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ABSTRACT

We characterize linearly ordered sets, abelian groups and fields that are
symmetrically complete, meaning that the intersection over any chain of
closed bounded intervals is nonempty. Such ordered abelian groups and
fields are important because generalizations of Banach’s Fixed Point The-
orem hold in them. We prove that symmetrically complete ordered abelian
groups and fields are divisible Hahn products and real closed power se-
ries fields, respectively. This gives us a direct route to the construction of
symmetrically complete ordered abelian groups and fields, modulo an anal-
ogous construction at the level of ordered sets; in particular, this gives an
alternative approach to the construction of symmetrically complete fields
in [12].

1. Introduction

In the paper [12], the third author introduced the notion of “symmetrically com-
plete” ordered fields and proved that every ordered field can be extended to a
symmetrically complete ordered field (see Remark 2 below for some background
information). He also proved that an ordered field K is symmetrically complete
if and only if every nonempty chain of closed bounded intervals in K (ordered
by inclusion) has nonempty intersection. It is this property that is particularly
interesting as it allows fixed point theorems to be proved for such fields that
generalize Banach’s Fixed Point Theorem, replacing the usual metric of the re-
als by the distance function that is derived from the ordering. For theorems of
this type it suffices to consider the ordered additive group underlying the field.
So we are led in a natural way to working with ordered abelian groups. As an
example for a corresponding fixed point theorem, we cite the following result
from [5], where it is Theorem 21:

THEOREM 1: Take an ordered abelian group (G, <) and a function f : G — G.
Assume that every nonempty chain of closed bounded intervals in G has
nonempty intersection and that f has the following properties:

(1) f is nonexpanding: |fx — fy| < |z —y| for all z,y € G,
(2) f is contracting on orbits: there is a positive rational number ™ < 1
with m,n € N such that n|fx — f2x| < m|z — fz| for all z € G.

Then f has a fixed point.
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In [5] we used the notion “spherically complete w.r.t. the order balls” if the
condition on chains of intervals is met. This is because the notion of spherical
completeness can provide a general framework for fixed point theorems in many
applications; the respective theorems are then obtained simply by choosing the
right balls for every application (see [5], [6]). In this paper, however, we will use
the equivalent, but more elegant notion of “symmetrically complete” which we
will now define. But we will consider spherical completeness later again, then
with respect to ultrametric balls when we work with the natural valuations of
ordered abelian groups and fields.

A cut in a linearly ordered set [ is a pair

C = (D, E)

with a lower cut set D and an upper cut set £ if ] = DUFE and d < e for
alld € D, e € E. Throughout this paper, when we talk of cuts we will mean
Dedekind cuts, that is, cuts with D and E nonempty. The cut C' is principal
(also called realized) if either D has a maximal element or F has a minimal
element.

By the cofinality of the cut C' we mean the pair (k, A) where & is the cofinality
of D, denoted by cf(D), and X is the coinitiality of E, denoted by ci(E). Recall
that the coinitiality of a linearly ordered set is the cofinality of this set under the
reversed ordering. Recall further that cofinalities and coinitialities of ordered
sets are regular cardinals.

The cut C is called symmetric if Kk = A\, and asymmetric otherwise. We will
call a linearly ordered set (I, <) symmetrically complete if every symmetric
cut C in [ is principal. Note that the principal symmetric cuts are precisely
the cuts with cofinality (1,1). Therefore, in dense linear orderings (and hence
in ordered fields) there are no principal symmetric cuts. Consequently, a dense
linear ordering is symmetrically complete if and only if all of its cuts are asym-
metric. This shows that our definition is a generalization of the definition given
for fields in [12].

For example, Z and R are symmetrically complete, but Q is not. In Z and
R, every cut is principal; in Z all of them have cofinality (1,1), and in R they
have cofinalities (1,Rg) and (g, 1). In contrast, in Q the cuts have cofinalities
(1,RN0), (Ng, 1) and (Rg, Ro).

Remark 2: In [11] the third author proved that any nonstandard model of Peano
Arithmetic has a symmetric cut. The motivation was to answer a question on
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the ideal structure of countable ultraproducts of Z posed in [9]. In these rings,
each prime ideal lies below a unique maximal ideal, and the set of prime ideals
below a given maximal ideal is linearly ordered under inclusion. The existence
result for symmetric cuts proves that below each maximal ideal there is a prime
ideal which is neither a union nor an intersection of countably many principal
ideals.

The existence of arbitrarily large symmetrically complete real closed fields
proved in [12] and again in the present paper stresses that Peano Arithmetic
and the theory of real closed fields are opposite in their behaviour when it comes
to the cofinalities of their cuts.

The following characterization of symmetrical completeness will be proved in
Section 2:

PROPOSITION 3: A linearly ordered set I is symmetrically complete if and
only if every nonempty chain of nonempty closed bounded intervals in I has

nonempty intersection.

It may come as a surprise to the reader that symmetrically complete fields,
other than the reals themselves, do exist. Intuitively, one may believe at first
that one can “zoom in” on every cut by a decreasing chain of closed intervals,
showing that every symmetrically complete field is cut complete and therefore
isomorphic to the reals. But if the cut is asymmetric, then on the side with the
smaller cardinality, the endpoints of the intervals must become stationary, so
that the intersection over the intervals will contain the stationary endpoint.

The main aim of this paper is to characterize the symmetrically complete
ordered abelian groups and fields. This characterization will then be very useful
for their construction.

We will make essential use of the fact that ordered abelian groups appear as
the value groups of ordered fields w.r.t. their natural field valuations, and, one
level lower, linear orderings appear as the value sets of ordered abelian groups
w.r.t. their natural group valuations. We will now define natural valuations of
ordered abelian groups and fields.

Take an ordered abelian group (G,<). Two elements a,b € G are called
archimedean equivalent if there is some n € N such that n|a| > |b| and
n|b| > |a|. The ordered abelian group (G, <) is archimedean ordered if all
nonzero elements are archimedean equivalent. If 0 < a < b and na < b for all
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n € N, then we say that “a is infinitesimally smaller than b” and we will write
a < b. We denote by va the archimedean equivalence class of a. The set of
archimedean equivalence classes can be ordered by setting va > vb if and only
if |a| < |b] and a and b are not archimedean equivalent, that is, if n|a| < |b|
for all n € N. We write oo := v0; this is the maximal element in the linearly
ordered set of equivalence classes. The function a — va is a group valuation on
G, i.e., it satisfies va = 0o < a = 0 and the ultrametric triangle law

(UT) v(a — b) > min{va, vb},

and by definition,
0<a<b= va>vb

The set vG := {vg | 0 # g € G} is called the value set of the valued abelian
group (G,v). For every v € vG, the quotient C := O,/ M., where O, :=
{g € G|lvg >~} and M, :={g € G| vg > ~}, is an archimedean ordered
abelian group (hence embeddable in the ordered additive group of the reals, by
the Theorem of Hoélder); it is called an archimedean component of G. The
natural valuation induces an ultrametric given by u(a,b) := v(a — b).

We define the smallest ultrametric ball B, (a,b) containing the elements a
and b to be

Bu(a,b) :=={g | v(a —g) 2 v(a—b)} ={g|v(b—g) > v(a—0b)}

where the last equation holds because in an ultrametric ball, every element is a
center. For the basic facts on ultrametric spaces, see [3]. Note that all ultramet-
ric balls are cosets of convex subgroups in G (see [4]). We say that an ordered
abelian group (or an ordered field) is spherically complete w.r.t. its natural
valuation if every nonempty chain of ultrametric balls (ordered by inclusion)
has nonempty intersection. The ordered abelian groups that are spherically
complete w.r.t. their natural valuation are precisely the Hahn products; see
Section 2.2 for the definition and basic properties of Hahn products (cf. also [4]
or [8]).

If (K, <) is an ordered field, then we consider the natural valuation on its
ordered additive group and define va + vb := v(ab). This turns the set of
archimedean classes into an ordered abelian group, with neutral element 0 := v1
and inverses —va = v(a~!). In this way, v becomes a field valuation (with
additively written value group). It is the finest valuation on the field K which is
compatible with the ordering. The residue field, denoted by Kv, is archimedean
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ordered, hence by the version of the Theorem of Holder for ordered fields, it
can be embedded in the ordered field R. Via this embedding, we will always
identify it with a subfield of R.

Remark 4: In contrast to the notation for the natural valuation (in the Baer
tradition) that we used in [5], we use here the Krull notation because it is more
compatible with our constructions in Section 5. In this notation, two elements
in an (additively written) ordered abelian group or field are close to each other
when the value of their difference is large.

In [5], we have already proved that if an ordered abelian group (G, <) is spher-
ically complete w.r.t. the order balls, then it is spherically complete w.r.t. its
natural valuation v. Moreover, if G is an ordered field, then we proved that in
addition, it has residue field R. Using Proposition 3, we can reformulate these
results as follows:

PROPOSITION 5: If an ordered abelian group is symmetrically complete, then
it is spherically complete w.r.t. its natural valuation. If an ordered field is sym-
metrically complete, then it is spherically complete w.r.t. its natural valuation
v and has residue field Kv = R.

In the present paper, we wish to extend these results. It turns out that for
an ordered abelian group G to be symmetrically complete, the same must be
true for the value set v(G, and in fact, it must have an even stronger property.
We will call a cut with cofinality (x, A) in a linearly ordered set (I, <) strongly
asymmetric if x # A and at least one of k, A is uncountable. We call (I, <)
strongly symmetrically complete if every cut in I has cofinality (1,1) or is
strongly asymmetric, and we call it extremely symmetrically complete if in
addition, the coinitiality and cofinality of I are both uncountable. Note that I is
strongly symmetrically complete if and only if it is symmetrically complete and
does not admit cuts of cofinality (1,8g) or (Ng,1). The reals are not strongly
symmetrically complete.

In Section 4, we will prove the following results:

THEOREM 6: A nontrivial densely ordered abelian group (G, <) is symmetri-
cally complete if and only if it is spherically complete w.r.t. its natural val-
uation v, has a dense strongly symmetrically complete value set vG, and all
archimedean components C., are isomorphic to R. It is strongly symmetrically
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complete if and only if in addition, vG has uncountable cofinality, and it is
extremely symmetrically complete if and only if in addition, vG is extremely
symmetrically complete.

Now we turn to ordered fields.

THEOREM 7: An ordered field K is symmetrically complete if and only if it is
spherically complete w.r.t. its natural valuation v, has residue field R and a
dense strongly symmetrically complete value group vK. Further, the following

are equivalent:

(a) K is strongly symmetrically complete,

(b) K is extremely symmetrically complete,

(¢) K is spherically complete w.r.t. its natural valuation v, has residue field
R and a dense extremely symmetrically complete value group vK.

Note that the natural valuation of a symmetrically complete ordered field
K can be trivial, in which case K is isomorphic to R. But if K is strongly
symmetrically complete, then vK and hence also v must be nontrivial.

Every ordered field that is spherically complete w.r.t. its natural valuation is
maximal, in the sense of [2]. In that paper Kaplansky showed that under certain
conditions, which in particular hold when the residue field has characteristic 0,
every such field is isomorphic to a power series field. In general, a nontrivial
factor system is needed on the power series field, but it is not needed for instance
when the residue field is R. From the previous two theorems, we derive:

COROLLARY 8: Every dense symmetrically complete ordered abelian group is
divisible and isomorphic to a Hahn product. Every symmetrically complete
ordered field is real closed and isomorphic to a power series field with residue
field R and divisible value group.

These results give us a natural way to construct symmetrically complete and
extremely symmetrically complete ordered fields K, which is an alternative to
the construction given in [12]. For the former type of fields, construct a strongly
symmetrically complete linearly ordered set I with uncountable coinitiality.
Then take G to be the Hahn product with index set I and all archimedean
components equal to R. Finally, take K = R((G)), the power series field with
coefficients in R and exponents in G. To obtain an extremely symmetrically
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complete ordered field K, construct I such that in addition, also its cofinality
is uncountable. See Section 5 for the detailed construction of such orders I.

In Section 6, we will use our theorems to prove the following result, which
extends the corresponding result of [12] by a more direct method:

THEOREM 9: Every ordered abelian group can be extended to an extremely
symmetrically complete ordered abelian group. Every ordered field can be ex-
tended to an extremely symmetrically complete ordered field.

For the proof of this theorem, we need to extend any given ordered set I to
an extremely symmetrically complete ordered set J. We do this by constructing
suitable lexicographic products of ordered sets.

Remark 10: Already in the years 1906-8 Hausdorff has constructed ordered sets
with prescribed cofinalities for all of its cuts; see [1]. (This paper was brought to
our attention by Salma Kuhlmann after the completion of the present paper.)
However, he did not discuss how to embed arbitrary orders I in such ordered
sets. Moreover, the constructions we present in Section 5 lead more directly to
the ordered sets we need.

Let us describe the most refined result that we achieve, which gives us the
best control of the cofinalities of cuts in the constructed ordered set J. We
denote by Reg the class of all infinite regular cardinals, and for any ordinal A,
by

Reg y ={k <A | N <k =cf(r)}
the set of all infinite regular cardinals < A\. We define:
Coin(I) :={ci(S) | S C I such that ci(S) is infinite} C Reg,
Cofin(I) :={cf(S) | S C I such that cf(S) is infinite} C Reg.
We choose any p, ko, Ao € Reg. Then we set:

Ry, :=Cofin(f) UReg_, U Reg.,, C Reg,
Ryign :=Coin(I) UReg_,, U Reg.,, C Reg.

All of the subsets we have defined here are initial segments of Reg in the sense
that if they contain x, then they also contain every infinite regular cardinal < k.
Further, we assume that functions

Olett - {1} UReg — Reg  and  ¢yign : {1} UReg — Reg
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are given. We prove in Section 5:

THEOREM 11: Assume that p is uncountable and that

(]-) Qolcft({]-} U Rright) - Rlcft and Spright({]-} U Rlcft) - Rright

With Qios (K) # K 7 Origne () for all K € Ry, U Ryigne. Then I can be extended to
a strongly symmetrically complete ordered set J of cofinality k¢ and coinitiality
Ao, in which the cuts have the following cofinalities:

{1 ), (1, 1)} UA{(R, 0(r) | K € Rie} U{(0(A); A) [ A € Ruigne }-

If in addition ko and Ao are uncountable, then J is extremely symmetrically
complete.

Among the value groups of valued fields, not only the dense, but also the
discretely ordered groups play an important role. The value groups of formally
p-adic fields are discretely ordered, and the value groups of p-adically closed
fields are Z-groups, that is, ordered abelian groups G that admit (an isomorphic
image of) Z as a convex subgroup such that G/Z is divisible. We wish to prove
a version of Theorem 6 for discretely ordered abelian groups.

THEOREM 12: Take a nontrivial discretely ordered abelian group (G, <). Then
the following are equivalent:

(a) (G, <) is symmetrically complete,
(b) (G, <) is strongly symmetrically complete,
(¢) (G, <) is a Z-group such that G/Z is strongly symmetrically complete.

Further, (G, <) is extremely symmetrically complete if and only if (G, <) is a
Z-group and G/Z is extremely symmetrically complete.

Again, this gives us a natural way for our construction. To obtain a sym-
metrically complete discretely ordered abelian group G, construct a divisible
strongly symmetrically complete ordered abelian group H and then take the
lexicographic product H x Z. If in addition the cofinality of H is uncountable,
then G will even be extremely symmetrically complete.

Note that G is isomorphic to a Hahn product if and only if G/Z is. Therefore,
if G is symmetrically complete, then it is a Hahn product.
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2. Preliminaries and notations

2.1. PROOF OF PROPOSITION 3. A quasicut in a linearly ordered set [ is a
pair C = (D, E) of subsets D and E of I such that I = DUFE and d < e for all
d € D, e € E. In this case, D N E is empty or a singleton; if it is empty, then
(D, E) is a cut.

Assume that I is symmetrically complete, so every symmetric cut in I is
principal. Every nonempty chain of nonempty closed bounded intervals has a
cofinal subchain ([d,, e,]), <, indexed by a regular cardinal p, either equal to 1
or infinite. We set

D:={del|d<d, for some v < u}

and
E:={eel]|e>e, for some v < pu}.

Thend < eforalld € Dande € E. If DNE # @, then (D, F) is a quasicut and
the unique element of D N E lies in the intersection of the chain. If (D, E) is a
cut, then it must be principal by our assumption on I since cf(D) = p = ci(E).
That is, p = 1 and {dp,ep} = [do, eo] is contained in the intersection of the
chain. If DN E = 0 but (D, E) is not a cut, then the set

{cel|d<c<eforallde D,ec E}

is nonempty and contained in the intersection of the chain. So in all cases, the
intersection of the chain is nonempty.

Now assume that every nonempty chain of nonempty closed bounded intervals
in I has nonempty intersection. Suppose that (D, E) is a cut with s := cf(D) =
ci(E). Then we can choose a cofinal strictly increasing sequence (d, ), <, in D
and a coinitial strictly decreasing sequence (e,),<, in E. By assumption, the
chain ([dy, e,])<x of intervals has nonempty intersection. Take an element a
in the intersection. Then d, < a < e, for all v. If a € D, then the former
inequalities imply that k = 1 and dy = a is the largest element of D. If a € E,
then the latter inequalities imply that x = 1 and e; = a is the smallest element
of E. So we find that (D, E) is principal. This proves that every symmetric cut
in [ is principal.

2.2. HAHN PRODUCTS. Given a linearly ordered index set I and for every v €
an arbitrary abelian group C.,, we define a group called the Hahn product, de-
noted by H,¢; Cy. Consider the product [[,.; Cy and an element ¢ = (¢y)yer
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of this group. Then the support of ¢ is the set suppc := {y € I | ¢, # 0}.
As a set, the Hahn product is the subset of Hvel
whose support is a wellordered subset of I, that is, every nonempty subset of

C, containing all elements

the support has a minimal element. In particular, the support of every nonzero
element ¢ in the Hahn product has a minimal element g, which enables us to
define a group valuation by setting vc = 79 and v0 = co. The Hahn product is a
subgroup of the product group. Indeed, the support of the sum of two elements
is contained in the union of their supports, and the union of two wellordered
sets is again wellordered.

We leave it to the reader to show that a Hahn product is divisible if and only
if all of its components are.

If the components C, are (not necessarily archimedean) ordered abelian
groups, we obtain the ordered Hahn product, also called lexicographic
product, where the ordering is defined as follows. Given a nonzero element
¢ = (¢y)yer, let 79 be the minimal element of its support. Then we take ¢ > 0
if and onmly if ¢, > 0. If all C, are archimedean ordered, then the valuation v
of the Hahn product coincides with the natural valuation of the ordered Hahn
product. Every ordered abelian group G can be embedded in the Hahn product
with its set of archimedean classes as index sets and its archimedean compo-
nents as components. Then G is spherically complete w.r.t. the ultrametric
balls if and only if the embedding is onto.

2.3. SOME FACTS ABOUT COFINALITIES AND COINITIALITIES. Take a nontrivial
ordered abelian group G and define

G7%:={gcG|g>0} and G<":={g€G|g<0}.
Since G 3 g — —g € G is an order inverting bijection,
ci(G) = cf(G) and cf(G<) = ci(G™").
Further, we have:
LEMMA 13: (1) The cofinality of G is equal to max{Xy, ci(vG)}. Hence it
is uncountable if and only if the coinitiality of vG is uncountable.
(2) If G is discretely ordered, then ci(G”Y) = cf(vG) = 1. Otherwise,
ci(G>0) = max{No, cf(vQ)}.

(3) Take~ € vG, not the largest element of vG, and let k be the coinitiality
of the set {§ € vG | § > ~}. Then cf(My) = max{No, k}.
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Proof. (1) Since a nontrivial ordered abelian group has no maximal element, its
cofinality is at least Rg. If vG has a smallest element, then take a positive g € G
whose value is this smallest element. Then the sequence (ng)nen is cofinal in
G, so its cofinality is N.

If ¥ := ci(vG) is infinite, then take a sequence (7, ),<, which is coinitial
in vG, and take positive elements g, € G, v < k, with vg, = =,. Then the
sequence (g, )y<x is cofinal in G and therefore, cf(G) < ci(vG). On the other
hand, for every sequence (g, ),<x cofinal in G, the sequence of values (vg,),<x
must be coinitial in vG, which shows that cf(G) > ci(vG).

(2) If G is discretely ordered, then it has a smallest positive element g
and hence, ci(G”Y) = 1. Further, vg must be the largest element of vG, so
cf(vG) = 1.

If G is not discretely ordered, then it is densely ordered and the coinitiality
of G0 is at least Ny. If vG has a largest element v, then we take a positive
g € G with vg = v. Then M, = {0} and O, is an archimedean ordered convex
subgroup of G. This implies that

Rg < ¢i(G™0) = ci(07°) < Ry,

and we have equality everywhere.

If k := cf(vQG) is infinite, then take a sequence (7, ), <, which is cofinal in
v, and take positive elements g, € G, v < k, with vg, = 7,. Then the
sequence (g, )<y is coinitial in G0 and therefore, ci(G>%) < cf(vG). On the
other hand, for every sequence (g, ),<x coinitial in G>°, the sequence of values
(vgy )< must be coinitial in vG, which shows that ci(G>%) > cf(vG).

(3) By our condition on vy, M, is a nontrivial subgroup of G and therefore,
its cofinality is at least Ro. If vM., = {6 € vG | § > v} has a smallest element,
then take a positive ¢ € G whose value is this smallest element. Then the
sequence (ng)nen is cofinal in M., so cf(M,) = N,.

Assume that x = ci(vM,) is infinite. Take a sequence (v, ),<, which is
coinitial in M, = {6 € vG | § > ~} and take positive elements g, € G, v < &,
with vg, = 7,. Then the sequence (g,), <, is cofinal in M., and therefore,
cf(M,) < k. On the other hand, for every sequence (g,),<x cofinal in M.,
the sequence of values (vg,),<x must be coinitial in vM.,, which shows that

cf(My) > k.
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3. Analysis of cuts in ordered abelian groups
We will first discuss principal cuts.

LEMMA 14: Take any ordered abelian group G. Every principal cut in G is
asymmetric if and only if G is densely ordered. Every principal cut in G is
strongly asymmetric if and only if cf(vG) is uncountable.

Proof. Take a principal cut C = (D, E) with cofinality (k, ) in the ordered
abelian group G. If D has largest element ¢, then the set g + G>° is coinitial in
E, showing that C' has cofinality (1,ci(G>?)). Symmetrically, if E has smallest
element g, then the set g + G<" is cofinal in D, showing that C has cofinality
(ci(GZ9),1) since cf(G<%) = ci(G>?). This immediately proves the second
statement.

We will now apply part 2) of Lemma 13 repeatedly. If G is densely ordered,
then ci(G>°) > 1 and consequently, C' is asymmetric. If G is not densely
ordered, then it is discretely ordered and admits symmetric principal cuts; in
fact, every principal cut has cofinality (1,1). This proves the first statement.

If cf(vG) is uncountable, then ci(G>°) = cf(vG) and consequently, C is
strongly asymmetric. If cf(vG) < N, then ci(G”?) < Ry and no principal
cut is strongly asymmetric. This proves the second statement.

From now on we will discuss nonprincipal cuts. We start with a simple but
useful observation. The only countable cardinality that can appear as coinitial-
ity or cofinality in a nonprincipal cut is Rg. This shows:

LEMMA 15: If a nonprincipal cut is asymmetric, then it is strongly asymmetric.

We will now classify cuts by considering the ultrametric balls B, (d,e) for
all d € D,e € E. Any two of them have nonempty intersection since this
intersection will contain both a final segment of D and an initial segment of E.
Since two ultrametric balls with nonempty intersection are already comparable
by inclusion, it follows that these balls form a nonempty chain. Now there are
two cases:

(I) the chain contains a smallest ball,
(IT) the chain does not contain a smallest ball.

First, we discuss cuts of type (I).
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LEMMA 16: Take any nontrivial ordered abelian group GG. Then every non-
principal cut of type (I) is (strongly) asymmetric if and only if the following
conditions are satisfied:

(a) Cy ~ R for all v € vG, or Cy ~ Z if =y is the largest element of vG and
C, ~ R otherwise;
(b) for every cut in vG of cofinality (1,\), A is uncountable.

Proof. Take a nonprincipal cut C' = (D, E) of type (I) in G. We have to start
our proof with some preparations.

We choose dy € D, ey € FE such that B, (dp,ep) is the smallest ball. The
shifted cut

C—dy:={d—dy|de D}, {e—dy|e€E})
has the same cofinality as C. Moreover,

Bu(do,eo) —dy := {b —dp | be Bu(do,eo)} = Bu(O,eO — do)

remains the smallest ball in the new situation. Therefore, we can assume that
dop = 0. Set v := veg and T := [0,e9]. Then vh > v for all h € I, that is,
h € O,. The images D’ of DNI and E' of ENI in C, = O,/ M., are convex
and satisfy D’ < F’. If there were d’ € D' N F’, then it would be the image of
elements d € DNI and e € ENI with v < v(e—d), and B, (d, e) would be a ball
properly contained in B,,(0, ep), contrary to our minimality assumption. Hence,
D’ < E'. If there were an element strictly between D’ and E’, then it would be
the image of an element h strictly between D and E, which is impossible. So
we see that (D', E’) defines a cut C’ in C,, with D’ a final segment of the left
cut set and E’ an initial segment of the right cut set.

Since C is archimedean ordered, it can be embedded in R and therefore, the
cofinality of C’ can only be (1,1), (1,Rg), (Ro,1), or (Xg,Ng). Lifting cofinal
sequences in D’ back into D, we see that if the cofinality of D’ is Ny, then so
is the cofinality of D. Similarly, if the coinitiality of E’ is Vg, then so is the
coinitiality of E. However, if D’ contains a last element o/, and if a € DN is
such that a has image a’ in C,, then the set of all elements in G that are sent
to o’ is exactly the coset a 4+ M.,. This set has empty intersection with E since
a’ ¢ E’. This together with a’ being the last element of D’ shows that a + M.,
is a final segment of D and therefore, the cofinality of D is equal to that of M.,.
Similarly, if E’ has a first element b’ coming from an element b € E N I, then
b+ M., is an initial segment of E and therefore, the coinitiality of E is equal
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to that of M., which in turn is equal to the cofinality of M.. We see that the
cofinality of C' is
() (cf(M,),cf(M,)) if C” has cofinality (1,1),
(B) (ct(M,),Rg) or (Rg, cf(M,)) if C' has cofinality (1,R¢) or (R, 1), and
(7) (Rg,Rg) if C’ has cofinality (Rg, Ro).
If v is not the last element of vG, then by part (3) of Lemma 13, cf(M,) =
max{Ng, A} where X is the coinitiality of the set {§ € vG | § > 7}.

Assume first that conditions a) and b) of the lemma are satisfied. Then
by condition a), C’ cannot have cofinality (o, Rp), so case () cannot appear.
Further, C’ can have cofinality (1, 1) only if « is the largest element of vG. Hence
in this case, which is case (a), we have that M., = {0} and thus, cf(M,) = 1.
But as we have taken C' to be nonprincipal, this case cannot appear.

Finally, if we are in case [3) then v cannot be the largest element of vG since
otherwise, M., = {0} and as in case (a), C would be principal. So cf(M,) = A
is uncountable by condition b), which yields that C is strongly asymmetric.
We have now shown that conditions (a) and (b) together imply that every
nonprincipal cut of type (I) is strongly asymmetric and hence also asymmetric.

We will prove the converse by contraposition. We will have to lift, for any
v € vG, a given cut € = (D7, E7) in C, to a cut in G. We set

D:={d € G |d<d for some d; € O, with d; + M., € D}},
E:={e € G|e> e for some e; € O, with e; + M, € E7}.
This defines a cut C' = (D, E) in G which is of type (I) since
~v=min{v(e—d) | de D, ec E}.

With the notation as above, we obtain that D’ = D} and E' = EJ.

Suppose that condition (a) is violated. Then there is v € vG with C, not
isomorphic to R, and also not to Z if v is the largest element of vG. If C,
is neither isomorphic to R nor to Z, then there is a cut C] in C, of cofinality
(No,Rg). So we are in case () and C is nonprincipal and symmetric. If C,
is isomorphic to Z with v not the largest element of vG, then we are in case
() with cf(M,) = max{Ng, A} > Ng, which yields that C' is nonprincipal and
symmetric.

Suppose that condition (b) is violated. Then there is v € vG which is not the
largest element of vG such that the coinitiality A of the set {§ € vG | § > v} is
countable. We then obtain that cf(M,) = max{N, A} = Rg. Since C, always
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admits cuts of cofinality (1,1), (1,Rg) or (R, 1), case («) or () will appear,
leading to a nonprincipal symmetric cut C' with cofinality (Xg, No).

In all cases where conditions (a) or (b) are violated, we have obtained a
nonprincipal symmetric cut of type (I). This completes our proof.

Now we discuss nonprincipal cuts C of type (II).

LEMMA 17: Take any ordered abelian group G which is spherically complete
w.r.t. its natural valuation v. Then every nonprincipal cut of type (II) is
(strongly) asymmetric if and only if every cut in vG of cofinality (k,\) with
K infinite is strongly asymmetric.

Proof. Take a nonprincipal cut C' = (D, E) of type (II) in G. Since G is assumed
to be spherically complete w.r.t. its natural valuation v, there is some g € G
such that
g€ [\ Bulde).
deD,ecE

Replacing the cut C by the shifted cut C' — g as we have done in the last proof,
we can assume that g = 0. Since C' is nonprincipal by asssumption, there must
be dy € D, ey € E such that dg < 0 < ep does not hold, and we have two cases:

(A) eo <0,

(B) 0 < dp.

Again, we set I := [dy, eg]. We set
D={vd|de DNI}CvG

and
E={ve|lec ENI} CG.

Let us first discuss case (A). We claim that D < E. We observe that “<”
holds since d < e < 0 for d € DN I and e € ENI. Suppose that DN E # 0,
that is, vd = ve for some d € DN I and e € ENI. Then v(e —d) > vd by
the ultrametric triangle law, and since there is no smallest ball by assumption,
we can even choose d, e such that v(e — d) > vd. But then, 0 would not lie
in B,(d,e), a contradiction. We have proved our claim. Now if there were an
element « stricly between the two sets, then there would be some a € I with
va = « and a < 0. This would yield that d < a < e for all d € DN I and
e € ENT and thus, D < a < E, a contradiction.
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We conclude that (D, E) defines a cut C' in v@G, with D a final segment of
the left cut set, and E an initial segment of the right cut set. Denote by (%, 5\)
its cofinality. We have that vd < ve and consequently vd = v(e — d) for all
de DNI and e € ENI. Since by assumption there is no smallest ball, there
is no largest value v(e — d). This shows that D has no largest element and
therefore, % is infinite. Lifting cofinal sequences in D to coinitial sequences in
D, we see that k = %. By the same argument, if A is infinite, then A = \. If
on the other hand A = 1, then we take v € G to be the smallest element of E.
The preimage of v under the valuation is O, \ M., and this set is coinitial in
E. The cofinality of O, \ M., is equal to the cofinality of O, which in turn is
equal to the cofinality Ny of the archimedean ordered group C,. Hence in this
case, A = Ng. In all cases, A = max{Ry, :\)

If the nonprincipal cut C is asymmetric, then x # X\ and one of them is
uncountable. If \ is countable, then A = Ngand k =k > A > :\ that is, C is
strongly asymmetric. If X is uncountable, then A = A # x = &, hence again,
Cis strongly asymmetric. Conversely, suppose that Cis strongly asymmetric.
If X is countable, then & is uncountable, so kK = kK > Ny = A, showing that
C is asymmetric. If X is uncountable, then A = XA # & = &, hence again, C
is asymmetric. We have now proved that C' is asymmetric if and only if C' is
strongly asymmetric.

Now we consider case (B). Since 0 < d<eforde DNIandec ENI, we
now obtain that £ < D. It is proven as in case (A) that (F, D) defines a cut
C in vG, and that E has no largest element. In this case the argument is the
same as before, but with Dand E interchanged, and the conclusion is the same
as in case (A). We note that in both cases, the cofinality of the left cut set of
C must be infinite.

Putting both cases together, we have now proved that if every cut in vG of
cofinality (&, 5\) with % infinite is strongly asymmetric, then every nonprincipal
cut of type (II) in G is asymmetric.

Let us prove the converse. If we have a cut C' = (b, E) in vG of cofinality
(R, :\) with % infinite, then we can associate to it a nonprincipal cut of type (II)
as follows. We set

D={deG|d<0anduvdc D}

and

E={ecG|e>0orvecE}.
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This is a cut in G, and it is nonprincipal: D and hence also D has no largest
element, and F has no smallest element because for every e € F with e < 0 we
have 2e < e with v(2e) = ve. Further, it is of type (II) since for all d € D and
e € E, e < 0, we have that vd < ve and hence v(e — d) = vd € D, which has
no largest element. Now C' induces the cut C' in the way described under case
(A). From our previous discussion we see that if C is not strongly asymmetric,
then C is not asymmetric. This completes the proof of the converse and of our

lemma.

4. Proofs of the main theorems

Proof of Theorem 6. Take any densely ordered abelian group G. Assume first
that G is symmetrically complete. Then by Proposition 5, G is spherically
complete w.r.t. its natural valuation. G cannot have an archimedean component
C, ~ Z with 7 the largest element of vG because otherwise, it would have a
convex subgroup isomorphic to Z and would then be discretely ordered. Hence
by Lemma 16, every archimedean component of G is isomorphic to R and for
every cut in vG of cofinality (1, k), k is uncountable. Finally by Lemma 17, every
cut in vG of cofinality (A, k) with X infinite is strongly asymmetric. Altogether,
every cut in vG is strongly asymmetric. This proves that vG is dense and
strongly symmetrically complete.

Conversely, if G is spherically complete w.r.t. its natural valuation, every
archimedean component of G is isomorphic to R and vG is dense and strongly
symmetrically complete, then it follows from Lemmas 14, 16 and 17 that G is
symmetrically complete. This proves the first assertion of the theorem.

We have already remarked in the introduction that for a symmetrically com-
plete ordered group G to be strongly symmetrically complete it suffices that
every principal cut is strongly asymmetric. By Lemma 14, this holds if and
only if in addition to the other conditions, the cofinality of vG is uncountable.
This proves the second assertion.

Finally, a strongly symmetrically complete ordered group G is extremely sym-
metrically complete if and only if in addition, its cofinality (which is equal to
its coinitiality) is uncountable. By part (1) of Lemma 13, this holds if and only
if the coinitiality of vG is uncountable. Hence by what we have just proved
before, a symmetrically complete G is extremely symmetrically complete if and
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only if in addition to the other conditions, vG is extremely symmetrically com-
plete.

Proof of Theorem 7. Considering the additive ordered abelian group of the or-
dered field K, which is always dense, the first assertion of Theorem 7 follows
readily from that of Theorem 6 if one takes into account that through multi-
plication, all archimedean components are isomorphic to the ordered additive
group of the residue field.

Similarly, the equivalence of (b) and (c) follows from the third case of The-
orem 6. Since vK is an ordered abelian group, its cofinality is equal to its
coinitiality, so the condition that it is strongly symmetrically complete with un-
countable cofinality already implies that it is extremely symmetrically complete.
Hence, by the second case of Theorem 6, (a) is equivalent to (c).

Proof of Corollary 8. The assertion for ordered abelian groups follows from the
facts that have been mentioned before. For ordered fields, it remains to show
that a power series field with residue field R and divisible value group is real
closed. Since every power series field is henselian under its canonical valuation,
this follows from [10, Theorem (8.6)].

Proof of Theorem 12. Since G is discretely ordered, vG must have a largest
element vg (where g can be chosen to be the smallest positive element of G)
with archimedean component O,y >~ C,q >~ Z. We identify the convex subgroup
Oy with Z.

Take any cut (D, E) in G. Since the canonical epimorphism G — G/Z
preserves <, the image (D, F) of (D, E) in G/Z is a quasicut. If D and E have
a common element d, then there is d € D and z € Z such that d+ 2z € E. In
this case, the cofinality of (D, E) is (1,1). Now suppose that D and E have
no common element. Then for all d € D and e € E, we have that d + Z =
{d+z|de D,z€Z} C Dand e+ Z C E. Hence if D' C D is a set
of representatives for D and E' C E is a set of representatives for E, then
D=D'+Z={d+z|deD' z€Z} and E = E' +Z. This yields that

cf(D) = max{cf(D’), R} = max{cf(D),No},

(2) . : .
ci(F) = max{ci(E"),Ro} = max{ci(F), No}.

We assume first that G is a Z-group and G/Z is strongly symmetrically
complete. We take a cut (D, E) in G of cofinality # (1,1). Then by what
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we have just shown, D and E have no common element, and (cf(D),ci(E)) =
(max{cf(D),Ng}, max{ci(E),No}). By our assumption on G/Z, (D,E) is strongly
asymmetric, which yields that cf(D) and ci(E) are not equal and at least one
of them is uncountable. This proves that G is strongly symmetrically complete,
hence also symmetrically complete.

For the converse, we assume that G is symmetrically complete. We take any
cut (D, E) in G/Z. Then we pick a set D’ C G of representatives for D and
a set B/ C E of representatives for £. With D = D'+ Z and E = E' + Z
we obtain a nonprincipal cut (D, E) in G with image (D, E) in G/Z. By our
assumption on G, the cut (D, E) is asymmetric. Now (2) yields that at least
one of cf(D) and ci(F) is uncountable and that if both are, then they are not
equal. This shows that (D, E) is strongly asymmetric, which proves that G/Z
is strongly symmetrically complete and does not admit any cuts of cofinality
(1,1). Hence, G/Z is densely ordered, and Corollary 8 now shows that it is
divisible. This proves that G is a Z-group.

The last equivalence in the theorem is seen as follows. If G is extremely
symmetrically complete, then it cannot be isomorphic to Z and hence, G/Z is
nontrivial. But then, the cofinality of G is equal to that of G/Z.

5. Construction of symmetrically complete linearly ordered sets

In this section, we will use “+” in a different way than before. If I and J are
ordered sets, then I+ .J denotes the sum of I and J in the sense of order theory,
that is, the disjoint union I U J with the extension of the orderings of I and J
given by i < jforallie I, je J.

For any linearly ordered set I = (I, <), we denote by I¢ its completion. Note
that Coin(I¢) = Coin(I) and Cofin(I¢) = Cofin(I). Further, we denote by I*
the set I endowed with the inverted ordering <*, where i <* j < j < i.

We choose some ordered set I (where I = () is allowed) and infinite regular
cardinals p and k,, A, for all v < u. We define

In:=Xo+1°+ky and I,: =X 4k, for 0<v<p.

Note that all I,,, v < u, are cut complete. Note further that if C' is a cut in I

with cofinality (x, ), then & € Cofin(I) UReg_,, and A € Coin(I) U Reg_,, .
We define J to be the lexicographic product over the I, with index set u; that

is, J is the set of all sequences (a, ), <, with o, € I, for all v < p, endowed with
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the following ordering: if (o, ), <, and (8, ),<, are two different sequences, then
there is a smallest 1y < p such that a,, # 8., and we set (a)v<p < (Bv)v<p if
aVo < ﬂvr)'

THEOREM 18: The cofinalities of the cuts of J are:
(L), (p,1),
(K1, ), (Ii A1) for A € Coin(I) UReg_,,, & € Cofin(I) UReg_,, ,
(I@,H, y (K, Apq1) for 0 < v < p and k < Ky, A < A\, regular cardinals,
(Ku, Ay) for v < u a successor ordinal, and
(Ku, 1), (@', ) for v < p a limit ordinal and p’ < p its cofinality.
Further, the cofinality of J is ko and its coinitiality is Ag.

Proof. Take any cut (D, E) in J. Assume first that D has a maximal element
(aw)v<p. By our choice of the linearly ordered sets I, we can choose, for every
v < p, some 3, € I, such that 8, > a,. For p < p we define 5 := S,
and 82 := «, for v # p. Then the elements (50),<,, p < u, form a strictly
decreasing coinitial sequence of elements in E. Since p was chosen to be regular,
this shows that the cofinality of (D, E) is (1, ). Similarly, it is shown that if F
has a minimal element, then the cofinality of (D, E) is (u, 1).

Now assume that (D, E) is nonprincipal. Take S to be the set of all v/ < pu
for which there exist a,v = (v )v<p € D and by = (B v )v<p € E such that
oy = By, for all v < /. Note that S is a proper initial segment of the set
w. We claim that vy < v € S implies that

Oy = Qy,,, forall v <y,

or in other words, (®,.»)v<s, I8 a truncation of a,,. Indeed, suppose that this
were not the case. Then there would be some vy < v; such that

Bui v = Qi wg # Qo = Bu wo-

Suppose that vy is minimal with this property and that the left hand side is
smaller. But then, (8u, .)v<p < (Qus)v<p, 80 by, € D, a contradiction. A
similar contradiction is obtained if the right hand side is smaller.

Now take 19 to be the minimum of i\ S; in fact, S is is equal to the set pp.
We define

D,, ={a el |Iw)cy € D: oy, =aand oy =y, for v < po},
E ={B € L, | 3(ﬂv)v<,u €LE:pu, =pFand B, =a,, forv < o}
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By our definition of pug, these two sets are disjoint, and it is clear that their
union is I, and every element in D, is smaller than every element in £, .
However, one of the sets may be empty, and we will first consider this case.
Suppose that E,, = (. Then D,, = I,, and since this has no last element, the
cofinality of D is the same as that of I, which is k,,. In order to determine
the coinitiality of F, we proceed as in the beginning of this proof. Observe that
since E,,, = 0, for an element (%), <, to lie in E it is necessary that 85 > a,,,,
for some v < p. For all v < pip, we choose some 3, € I, such that 3, > oy ;
then for all p < po we define 8 := j,, B0 := ay,, for v < p, and choose 3
arbitrarily for p < v < p. Then the elements (52),<,, p < o, form a strictly
decreasing coinitial sequence in E. If p/ denotes the cofinality of pg, this shows
that the coinitiality of E is y/, and the cofinality of (D, E) is (£, #'). Since p
was chosen to be regular, we have that u' < p.

Similarly, it is shown that if D, = ), then the cofinality of (D, E) is (1', A\u,)
for some regular cardinal ¢/ < pu. Note that D, or E,, can only be empty
if po is a limit ordinal. Indeed, if py = 0 and (o )v<py € D, (Bv)v<py € E,
then ag € Doy and By € Eo; if po = p/ + 1, then with (o )v<, € D and
(Bu',v)v<p € E chosen as before, it follows that ar i, € Dyy and B e € E, -

From now on we assume that both D,, and E,,, are nonempty. Since I, is
complete, D, has a maximal element or F,,, has a minimal element.

Suppose that D,,, has a maximal element &. Then for all p € K941 C Lpo+1,
we define af) = v, for v < po, of, = &, aj | = p, and choose an arbitrary
element of I, for af when pug+1 < v < p. Then the elements (af), <,
P € Kuo+1, form a strictly increasing cofinal sequence in D. Since k,,4+1 Wwas
chosen to be a regular cardinal, this shows that the cofinality of D is 1.

Suppose that £, has a minimal element 3. Then for every o € Nio+1 CLug+15
we define 8 = a,,,, for v < po, 87 = B, Bj,4+1 = 0, and choose an arbitrary
element of I, for 87 when pp+ 1 < v < p. Then the elements (87),<p,
0 € A, 41, form a strictly decreasing coinitial sequence in E. Since Ay 41 was
chosen to be a regular cardinal, this shows that the coinitiality of E is A, +1.

If D,,, has a maximal element and F,, has a minimal element, then we obtain
that the cofinality of (D, E) is (Kug+1, Auo+1)-

Now we deal with the case where D,, does not have a maximal element.
Since I, is complete, F,,, must then have a smallest element, and by what we
have already shown, we find that E has coinitiality A,,+1. Denote the cofinality
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of Dy, by . We choose a sequence of elements of, , p <k, cofinal in D,,,. For
all p < K, we define of, = a,,, for v < pp and choose an arbitrary element of I,
for af) when po +1 < v < p. Then the elements (o), <y, p < k, form a strictly
increasing cofinal sequence in D. Hence, (D, E) has cofinality (k, A,o41) with
K the cofinality of a lower cut set in I,,,, i.e., k € Cofin(I) UReg_,, if po = 0,
and K € Reg<m0 otherwise.

If E,,, does not have a minimal element, then a symmetrical argument shows
that the cofinality of (D, E) is (ku,+1, ) for some X the coinitiality of an upper
cut set in I, i.e., A € Coin(I) UReg_,, if uo = 0, and X € Reg_,, otherwise.

We have now proved that the cofinalities of the cuts in J are all among those
listed in the statement of the theorem. By our arguments it is also clear that
all listed cofinalities do indeed appear.

Finally, the easy proof of the last statement of the theorem is left to the
reader.

The following result is an immediate consequence of the theorem:

COROLLARY 19: Assume that

(a) w1 ¢ Coin(I) UReg_, and A\; ¢ Cofin(/) UReg_,,
(b) Ky41 > Ay and A1 > K, for all v < p,

(¢) Ky # A\, for v < p a successor ordinal, and

(d) Ky, > pand A\, > p for v < p a limit ordinal.

Then J is symmetrically complete. If in addition p is uncountable, then J is
strongly symmetrically complete, and if also ko and Ao are uncountable, then
J is extremely symmetrically complete.

It is easy to choose our cardinals by transfinite induction in such a way that
all conditions of this corollary are satisfied. We choose

e o and Ao to be arbitrary uncountable regular cardinals,
e 1 > max{Kg, Ao, card(])},
e k,=pand \, = uT for v =1 or v < p a limit ordinal,
e iy =rtand \py1 = AT for 0 <v < p.

Sending an element a € I to an arbitrary element (o)<, € J with ag = «
induces an order preserving embedding of I in J. So we obtain the following
result:
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COROLLARY 20: Every linearly ordered set I can be embedded in an extremely
symmetrically complete ordered set .J.

Our above construction can be seen as a “brute force” approach. We will now
present a construction that offers more choice for the prescribed cofinalities.

If an index set I is not well ordered, then the lexicographic product of ordered
abelian groups G;, i € I, is defined to be the subset of the product consisting
of all elements (g;);c; with well ordered support {i € I | g; # 0}. Likewise,
the lexicographic sum is defined to be the subset consisting of all elements
(9i)icr with finite support {i € I | g; # 0}. The problem with ordered sets
is that they usually do not have distinguished elements (like neutral elements
for an operation). The remedy used in [7] is to fix distinguished elements in
all linear orderings we wish to use for our lexicographic sum. Hausdorff ([1])
does this in quite an elegant way: he observes that the full product is still
partially ordered. Singling out one element in the product then determines the
distinguished elements in the ordered sets (being the corresponding components
of the chosen element), and in this manner one obtains an associated maximal
linearly ordered subset of the full product.

While the index sets we use here are ordinals and hence well ordered, which
makes a condition on the support unnecessary for the work with lexicographic
products, we will use the idea (as apparent in the definition of the lexicographic
sum) that certain elements can be singled out by means of their support.

We choose infinite regular cardinals p, ko and \g. Further, we denote by On
the class of all ordinals and set

Iy:=X+I°+Kky and I,:=0n"+pu+{0}+p*+On for0<v <y,

assuming that 0 does not appear in I¢ or any ordinal or reversed ordinal. Note
that On can be replaced by a large enough cardinal; its minimal size depends
on the choice of I, u, ko and A\g. But the details are not essential for our
construction, so we skip them.

We define J° to consist of all elements of the lexicographic product over the

I, with index set p whose support

supp (v )v<p ={v | v < p and o, # 0}

is an initial segment of u (i.e., an ordinal < p).
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A further refinement of our construction uses the idea to define suitable sub-
sets of J° by restricting the choice of the coeflicient «, in dependence on the
truncated sequence (a,),<p-

For every v < p we consider the following set of truncations:

Iy = {(ap)p<v | (ap)p<p € I}
By induction on v < p we define subsets
J, CJy

as follows:

(J1) Jo := Io.

(J2) If v > 0 and J,- for all v/ < v are already constructed, then we first
define the auxiliary set

Jv = {(@p)p<v | (p)p<w € I and (ap)p<ur € Jyr for all V' < v}
For a = (o) p<r € J<1 We set
Ko :=cf({b€ Jep | b<a}) and N, :=ci({b€ Jcp | b>a}),
and
(3) I,(a) := @righe(Ka)™ + 0+ {0} + 1" + @rer(Aa) C L.

Now we let (a,),<» € JJ be an element of J, if and only if a = () p<r € J<v
and o, € I,(a). Note that by our definition, each (o))<, € J, is a truncation
of an element in J°, hence its support must be an initial segment of p. Thus if
a, = 0 for some p < v, then we must have a, = 0; otherwise, ,, can be any
element of I, (a).

After having defined J, for all v < u, we set

J i ={(ay)pcpn € J° | () p<r € Jp for all v < p}.
The following is our first step towards the proof of Theorem 11:

THEOREM 21: With the sets R and R,ine defined as in the introduction,
assume that (1) holds. Then the cofinalities of the cuts of J are:

{(L ), (s D} UL, Prigne (£)) | 5 € Rierr} U{ (1o (A), A) [ A € Rrigne }-

Further, the cofinality of J is ko and its coinitiality is Ag.
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Proof. First, we observe that for each v < u we obtain an embedding
by, = J

by sending (a,)p<y to (B8,)p<u, where 8, = «a, for p < v and 8, = 0 for
vp<p.

We start by proving that the principal cuts in J have cofinalities (1, ) and
(,1). Take (ap)p<pu € J and assume first that its support is smaller than p.
Set v :=min{p < p | a, = 0} > 1. Then by our definition of J, o, can be any
element of I,,(a). Since the cofinalities of the principal cuts generated by 0 in I,
are (1, ) and (p, 1), the cofinalities of the principal cuts generated by (c,),<w
in J, are also (1, ) and (i, 1). By means of the embeddings ¢, it follows that
the cofinalities of the principal cuts generated by (c,),<, in J are again (1, ut)
and (p,1).

Now assume that the support of a := (a,)p<, is pr. For each v < p there are
elements 8,,v, € I,((ap)p<r) With 8, < @ < 7v,. We set 8, := v, := a, for
p < v, and define

by = ((Bp)p<r) and ¢y = 1, ((Vp)p<v)-
Whenever v < v/ < p, it follows that
b, <b, <a<ay <ay,.

This proves that again, the cofinalities of the principal cuts generated by (o) p<p
in J are (1, ) and (g, 1).

Now take any nonprincipal cut (D, E) in J. By restricting the elements to
index set v+ 1 = {p | p < v}, this cut induces a quasicut (D,, E,) in J,.

Assume that v < g is such that ¢, (D,) is not a cofinal subset of D and ¢, (E,)
is not a coinitial subset of E. Then we have one of the following cases:

e ,,(D,)NE#Qor ., (E,)ND #0,

e there are d, € D and e, € E such that +,(D,) < d, < e, < 1,(E,),
which yields that the restrictions of d, and e, to index set v + 1 are
equal and lie in D, N E,.

In both cases, D, N E, # (. This implies that also D, N E,, # () for all
v/ < v, with the element in D, N E,, being the restriction of the element in
D,NE,.

Now we show that there is some v < u such that ¢, (D,) is cofinal in D or
t,(E,) is coinitial in E. Suppose that the contrary is true. Then D, N E, # ()
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for all ¥ < p and there is a unique element a € J whose restriction to index set
v+1liesin D,NE,, for all v < p. It follows that a is either the largest element
of D or the smallest element in E. But this contradicts our assumption that
(D, E) is nonprincipal.

We take v to be minimal with the property that ¢, (D,) is cofinal in D or
ty(E,) is coinitial in E. From what we have shown above, it follows that
D, NE, # 0 for all v/ < v and there is (®,),<» € J<, whose restriction to
V' +1liesin D, NE,, for all v/ < v. Therefore, there must be elements in both
D, and E, whose restrictions to v are equal to (c,),<,. Consequently, with

D, ::{au € Iu((ap)p<l/) | (aP)PSV € DV} and
E, ::{O‘V € IV((ap)p<u) | (aP)PSV € Eu}a

(Dy,E,) is acut in I, ((o))p<v). But I,,((ap)p<r) is cut complete, and so there
is some o, € I,((ap)p<r) such that a = (a,),<, is either the largest element
of D, or the smallest element of F,. We note that «, # 0; otherwise, the
element (a,)p<; with @, = 0 for v < p < p, which is the unique element in
J whose restriction to v + 1 is a, would be the largest element of D or the
smallest element of F in contradiction to our assumption on (D, E'). Hence by

construction, for every

a € Iy1((ap)p<e) = Prigne(Fa)™ + 1+ {0} + 1" + @rer(Aa)

there is an element (,),<, with a, 41 = o whose restriction to v + 1 is a.

We assume first that ¢, (D,) is cofinal in D. Since (D, E) is nonprincipal, D
and hence also D, has no largest element. So a is the smallest element of F,,.
Consequently,

twr1({(ap)p<vr1 | avtr € Lyi((ap)p<u)})

is coinitial in E. We observe that x, = cf(D,) = cf(D) # 1. By construction,
the coinitiality of I,,+1((ap)p<r) 1S @right(ka). This proves that the cofinality of
(D, E) i8 (s @rig (5a)).

If, on the other hand, ¢, (E,) is coinitial in F, then a is the largest element
of D, and one shows along the same lines as above that the cofinality of (D, E)
is (@rers (M), Ag) With Ay = ci(E,) = ci(E) # 1.

We have to prove that the cardinals x, and A\, that appear in the construction,
i.e., in definition (3), are elements of {1} U Ry, and {1} U Rz, respectively.
We observe that k, and A, appear above only if a = (a,),<, € J, is such that
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a, # 0 for all p < v. We show our assertion by induction on 1 < v < . We
do this for k,; for A, the proof is similar. First, we consider the successor case
v=o0+1 Weset a=(a)y<s. If 0 > 1, then our induction hypothesis states
that our assertion is true for x, and A,. We observe that

ke =ct({(Bs)p<v € Ju | Bp =, for p < v and B, < a,})
—ef({f € L(a) | f < aw}).

This is the cofinality of a lower cut set of a cut in I,(a), which is equal to Iy if
o =0, and to

@right(na)* +p+ {0} + /L* + Sﬁlcfto\a)

otherwise. Therefore, if x, is infinite, it is an element of
Cofin(I) U Reg_,, UReg_, = R

if 0 =0, and of Reg<¢lcﬁ(}\a) U Reg<u otherwise. In the latter case, A\; € Ryigne
by induction hypothesis, hence @ir(Aa) € Rierr by (1), which yields that
Reg_,,  (n) UReg ., C Ricri. Altogether, we have proved that x, € {1} U Rjey.

Now we consider the case of v a limit ordinal. Let y’ be its cofinality. Then
w1 € Reg. u- With a similar construction as in the beginning of the proof one
shows that the principal cuts generated by elements in J., have cofinalities
(1/,1) and (1, /). This yields that kg € Rie, and Mg € Ryigns-

It remains to prove that all cofinalities listed in the assertion of our theorem
actually appear as cofinalities of cuts in J. Since for all cardinals

r € Cofin(I) UReg_,,

there is a cut in Iy with cofinality (k,1), our construction at level v = 1
shows that (k,¢rign(k)) appears as the cofinality of a cut in J. Similarly,
one shows that (@i (A),\) appears as the cofinality of a cut in J for every
A € Coin(I) UReg_,, -

Now take any regular cardinal ' < u. For an arbitrary a = (ag) € Jy we
see that there is a cut in I (a) with cofinality (u’,1). Our construction at level
v = 2 then shows that (1, vugne (1)) appears as the cofinality of a cut in J.
Similarly, one shows that (@i (1), ') appears as the cofinality of a cut in J.

Finally, the cuts (1,u) and (p,1) appear as the cofinalities of all principal
cuts, as shown at the beginning of the proof.

The proof of the last statement of the theorem is again left to the reader.
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The following result is an immediate consequence of Theorem 21, and it proves
Theorem 11:

COROLLARY 22: Assume in addition to the previous assumptions that
<pleft(ﬁ) # R # (pright(ﬁ) fOI' aH K€ Rleft U Rright-

Then J is a symmetrically complete extension of I. If in addition u is uncount-
able, then J is strongly symmetrically complete.

Remark 23: In both constructions that we have given in this section, every
element in the constructed ordered set has, in the terminology of Hausdorff,
character (p, ).

6. Construction of symmetrically complete ordered extensions

Take any ordered abelian group G. We wish to extend it to an extremely
symmetrically complete ordered abelian group. We use the well-known fact
that G can be embedded in a suitable Hahn product Hy = H; R, for some
ordered index set I. By Corollary 20, there is an embedding ¢ of I in an
extremely symmetrically complete linearly ordered set J. We set H = H; R
and note that there is a canonical order preserving embedding ¢ of Hy = H; R
in H = H; R which lifts ¢ by sending an element (r,)~cr to the element (r§)scs
where 75 = 7 if 6 = ¢(7y) and 7§ = 0 if § is not in the image of ¢. By Theorem 6,
H is an extremely symmetrically complete ordered abelian group. We have now
proved the first part of Theorem 9.

Take any ordered field K. We wish to extend it to an extremely symmetrically
complete ordered field. First, we extend K to its real closure K. From [2] we
know that K™ can be embedded in the power series field R((G)) where G is the
value group of K™ under the natural valuation. By what we have already
shown, G admits an embedding ¢ in an extremely symmetrically complete
ordered abelian group H. By a definition analogous to the one of ¢ above, one
lifts 9 to an order preserving embedding of the power series field R((G)) in the
power series field R((H)). By Theorem 7, R((H)) is an extremely symmetrically
complete ordered field. We have thus proved the second part of Theorem 9.
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