré duality space. Then the Ey-term is iso-
morphic to the Hochschild cohomology HH**(H*(M); H*(N)) with the cup
product as an algebra.

Taking N to be the point, we obtain the following well-known corollary.

COROLLARY 2.12 (cf. [27, Corollary 7.19]): Let M be a pointed topological
space. Then the Eilenberg-Moore spectral sequence Ey™* = Ext;}t( (K K)
converging to H,(QXM) is a spectral sequence of algebras with respect to the

Pontryagin product.
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When M = N is a closed manifold, Theorem 2.11 has been announced by
McClure in [28, Theorem B]. But the proof has not appeared. Moreover, Mc-
Clure claimed that when M = N, the Eilenberg—Moore spectral sequence is a
spectral sequence of BV-algebras. We have not yet been able to prove this very
interesting claim.

We compare here the two spectral sequences converging the loop homology
to two spectral sequences converging toward the Hochschild cohomology of the
singular cochain on a space.

The homological Leray—Serre type The cohomological Eilenberg-Moore type
E?, = HP(M;Hy(QM)) EYY = HH?Y(H*(M); H*(M))
= H_p4+q(LM) as an algebra, = H_,_q(LM) as an algebra,

where M is a simply-connected closed where M is a simply-connected Poincaré
oriented manifold; see [8]. duality space; see Theorem 2.11.
B2, = HP(M)®Bxtg!,,(KK)  EPT = HHP(H* (M); H* (M)

— HH=7=9(C*(M); C*(M)) — HHP*9(C*(M); C*(M))
as an algebra, where M is a simply- as a BV-algebra, where M is a simply-

connected space whose cohomology is connected Poincaré duality space;
locally finite; see [35]. see [19].

Observe that each spectral sequence in the table above converges strongly to
the target.

It is important to remark that, for a fibration N — X — M of closed ori-
entable manifolds, Le Borgne [25] has constructed a spectral sequence converg-
ing to the loop homology H..(LX) as an algebra with Es = H, (LM )@ H,.(LN)
under an appropriate assumption; see also [6] for applications of the spectral
sequence. We refer the reader to [29] for spectral sequences concerning a gen-
eralized homology theory in string topology.

We focus on a global nature of the loop (co)product. Drawing on the torsion
functor description of the loop product and the loop coproduct mentioned in
Theorems 2.3 and 2.5, we have the following result.

THEOREM 2.13: Let M be a simply-connected Poincaré duality space. Then
the composite (the loop product) o (the loop coproduct) is trivial.

When M is a connected closed oriented manifold, the triviality of this com-
posite was first proved by Tamanoi [41, Theorem A]. Tamanoi has also shown
that this composite is trivial when M is the classifying space BG of a connected
Lie group G [40, Theorem 4.4].
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The same argument as in the proof of [41, Theorem A] deduces that if string
operations on a Poincaré duality space give rise to a 2-dimensional TQFT, then
all operations associated to surfaces of genus at least one vanish.

We are aware that the description of the loop coproduct in Theorem 2.5 has
no opposite arrow such as Tor(;x ax1)+(1, A*) in Theorem 2.3. This is a key to
the proof of Theorem 2.13. Though we have not yet obtained the same result
as Theorem 2.13 on a more general Gorenstein space, some obstruction for the
composite to be trivial can be found in a hom-set, namely the extension functor,
in an appropriate derived category; see Remark 4.5. This small but significant
result also asserts an advantage of derived string topology.

We may describe the loop product in terms of the extension functor.

THEOREM 2.14: Let M be a simply-connected Poincaré duality space. Consider
the multiplication defined by the composite

*
>EXtC*(M4)

R <

Exty,. 32y (C* (M), C*(M))XZ A (C*(M?),C*(M?)) 2+ p2-

Ext1(1,A%)
\
EXté* (M4) (cr (M2)7 cr (M))AQ* J(AZoA)*

A
2" Ext(ix ax1y* (AT1)
N
EXtZ* (M?2) (C*(M)v C*(M))A*,Aéxfp’{:% (LEXtZ* (M3) (C*(M), C*(M))((l XA)oA)*, ((1XA)oA)* -
See Remark 2.15 below for the definition of V. Then there is an explicit iso-

morphism ®V : Extgf(Mz) (C*M, C* M) ax A+ — Hpir(LM) which respects the
multiplication defined here and the loop product.

Remark 2.15: The isomorphism V in Theorem 2.14 is the composite

* * * Vv * * *
Extc*(M2)(C M, C* M)®? >ExtC*(M2)®2(C (M)®2, C*(M)®?)
Extq(1,7v)
- v
Extic_ (arzyo2yv ((Cx (M)®2)Y, (C*(M)W)VE)Xtw @EX%* (M?2)®2 (C*(M)®2,(C(M)®2)V)

Extg,v(EZY,1) o

v Exty(1,EZY
(C*(M2),(C*(M)®2)V)<tl( ) Ext*

Ext I~ C*(M4)(C*(M2)7C*(M2))

O (M4

where V is the V-product of Cartan—Eilenberg [4, XI. Proposition 1.2.3] or [26,
VIILTheorem 4.2], EZ : C.(M)®? = C,(M?) denotes the Eilenberg Zilber
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quasi-isomorphism and v : Hom(C,(M),K)®? — Hom(C.(M)®? K) is the

canonical map.

Remark 2.16: We believe that the multiplication on
Exto. (a2 (CF (M), C* (M) ax A
defined in Theorem 2.14 coincides with the Yoneda product.

Denote by A(M) the functorial commutative differential graded algebra
Apr(M); see [11, Corollary 10.10]. Let ¢ : A(M)®? 5 A(M?) be the quasi-
isomorphism of algebras given by [11, Example 2 pp. 142-3]. Note that the
composite A* o ¢ coincides with the multiplication of A(M). Note also that
we have an Eilenberg—Moore isomorphism EM for the functor A(M); see [11,
Theorem 7.10].

Replacing the singular cochains over the rationals C*(M;Q) by the commu-

tative algebra Apr, (M) in Theorem 2.3, we obtain the following theorem.

THEOREM 2.17 (Compare with [13]): Let N be a simply-connected Gorenstein
space of dimension n and N — M a continuous map to a simply-connected
space M. Let ® be the map given by the commutative square

P (A(LyM)) < M Tor ) (A(N), A(MT)) pe e

—p—n

1R

P >~ Tor'(l,0")
\

v Tor?(1, 2
O Tor A0 (A(NY, AM))ae -

HH_, o (A(M), A(N)) = 'Tor

—p—n

Then the dual HH=P~"(A(M), A(N)Y) * >H, n(LxyM;Q) to ® is an iso-
morphism of graded algebras with respect to the loop product DlpY and the
generalized cup product on Hochschild cohomology induced by

(Aan)” - A(N)Y @ A(N)Y — A(N)Y

(see Example 5.7).

COROLLARY 2.18: Let N be a simply-connected Poincaré duality space of di-
mension n. Let N — M be a continuous map to a simply-connected space M.
Then HHP(A(M), A(N)) is isomorphic as graded algebras to Hy,,(LyM;Q)
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with respect to the loop product DipV and the cup product on Hochschild co-
homology induced by the morphism of algebras A(f) : A(M) — A(N) (See
Remark 5.2 and Definition 5.1(1))

Remark 2.19: When M = N is a Poincaré duality space, such an isomorphism
of algebras between Hochschild cohomology and Chas—Sullivan loop space ho-
mology was first proved in [13] (See also [32] over R). But here our isomorphism
is explicit since we do not use a Poincaré duality DGA model for A(M) given
by [24]. In fact, as explained in [13], such an isomorphism is an isomorphism of
BV-algebras, since ® is compatible with the circle action and Connes boundary
map. Here the BV-algebra on HH*(A(M), A(M)) is given by [30, Theorem 18
or Proof of Corollary 20].

In the forthcoming paper [21], we discuss the loop (co)products on the clas-
sifying space BG of a Lie group G by looking at the integration along the
fibre (Comp)' : H*(LBG xpg LBG) — H*(LBG) of the homotopy fibration
G — LBG xpg LBG — BG. In a sequel [22], we intend to investigate duality
on extension groups of the (co)chain complexes of spaces. Such discussion en-
ables one to deduce that Noetherian H-spaces are Gorenstein. In adding, the
loop homology of a Noetherian H-space is considered.

The rest of this paper is organized as follows. Section 3 is devoted to proving
Theorems 2.3, 2.5, 2.8 and Corollary 2.9. Theorem 2.13 is proved in Section 4.
In section 5, we decompose the cup product of the Hochschild cohomology of
a commutative algebra using the Ext functor. Section 6 proves Theorems 2.11,
2.14 and 2.17 and Corollary 2.18. We prove Proposition 2.7 and discuss the
associativity and commutativity of the loop product on Poincaré duality space
in Section 7. In the last three sections (Appendices 8, 9 and 10), shriek maps
on Gorenstein spaces are considered and their important properties, which we
use in the body of the paper, are described.
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3. Proofs of Theorems 2.3, 2.5 and 2.8

In order to prove Theorem 2.3, we consider two commutative diagrams

%

(3.1) LM x LM = M x M!

q/7 pXp 7

LM % LM ;- M < M pxp=p?

\% AxA evp,evy,evi=u Y

A M x M > M*
]\\/4/ XAX1=w

(1xA)oA=v

Y
>~ M3
and

(3.2) LM xp LM > M xp M?
Comp
/ k I ;%’mpzc _ _
LM > M (evg,evi=evg,evi)=u
\ oA P v
» M (I1xA)oA Ve

]\\/4 / v

> M x M
A

in which front and back squares are pull-back diagrams. Observe that the
left- and right-hand-side squares in (3.1) are also pull-back diagrams. Here
A and k denote the diagonal map and the inclusion, respectively. More-
over, p13 : M3 — M? is the projection defined by pi3(x,y,2) = (z,2) and
Comp : LM xp LM — LM stands for the concatenation of loops. The cube
(3.2) first appeared in [13, p. 320].

Proof of Theorem 2.3. Consider the diagram

(3.3)
Tor,x_(1,c*)
TOI'*C*(MQ)(C*(M), O*(MI))A*yp* 13> TOI‘*C*(Ma) (O*(M), C*(MIXMMI))U*W‘*
~ 2 A Tor,,«(1,5*
E]gvz EM; * * * : I( ’ I)
H (LM) o EOYC*(M4)(O (M),C (M x M ))(wv)*,pz*
Comp™ v _ 4/;% VTorl(A!,l)
Dip H*(LMxpLM) Torg ey (CHM?),CHM X MT)) .

EM:

o

w

~ H(d)y
H*+™ (LM x LM)
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where EM and EM; denote the Eilenberg-Moore maps.

The diagram (3.2) is a morphism of pull-backs from the back face to the
front face. Therefore the naturality of the Eilenberg—Moore map yields that
the upper-left triangle is commutative.

We now consider the front square and the right-hand side square in the dia-
gram (3.1). The squares are pull-back diagrams and hence we have a large pull-
back one connecting them. Therefore the naturality of the Eilenberg—Moore
map shows that the triangle in the center of the diagram (3.3) is commutative.
Thus it follows that the map Tor,«(1,¢*) is an isomorphism.

Let ¢ : B = C*(M) be a right C*(M?)-semifree resolution of C*(M). By [12,
Proof of Theorem 2 or Remark p. 429], the following square is commutative in
the derived category of right C*(LM x LM )-modules:

C*(LM xp; LM) ‘
A
EMy =~ EMs

> C*(LM x LM)

E®C*(M2) C*(LMXL . ) >O*(M2) ®C*(M2) C*(LMXLM)
A'@Lo*(Lmx L)
By taking homology, we obtain that the top square in the following diagram
commutes:
(3.4)
H* ()
H*(LM x pyLM) > H*t™(LM x LM)
7 A ~
EM-> EMy = EMjg EMs

To (C*(M),C*(LM xLM)) > Tors[™ , (C*(M?),C*(LM x LM))

rc*(M2) Tor (A*,1) C*(M?)

Tor Tor

faxays (1i%) Taxays (1i%)

To (C*(M), C*(MTxMT)) > Tor”*

T (M) Toty (A1) ron (ay (CF (M), O (M M)
T 3

The bottom square obviously commutes. We now consider the left-hand square
and the back square in the diagram (3.1). The squares are pull-back diagrams
and hence we have a large pull-back one connecting them. Therefore the nat-
urality of the Eilenberg—Moore map shows that the left-hand side in (3.4) is
commutative. The same argument or the definition of the Eilenberg—Moore
map shows that the right-hand side in (3.4) is commutative.

So finally, the lower square in (3.3) is commutative.
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The usual proof [17, p. 26] that the Eilenberg-Moore isomorphism EM is
an isomorphism of algebras with respect to the cup product gives the following
commutative square:

H*(LM)®? <~ Torg. (a2 (C* (M), C*(MT)§?

*

EM®? P
Xy = =T
EMs o 2 I I
H*(LM x LM) <_ " Torg. ya)(C*(M?),C* (M x M) p2 .

This square is the top square in [27, p. 255].
Consider the commutative diagram of spaces where the three composites of
the vertical morphisms are the diagonal maps

M M A S MxM
oy~ o'y~ oXoy~
A M'<  MPxyM' =M 'xM' axa
~ Py yu ! pxpy S
M x M < M3 > M*.
P13 w

Using the homotopy equivalence o, ¢’ and o2, we have the result.

We decompose the maps, which induce the loop coproduct, with pull-back
diagrams. Let [ : LM — M x M be a map defined by I(y) = (7(0),7(}))-
We define a map ¢ : LM — LM by o(y)(t) = y(2t) for 0 < ¢t < } and
@(y)(t) =~(1) for J <t < 1. Then ¢ is homotopic to the identity map and fits
into the commutative diagram

(3.5) o LM > M!
e ‘{
LM ~ > MT x Mt evo,ev1=p
VeU() A pxp V
l e/ M > M x M
\ v /
M x M =ML T
v

Here the maps o : M2 — M*, 8 : MT — M! x M and +' : M2 — M* are
defined by a(z,y) = (z,y,y,y), B(r) = (r,¢y1)) with the constant loop ¢, ()
at 7(1) and v/(z,y) = (z,y,y, ), respectively. We consider moreover the two
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pull-back squares

Com
(3.6) LM sy LM "2 LM = M x M!
v lV VPXP
M > M x M > M*
A ~'
and the commutative cube
(3.7) LM x5 LM M x M
2 . =
LM x LM ! = M x M! P
v . 2 v
M (AXA)oA P e

A
MLM/AxA >1\}4/

in which front and back squares are also pull-back diagrams.

Proof of Theorem 2.5. We see that the diagrams (3.5), (3.6) and (3.7) give rise
to a commutative diagram

EM
<

~

H*(LM x LM) Tork. (yray (C* (M), C* (M1)2)) a2+ -

q* Tory (A*,1)
v o
Dicop H*(LM XM LM) E;\/[ TOI'Z;*(M4)(C*(M), C*(MI X MI))(w'u)*,pW‘

Comp' Tory (A',1)
= Y EM !
Hm(LM) <" Torgth o (CF(M2),CH(MT x MT)). e -,
@ =id Tor,« (A*,B") =
v v

o

H*T™(LM) < oar Torgt;”Mz) (C*(M),C* (M) p -

In fact, the diagrams (3.5) and (3.7) give morphisms of pull-backs from the
back face to the front face. Therefore the naturality of the Eilenberg—Moore
map yields that the top and the bottom squares are commutative.

Using the diagram (3.6), the same argument as in the proof of Theorem 2.3
enables us to conclude that the middle square is commutative.
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Since the following diagram of spaces

M SsMxM
[ea ~ oXo ~
v 5 v
A M1 >MI x MI  axa
p X
AN Y o b pv /
M x M > M*

is commutative, the theorem follows.
By considering the free loop fibration QM % LM % M, we define for
Gorenstein space (see Example 8.2) an intersection morphism

H() : Hyym(LM) — H. (QM)

generalizing the one defined by Chas and Sullivan [5]. Using the following

commutative cube:

= LM > M!
7w /v/
QM > PM %1 p

\% A evy \%

" M > M x M
V/ \ /
*

s x M 7!
where all the faces are pull-backs, we obtain similarly the following theorem.

THEOREM 3.1: Let M be a simply-connected Gorenstein with generator wps
in Extf ) (K, C*(M)). Then the dual of the intersection morphism H(7') is
given by the commutative diagram

EM « y Tori(1,n%) "
<. Torcen (K, C(PM))peco= o, > Torgean (KK)psp-

o A S A, .
VM = Tor(, 1y« (1,(nx1)") = Torf, x1y«(1,n")

. . Torj (1,0™) « "
H(7i') TOI'C*(M2) (K, C (MI))n*,p* o~ = TOI'C*(Mz)(K, ¢ M)”*vA*

H QM) <

Tor} (war,1) Tor} (war,1)

\ ~ \ Tor* (1,0 \
H*er(LM)EEMTOI‘zw (M?) (O*(M),C*(MI))A*?pig> ’f‘OI‘Zv*(M2) (C*M,C*M)A%A*.
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Let F be the pull-back diagram in the front of (3.1). Let F denote the pull-
back diagram obtained by combining the front and the right-hand-side squares
in (3.1). Then a map inducing the isomorphism Tor,«(1,¢*) gives rise to a
morphism {f,} : {E,,d,} — {E), JT} of spectral sequences, where {E,., E,«} and
{E,«, JT} are the Eilenberg-Moore spectral sequences associated with the fibre
squares F and F , respectively. In order to prove Theorem 2.8, we need the

following lemma.

LEMMA 3.2: The map f5 is an isomorphism.

Proof. We identify f, with the map

Tor g+ (w) (1, H*(A)) : Tor = (agay (H* M, H* (M x M) = Tor g g3y (H* M, H* M)

up to isomorphism between the Fs-term and the torsion product. Thus, in
order to obtain the result, it suffices to apply part (1) of Lemma 5.3 for the
algebra H*(M) and the module H*(M).

We are now ready to give the EMSS (co)multiplicative structures.

Proof of Theorem 2.8. Gugenheim and May [17, p. 26] have shown that the map
T induces a morphism of spectral sequences from E, ® E, to the Eilenberg—
Moore spectral sequence converging to H*(LM x LM). In fact, T induces an
isomorphism of spectral sequences. All the other maps between torsion products
in Theorems 2.3 and 2.5 preserve the filtrations. Thus in view of Lemma 3.2,
we have Theorem 2.8.

In fact, the shriek map A' is in Extér (p2) (C* (M), C* (M?)). Then we have
dA' = (=1)mA'd. Let {E** d,} and {E* d,} be the EMSS’s converging
t0 TOrg a4y (C*(M), C*((M"))?) and Torg. pgay (C*(M?), C*((M")?)), respec-
tively. Let {f.} : {E*,d,} — {E**,d,} be the morphism of spectral sequences
which gives rise to Tor; (A", 1). Recall the map

A'®1:B@c ey B — C*(M?) ®c(ma) B
in the proof of Theorem 2.3. It follows that, for any b ® b’ € B ®cw(ar4y B,
(A'@1)dbab) =A'@1(db @b + (—1)% @ db)
=A'db @b + (—1)%ePAlb @ dv’
=(-1)mdA'b @V + (—1) A'b @ db.
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On the other hand, we see that
dA' @ D)(beV) =d(A' (ba b))
=dA'b @ b + (—1)%° " Ap @ di

and hence (A! ® 1)d = (—=1)™d(A! ® 1). This implies that f.d, = (—1)™d, f,.
The fact yields the compatibility of the multiplication with the differential of
the spectral sequence.

The same argument does work well to show the compatibility of the comul-
tiplication with the differential of the EMSS.

Proof of Corollary 2.9. Since H*(A') is H*(M?)-linear, it follows that
H*(A!) o H*(A)(x) = H*(AY(1) U z.

If d < 0 then H*(A')(1) =
If d = 0 then H*(A"(1 ) = Al where A € K, and so the composite

H*(AY) o H*(A)

is the multiplication by the scalar A. Let m be a non-trivial element of positive
degree in H*(M). Then we see that

0=H*(AYo H*(A)m®@1—-1@m)=Am®1-12m).

Therefore A = 0.

So in both cases, we have proved that H*(A') o H*(A) = 0. Since H*(A) is
surjective, H*(A") : H*(M) — H*T4(M?) is trivial. In particular, the induced
maps Tory. ey (H*(A"), H*(M" x 5y M7)) and Torgy agay (H* (A, H*(M1)?)
are trivial. Then it follows from Theorems 2.3 and 2.5 that both the comultipli-
cation and the multiplication on the Fs-term of the EMSS, which correspond to
the duals to loop product and loop coproduct on H*(LM), are null. Therefore,
E** = GrH*(LM) is equipped with a trivial coproduct and a trivial product.
The conclusion then follows.

Remark 3.3: 1t follows from Corollary 2.9 that under the hypothesis of Corollary
2.9 the two composites

*

P ®p Dlcop

= H*(LM)

B (M) @ B (M) " P B (LM) @ H*(LM)

and

Loop product P

H.(LM) ® H,(LM) ~H.(LM) " = H.(M)
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are trivial. This can also be proved directly since we have the commuting

diagram
H(Comp')
H*(LM xp LM) > H*(LM x LM)
A A "
(pxp)
H*(M) .= H*(M x M)
H(AY)

and since p, : H.(LM) — H,(M) is a morphism of graded algebras with respect
to the loop product and to the intersection product H(A,). As we saw in the
proof of Corollary 2.9, under the hypothesis of Corollary 2.9, H*(A') and its
dual H,.(Ar) are trivial.

4. Proof of Theorem 2.13

The following Lemma is interesting on his own since it gives a very simple proof
of a result of Klein (see Remark 4.3 below).

LEMMA 4.1: Let M be an oriented simply-connected Poincaré duality space
of dimension m. Let M — B be a fibration. Denote by M xp M the pull-
back over B. Then for all p € Z, Extgf(B)(C* (M),C*(M)) is isomorphic to
Hym(M xp M) as a vector space.

Remark 4.2: A particular case of Lemma 4.1 is the isomorphism of graded
vector spaces Eth‘f(]MxM) (C*(M),C*(M)) = Hpt,(LM) underlying the iso-
morphism of algebras given in Theorem 2.14. Note yet that in the proof of
Lemma 4.1, we consider right C*(B)-modules, and that in the proof of Theo-
rem 2.14, we need left C*(M?)-modules; see Section 6.

Remark 4.3: Let F be the homotopy fibre of M — B. In [18, Theorem B], Klein
shows in terms of spectra that Extg,f(ﬂB)(C* (F),C(F)) = Hppm(M xp M)
and so, using the Yoneda product [18, Theorem A], H, 4 (M x p M) is a graded
algebra.

The isomorphism above and that in Lemma 4.1 make us aware of duality on
the extension functors of (co)chain complexes of spaces. As mentioned in the
Introduction, this is one of the topics in [22].

Proof of Lemma 4.1. The Eilenberg—-Moore map gives an isomorphism

Hy o (M x5 M) = ExtcP (0 (C* (M), C.(M)).
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The cap with a representative o of the fundamental class [M] € H,,,(M) gives
a quasi-isomorphism of right-C* (M )-modules of upper degre —m,

oN-—:C*(M) S Cpo(M),z+— oNa.
Therefore, we have an isomorphism

Xt () (CH(M), 00): Ext? ) (CT(M), C(M)) = Bxt 2 3 (C* (M), CL (M),

This completes the proof.

Proof of Theorem 2.13. Theorems 2.3 and 2.5 allow us to describe part of the
composite H* (LM x a LM) ™8 Be+m (LM x LM) PSP B+m (LM x LM) in
terms of the following composite of appropriate maps between torsion functors:

TOY*C*(M4) (C*(M)a O*(MZ))(wv)*,Az*
y Tor1 (A',1)
TOI'*CJ',:ZLMAL) (C*(M2), C*(M2))A2*,A2* .
Tory (A1)
v
TOI‘EE&ZL) (C*(M), C*(M2))(wv)*,A2*
vTorl(A!,l)
*+2m * 2 * 2 e Aok Tor g« (A*A™)
Torg sy (C*(M?), C*(M?)) .+ A2
Torl(A*,l)v = .
*+2m * * *+2m * *
Tor g (s (CH(M), C (MQDA*&*,A%EOTQ*(17A?)T0r0*(M2)(O (M), C*(M)) a=a
By virtue of Lemma 4.1, we see that EXt%T(M4)(C* (M), C*(M)) (wvy*,A%a= is
isomorphic to H_,, (M5 V5'VS") = {0}. Then the composite

CH (M) 2 € (M x M) 25 ¢ (M) 2 (M x M) 25 ¢*(M)

is null in D(Mod-C*(M*)). Therefore the composite Dlcopo H(q') is trivial and
hence Dlcop o Dlp := Dlcop o H(q') o comp* is also trivial.

Remark 4.4: Instead of using Lemma 4.1, one can show that
ExtE a1y (C* (M), C* (M) (wo)+ axar = {0}
as follows: Consider the cohomological Eilenberg—Moore spectral sequence with

EL™ = Extly. o (H* (M), H* (M)
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converging to Extcu pga)(C* (M), C*(M))(wu)+,a-a-- Then we see that
EP* = Hom(H*(M) @ HT(M*)®?, H*(M)).
Therefore, since M* is simply-connected and H>™(M) = {0}, Er? = {0} if
g > m — 2p (compare with Remark 6.1). Therefore
Extgt‘(zM4)(C’* (M),C*(M))(woy*,axar = {0} if p+q>m.

Remark 4.5: Let M be a Gorenstein space of dimension m. The proof of The-
orem 2.12 shows that if the composite

A* o Ao A* o A" € Extgl 4y (C* (M), C*(M)) o)y, a-a
is the zero element. Then Dlcop o Dlp is trivial.
Remark 4.6: In the proof of Theorem 2.13, it is important to work in the derived
category of C*(M*)-modules: Suppose that M is the classifying space of a

connected Lie group of dimension —m. Then since m is negative, the composite
A'o A* is null. In fact

A! 9 A* S Extg*(Mz)(C*(MQ), C*(MQ))l*,l* = m(M2) = {0}

But in general, Dicop is not trivial; see [12, Theorem D] and [21]. Therefore
the composite A* o A' o A* € Exter (pgay (C*(M?), C*(M)) a2+ a=o 18 also not

trivial.

5. The generalized cup product on the Hochschild cohomology

After recalling (defining) the (generalized) cup product on the Hochschild co-
homology, we give an extension functor description of the product. The result
plays an important role in proving our main theorem, Theorem 2.11.

Definition 5.1: Let A be a (differential graded) algebra. Let M be an A-
bimodule. Recall that we have a canonical map [30, p. 283]
®4:HH (AM) HH*(A,M) - HH" (A, M ®4 M).

(1) Let fipg : M ®4 M — M be a morphism of A-bimodules of degree d.
Then the cup product U on HH*(A, M) is the composite

HHP(A,M)® HHY(A, M) 22 HHP9(A, M ®4 M)

HHPY(A,finr) HHerqud(A,M).
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(2) Let € : Q = M ®4 M be a A ® A°P-projective (semi-free) resolution of
M @4 M. Let fins € Ext%gpon(M @4 M, M) = H%(Hom ag 4o»(Q, M)). Then
the generalized cup product U on HH*(A, M) is the composite

HH*(Ae)™?t
_—

HH*(A,M)®? 24 HH*(A,M ©4 M) HH*(A,Q)

MR, [ (A, M).
Remark 5.2: Let M be an associative (differential graded) algebra with unit
1ps. Let h: A — M be a morphism of (differential graded) algebras. Then

a-m*b:= h(a)mh(b)

defines an A-bimodule structure on M such that the multiplication of M,
uny M ® M — M induces a morphism of A-bimodules fip : M @4 M — M.

Conversely, let M be an A-bimodule equipped with an element 15, € M and
a morphism of A-bimodules iy : M ® 4 M — M such that

fing © (fing @4 1) = fing o (1 @4 finr)

and such that the two maps m — fp(m ®4 1) and m — fip (1 ®4 m) coincide
with the identity map on M. Then the map h : A — M defined by h(a) := a-1y,
is a morphism of algebras.

LEMMA 5.3: Let A be a commutative algebra. Let M be a A-module. Let
B be an A®?-module. Let nu: A®? — A denote the multiplication of A. Let
q: B® B — B®a B be the quotient map. Then

®4( ®3(

(1) Tor!®®Y(1, 1) : Tor" (M, A®A) = Tor™" (M, A) is an isomorphism,

(2) Homiguei(g,1) : Homyes(B ©4 B, M) = Home4(B ® B, M) is an
isomorphism and

(3) Ext}g,e1(q,1) : Exthes(B®a B, M) > Extles(B ® B, M) is also an

isomorphism.

Proof. (1) Consider the bar resolution & : B(A, A, A) = A of A. Since the
complex B(A4, A, A) is a semifree A-module, it follows from [11, Theorem 6.1]
that £ ®4 & : B(A, A, A) ®4 B(A, A, A) > A®4 A = A is a quasi-isomorphism
and hence it is a projective resolution of A as an A®3-module. We moreover
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have a commutative diagram

B(A, A, A) @ B(A, A, 4) *“ 4@ A

7y Iz
v v
B(A, A A)®4 B(A, A A) o 5> A

in which ¢ is the natural projection and the first row is a projective resolution
of A® A as an A®*-module. It is immediate that ¢ is a morphism of A®4-
modules with respect to the morphism of algebras 1 ® p® 1 : A®* — A®3,
Then Toriguei(1, i) is induced by the map

1®q: M ® 04 B(A,A,A) ®B(A,A,A) — M Qg3 B(A,A,A) XA B(A,A,A).

Since A is commutative, it follows that both the source and target of 1 ® ¢ are
isomorphic to W := M ® B(K, A,K)® B(K, A,K) as a vector space. As a linear
map, 1 ® g coincides with the identity map on W up to isomorphism.

(2) By the universal property of the quotient map ¢ : B® B — B ®4 B,
Homigue1(g, 1) is an isomorphism.

(3) Let £ : P = B be an A®2-projective (semi-free) resolution of B. We have
a commutative square of A®*-modules

PeoP “~BeB

q - q
\ c®ac \
P®aP _>B®aB

Therefore Ext]g ,q1(q,1) is induced by Homigugi(q’,1) which is an isomor-
phism by (2).

The isomorphism Tor:®*®! (1, 11) of part (1) of Lemma 5.3 is used in the proof

of Theorem 2.8 while the similar isomorphisms of parts (2) and (3) are used in
Lemma 5.4 below.

The following lemma gives an interesting decomposition of the cup product
of the Hochschild cohomology of a commutative (possible differential graded)
algebra.

LEMMA 5.4: Let A be a commutative (differential graded) algebra. Let M be
a A-module. Let 1 : A®? — A denote the multiplication of A. Letn: K — A
be the unit of A. Then:
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(1) Let jups € Homyea(M®2 M). Then puyy induced a quotient map
yv M ®@a M — M

and the cup product U of the Hochschild cohomology of A with coefficients
in M, HH*(A, M) = Ext)e2(A, M), Is given by the following commutative
diagram:
* * ® *
EXtA®2 (A, M):“‘n“‘ X EXtA®2 (A, M):LLMLL > EXtA®4 (A®2, M®2)#®27#®2
v Extl (Lpenr)

U Extjed(A%?, M),92 jopw2
y >\ Bxtig e (1,1) 7!
Ext’e:(A, M), < Exties (A, M) yo(u@1), o (uo1)

Ext]gue1(1:1)

(2) Let ¢ : R 5 M ® M be a A®*-projective (semi-free) resolution of
M ® M. Let uy € Extped(M®2 M) = H(Homyes(R,M)). Let finr be
Ext}g,01(¢:1) " (uar). Then the generalized cup product U of the Hochschild
cohomology of A with coefficients in M, HH*(A, M) = Extye:(A4, M), ., is
given by the following commutative diagram:

Ext’ye: (A, M)u,u ® Extye: (4, M)u,u ®> Ext)eq (A®2, M®2)u®27u®2
=y (Ext}(le) ™"
Eth4®4 (A®2, R)

U VEXt;(L/'“W)
EXt2®4 (A®2, M),u®2,,uo,u®2
v %VExtf®“®1(u,1)*l
EX‘EZ@z (A,M)#”u < " EXt:k4®3 (A7M)NO(N®1)aH°(H®1)
Extig e (1:1)

As mentioned at the beginning of this section, Lemma 5.4 (1) contributes
toward proving Theorem 2.11. Moreover, in view of part (2) of the lemma, we

prove Theorem 2.17.

Proof of Lemma 5.4. (1) Consider the bar resolution ¢ : B(A,A,A) = A of
A. Since the complex B(A, A, A) is a semi-free A-module, it follows from [11,
Theorem 6.1] that £®4 & : B(A, A, A)®4 B(A, A, A) - A®4 A = Ais a quasi-
isomorphism and hence it is a projective resolution of A as an A®3-module. We
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moreover have a commutative diagram

B(A, A, A)® B(A, A, A) *“ A A

q Iz
v %

B(A, A, A)®4 B(A,AA) > A
£®a€
in which ¢ is the natural projection and the first row is a projective resolution
of A® A as an A®*“module. It is immediate that ¢ is a morphism of A®*-
modules with respect to the morphism of algebras 1 ® p® 1 : A®4 — A®3,
Then Toriguei(1, i) is induced by the map

1®q: M ®g01 B(A,A,A) @ B(A, A, A) > M ® 403 B(A, A, A) @4 B(A4, A, A).

Since A is commutative, it follows that both the source and target of 1 ® ¢ are
isomorphic to W := M ® B(K, A,K)® B(K, A,K) as a vector space. As a linear
map, 1 ® q coincides with the identity map on W up to isomorphism.

(2) By the universal property of the quotient map ¢ : B® B - B ®4 B,
Homig,g1(g, 1) is an isomorphism.

(3) Let € : P = B be an A®?-projective (semi-free) resolution of B. We have
a commutative square of A®*-modules

PP ““~BeB

g v ERacE v '
P®aP > B®a B
Therefore Ext]g,o1(¢,1) is induced by Homigue1(q';1) which is an isomor-
phism by (2).

(4) Let A be any algebra and M be any A-bimodule. Let £ : B = A be an
A ® A°-projective (semi-free) resolution (for example, the double bar resolu-
tion). Let ¢ : B — B®4 B be a morphism of A-bimodules such that the diagram
of A-bimodules

B ¢ > A

c o

\ \
B®ABE®A2A®AA

is homotopy commutative. The cup product of f and g € Homag 40r (B, M) is
the composite fips o (f @4 g) o ¢ € Homagaor (B, M) [36, p. 134].
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Suppose now that A is commutative and that the A-bimodule structure on
M comes from the multiplication p of A and an A-module structure on M. The
following diagram of complexes gives two different decompositions of the cup
product on Hom g 40r (B, M):

Hom ge2 (B, M) ® Hom ez (B, M) > Homye:(B® B, M ® M)
V®A VHOI‘ﬂl(l,HM)
HOInA®3(B®AB,M®AM) HOIHA®4(B®B,M)

Hom; (1,7n1)

T = AHomig,g1(g,1)

HOmA®A0p(B®A]B,M)< HOInA®3(B®AB,M)
Hom;gnei(1,1)
VHoml(c,l)

Hom g a0» (B, M)

(5) Let € : P = M be a surjective A ® A°P-projective (semi-free) resolution
of M. Tunen ups can be considered as an element of Hom se1(P ® P, M). By
lifting, there exists

up € HOII]A®4(P®P,P)

such that e o up = upr. By (2), there exists ip such that fip o g = up. We can
take fipy = €0 fip.
It is now easy to check that the isomorphism

HH*(A,e): HH*(A,P) S HH*(A, M)

transports the cup product on HH*(A, P) defined using fip to the general-
ized cup product on HH*(A, M) defined using fip;. We now check that the
isomorphism HH*(A,¢) : HH*(A, P) = HH*(A, M) transports the composite

Ext'yos (A, Py @ Bxthes (A, P)u, = Exthe:(A%2, P92) oo oo
v ExtT(1up)
EXt:k4®4 (A®2, P)H®2aﬂoﬂ®2
&\ Bxctg g (1)

EX‘EZ@Q (A,P)‘u”u = . EXt2®3 (A7P)H°(H®1)7MO(M®1)
EXt1®n®l(171)
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into the composite

Exthyos (A, M), @ Bxthes (A, M), = Bxthe:(A%2, M®?) 02 00
>y (BExt](1,e®e)) 7!
Ext’ys:(A%2, P @ P)
v Ext] (Luar)
Ext’ei(A®%, M) 02 0,02
=\ Exti g (1)

-1

EXt2®2 (A,M) Eth:X@i‘ (A,M)#o(#®1)7uo(#®1)

<
Fol Extt g en (11)
By applying (4) to up, we have proved (5).

THEOREM 5.5 (Compare with [12, Theorem 12]): Let B be a simply-connected
commutative Gorenstein cochain algebra of dimension m such that for any
i € N, H'(B) is finite-dimensional. Then Ext};\)(B, B ® B) = H*(B).

Proof. The proof of [12, Theorem 12] for the strongly homotopy commutative
algebra C*(X) obviously works in the case of a commutative algebra B.

Remark 5.6: In [1, Theorem 2.1 i) iv)] Avramov and Iyengar have shown a
related result in the non-graded case: Let S be a commutative algebra over a
field K, which is the quotient of a polynomial algebra K|x1,...,x4] or, more
generally, which is the quotient of a localization of K[z1,...,z4]. Then S is
Gorenstein if and only if the graded S-module Extgg (S, S ® S) is projective
of rank 1.

Example 5.7 (The generalized cup product of a Gorenstein algebra): Let A — B
be a morphism of commutative differential graded algebras where B satisfies
the hypotheses of Theorem 5.5. Let Ap : B — B ® B be a generator of
Extgep(B, B ® B) = K. By taking duals, we obtain the following element of
Extfo4(BY @ BY,BY):
(Ap)Y :BY®BY - (B® B)” — B".
By (3) of Lemma 5.3, (Ap)"Y induces an element fipv € Extys ,(BY®4B"Y,BY).
Therefore, by (2) of Definition 5.1, we have a generalized cup product
HHP(A,BY)® HHY(A,BY) = HHPT9"™ (A, BY).

In the case A = B, of course, we believe that HH*(A, AY) equipped with this
generalized cup product and Connes coboundary is a non-unital BV-algebra.
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6. Proofs of Theorems 2.11, 2.14 and 2.17 and Corollary 2.18

We first prove Theorem 2.17. The same argument is applicable when proving
Theorem 2.11.

Proof of Theorem 2.17. Step 1: The polynomial differential functor A(X) ex-
tends to a functor A(X,Y) for pairs of spaces Y C X. The two natural
short exact sequences [11, p. 124] — A(X,Y) — A(X) — A(Y) — 0 and
0 - C*X,Y) - C*(X) — C*(Y) — 0 are naturally weakly equivalent [11,
pp. 127-8]. Therefore all the results of Félix and Thomas given in [12] with
the singular cochains algebra C*(X) are valid with A(X) (for example, the de-
scription of the shriek map of an embedding N < M at the level of singular
cochains given on page 419 of [12]). In particular, our Theorem 2.3 is valid
when we replace C*(X) by A(X). (Note also that a proof similar to the proof
of Theorem 8.3 or 8.6 shows that the dual of the loop product on A(LyM) is
isomorphic to the dual of the loop product defined on C*(LyM).) This means
the following: Let A!; be a generator of Ext’ n2) (A(N), A(N?)) 2 Q given by
[12, Theorem 12]. Then the composite Tor'(1,0*) o EM~' is an isomorphism
of algebras between the dual of the loop product Dlp on H*(A(LyM)) and the
coproduct defined by the composite on the left column of the following diagram.

Step 2: We have chosen A'; and A 4(n) such that the composite v o A4
is equal to A'; in the derived category of A(N)®2-modules. Therefore the
following diagram commutes:

Tor?¥ (1,1
TorAC) (AN), A < ) TorADT (4N, A(M))
TorA(p13)(1,1) Tor1®"®1(1,1)
A(M? ' Tor?? (@) (1,1) A(M)®? )
Tor M) (A(N), A(M)) < N Tor! ™M™ (A(N), A(M)
TorA(lexl)(l,A(A))Ag Tor1®”®1(1,,u)/\g
Tor? (1,
TorAM) (AN), AM?)) < " TorADT (4N, A(M)®2)
Torl(A!A,l)v TOTI(AA(N)J)V
Tor? (p,¢)

Tord M) (A(N?), A(M2)) < Tor! 0™ (A(N)#2, A(M)#?)

1R

o

Y
(Torf M9 (A(N), A(M)))®2 <

(Tor®(1,1))®2

o

Y
(TorA D™ (A(N), A(M)))®>
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Step 3: Dualizing and using the natural isomorphism
Ext}(Q, PY) 5 Torg(P, Q)"

for any differential graded algebra B, right B-module P and left B-module @,
we see that the dual of ® is an isomorphism of algebras with respect to the loop
product and to the long composite given by the diagram of (2) of Lemma 5.4
when A := A(M), M := A(N)" and par := (Aany)"-

Step 4: We apply part (2) of Lemma 5.4 to see that this long composite coin-
cides with the generalized cup product of the Gorenstein algebra
B := A(N).

Proof of Theorem 2.11. Let {E}* d,} denote the spectral sequence described
in Theorem 2.8. Then we define a spectral sequence {E**, d,’} by

BpT = (B = (B 0)Y.
The decreasing filtration { FPH*(LyM)}p<o of H*(Ln M) induces the decreas-
ing filtration {FPH,(LnyM)}p>0 of H.(LyM) defined by
FPH,(LyM) = (H*(LyM)/F~PH*(LyM))".
By definition, the Chas—Sullivan loop homology (the shift homology) H,.(Ly M)
is given by H_(,4q(LnM) = (H*(LyM)Y)P*2=¢. By Proposition 2.7, the
product m on H,(LyM) is defined by

m(a®b) = (=1)a=D(Dip)¥(a @ b)
fora®@be (H*(LyM)V)* ® (H*(LyM)V)*. Then we see that
EL < FP(H*(LyM)Y)P+a=d /PP (H (Ly M) )rHad
=FPH_(piq)(LNM)/FPTH_ (1) (Ln M).

—_~—

The composite (Dip) in Theorem 2.3 which gives rise to Dip on H*(LyM)
preserves the filtration of the EMSS {E** d,}; see Remark 2.6. As mentioned
in the proof of Theorem 2.8, the map (Dlp) induces the morphism

(Dlp), : EX* - EX* @ EX*
of spectral sequences of bidegree (0,d). Define m, : EX* @ EX* — E** by
me(a ®b) = (=1 (Dip),) Y (a ®b),

where |a| = p+qif a € (E*Y)"?. Then a straightforward computation enables
us to deduce that m,(dYa ® b+ (—1)1**4q @ dYb) = dY o m,(a ® b) for any 7.
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Note that |a| +d = p + ¢ + d is the total degree of a in EX*. It turns out
that {E,, d) } is a spectral sequence of algebras converging to H_..(LyM) as an
algebra.

It remains now to identify the Ea-term with the Hochschild cohomology. We
proceed as in the proof of Theorem 2.17 replacing the polynomial differential
functor A by singular cohomology H*. The product Dip, is given by the com-
posite

Tor™ M5 (HA(N), H¥(M)) > Tor M) (HA(N), H(M))

" *
Tor™ " (P13) (11) A
o~ TorH*(lexl)(l,H*(A))

Tor!" M (HY(N), H(M?))
Tor' (A1)
(Torl" MO (HA(N), H(OM)® < = Torl MO (H(N?), HY(M?))
Dualizing and using the natural isomorphism

Ext(Q, PY) 5 Tor’y (P, Q)Y

for any graded algebra B, right B-module P and left B-module @), we see that
Dipy, the dual of Dipo, is the long composite given by the diagram of Lemma 5.4
(1) when A := H*(M), M := H,(N) and puy := H(A")Y. By Lemma 5.4 (1),
we obtain an isomorphism of algebras u : HH*(H*(M), H,(N)) > (E3™*)V
with respect to Dipy and the cup product induced by

finy = H(AYY : Ho(N) @ g+ (ar) Ho(N) = HL(N).

Using Example 10.3 (ii) and Example 10.5 (i), we finally obtain an isomor-

phism of algebras Ey* & HH*(H*(M),H.(N)) with respect to my and the cup

product induced by

Note that fiy coincides with H(A!")Y only up to the multiplication by (—1)9.
Suppose further that N is a Poincaré duality space of dimension d. Consider

the two squares

H(AYY

Hi-p(N) @ Ha—g(N) " > Hagpo(N X N) > Hypy(N)
—ANe-nN ! A AV A AN
X H(A)
HP(N) ® H(N) ~ HP+4(N x N) ~ HPH(N)
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The right square is the diagram (2) of Proposition 9.1. Therefore the right
square commutes by Corollary 9.5. By [3, VI.5.4 Theorem], we see that

(@ x B) N (IN] x [N]) =(=D)!*I™Ml(a n [N]) x (80 [N])
=xo(=N[N))@ (=N[N))(a® f).

This means that the left square commutes. Therefore, we have proved that the
isomorphism of lower degree d, g« (n) := —N[N]: H*(N) = Hy «(N), is a
morphism of algebras with respect to the cup product and the composite of
H(A')Y and the homological cross product. By naturality of the cup product
on Hochschild cohomology defined (Remark 5.2) by a morphism of algebras,
this implies that the morphism

HH*(1,— O [N]) s BH*(H* (M), B*(N)) 5 HH*(H*(M), H.(N))
is an isomorphism of algebras of lower degree d. We see that the composite
¢=wo HH*(1,—N[N]): HH*(H*(M), H*(N)) = E}*

is an isomorphism of algebras; see Example 10.3 (i) and (ii). This completes
the proof.

Remark 6.1: For the EMSS {E**, d,} described in Theorem 2.8, we see that
EP1 =0 if ¢ < —2p since M is simply-connected. This implies that EP? = 0 if
q>—2p+d.

Proof of Corollary 2.18. Denote by [, : C*(N) = A(N) a quasi-isomorphism
of complexes which coincides in homology with the natural equivalence of al-
gebras between the singular cochains and the polynomial differential forms [11,
Corollary 10.10]. Let ¥ : Co(N) — C*(N)Y be the canonical inclusion of
the complex C.(NN) into its bidual defined in [14, 7.1] or [31, Property 57 i)] by
Y (e)(p) = (=1)lll?lp(e) for ¢ € CL(N) and p € C*(N). Consider the diagram
of complexes

EZ

C.(N) ® C.(N) ~ C.(N x N)
wN®wNV vaxN
C*(N)Y @ C*(N)¥ ~(C (N C (V)Y 2V oV x N)Y
Ively, Un@ )", v

A(N)Y ® A(N)Y - (AN @AN)Y < | AN xN)
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where EFZ and AW are the Eilenberg—Zilber and Alexander—Whitney maps.
The bottom left square commutes by naturality of the horizontal maps. The
top rectangle commutes in homology since by [3, VI.5.4 Theorem),

<axfaxb>=(-1)Pld <qa><pb>

for all a, 8 € H*(N) and a, b € H,(N). The bottom right square commutes
in homology since using H([y,), H(p) can be identified with the cohomological
cross product [11, Example 2 pp. 142-3] and [37, Chap. 5 Sec. 6, 14 Corollary].

Let Oy : A(N) S A(N)Y be a quasi-isomorphim of upper degree —n right
A(N)-linear such that the image of the fundamental class [IN] by the composite
C.(N) vy C*(N)Y fﬁ A(N)V is the class of O (1). Let

Onxn : AN x N) S AN x N)V

be a quasi-isomorphim of upper degree —2n right A(N?)-linear such that the
image of the fundamental class [N] x [N] by the composite

CLN x N) “S5% 0(N x N)Y "5 4(v x N)Y

is the class of Oy« n(1). Using the previous commutative diagram, the classes
@Y 0olOnxn(1) and Oy (1) ® O (1) are equal.
Consider the diagram in the derived category of A(N)®2-modules

@ A(A)
A(N) © A(N) AN xN) A
ONRON ONxN On
\ \ \
AN AN (AN AN < | AN XN - AN

By Corollary 9.5, the right square commutes in the derived category of A(NxN)-
modules. The left rectangle commutes up to homotopy of A(N)®A(N)-modules
since the classes ¢ 0 Oy (1) and Oy (1) ® Ox(1) are equal.

Finally, since fy : A(N) = A(N)Y is a morphism of algebras of upper
degree —n in the derived category of A(N)®2-modules, by example 10.5(ii),
HH*(1,0y) : HH*(A(M), A(N)) = HH*(A(M), A(N)V) is an isomorphism
of algebras of upper degree —n.

Proof of Theorem 2.14. The cap with a representative ¢ of the fundamental

class [M] € Hp, (M) gives a quasi-isomorphism of right-C* (M )-modules of upper
degre —m,
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oN—:C*(M) S Cp_ (M), z— o N

Let & : H* ™ (LM) = Torg«(arx2)(Cx (M), C*(M)) be the composite of the
isomorphisms

EM~1 Tory (1,6*
e (LA To i (00, (M) e Tor T (OF(M), C(M)) e

& Tory(on-1)
v
Torg,.. vz (Cx (M), C* (M)).
Let € : B = C*(M) be a right C*(M?)-semi-free resolution of C*(M). By
1) of Proposition 9.1 and Corollary 9.5, A' fits into the following homotopy
commutative diagram of right C*(M?)-modules:

B A - O*+m(M2)

e~ ~ o2

v . A v
C*(M) "L Coe (M) = G (M)

Here (02N -)(z) = EZ(0 ® o) N x. By applying the functor
TOI‘E*(M“)(_’ o (M2)),

we obtain the commutative square

. . . 9 Tory (eN —,1) N y 9
TOI'C*(M4)(C (M),C (M )) >TOI'C*(M4)(C*(M),C (M ))

Torl(A!,l)V VT0T1(A*,1)

TOI'E*(MAL)(O* (MQ), O* (MQ)) Tor (g2m - 1) > TOI'*C*(M4)(C* (]\42)7 C* (M2))

Therefore, using Theorem 2.3, ® is an isomorphism of coalgebras with respect
to the dual of the loop product and to the following composite:

Torpf3 (1,1)

TOI'E«*(M2)(C*M, C*M) > TOI‘*C*“(MB.)(O*M, O*M)

gATOY(1><A><1)*(LA*)

TOI'Z;*(M4) (C* (MQ), C*(MQ)) < TOI'E*(MAL) (C* (M), C*(M2))

Tory (A4,1)
=] A Tory (EZ,1)

~

TOYZV*(M4) (C* (M)®2, C*(M%-I}) o> I/‘OI'ZKC*(MQ)®2)\/ (C*(M)®2, (C*(M)®2)V)
orpyv(1,EZY) A
Tor~ (1,7) " =

TOI'Zv*(Mz) (C*(M), C*(M))®2 > TOI‘E*(M2)®2 (C*(M)®2, C*(M)®2)

= IR
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Dualizing and using the natural isomorphism
Ext}y(Q, PY) = Torh(P,Q)"

for any differential graded algebra B, right B-module P and left B-module @,
we see that the dual of ®, ®V, is an isomorphism of algebras with respect to
the loop product and to the multiplication defined in Theorem 2.14.

7. Associativity of the loop product on a Poincaré duality space

In this section, by applying the same argument as in the proof of [41, Theorem
2.2], we shall prove the associativity of the loop products.

Proof of Proposition 2.7. We prove the proposition in the case where N = M.
The same argument as in the proof permits us to conclude that the loop ho-
mology H.(LxM) is associative with respect to the relative loop products.

Let M be a simply-connected Gorenstein space of dimension d. In order to
prove the associativity of the dual to Dlp, we first consider the diagram

Compx1 gx1
LM x LM < (LM xp LM) x LM >LM x LM x LM
qA Alqu Aqu
Compx 1 gxXaml
LM Xy LM < LM xpr LM X3 LM > LM x (LM % LM)
Compv v1><MComp leComp
LM < . LM 2 LM , ~ LM x LM,
omp

for which the lower left-hand-side square is homotopy commutative and the
other three squares are strictly commutative. Consider the corresponding dia-

gram
Compx1)* 'aH(¢")®1
M x LM DL x g L) x LMY E (LM % LM x LM)
H(g)" M)y | Mea10m(q)
\ \ Ry,
HALMx M) = HY(LM iy LM LM) = HA(LM x (LM x s LM))
ompX pm
Comp™ A (IXMComp)*A A(lXComp)*
H*(LM) > HLM x LM) = HYLM x LM).
Comp H(q)

The lower left square obviously commutes. By Theorem 8.5, the upper left
square and the lower right square are commutative. We now show that the
upper right square commutes.
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By Theorem 8.6, we see that
H((gx1))=aH(¢d)®1 and H((1xgq))=a"l1®H(q)
where o and o’ € K*. By virtue of [12, Theorem C], in D(Mod-C* (LM *?)),
E(Ax1) oA =1 x A)' o A'

where (g,¢’) # (0,0) € K x K. Therefore the uniqueness of the shriek map
implies that
'(gx 1) o(Ixarg) =e(1xq)o(gxul)
in D(Mod-C*(LM *3)); see [12, Theorem 13].
So, finally, we have proved that
e'a(Dlp® 1) o Dlp = ea’(1® Dip) o Dip.

Suppose that M is a Poincaré duality space of dimension d. By part (2) of
Theorem 8.6, « = 1 and o/ = (—1)%. Since

s(wM X Wy X wM) :EH((A X ]_)|) o H(A|)(WM)
='H((1 x A o H(AY (war) = €' (war X war X war),
we see that ¢ = &’. Therefore (DIp ® 1) o DIp = (—1)%(1 ® Dip) o Dip. Thus
Example 10.3(i) together with Lemma 10.6 (i) and (ii) yields that the product
m: H,(LM) @ H,(LM) — H,(LM) is associative.

We prove that the loop product is graded commutative. Consider the com-
mutative diagram

o LM xp LM ~ LM x LM
— q e
LM x LM LM xLM T pxp
M A e Mx M
p T> X
Y \ —
]\4-/A > M x M.

By Theorem 8.3 below, H(q')oT* = ¢T*oH(q'). Since CompoT is homotopic to
Comp, Dlp = €T* o Dlp. If M is a Poincaré duality space with orientation class
war € HYM), then T*(was @ wiar) = (—1)% (war @ war). Therefore by part (a)
of Remark 8.4, ¢ = (—1)9. By Example 10.3(i) together with Lemma 10.6(i), we
see that the product m is graded commutative. This completes the proof.
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Remark 7.1: The commutativity of the loop homology H., (Lx M) does not fol-
low from the proof of Proposition 2.7. In general, Comp o T' is not homotopic
to Comp in Ly M. As mentioned in the Introduction, the relative loop product
is not necessarily commutative; see [34].

8. Appendix: Properties of shriek maps

In this section, we extend the definitions and properties of shriek maps on
Gorenstein spaces given in [12]. These properties are used in Section 7.

Definition 8.1: A pull-back diagram,

g9

X > F
a, ; VP
N > M

satisfies Hypothesis (H) (compare with the hypothesis (H) described in [12,
p. 418]) if p: E — M is a fibration, for any n € N, H"(E) is of finite dimension
and

N is an oriented Poincaré duality space of dimension n,

M is a 1-connected oriented Poincaré duality space of dimension m,

or f : B" — Bt is the product of diagonal maps B — B™, the identity map of
B, the inclusion 7 : ¥+ — B for a simply-connected K-Gorenstein space B.

Let n be the dimension of N or r times the dimension of B. Let m be the
dimension of M or t times the dimension of B. It follows from [12, Lemma 1
and Corollary p. 448] that HI(N) = Ext'g;’(vﬂ)"(c* (N),C*(M)). By definition,
a shriek map f' for f is a generator of

<m—n * *
Extg,*(M)(C (N),C*(M)).

tm—n

Moreover, there exists a unique element ¢' € Ex O+ (E) (C*(X),C*(E)) such that
g'0oC*(q) = C*(p)o f' in the derived category of C*(M)-modules; see Theorem
2.1.

Here we have extended the definitions of shriek maps due to Félix and Thomas
in order to include the following example and the case (A x 1)' that we use in
the proof of Proposition 2.7.
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Example 8.2 (Compare with [12, pp. 419-420] where M is a Poincaré dual-
ity space): Let F % B 2 M be a fibration over a simply-connected Goren-
stein space M with generator n' = wy; € Ext¢r (K, C*(M)). By definition,
H(7') : H*(F) — H**™(E) is the dual to the intersection morphism.

Let G be a connected Lie group. Then its classifying space BG is an example
of Gorenstein space of negative dimension. Let F' be a G-space. It is not difficult
to see that our intersection morphism of F' — F'x ¢ EG — BG coincides with the
integration along the fibre of the principal G-fibration G — Fx EG — FxgEG
for an appropriate choice of the generator n'; see the proof of [12, Theorem 6].

Suppose now that F i E % M is a monoidal fibration. With the properties
of shriek maps given in this section, generalizing [12, Theorem 10] (see also [16,
Proposition 10]) in the Gorenstein case, one can show that the intersection
morphism H (M) : Hetm(E) — H,(F) is multiplicative if in the derived category
of C*(M x M)-modules

!
A owpy = wpy X wpg-

The generator A' € Extgr. a2y (C*(M), C*(M?)) is defined up to a multiplica-
tion by a scalar. If we could prove that A'o wy, is always not zero, we would
have a unique choice for A' satisfying (11.1). Then we would have solved the
“up to a constant problem” mentioned in [12, Q1 p. 423].

We now describe a generalized version of [12, Theorem 3]. We consider the

following commutative diagram;

" X > F
X’/ 4 >E"/’“ p
ay ) v
! N P> M
v o fy
NI >]\4/ h
f/

in which the back and the front squares satisfies Hypothesis (H).

THEOREM 8.3 (Compare with [12, Theorem 3]): With the above notations,
suppose that m’ —n’ = m —n.

(1) If h is a homotopy equivalence, then in the derived category of C*(M')-
modules, f'o C*(u) = eC*(h) o f", where ¢ € K.
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(2) Ifin the derived category of C*(M')-modules, f'oC*(u) = eC*(h)o f",
then in the derived category of C*(E')-modules, g'oC*(v) = eC*(k)og’
In particular,

H*(g') o H*(v) = eH*(k) o H*(¢"").

Remark 8.4: (a) In (1), if N’ and M’ are oriented Poincaré duality spaces, the
constant € is given by

H"(f') o H™(u)(wn) = H™ () o H (f")(wn).

In fact, this is extracted from the uniqueness of the shriek map described in [12,
Lemma 1].

(b) In [12, Theorem 3], it is not useful that v and k are homotopy equivalence.
But in [12, Theorem 3], the homotopy equivalences u and h should be orientation
preserving in order to deduce € = 1.

(c) If the bottom square is the pull-back along a smooth embedding f’ of
compact oriented manifolds and a smooth map h transverse to N, then by [29,
Proposition 4.2],

FloC*(u)=C*(h)o f" and H*(g')o H*(v) = H*(k)o H*(g").

Proof of Theorem 8.3. The proofs of (1) and (2) follow from the proof of [12
Theorem 3]. But we review this proof, in order to explain that Theorem 8.3
is valid in the Gorenstein case and that we don’t need to assume as in [12,
Theorem 3] that u, k and v are homotopy equivalence.

(1) Since h is a homotopy equivalence,

Exte- (a0 (CT(N'), €7 (M) = Ext e (3 (CT(N), C* (M)
is an isomorphism. By deﬁnition [12, Theorem 1 and p. 449], the shriek map
f" is a generator of Extc (M, y(C*(N"),C*(M")) = K. Then C*(h) of'isa
generator of
Extg;ﬁ, (C*(N"),C*(M)).

So since f'o C*(u) is in Ext{ ] “(un (C*(N'), C* (M), we have (1).

(2) Let P be any C*(E’)-module. Since X' is a pull-back, a straightforward
generalization of [12, Theorem 2] shows that

Ethw(p/)(O*(q/),P) Eth*(E/)(O*(X/),P) — Ethw(M/)(C*(NI)7P)
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is an isomorphism. Take P := C*(E). Consider the following cube in the
derived category of C*(M’)-modules:

iy CTX) - C*(E)
VA A
* !/ (Q) g/! * / C*/(lj) *
c* (X7 > C*(E") C*(p)
A A
() . C*(N) oo = C*(M)
o o TR
C*(N) P > C*(M')

Since in Exteu ) (C*(N'), C*(E)) the elements
g0 C(0) 0 C*(¢') and £C*(k)og" 0 C*(¢)
are equal, the assertion (2) follows.

When « and h are the identity maps, Theorem 8.3 gives [12, Theorem 4]
(compare with [16, Lemma 4]) and the following variant for Gorenstein spaces:

THEOREM 8.5 (Naturality of shriek maps with respect to pull-backs): Consider
the two pull-back squares

g
X > F
vy g Vk
X/ - - E/
qy vp'
BT >~ Bt
A

where A : B" — B! is the product of diagonal maps of a simply-connected
K-Gorenstein space B and p’ and p’ o k are two fibrations. Then in the derived
category of C*(E')-modules, g' o C*(v) = C*(k) o g"".

THEOREM 8.6 (Products of shriek maps): Let

g

X > F and X' > F'
Ty P vP dy e v
N - M N’ = M’

be two pull-back diagrams satisfying Hypothesis (H). Let x denote the cross
product. Then:
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(1) The square
H* !
B (N x NPT Dpar oy
A A

X X

H*(N) @ H*(N') > H*(M)® H*(M’)
eH*(fHYeH"(f")

is commutative for some € € K*.

(2) Suppose that N, N', M and M’ are Poincaré duality spaces oriented by
wy € HYN), wy, € HY(N'), wyr € H™(M) and wpp € H™ (M'). If we
orient N x N’ by wy X wys and M x M’ by wyy X wayr, then e = (—1)(m'=n")n,

(3) The square

H* 7\!

7 (x < x) D g e )
A A

X X

H*(X)® H(X') >

8H*(g')®H*(g”g ) (&)

is commutative.
Remark 8.7: Here g' ® ¢" denotes the C*(E) @ C*(E’)-linear map defined by
(6 © 9" a®b) = (-1l (a) © 4" (0).
Therefore, Theorem 8.6 (2) implies that
H((9% '))(a x b) = (=1)" 00D H (g') (a) < H ("))
The signs of [3, VI.14.3] are different from that mentioned here.

Proof of Theorem 8.6. (1) Let

EZY:C*(M x M) 5 (C.(M) & C.(M))"

be the quasi-isomorphism of algebras dual to the Eilenberg—Zilber morphism.
By definition [12, Theorem 1 and p. 449], (f x f')! is a generator of

BxtSI " (C*(N x N'),C*(M x M")).
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Let h be the image of (f x f’) by the composite of isomorphisms
Ext arxay (CF(N x N'), C*(M x M'))
Exﬁd(ld,EZV)vg
Extee () (C* (N x N') (C.(M) @ C.(M))")
Ext

t7, v (BEZY, )

Extic, anec, v (C«(N) @ C*(N’))v ,(C.(M) ® C.(M))).
Let

~

0:C*(M)®C*(M') 5 (Co(M) @ C . (M)
be the quasi-isomorphism of algebras sending the tensor product of cochains
» ® ¢’ to the form denoted again ¢ ® ¢’ defined by

(p@¢)awb) = (=1)1p(a)y' (b).
Since f' ® " is a generator of
BT (O (N) @ CF(N'), C* (M) ® C° (M)
= Bxtgl{y) (C*(N), C*(M)) © Bxtgl{ ) (CT(N), C*(M")),
the image of h by the composite of isomorphisms
Ext{c. ansc. (v (Cx(N) @ C(N), (C.(M) ® C.(M"))”)
szxtg((—),m)
Ext&e (aneo (v (C*(N) @ C*(N'), (Co (M) @ Cu(M')))
%AExtid(Id,G)
Ext*c*(M)®C*(M,)(C* (N)® C*(N'),C*(M) @ C*(M"))

is an element ¢(f' ® f"), where ¢ is a non-zero constant.
So, finally, we obtain an element

he Bxtimsnon o (CN) @ Co(N)Y , (Co(M) @ C.(M')Y)
such that in the derived category of C*(M x M’)-modules

(N x Ny I Lo < )
EZVV VEZV
(C(N) @ C.(N)Y > (Cu(M) & Cu(M))Y
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and in the derived category of C*(M) @ C*(M')-modules

(C.(N) @ C.(N)Y " (Cu(M) @ C.(M))"
o’ Mo
C*(N)® C*(N') = C*(M)®C*(M')
ef ®f"

are commutative squares. Applying cohomology, we obtain (1).
(2) By (1),
War X W ZH*((f X f’)!)(wN X wN/)
=e(=1) I H () (wn) x B (") (wnr)
:E(—l)(m/_n/)an X Wt

(3) Consider the following cube in the derived category of C*(M x M')-
modules:

(Ce(X) ® Cu(X))V > (C«(E) ® Cu(E"))Y

EzZY A A
/ (Cx(@®Cx(a')Y /

(X x X) o sorExE) " (Cu(P)BC (')
A (gxg")’ A

C*(axq") (C(N) ® Cu(N"))V L > (Ch(M) ® Cu(M))V
h C*(pxp")

y /
EZY

C*(N x N') l >C*(M x M")
(Fx !

with k defined below. Since
Ethv*(po/)(C* (q X q/), C* (E X El)) :
Ext*c*(ExE/)(C*(X x X'),C*(E x E"))
— EXtZ‘*(MXM/)(C*(N X NI), C*(E X E/))
is an isomorphism, it follows that the maps
ExtEe (pry (C* (g X @), (C(B) ® Cu(E")") :

Extl (e (C7 (X x X'), (C.(B) © C.(E)))
= Extl o (CF(V x N'), (CL(E) @ Cu(E))
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and

Ext{c. mec. ) ((Cx(0) @ Cu(q)", (Cx(E) ® C(E"))") :
Ext{c, (p)sc. () (C+(X) ® C(X")Y, (CL(E) ® C(E"))")
= Ext{c. anec. v (Cu(N) @ Co(N)Y, (C(E) @ C(E"))Y)

are also isomorphisms. Let k be the image of (C.(p)®@C.(p'))Y oh by the inverse
of the isomorphism

Ext!c. mac. (v (Cx(q) @ Cu(d)”  (CL(E) ® CL(E')Y).
Since EZY o (g x ¢’)" and ko EZ" have the same image by
EXt*C*(pxp’)(C* (q X q/)a (C* (E) ® C* (E/))v)a

they coincide in the derived category of C*(E x E’)-modules and hence we have
proved the commutativity of the top square in the previous cube.

The same proof shows the commutativity of the top square of the following
cube in the derived category of C*(M) ® C*(M’)-modules:

k

(Cx(X) ® Cx(X"))Y > (C«(E) ® C«(E"))Y

© A A
(Ca()®Cx(a")Y o
C*(X) ® C*(X") ., T CrE)®C*(E) (Cx«(P)®Cx(P"))Y
€9 ®g" A
C*(9®C™ (")
Cy(N) ® C(N"))V > (C(M) @ Cu(M"))V
S GBI i O (M) @ Co (M)
/ /
C*(N) @ C*(N') o >C*(M) ® C*(M')
ef ef”

The proof is now the same as in (1) by applying the cohomology functor to the
top squares of the previous two commutative cubes.

9. Appendix: Shriek maps and Poincaré duality

In this section, we compare precisely the shriek map defined by Félix and
Thomas in [12, Theorem A] with various shriek maps defined by Poincaré du-
ality.

We first recall the cap products used in the body of the present paper. Let
-No : C*(M) — Cp—«(M) be the cap product given in [3, VI.5], where
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o € Cp(M). Observe that —N o is defined by
(-no)(z) = (-1)mlelz g,

By [3, VL5.1 Proposition (iii)], the map — N o is a morphism of left C*(M)-
modules. The sign (—1)I"!1*l makes —N o a left C*(M) linear map in the sense
that f(zm) = (=1)/I*lzf(m) as quoted in [11, p. 44].

We denote by o N — : C*(M) — Cy,—« the cap product described in [31,
§7]. The map o N — is a right C*(M)-module map ([38, Proposition 2.1.1]).
Moreover, we see that z N o = (—1)"*lg Nz in homology for any = € H*(M).

PRrROPOSITION 9.1: Let N and M be two oriented Poincaré duality space of
dimensions n and m. Let [N] € H,(N), [M] € H,(M) and wy € H"(N),
wpr € H™(M) such that the Kronecker products

< wp, [M] >=1=<wy,[N]>.

Let f : N — M be a continous map. Let f' be the unique element of
Ext¢ iy (C*(NV), C*(M)) such that H(f"(wy) = wpr. Then:
(1) The diagram in the derived category of right-C*(M) modules

fl

C* (N) > O*erfn(M)
[N]N— [M]N—
\ \
Cp—«(N > Cp_s(M

N (M)

commutes up to the sign (—1)"*".
(2) Let ¢ : Cx(N) < C*(N)V be the canonical inclusion of the complex
C.(N) into its bidual. The diagram of left H*(M )-modules

H* Vv
H*(M)v (J;_)H*Jrnfm(N)V
Hwan) M)
H*(M) H*Jrnfm(N)
—n[M]A A—H[N]
H™ (M H™*(N
(M) (V)

commutes up to the sign (—1)"m="),
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(3) Let [y : H(A(N)) 5 H(C*(N)) be the isomorphism of algebras induced
by the natural equivalence between the rational singular cochains and the poly-
nomial differential forms [11, Corollary 10.10]. Let Oy : A(N) = A(N)Y be
a morphism of A(N)-modules such that the class of Oy (1) is the fundamental
class of N, [N] € H,(A(N)V) = H,(N;Q). Let f4 be the unique element
of Ext'y ) (A(N), A(M)) such that H(fY)( ];1 wN) = fﬂzl wyr- Then in the
derived category of A(M)-modules, the diagram

A(M)Y (f‘A)> A(N)Y
A A
On N
A(M) > A(N)

commutes also with the sign (—1)"(m="),

Remark 9.2: Part (1) of the previous proposition is already in [12, p. 419] but
without sign and with left-C*(M) modules. In particular, they should have
defined their maps —N [M] : C*(M) — Cp,—.(M) by

(- n[M])(@) = (=1)"a 0 [M]

in order to have a left-C*(M) linear map [15, p. 283].
Note that the diagram of part (2) of Proposition 9.1 is commutative at the
cochain level as shown by our proof below.

Proof. (1) By [12, Lemma 1], it suffices to show that the diagram commutes
in homology on the generator wy; € H™(M). Let epr : Ho(M) 5 K be the
augmentation. It is well-known that e (wpr N [M]) =< war, [M] >= 1. There-
fore ey ([M] Nwar) = (=1)™ep(wnp N [M]) = (—=1)™. On the other hand,
en(ININH(f)(wnm)) =en([N] Nwy) = (1)

(2) Since H*(f') is right H*(M)-linear, its dual is left H*(M)-linear. By
H*(M)-linearity, it suffices to check that the diagram commutes on 1 € H*(M).
By [14, 7.1] or [31, Property 57 1)], ¥ : Cu(M) — C*(M)V is defined
by ¥ (c)(p) = (=1)l¥lp(e) for ¢ € CL(M) and ¢ € C*(M). Therefore
Un ([N (wy) = (=1)"". And

()Y 0 ar) ((M])(wn) =(=1)"™ ¥ ar([M]) © f')(wn)
= (=)™ =g ([M]) (war) = (—1)™™
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So ()Y ovar)([M]) = (=1)™™=m)ahn([N]). Observe that the map 1y is left
C*(M)-linear; see [14, p. 250].

(3) The isomorphism Exti(M) (A(M),A(N)Y) = H_4(A(N)") maps any ele-
ment ¢ to H(¢)(1). Therefore, it suffices to check that the diagram commutes
in homology on 1 € H°(A(M)). Consider the cube

H((f4)Y)
[, HAGHY ! > H(A(N)Y)
M A A
/ H(6n) 47
H*(M)V . > H*(N)V H(ON)
N H((FHY) A
H (4 n)o[N]N—
H(pr)o[M]N— H(A(M H(A(N
ar)o[M] y( M) peacsy / (A(N))
In
H*(M) . = H*(N)
H*(f)

The bottom face commutes by naturality of the isomorphism [ ~- The left face
and right faces commute on 1 by definition of dx,(1) and 8x(1). The top face
is the dual of the following square:

H(A(N)) o H(A(M))
N Jr
v \%
H(C*(N)) o) H(C" (M))HwM([MT))K

Since H(¢ar([M])) o H*(f') o [y = H@Wum([M])) o [,,oH*(f}), by Lemma 9.3
below, the square is commutative. Therefore, the top face of the previous cube
is commutative.

The front face is exactly the diagram in part 2) of this proposition. Therefore,
the back face commutes on 1 up to the same sign (—1)"(m="),

The following lemma is a cohomological version of [12, Lemma 1].
LEMMA 9.3: Let P be a right H*(M)-module. Then the map
U : Homfy, o (P, H* (M) — (pa—myVY
mapping ¢ to the composite H(¢p;([M])) o ¢ is an isomorphism.

Remark 9.4: This lemma holds also with Ext instead of Hom and with H, (M),
C.(M) or [12, Lemma 1] C*(M) instead of H*(M).
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We give the proof of Lemma 9.3, since we don’t understand all the proof
of [12, Lemma 1].

Proof. Since the form
H@Wy (M) : HC*(M)) = K, o~ (=)™ <o, [M] >

coincides with H™(C*(M)) - Ho(C*(M)) = K, the map ¥ coincides with

the composite of

Homg*(M) (P,H(¢pr) o [M]N =) :Hom?q*(M) (P,H*(M))

5 Hom%;’le) (P,H*(M)Y)

and

Hom g+ (ppy (P, Hom(H™ (M), K)) =Homg (P ® g+ (ary H* (M), K)

~Homg (P, K).
COROLLARY 9.5: Let N be an oriented Poincaré duality space. Let
[N]€ H,(N) and wy € H"(N)

such that the Kronecker product < wy,[N] >= 1. Let A' be the unique element
of Extényxny(C*(N),C*(N x N)) such that H(A"Y(wn) = wn xwy. (This is
the A' considered throughout this paper, since we orient N x N with the cross
product wy X wy: see part (2) of Theorem 8.6). Let Ay be the unique element
of Ext’y nyny(A(N), A(N x N)) such that H(A'A)(f];l wN) = fginN X Wy
Then in the case of A' and of A, all the diagrams of Proposition 9.1 commute
exactly'.

Proof. By [3, VI.5.4 Theorem)], the cross products in homology and cohomology
and the Kronecker product satisfy

< wn X Wn, [N] x [N] >= (=1)¥IINE < G [N] >< wpy, [N] >= (=1)™

Therefore, by Proposition 9.1, the diagram of part 1) commutes up to the sign
(=1)2"*7(-1)" = +1. The diagrams of parts (2) and (3) commute up to the
sign (—1)"(n=n) (1) = 41,

L As we see in the proof, this is lucky!
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10. Appendix: Signs and degree shifting of products

Let A be a graded vector space equipped with a morphism py : A® A — A of
degree |pal. Let B be another graded vector space equipped with a morphism
up : B® B — B of degree |ug]|.

Definition 10.1: The multiplication p4 is associative if
pao(pa@l)=(=1)"4luso (1@ pa).
The multiplication p4 is commutative if
pala®b) = (=1)lralFlallel, (b @ a)

for all a, b € A. A linear map f : A — B is a morphism of algebras of
degree |f|if fopas = (—1)/flItalpyp o (f® f) (in particular, |ua| = |us|+|f])-

PROPOSITION 10.2: (i) The composite go f of two morphisms of algebras f and
g of degrees | f| and |g| is a morphism of algebras of degree |f|+ |g|. The inverse
=1 of an isomorphism f of algebras of degree |f| is a morphism of algebras of
degree —|f].

(ii) Let f : A — B be an isomorphism of algebras of degree |f|. Then pa
is commutative if and only if up is commutative. And p 4 is associative if and
only if up is associative.

Example 10.3: (i) (Compare with [39, Remark 3.6 and proof of Proposition 3.5])
Let A be a lower graded vector space equipped with a morphism pg : A® A — A
of lower degree —d associative and commutative in the sense of Definition 10.1.
Denote by A = s %A the d-desuspension [11, p. 41] of A : A; = A;1q. Let
wa A ® A — A be the morphism of degree 0 given by

pa(a ®b) = (—=1)¥9FP) 4 (a @ b)

for a € A, and b € A,. Then the map s™%: A — A, a + a, is an isomorphism
of algebras of lower degree —d and pua is commutative and associative in the
usual graded sense.

(ii) Let f : A — B be a morphism of algebras of degree |f| in the sense
of Definition 10.1 with respect to the multiplications p4 and pp. Then the

‘PLA‘)*l

gl
composite A (s A Al B Y Bisa morphism of algebras of degree 0 with
respect to the multiplications pa and pg.
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The following proposition explains that the generalized cup product (Defini-
tion 5.1) is natural with respect to morphism of algebras of any degree (Defini-
tion 10.1).

PRrROPOSITION 10.4: Let A be an algebra. Let M and N be two A-bimodules.
Let finy € Extlyg o (M ®4 M, M) and jin € Extlygs0r(N ®a N,N). Let
f € Ext)g 00 (M, N) such that in the derived category of A-bimodules

(1) fopn = (—1)Alny o (f @4 f).

Then HH*(A, f) : HH*(A,M) — HH*(A, N) is a morphism of algebras of
degree | f|.

Proof. Consider the diagram

HH* (AL
HH*(A,M)®2  ®* =~ HH*(A, M ®4 M) ( “Z)HH*(A, M)
HHx*(A,f)®? v yHHA(Af®4f) y HHXAS)
* ®2 * *
HH*(A,N) o > HH*(A,N ®4 N)HH*(A,;Z;)HH (A,N)

The left square commutes exactly since for g, h € Hom gg 400 (B(A, A, A), M),

(F®af)elg@ah)oc=(-)N(fog)@a(foh)oc.
By equation (1), the right square commutes up to the sign (—1)I/ll#al,

Example 10.5: (i) Let A be an algebra. Let M be an A-bimodule. Let
v € Exti(@Aop (M ®4 M, M). Denote by M := s~%M the d-desuspension
of the A-bimodule M: for a, b € A and m € M, a(s~%m)b := (—1)4els=%(amb)
[26, X.(8.4)]. Then the map s~ : M — M is an isomorphism of A-bimodules of
degree d. Consider [y € Ext?4®A0p (M ®4 M, M) such that in the derived
category of A-bimodules, s~ o fipy = (—1)4*Mlgy o (s7¢ @4 57%). Then
HH*(A,s7%) : HH*(A,M) — HH*(A,M) is a morphism of algebras of lower
degree d. In particular, by Example 10.3 (ii), the composite

HH*(A,s

HH* (A, M) := s~ HH*(A, M) 55 HE*(4, M) "™ 4 mE=a,m)

is an isomorphism of algebras of degree 0.
(ii) Let A be a commutative algebra. Let M and N be two A-modules. Let
punm € Exthies(M @ M, M) and uy € Exthoa(N ® N, N). Let f € Ext}y (M, N)
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such that in the derived category of A®*-modules,
fopn = (=D luy o (f e f).
From Lemma 5.3(3) and Proposition 10.4, since
Fommoq= (D)Mo (f@af)oq,

HH*(A,f): HH*(A,M) — HH*(A, N) is a morphism of algebras of degree
[f1-

LEMMA 10.6: (i) For a commutative diagram of graded K-modules

f
A > B
h k
\ \
C > D,
g
the square
2
AY < d BY
ot N
v o v

(_1)\f\\k\+\g\\h\gv

is commutative.
(ii) Let f : A — B and g : C — D be maps of graded K-modules. Then the
square

Av®0vf ®9>BV®DV

o o

\ \

A C)Y > (B® D)V
( )(f®g)v( )

is commutative.
Proof. (i) By definition [42, 0.1 (7)], fV(p) = (=1)I¢llflp o f. Therefore
(9o k)" = (=DFMhY 0 g".
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