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ABSTRACT

We give an effective proof of a theorem of Dani and Margulis regarding
values of indefinite ternary quadratic forms at primitive integer vectors.
The proof uses an effective density-type result for orbits of the groups
SO(2,1) on SL(3,R)/SL(3,Z).

1. Introduction

1.1. In 1929, A. Oppenheim conjectured that if @) is an indefinite quadratic
form in d > 5 variables then

(1.1a) inf{|Q(v)| : v € Z¢ primitive} = 0.
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For rational indefinite forms (1.1a) is equivalent to the classical Meyer theorem
that a rational indefinite quadratic form in d > 5 variables represents 0 over
Z nontrivially. Let us remember that for d = 3,4 there are examples of ratio-
nal indefinite quadratic forms in d variables which do not represent 0 over Z
nontrivially.

Later it was realized that if @ is an irrational form (i.e., is not proportional
to a quadratic form with rational coefficients) then (1.1a) should remain true
even if d = 3,4. On the other hand, it is well-known that (1.1a) is false for
many indefinite irrational binary quadratic forms. Note that the conjecture
becomes easier as d gets larger: by restricting a quadratic form in d variables
to an appropriate d’ < d dimensional rational subspace it is easy to deduce the
conjecture for d variables from the case of d’ variable.

1.2. Partial results for this conjecture were proved using analytical methods,
notably the Hardy-Littlewood Circle Method and its variants; in particular
Davenport and Heilbronn [DH] established the conjecture for indefinite diagonal
forms Q(z1,...,25) = >, \iz?, where Ay,..., A5 are nonzero real numbers not
all of the same sign. For the more difficult case of the general forms progress
was slower; combining results by Birch, Davenport and Ridout the Oppenheim
Conjecture was established for forms in d > 21 variables by the late 1950’s, and
despite some improvement this was still the state-of-the-art in the mid 1980’s.

1.3. In the mid-seventies, M. S. Raghunathan made the insightful observation
that the Oppenheim Conjecture would follow from a conjecture about closures
of orbits of unipotent subgroups. The Raghunathan conjecture states that if G
is a connected Lie group, I a lattice in G (that is, T is a discrete subgroup such
that G/T" carries a G-invariant probability measure), and U a connected Ad-
unipotent subgroup of G (that is, Adu is a unipotent linear transformation for
any u € U), then for any x € G/T there exists a closed connected subgroup L =
L(xz) such that the closure of the orbit U.z coincides with L.z (unipotent orbit
rigidity). In a more general form of Raghunathan‘s conjecture, the connected
subgroup U is not necessarily unipotent but generated by unipotent elements.

1.4. Inspired by the above-mentioned observation of M. S. Raghunathan, the
second-named author proved the Oppenheim Conjecture in full generality (i.e.,
for d > 3) in the mid-eighties [M3, M2]. The corresponding dynamical state-
ment, which is equivalent to the Oppenheim Conjecture and proved in [M3, M2],
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says that any bounded orbit of H=S0(2,1) in SL(3,R)/SL(3,Z) is closed; it
is interesting to note that in implicit form this equivalence already appeared in
a paper by Cassels and Swinnerton-Dyer[CSD]. This dynamical statement can
be considered as a special case of Raghunathan’s conjecture in its more general
form given above.

In [DM1] Dani and Margulis proved that the orbits of H in G/I" for G =
SL(3,R) and I = SL(3, Z) are either closed or dense. In [DM2] the same authors
proved the Raghunathan conjecture also in the more involved case where U is
a one-parameter unipotent subgroup of H acting on G/T.

1.5. In full generality, the Raghunathan conjecture was proved in 1990 by Rat-
ner [R5] using a different approach. The proof in [R5] is based on an equidis-
tribution theorem for unipotent flows, also proved in [R5], and uses the count-
ability of a certain set of subgroups of G depending on I'. The equidistribution
theorem can be considered as the quantitative strengthening of the unipotent
orbit rigidity for the one-parameter unipotent subgroup, and it says that if
{ut : t € R} is a one-parameter Ad-unipotent subgroup of G and z € G/T
then there exists a homogeneous probability measure p, on G/I' with z in its
support such that

T
/111/0 flup.z)dt — /f(y)dum(y) as T — oo

for every bounded continuous function f on G/T' (a measure g on G/T is called
homogeneous if there exists a closed subgroup F' of G such that u is F-invariant
and supppu = F.y for some y € G/T'). This equidistribution theorem was
conjectured by Dani in [D2] for the case G/T' = SL(n,R)/SL(n,Z) and for the
general case in [M4].

The hardest part of the proof of the equidistribution theorem is the proof
of unipotent measure rigidity which Ratner proved in a series of three papers
[R3, R2, R4]. The unipotent measure rigidity was conjectured by Dani in [D1],
and it says that any finite U-ergodic U-invariant measure p on G/I' is homoge-
neous where U is a one-parameter Ad-unipotent subgroup of U. Ratner’s early
works on horocycle flow, particularly her classification of joinings in [R1], can
be viewed in this context as special cases of this much more general measure
classification.
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A shorter and arguably more conceptual proof of unipotent measure rigidity
was given by Margulis and Tomanov (see [MT1] for the case where G is algebraic
and [MT?2] for a simple reduction to that case).

1.6. A refined version of the equidistribution theorem was proved in [DM4]. As
in [R5], the proof in [DM4] also relies on the classification of invariant mea-
sures, i.e., unipotent measure rigidity. Other crucial ingredients in the proof
of the equidistribution theorem, in both [R5] and [DM4], are nondivergence of
orbits of unipotent flows regarding the amount of time orbits can spend out-
side of large compact subsets in G/T" (see §4 for details) and an “avoidability”
argument explaining why an orbit cannot spend too much time near certain
proper subvarieties of G/T". The avoidability argument are proved differently
in [R5] and [DM4]; the method of [DM4] based on the use of finite-dimensional
representations of G is known as the linearization technique.

These equidistribution results, which rely on the classification of invariant
measures, are of great intrinsic interest. However, if one is only interested in
Raghunathan’s conjecture it seems feasible to give such a proof which is much
closer in spirit to the original approach of [M3, M2, DM1, DM2]. In particular,
for G/T" a product of SL(2, K;)/T; a direct proof of orbit rigidity along these
lines was given by N. Shah in [S].

1.7. A weaker version of the main number theoretic result in [DM1] is the
following:

1.8. THEOREM (Dani-Margulis): Let @) be an indefinite, irrational, ternary
quadratic form. Then the set

{Q(v) : v € Z* primitive}
is dense in the real line.

1.9. The main result of this paper is the following quantification of Theorem 1.8.
We implicitly assume all integral quadratic forms we consider are primitive in
the sense that they are not a nontrivial integer multiple of another integral
quadratic form.

1.10. THEOREM: Let Q1 be an indefinite, ternary quadratic form with det Q1 =1
and € > 0. Then for any T > Ty(e) |Q1]|" at least one of the following holds:
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(i) There is an integral quadratic form Qo with | det(Q2)| < T¢ and
Q1 = AQ2|| < @I T~ where A = | det(Q2)|~"/*.

(ii) For any & € [—(logT)"2, (logT)"?] there is a primitive integer vector
v € Z3 with 0 < |Jv|| < T¥s satisfying

Q1(v) — ] < (log T) ™"
(with K;, ke, K3, and the implicit constants absolute).

1.11. We note that proving the inhomogeneous approximation above, i.e., that
in a ball of radius T2 one can find primitive integral vectors v for which
|Q1(v) — €| is small for any & in an interval, entails a substantial complication in
comparison to the corresponding homogeneous question of showing that there
is such a vector v with |Q1(v)| small.

Another feature worth noting is the quality of the approximation: if one is
content with an estimate of the form ||Q1(v) — £|| < (loglogT)~!, the combi-
natorial apparatus of §9, perhaps the most technical section in this paper, is
not needed.

Since by Liouville’s Theorem algebraic numbers cannot be too well approxi-
mated by rationals, we can conclude the following from Theorem 1.10:

1.12. COROLLARY: Let @)1 be a reduced, indefinite, ternary quadratic form
which is not proportional to an integral form but has algebraic coefficients.
Then for any T > To(Q1) (with Ty depending effectively on the degrees and
heights of the coefficients of Q1 ), for any

¢ € [ (logT)"™, (log T')"]
there is a primitive integer vector v € Z* with 0 < |lv|| < TX? satisfying

Q1(v) — & < (logT')™"*
with ko, K3 as in Theorem 1.10.

1.13. Theorem 1.8 is only part of what is proved in [DM1]. While it is possible
to give an effective and quantitative version of the full force of the main result
of [DM1] with our methods, the resulting bounds would be substantially worse
than what we give above.
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1.14. An important difference between the analytic methods used to tackle the
Oppenheim Conjecture and the dynamical proof of e.g., [M2, M3, DM1] is that
the analytic proofs are effective in the sense that they provide an upper bound
on the size of the shortest integer vector v for which |Q(v)| < €, while at least
on the face of it dynamical proofs provided no such bound. For instance, while
this is not explicated in their paper, the proof of Davenport and Heilbronn for
the Oppenheim Conjecture for irrational indefinite forms of the type Q(q) =
A123 + -+ X522 gives an upper bound on the size of such an individual integer
vector v in terms of Diophantine properties of the coefficients A;; assuming e.g.
A1/ is Diophantine generic (i.e., there are ¢, C' so that |A\; /A2 —p/q| > cq~¢
for all rational numbers p/q) this upper bound is polynomial in e~1.

Bentkus and Gotze gave in [BG1] an analytic proof, with effective estimates,
of the Oppenheim Conjecture for general indefinite quadratic forms in d > 9
variables, and more recently, Gétze and Margulis [GM] have been able to give
an analytic proof, with effective error estimates, of the Oppenheim Conjecture
for general indefinite quadratic forms in d > 5 variables; we note that 5 seems
to be a natural barrier to the applicability of such techniques.

1.15. The proof of the Oppenheim Conjecture in [M3, M2] and a simplified
proof in [DM3] uses the existence of minimal invariant sets for actions of groups
on compact spaces; formally these proofs depend on the axiom of choice. Dani
in [D4] gave a proof of the Oppenheim Conjecture based on the existence of a
recurrent point as a substitute to working with minimal sets; in particular, his
proof is independent of the axiom of choice.

The proof of the Raghunathan conjecture in [R5] uses the unipotent measure
rigidity (see above) and the proof of the unipotent measure rigidity uses the
ergodic decomposition and the pointwise ergodic theorem for essentially arbi-
trary invariant measures, which seems to us to be harder to effectivize than the
existence of minimal sets.

1.16. Though there are significant differences, the strategy which we use in our
paper has many similarities with the strategy which was used by Margulis in
[M3, M2] and subsequent papers by Dani and Margulis [DM1, DM2, DM3|.
The main ingredient in these strategies is to prove that an orbit closure con-
tains orbits of additional subgroups. In the papers quoted, this is achieved using
minimal sets for appropriately chosen subactions, while in our paper the begin-
ning point of the orbit of the new subgroup is moving. To make this approach
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work, we need to control how this base point changes so it remains sufficiently
generic in an appropriate quantitative sense.
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2. Statement of dynamical results

2.1. Let G = SL(3,R), I' = SL(3,Z), and e the be identity element of G. If
L < G we shall denote by [g];, the image of ¢ € G under the natural map
G — G/L. We identify the space X = G/I" with the space of unit volume
lattices in R? by identifying [g]r € X with the lattice gZ3 in R3.

2.2. Let H =S0(2,1) < G, which we view as the subgroup of G preserving the
quadratic form Qo(x,y,z) = y? — 2z2. The following subgroups of G' will play
a special role in the proof:

D={a(t): teR} < H, a(t) = 1 )
1 s 522
U={u(s): seR} < H, u(s) = 1 s,
1
1
U ={u(s):seR} < H, u (s)=1]s 1 ,
522 s 1
1 s
V={v(s):seR} £ H, v(s) = 1
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We shall use the notations u; and u(t) etc. interchangeably. Note that
D, UU <H

while VN H = {e}.

2.3. Theorem 1.8 as well as the other number theoretic results of [DM1] were
obtained from the following theorem regarding the action of H on X:

2.4. THEOREM (Dani and Margulis): For any x € X, the orbit H.x is either
periodic or dense.

Note that by H.x periodic we mean that it is closed and supports a finite
H-invariant measure. As mentioned above, Theorem 2.4 is a special case of a
general conjecture of Raghunathan that was later proved by Ratner in [R5]. In
[DM3] a substantially more elementary proof of Theorem 1.8 (and hence the
Oppenheim Conjecture) was given based in particular on the observation that
the following weaker result suffices for proving Theorem 1.8:

2.5. THEOREM (Dani and Margulis): For any x € X, if H.x is not periodic then
there is a point y € H.x so that V.y C H.z.

2.6. In order to state an effective version of Theorem 2.5, we need to be able
to measure the complexity of the periodic orbits H.x, to play a similar role
in the statement of an effective version of this theorem to that played by the
determinant of an integral quadratic form in Theorem 1.10.

There are several reasonable choices how to measure the complexity of the
periodic H-orbit H.z: for instance, one can consider the volume of H.x or
equivalently the covolume of the stabilizer of x in H.

Another logical choice is measuring the arithmetic complexity of H.x using
the discriminant as defined in [ELMV] and [EMV, §17.3]). As shown in [EMV,
Prop. 17.4], one can bound both from above and below each of these invariants
of periodic H-orbits by the other.

Yet a third way of measuring the complexity of the periodic H-orbits is
through the connection between such orbits and integral quadratic forms. In-
deed, if H.[g]r is periodic, then g"*HgNT is a lattice in g~'Hg, and hence in
particular is Zariski dense there. Therefore, up to a multiplicative scalar, there
is a unique quadratic form invariant under ¢ 'Hg N T, namely Qg o g. Since
the elements of g~' Hg N T are integral there is a 5o € R so that Q2 = s0Qp o g
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is integral and primitive. We set the quadratic discriminant of a periodic orbit
H.[g]r, denoted by discq(H.[g]r), to be |det Qa| = |so|’.

Since in this paper our main motivation is the study of quadratic forms it
seems reasonable to use this height as a measure of complexity. In any case,
it is quite easy to bound the discriminant of a periodic orbit H.x as defined in
[ELMV, EMV] polynomially above and below by discq (H.z), so for the purposes
of this paper the discriminant and the quadratic discriminant are essentially the

same.

2.7. In addition to having a way of measuring the complexity of periodic H-
orbits, we need to choose how to measure the size of an element h € H (or € G).
We shall use both the Euclidean norm ||-|| and the ¢*-norm ||-|| , on R3, and
use the (Euclidean) operator norm on M3(R) (in particular on the Lie algebra
g of G). Let

(2.7a) BE ={hecH:|h—e| <T}.

Note the use of the operator norm, and not a Riemannian metric, in the defini-
tion of these sets; we will also use at times a right invariant Riemannian metric

de on G, and the corresponding metric (simply denoted by d) on G/T.

2.8. THEOREM: Let e,n € (0,1) and x1 € X,). Then for any T > To(e)n~ K4
(with K4 an absolute constant), at least one of the following holds:

(i) there is a point xo € G/T" with H.xs periodic and with
disco(H.wz) < T3¢

so that d(x1,79) < T7Y;
(ii) there is a h € B;IKS so that h.x1 € X, and so that for every
s € [—(logT)", (logT)"7] the point v(s)h.xy is within (logT)™ "7 of
H

a point in the set Bj,.x1 with K, ke, k7 absolute constants.

2.9. The two cases given by this theorem are not mutually exclusive. Indeed,
Einsiedler, Margulis and Venkatesh [EMV] have proved a general quantitative
equidistribution result (with polynomial rates) for periodic orbits of semisim-
ple groups. An explicit version for orbits of semisimple subgroups H which
are maximal in G, which is the case we are interested in, was given by Mo-
hammadi [M5]. The main results [EMV, Thm. 1.3] or [M5, Thm. 1.1] of these
papers show that the periodic H-orbits occurring in (i) satisfy (ii) as long as
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discg(H.z2) > (log T)¢, and hence by employing these results Theorem 2.8 can
be somewhat strengthened. The proof of these theorems from [EMV, M5] is
much less elementary than the techniques of this paper, relying in particular on
uniform spectral gap estimates for congruence subgroups which can be attained
by combining Selberg’s estimates on the Fourier coefficients of modular forms
and the Jacquet—Langlands correspondence. We prefer to state the theorem as
above in order to keep this paper self-contained and elementary.

A REMARK ABOUT NOTATIONS. We use ¢;, C;, k;, K; to denote most of the
constants appearing in this paper; ¢; and x; will denote small constants, i.e.,
constants that need to be taken to be smaller than something depending on all
previously chosen constants, and C; and K; large constants in the corresponding
sense. The paragraphs are numbered, and the constants ¢;, C; are numbered
per paragraph. The constants x;, K;, on the other hand, are global, and retain
their meaning throughout the paper. While we have not evaluated the various
constants involved our argument is quite explicit (indeed, we have made an effort
to keep it so!) and in principle the reader should have no difficulty evaluating
them if she or he would so desire.

3. Overview of the proof of Theorem 2.8

3.1. Our proof of Theorem 2.8 gives a new proof of Theorem 2.5. We begin by
presenting the steps in this new proof, then explain how the statements need
to be modified for a quantitative proof.

We split the proof of Theorem 2.5 into two parts, first finding two points in
an orbit closure of a nonperiodic H-orbit that differ by an element of V', and
then using the dynamics along U to get additional points on a V orbit. Both of
these ingredients appear in the original proof (though in the context of studying
minimal orbit closures), but by switching the order we can avoid some of the
more intricate arguments in e.g., [DM3] needed to control the relative position
of two points on which we apply the U-action.

3.2. PROPOSITION: Let x1 € X be such that H.xy is not periodic. Then for
any t > 0 there is a

xe € v(t)H.x1 Nv(—t).H.zq
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with 2o & [P;]r for P; one of the two parabolic groups

*

x %
P=10 % x or Po=]x%x x x
0 0 =

Note that the conditions that zo & [Pi]r is equivalent to requiring that
the lattice in R? corresponding to z» does not contain a U-fixed vector, and
x9 &€ [Pi]r is equivalent to the lattice in R?® corresponding to w3 not having a
2-dimensional rational subspace fixed by U. Theorem 2.5 now follows from the
following:

3.3. PROPOSITION: Let t > 0 and 3 € X \ ([Pi]r U [P]r). Then there is a
x3 € U.xg NY so that

v([=t,t]).xs C D{v(—t),v(t)} U.zs

with' Y C X a fixed compact set.

3.4. Given these two propositions, it is easy to conclude the proof of Theo-
rem 2.5. Indeed, choose t; — oo, and for each i find using Proposition 3.2 a
point

(3.4a) 2 € v(t;)H.ay No(—t;)Hoan

with :I:g) ¢ [P1]r U [P]r. Now apply Proposition 3.3 to find :I:gi) € U.:Céi) ny
so that

o([~ti, t:]).2$) € D{v(—t:),v(t:)}U.a8) c Hay,

with the second inclusion a consequence of (3.4a); indeed, since U and V' com-

mute
Du(t)U.zl?) = DU.(v(t;).28") ¢ DUH.z1 = H.a;

and similarly with —t; replacing ;.

Since all :L'gi) lie in the same compact set Y, there is a convergent subsequence,

(00)
3

and it is clear that if x5’ is a limit point of the :I:gi) then

V:vgoo) C H.xq.
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3.5. In order to give a quantitative and effective proof, one needs a quantitative
substitute to the qualitative condition = ¢ [Py]r U [Ps]r.
For z = [g]r € X, let

a1(z)~! = min{||v||, : v € gZ* nonzero},
as(z)™! = min{||v Aw| : v,w € gZ* linearly independent},

where we define the £*°-norm on R3 AR? in terms of the basis e; Ae; of R3 AR3
with e; denoting the standard basis of R®. Let a(z) = max(a;(z), az(z)), and
for any x > 0 let

X,={zeX:ax) <r '}

These form an increasing sequence of compact sets whose union is X.
Note that € [P]r if and only if the corresponding lattice contains a vector of
the form (¢, 0,0)T; such a vector is contracted exponentially by a(—t)—indeed,

and hence if z € [Py]r one has that a;(a(—t)x) > et; it is not hard to see that
the converse also holds. Similarly, z € [P]r iff as(a(—t)x) > e’ ast — co. As
a substitute to X \ ([P1]r U [P:]r) we shall make use of the following:

3.6. Definition: For any 0,k € (0,1) and k € R>o U {oo}, set
Ek,k,0)={z e X:Vj€ZnN|0,k], a(—j).x € Xye—s}-
We extend this definition to all ¢ € R by defining E(k, k,) = X for k < 0.

We can now state the two results used to prove Theorem 2.8:

3.7. PROPOSITION: Let §,7,€ € (0,1) and z1 € X,,. Then for any
T > To(6, €)n K¢

(with Kg absolute! and Ty effectively computable in terms of these parameters),
at least one of the following holds:

1 Explicitly, Kg can be taken to be 11.
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(i) There is a point xo € G/I" so that H.xy is periodic and

discq (H.x2) < T,
dg/p(xl,wg) <T L
(ii) For any 7 € [1,T"°¢] there are h,h’ € B:?Km, x' € E(k11€logT, K12, 9)
and 7' € [7/2, 7] so that

dG/F(’U(*T/)-Z‘/,h.:Cl) < T rse,

dar(o(r).a’ b ) < ey T™Fse,

with K19 an absolute constant and c1, kg, k11, K12, k13 depending only
ond.

Note that the constant K4 of Theorem 2.8 can be taken to be equal to Kjg
above.

3.8. THEOREM: Fix §,k € (0,1). Then for any T > Ty(0), if
71 € Z(0g(T/R),m,0), 1€ (0, (logT)™),

there is a s € [~T,T] so that x3 = u(s).zz € E(3logT,&,d) and so that for
every & € v([—t,t]).x3 there is a

€ € B cus {0(—1), o(t) bul =T, T]) 3
with d(&,¢&") < (logT)~"4; here R, k14, K15 depend only on 6.

Proposition 3.7 and Theorem 3.8 for a single value of 6 € (0, 1) clearly imply
Theorem 2.8. We state (and prove) them for all § € (0, 1) since this gives a more
pleasing effective analogue of Proposition 3.2 and Proposition 3.3 respectively.

3.9. In [R2], as a step in the proof of measure rigidity for unipotent flows, Ratner
proves in particular that in the context we consider here if p is a U-invariant
and ergodic probability measure on G/T" then either the measures a_;p escape
to the cusp as t — oo, or p is invariant under a conjugate of H by V. While
the context of her result is different, it has a somewhat similar flavour to our
use of Z(k, K, ).
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4. Inheritable boundedness conditions

4.1. An important ingredient of the proof is the use of an appropriate Diophan-
tine condition that can be efficiently used in the main inductive lemma. Recall
that for any d,x € (0,1) we let

Ek,k,0) ={z e X:Vj€ZN[0,k], a(—j).x € X o-s;}.

4.2. Using the results on quantitative nondivergence, we show in this section
that the boundedness condition above is inherited for most points on any w-
orbit.

We shall use a quantitative nondivergence estimate from [KM]; this estimate
due to Kleinbock and Margulis is based on [M1] and its modification by Dani
in [D3]. The following follows directly from [KM, Theorem 5.2] for the special
case of u-orbits (and u; -orbits) on X; as in [KM)] it will be convenient for us
to work with £°°-norm on R3 as well as on R3 A R? (with respect to the basis
e; A ej with e; the standard basis of R3).

4.3. PROPOSITION: Let x € X, T > 0 be such that
(1) for any v # 0 in the lattice corresponding to x in R?,

>1
gﬁﬂmﬂm_a

(2) for any linearly independent vectors v, w in the lattice corresponding to
x?

ma A > 1.
(v ), >

Then for any € € (0,1)
m({t € [0,T] : up.x & X.}) < Ky6'/?T,

where m denotes Lebesgue measure and K14 an absolute constant. Exactly the
same statement also holds for u; .

The exponent here is } since for any vectors v, w € R? the functions

2

Jurollo s llue(v Aw)ll

are the maximum of polynomials of degree < 2 and hence in the notations of
[KM] are (C, 3)-good for some C (cf. [KM, Lemm. 3.1 & Prop. 3.2]).
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4.4. PROPOSITION: Let 6, x, & € (0,1), k > 0, and T > e*. Then for any point
x € 2(k, kK, 9)
K T~1/2
(442)  m({t € [0.7): upa @ Z((1 - )k +log(r) — 10,7,0)}) < ' e
—e
with K¢ an absolute constant.
Proof. Set
€5 = e %7, € = fe ™%,
By Proposition 4.3, for all j € {0,...,[(1 — d)k + log(x)] — 10}
(4.4b) m({t€[0,e7T] :wa_;.x & X¢,}) < K16€j1-/2€7jT

unless there is some j in this range and a one- or two-dimensional sub-lattice
of a_;.x corresponding to a vector p € R3 or A2R3 with

[uplloo <1

throughout the interval ¢ € [0,e~7T]. It follows that unless there are such j, p,
equation (4.4a) holds.

In order to complete the proof of the proposition, it suffices to show that
the existence of such j,p is in contradiction to x € Z(k, k,0). Suppose first
p = Zle pie; € R®. Then p satisfies ||u;p||,, < 1 throughout the interval
t € [0,Te~7], hence |ps3| < 1 and for all ¢ in this range

|p1 + tp2 + t2p3/2| < 1,
Ip2 + tps| < 1.
It follows that |p;| < 1, [p2| < C1e/T~ ! and |p3| < C7e* T2, withe.g., C; = €°.
Then since T > e* and j < k — 0k + logk — 10 we have T > Clelzlej*‘l and
hence
||a—(5k—1ogm1p||oo < ke % = ¢

It follows that

A—j—[6k—log k] -L ¢ Xek
and as j + [0k — log k] < k this is in contradiction to x € Z(k, , ).

A similar argument holds if p € R3 A R3. Write

p = piee1 N ez +pigser Aes + pagea Aes
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Then e; A ey spans the u-invariant subspace of R3 A R3, and

2

t
wp = (p12 + tp1s + 9 pa3)er A ea + (pis + tpag)ea A es + pases Aes

and the situation is entirely analogous to the previous case .

In order to produce points in Z(k, , §) starting from an arbitrary initial point
x we need to use the flow in the U™ direction:

4.5. PROPOSITION: Let x € X, for 0 <n <1, andT > Ky7. Then

K1/2
(4.52) m({t € [0,T] : alogn)u; .x & Z(c0, k,)}) < flfeﬂs/f.

Proof. The proof is very similar to that of Proposition 4.4. Set ¢; = ke %7,
Applying again Proposition 4.3, we see that for all j > 0

(4.5b) m({t € [0,e’n7 T : uy a(—j +logn).x & X,}) < Kigey”

unless there is some j >0 and a one- or two-dimensional sub-lattice of a_ ;106 1.2
corresponding to a vector p € R or A?R? with

e pll,, <1

throughout the interval ¢ € [0,e/n~!T]. It follows that unless there are such
J,p, equation (4.5a) holds.

In order to complete the proof of the proposition, it suffices to show that the
existence of such j,p is in contradiction to x € X,. Suppose first
p = 25’21 pie; € R3. Then p satisfies ||ut_pHOO < 1 throughout the interval
t € [0,e?T]. A similar calculation to that given in the proof of Proposition 4.4
shows that |p1| < C3T2e~2n?, |p2| < C1T e In and |ps| < 1 for C; = €°,
hence if T' > e'0n~1

ar(z) ! <la(j — logn)pll
=max(n e’ 1, [p2| ,ne 7 |ps|) < e In

in contradiction to x € X,.
The case of p € A’R? is similar.
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To state the following lemmas, we need to name a few more subgroups of G:

x % %
P = * % , U=|[P,P],
*
*
P~ = * % , U =[P ,P7],
x % %
t
A= s is,teER* 3 =PNP™.
(st)~!

4.6. LEMMA: Let g € G satisfy that hoag = gy for hg € B¢ , a € BA  and

K18’ K18

v € '\ {e} for sufficiently small absolute constant ki1g < 1 (cf. (2.7a) for
the definition of BZ). Then ~q is unipotent and moreover at least one of the

following two possibilities hold:

(1) ~o is not a generic unipotent element (i.e., (yo — e)? = 0),
(2) the lattice [g]r contains a nontrivial vector v with

[v]| < Kig [[ho —ef].
Proof. We begin by choosing k1 so that if ||g; — e|| < k15 for ¢ = 1,2 then
ltr(g1g2) — 3|, [tr((9192)%) — 3| < 3-
Since for every v € T' it holds that tr(vy) € Z, it follows that if
lla—ell, llho —ell < ks
then 7, hence hgpa which is conjugate to 7, is unipotent. It follows that
(4.6a) (hoa —e)® = 0.
Write hg = uyapu—_ with ap € A and uy € U*: since multiplication gives a
local diffeomorphism U™ x A x U~ — G near e

[ho — e|| < max(||uy — el [lao — ], [[u— —e]).

By equation (4.6a) (e.g., by applying (hoa — e)? to the standard basis of R3) it
follows that

laoa — ef| < Crmax(fluy — e, [lu_ —el)
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from which we conclude that
[hoa — el < Ca[[ho —e]|.

Suppose now that (yo — e)? # 0 (or equivalently, (hoa — e)? # 0). Then
conjugating o by an element of I' if necessary, we can assume that vy has the

form
1 ny ng
(4.6b) Yo = 1 ng with ni,ng # 0.
1

Let e1, ez, e3 be the standard basis to R3. Then as hoa = gyog~*

(4.6b) implies that

, equation

1
llgeill = |n1| ™ [[groe2 — gezl|

(4.6¢)
< |lgr09~"

—e| llgez]l < C2 [lho — el|[lgea]l -

As ||ho — e|| < ks, if K1g is sufficiently small, by replacing 7o by p~1vop and g
by gp for suitable p € I' N P, we may assume that the inner product (ge, ges)
satisfies

(9e1, ge2) <llger| llgezll /100,

A similar argument shows that
(4.6d) lgezll < Cs[lho — ell [|gesl|

and that without loss of generality (ge;, ges) < ||ge:|| ||ges]| /100 for i = 1, 2.
Since det g = 1, the above bounds on (ge;, ge;) imply

lgerll llgezll llges|l < 2.
Using the estimates (4.6¢) and (4.6d) we conclude that
llger||” < Cy[[ho —e?,
and hence v = ge; is a nontrivial vector in [g]r with ||v]| < ||ho — €]

4.7. LEMMA: Let x € E(k,k,9), with § < 1 and k > 0. Then for any s with
Ko < |S| < Iigle(l_é)k, if hg = U4 AU € B¢

s satisfies u(s).x = ho.x, with
upr €EUT, u_ €U, ag € A, then

_ 244
lu— —ell > raa [s] =2,

with k1g an absolute constant, and Kop, ko1, koo depending only on k.
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Proof. Write x = [g|r with g € G; then by definition

u(s)g = hogy

and clearly if s is large, the matrix v # e. In fact, we can say a bit more: if
s is large (say s > Kap), the matrix v will not satisfy (v — e)? = 0, since it
is conjugate to the matrice hy 'u(s), and hy 'u(s) cannot have two orthogonal
fixed vectors (hg is in some fixed neighborhood of e, and for any given C' > 0,
if s is large enough, the collection of vectors v for which ||u(s)v|| < C ||v|| lies
in a narrow cone in R3).

Let 0 < t < k be an integer to be determined later, and write g1 = a(—t)g.
Then

u(e™'s)g1 = a(~t)u(s)g = a(~t)hoa(t)g17.

It follows that hiaggr = g1y~ ! for
by = (a(—t)u(s)us alt)) - (aoa(~t)u_a(t)ag));
note that
[hy — el < Cr(e™" |s|+ e " [luy — el +e* [lu_ —e])
(4.7a) . o
< Cole™ |s| + €' |lu— —€])).

Since [g|r € E(k, k,0), we know that [g1]r € X,.-s¢, and so any nontrivial vector
in the lattice corresponding to [g1]r has norm > ke 0t Using Lemma 4.6 we
conclude that

(4.7b) [h1 — e|| > Ky ke °t.
Combining (4.7a) and (4.7b) we obtain that
(e t|s| + e* lu_ — e]|) > czre O

We now choose t so that

(4.7¢) Cg’ne(l*‘g)t <|s] < 023%6(176))5'

)

as long as Koy was chosen to be sufficiently big (depending only on k) the
condition on |s| in the statement of lemma implies that 0 < ¢ < k. Then

lu— —e| > 623 ke (2Ot

s
and hence by (4.7c) it follows that ||u_ —el|| > |s|_?t5.
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5. A closing lemma

5.1. We first introduce a few more notations. Since H is a simple Lie group,
g = Lie G splits into a direct sum of Ad H-invariant summands, in this case given
by g = h & m with b the Lie algebra of H and m an irreducible 5-dimensional
representation of H. We can further split m into eigenspaces for Ad D, namely
m =@’ _,m; with

Ada(t)[v] = e’'v  for v € my;
note that my coincides with the Lie algebra v of V.

5.2. LEMMA (Closing Lemma): Let M > 0 be arbitrary, §,x € (0,1),
T > To(M,d,k) and x € E(logT, k,0). Then there are constants kas, ka4 de-
pending on ¢, and a constant Ko depending on M (explicitly, Ko5 = 5M + 22)
so that at least one of the following two possibilities holds:

(A) There is a periodic H-trajectory H.xq with disco(H.z1) < T and
d(z,m) <TM,
(B) There exist s,s" € [0,T] so that

u(s).z,u(s').x € Z((1 — 6) logT — log(1/k) — 10, K23, )
and in addition the point u(s).x can be expressed as
u(s).x = hexp(m)u(s').z
with h € H, m € m satisfying
|h—e|| <T "2, T K < |m| < T "2,
The following elementary facts will be useful in proving the Closing Lemma:

5.3. LEMMA: Let hi, hy be two non-commuting elements of H of infinite order.
Then up to a scalar, Qo(z,y,z) = y? — 2zz is the unique (hy, ho)-invariant
quadratic form.

The easy proof of Lemma 5.3 is left to the reader.

5.4. LEMMA: Let A be a n X m-integer matrix and B a n X m real matrix.
Assume

1A =Bl [|AI™ ™" < Ka.
Suppose v € R™ is a nonzero vector with Bv = 0. Then there exists a nonzero
integer vector v’ € Z™ with
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(1) Av' =0
(2) [[v" Avl| < Kor |A = Bl == [[o]].
If in addition
dim{w : Aw =0} <1,
then
m—1
3) [Vl < Kas [|A[™
Here kog, Ko7, Kog are constants depending only on m.
Proof. Let € = ||A — B||, 7, denote the orthogonal projection from R™ to the
subspace Ru, and 7 (w) = w—m,(w) the complementary orthogonal projection.
Consider all integral vectors in the ball Br(0) of radius 7 = (3¢)~! in R™.
There are > B(m)T™ — C;T™~! such vectors (with 8(m) the volume of the m-
dimensional ball), and for any such vector w, 7, (w) lies in a (m—1)-dimensional
ball of radius 7.
It follows that there will be distinct w,w’ € Z™ with

H?quj(w — w’)|| <2r, r= Q(ﬂ(m)T)—l/(m—l),

since otherwise we would have > B(m)T™ — C;T™! disjoint balls of radius r
inside a ball of radius T'+ r in (m — 1)-dimensional space; the total volume of
these balls would be at least

(Bm)T™ — CLT™ ) x B(m — 1)r™™ 1 > B(m — 1)(2T)™ 1 — CoT™ 2,

which is greater than the total volume 8(m — 1)(T + 7)™~ of the ball of radius
T + r if € is small enough — in contradiction.

Let v’ be a primitive integral vector with w — w’ € Zv’, with w,w’ € Z™ as
in the preceding paragraph. Then

2
'l < oy ()l < Cae/ Y,
3e
with C3 = 4(38(m))™ 1. Since Bv = 0, it follows that
[AV ] < [l ()] + 1A = Bl [l (V)]
< Gy || A /=Y e/
<240y A /O

If we now impose the condition that e < (033' | All) " the integrality of A and
v’ imposes that Av' = 0.
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The last statement (3) of the lemma follows from Siegel’s Lemma (or the
pigeonhole principle). Explicitly, there are > S(m)(T — 1)™ integral vectors
w of size < T if the image of A is (m — 1)-dimensional, then there are <
B(m — 1) A" (T + 1)™! possibilities for Aw; hence if S(m)(T — 1)™ >
B(m—1) A" (T +1)™"1 e, T > Cy |A|™ ", there would be a nontrivial
integer solution to Av” = 0 with ||v”|| < 2T; by our assumption that the kernel
of A is one-dimensional and v’ is primitive it follows that v” is a multiple of v’,
hence |[o/|| < 2Cs || A||™ "

5.5. We now proceed to prove Lemma 5.2. Unless otherwise specified the con-
stants ¢;, C; are allowed to depend on § (and only on d). Assume that (B) does
not hold (for ka4, Ko5 to be chosen later, but a good choice for Ka5 would be
5M +22); we will show that this implies that (A) must hold. By Proposition 4.4,

taking
1—675/2 2
o= (e )

we have that the set F' C [0,T] defined by
F={s€[0,T]:u(s).z €E((1—08)logT —log(1/x) — 10, ka3, d)}

satisfies that m(F) > T/2. It follows that there is a K-separated subset
S C F, ie., a subset such that |s — s'| > K for every distinct s,s’ € S, with
|S| > T/2K, for K > 1 to be determined later in a way that depends on ¢
only. Since Z(k —log(1/k) — 10, ka3,0) C Xx,,, and the latter is a compact
set (depending only on 4) in a nice 8-dimensional space, it follows that there
is a T~ "-neighborhood O; in X containing at least ¢;T*~%7 points from the
set {u(s).x: s € S}. Here n (which can be essentially identified with the con-
stant ka4 in the statement of the lemma) is a constant to be determined later
according to 4. Let

Sy ={seS:u(s)re0}

and enumerate the points of S7 in increasing order s; < --- < sy; in particular
N> T8, Let 1 < j < N be such that s;;1 — s; is minimal; clearly

1( )<T877
NSN 81_61.

Fix g € G in some fixed compact lift of X,,, satisfying

(5.5a) [g]r = u(s;).x.

Sj41 — 55 <
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For each 1 <7 < N let v; € ' be chosen so that gv; is the closest point in gI"
to u(s; — s;)g; write

(5.5b) u(s; — $;)g = wigy; with [Jw; —e|| <T7".

Note that since all u(s;).z are in the small neighborhood O; and S is at least
1-separated, ~y; # e for all 7+ # j and also ~y; # 7, for ¢ # ¢/. Finally, note that
by (5.5b)

(5.5¢) il = g™ w; tulsi — s7)gll < Calsi — sl

There are two cases to consider:

5.6. CASE 1: There are i, ¢’ so that y;,y;» are noncommuting elements of infinite
order.

If this happens, we will show that (A) holds; in §5.7 we show that the com-
plementary case leads to a contradiction.

Set

w; = hexp(m), wy = h exp(m’)

with h,h' € H, m,m’ € m. Assuming (B) fails, ||m/||, [|m’| < T~%25 where K5
is as yet undetermined.

Writing

C=g7"h  u(si — s5)g

and similarly ¢’ with i’, b’ replacing i, h we have that

1

¢ =exp(g 'mg)vi, (¢ =exp(g”"

m'g)vir.

Note that since h™'u(s; — s;) preserves the form Qo = 2z — y?, we have that
Q2 = Qpog is preserved by ¢ as well as (. We apply Lemma 5.4 on the integral
system of equations in 6 variables (the coefficients of the quadratic form Q)

QO’Y’i:Qa
QO%" :Qa

which corresponds to the matrix A of the lemma and the system of equations

(5.6a)

Qo(=Q,

5.6b
00 Qo( =@,
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corresponding to B. By (5.5¢) we know that ||v;||, ||vi:|| < C2T? hence
(5.6¢) |A— B < C3T?T %2,
||A|| < 03T4.

It is also clear that Q2 solves the system of equations (5.6b).
It follows from Lemma 5.4 that if

(5.6d) |A = B|| ||A]]® < CST? K25 < ko4

there is a rational quadratic form @3 which is invariant under ~;,7y;. (2) of
Lemma 5.4 implies that Q3 is nondegenerate, hence since 7; and 7;» do not com-
mute Lemma 5.3 implies that the space of solutions of (5.6a) is one-dimensional.
It follows from (3) of Lemma 5.4 that all coefficients of Q)3 are bounded by
< Ko3C3T%° hence 1 < |det Q3] < T%Y. We also note that since g is in a
compact region of X depending only on ¢, the norm ||Qq o g|| can be bounded
in terms of §. Thus by (2) of Lemma 5.4 and (5.6¢)

< T(27K25)/5-

HQOOSI— 13 @3

1
det Qg
Writing 531/3 Q3 = Qoo g1 and x1 = [g1]r it follows that

diSCQ(H.xl) < TGO’ d(x“%'l) < T(Q—Kzs)/t')’

establishing (A) if e.g., Ka5 was chosen to be 5M + 22.2

5.7. CASE 2: All v, commute with each other.
In this case 71,...,7n generate an abelian subgroup of G, and either all
elements of this group are unipotent or it is contained in a Q-torus of SL(3).
For any Q-torus L of SL(3,R), we have that

‘LQB%;’ < C410gT2

with Cy absolute, which clearly contradicts the fact that IV, the number of the
Yi, is > T1787 if T is large (and n was chosen to be < 1/8).

Therefore all the ~; are unipotent, and they all have a common fixed vector.
In fact, as we have observed in the proof of Lemma 4.7, if the K chosen above
in §5.5 was large enough, all the ~; are generic unipotents. Let n € Z3 be a
primitive vector fixed by all of the ;. This vector is already determined by

2 Here it would be sufficient to take Kos = 5M + 2, but in (5.6d) we implicitly assumed
that Ko > 22.
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~v;j+1; hence ||n| is bounded by a power of ||v;41|. Indeed, e.g., using the fact
that the range of ;41 — e is two-dimensional, by a pigeonhole argument similar
to that given that the end of the proof of Lemma 5.4 it follows that

Inl| < Cs yll* < Co lsjn — 551" < CrTH.

For notational simplicity assume j < N/2 (the other case being essentially
identical). Applying both sides of (5.5b) to n we see that for all 4, in particular
fori=j+ N/4,j+ N/2,

(5.7a) [u(si — s;)gnl| = [wign]|| < 2{|gnl|,
with ¢ € G as in (5.5a). Write gn = (v1,v2,v3)7, p(t) = vi + vat + vst?/2.

Considering the first component of the vector appearing on the LHS of (5.7a),
we conclude that

()] < 2|lgll [ln]l < CsT**"  for t = 0,t1,t,
where t1 = 84 n/4 — 85, ta = Sj4n/2 — S5 As

p(0) =90 TP e 70 0t 7

and using the fact that N/4 < t1,tq,ts —t1 < T (where the lower bound follows
from the s; being 1-seperated) we conclude that

1| < CgT?%,

[vg| < 1000CRTHH32IN =2 < CoT 148,

[vg| < 1000CRT32"N 2 < CoT—2+48n,
Applying a(—(1 — 6)log T + 10 + log(1/k)) to the vector gn, we find a vector

v' € a(—(1— &) log T + 10 + log(1/x))gZ>
with
V']l o < Cork™! min (T~ 1H0F48m),
On the other hand, by construction,
u(sj).x € 2((1 — 6)logT — log(1/k) — 10, ka3, d),
=)
[V |l > crokas(k1TT7%)°,

which is a contradiction if we chose 7 so that

§(1—6)<1—05—48n
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and T is sufficiently large (depending on 6, x, M and 7).

6. Proof of Proposition 3.7

6.1. Using the Closing Lemma of §5 and the nondivergence estimates of §4 we
can now finish the proof of Proposition 3.7. For the convenience of the reader,
we reproduce the statement of this proposition:

6.2. PROPOSITION (Proposition 3.7): Let 6,m,¢e € (0,1) and 1 € X,,. Then for
any
T > To(6, €)n~ K=
at least one of the following holds:
(i) There is a point xo € G/I" so that H.xzy is periodic and
discq (H.xq) < T,
dg/p(xl,xz) <7171
(i) For any 7 € [1,T*] there are h,h' € BEy, , o' € E(ek111ogT, k12, 0)
and 7' € [7/2, 7] so that
der(o(=7").2' hay) < ey T2,
dgr(o(t').a’ b @) < e T~3,

We recall that K19 will be an absolute constant and c1, kg, K11, K12, K13 are
allowed to depend only on 4.

Proof of Proposition 3.7. Let 6,n,¢ > 0 and z; € X,, be given. Assume alter-
native (i) in the statement of Proposition 3.7 does not hold, i.e., there is no
point y € G/T so that H.y is periodic and

disco(H.y) < T3,
dgyr(wi,y) < T

By Proposition 4.5, for an appropriately chosen £ = k(J) > 0, there is a
t1 € [0, K17] with 2o = a(logn)u™(t1).21 € E(o0, &, 0).
Now apply Lemma 5.2 on zp with T} = T¢/20 and M = 255' If (A) of

Lemma 5.2 holds, then there is a H-periodic y with
disco(H.y) < T = T3,
dr(ze,y) <TM =T
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It follows that

der(z1,u” (—t1)a(—logn).y) < n >T~2,

which contradicts our assumption that alternative (i) in the statement of Propo-
sition 3.7 does not hold if 7' > Can~10.

Thus setting Kg = 11 and Ty larger than an absolute constant we may con-
clude that there are s2,s5 € [0,T1], h € H and m € m so that z3 = u(s2).x2
and x4 = u(s2).x2 satisfy that 3 = hexp(m).z§ with

|h—e| < Ty™=, Ty5 <m < Ty
x3, 7% € Xpys
with Ko5 = 5M + 22 and ka3, Koy absolute constants. Lemma 5.2 provides us
with a bit more information on x3, z%, namely that they are in =(log T4, ka3, 9),
but we shall not be using this, as we have to apply Proposition 4.5 again in any
case to avoid m being very close to the Lie algebra v of V.

Let 24 = exp(m/2).z}. Applying Proposition 4.5 we may conclude that for
most to € [0, K17] the point a(r)u™ (t2)z4 € E(00, £(d),6) with r = log(1/ka3).
Recalling the decomposition m = @?:72 m; with mo = v from §5.1, the m_o
component of Ad(u~(t2))m is a polynomial of degree 4 in ¢ty with coefficients
that are essentially given by the components of m. Let ¢, : R — m_g denote
this polynomial. Since for most ¢2 € [0, K17] the norm of the polynomial ¢(t2)

is comparable to the norm of its largest coefficient, we can conclude from the
above that we can find a t2 € [0, K17] so that

a(ryu™ (t2)zs € Z(00,5(8),8) and [ uu(t2)]| > es m]l.

Let 25 = a(r)u™ (t2)z4 and m’ = Ad(a(r)u™ (t2))m. In addition to being in
E(00, k(0), ), this point has the property that

exp(£m’/2).x5 € BE, 1,
Write m’ as m’ = m_q + - - + my with m; € m;, and note that by choice of o,
[m_y|| > I/, Ty < ||| < Ty
Suppose now that 7 > 1 is given. Let T5 > 0 be the smallest such that
[Ad(u(T2))m/|| = 7

=7).

. . . 00T
(recall that in our normalizations H 000
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In the degree 4 polynomial ¢ — Ad(u(t))m’ the coefficient of the 4th order
term is essentially m_,. As ||m_,|| > T, %2* we have that Ty < T1K25/47-1/4
for some C4 > 0; indeed, in view of the explicit form of Ko5 given above T5 <
T207455,1/4 « TCs71/4 for some absolute constant Cs. As [|m/| < T4 it
follows that Ty > T er/4 (with cg depending on §).

Since for an appropriate absolute constant ¢; € (0,1) we have that

IAd(u(t))m|| > ; for t € [(1 — c7)To, T),
by Proposition 4.4 it follows that there is a ¢35 € [(1 — ¢7)T, T3] for which
u(ts).zs € E((1 — 6)log Ty —log(1/k(4)) — 10, &, )

provided that
K 6TRY?
1—e9/2
Finally, consider the polynomials R — m

Ad(t)m;

< c7.

for —2 < i < 2. In each, the highest order term is its ms component, and all
nonzero coefficients of ¢ — Ad(t)m; are of the order ||m,||. It follows from the
definition of T4 that for ¢ € [0, Ts], the components of Ad(¢)m in m; for i # 2 are
< 7Tyt Let 26 = u(tz).zs and 7/ > 0 so that the my component of Ad(tz)m/
has 7’ in its right upper corner, i.e., is equal to v,» —e. Then

26 € 2((1 — 0) log Ty — log(1/k(5)) — 10, &, 0)
and
d(v(£7'/2).26, exp(£(Ad(t3)m') /2).x6) < 7T, L.
As
exp((Ad(t3)m’)/2).x¢ € BgS(T1+T2).$1

the proposition is proved.

7. Divergence properties of nearby U-orbits

7.1. In order to study the divergence properties of wus-orbits, we make use of
the representation p : G — Aut(W) with W = R? & (syms(R3))*, which arises
from the usual action of G on R?, and the action of G on (symz(R?))* given
after identifying (syma(R?))* with the space of ternary quadratic forms by

(9-Q)(v) = Qg™ ).
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Let ey, ez, e3 be the usual basis of R?, and Qo(z, y, 2) =y>*-2x2 € (syma(R3))*.
The vector wg = e1 & Qo € W is fixed by U, and an easy calculation shows
that in fact U = stabg(wg). We note that the pair (Qo,e1) gives a signature
(2, 1)-quadratic form, of determinant 1, and a nonzero isotopic vector for Qo,
i.e., a nonzero vector v satisfying Qo(v) = 0. Since the action of G preserves
these properties, it follows that p(G)wy is contained in

G ={v® Q : Q has signature (2,1), det Q =1, v # 0, Q(v) = 0}.

Since G acts transitively on the collection of signature (2, 1)-quadratic forms,
and H acts transitively on the set of nonzero isotopic vectors of Qg (cf. [C]), in
fact p(G)wy = G.

7.2. We fix a rational cross section W to U in G, i.e., a subvariety of G so that
the map (w, u) — wu gives a birational map between W x U and G. A concrete
choice for W is

1 *x =
W=U"A|0 1 0
0 0 1

Then the map g — p(g).wp restricted to W gives a birational map between W
and the smooth quasi-affine variety G. The rational map ¢ : G — W inverting
this map can be given explicitly as follows: let v; & @ be a point in G, i.e., Q
is a signature (2, 1)-quadratic form with determinant 1 and v; € R?\ {0} with
Q(v1) = 0. The quadratic form Q(v) defines a bilinear form in the usual way
Qv,w) = 3(Q(v+w) — Q(v) + Q(w)). We complete vy to basis vy, vz, v of R?
as follows: first find vz € (v1, e3) satisfying

Qvr,v3) = =2, Q(v3) =0
(this is possible as long as Q(vi,e3) # 0). Then fix vy by the three linear

conditions
Q(vi,v2) =0, Q(vs,v2) =0, det(vy,ve,v3)=1.
It follows that
—Q(v2) = det (Q(vi, v5)),; j—; 5 = det Q - det(vy, va, v3)? = —1,

hence if we compose @ with the matrix (vv2v3) formed by the column vectors
v1,v2,v3 we get Qo. Thus o : v1 & Q — (v1v2v3) gives a rational map G — W
inverting the map g — g.wyp; it is also clear that g is regular at wy.
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7.3. LEMMA: Let Wy denote the space of p(U)-invariant vectors in W. Then
Wy is given by

WU:<61 @0,0@@0,0@@1>,

where Qq is the quadratic form above and Qi(x,y,z) = 222.The intersection
G N Wy is a Zariski open subset of the two-dimensional affine plane

(7.3a) Wo = {te1 ® (Qo +t'Q4) : t,t' € R}.

Proof. This is essentially a combination of the trivial observation that e; spans
the U-invariant vectors in R? and the fact (easily verified by direct calculation)
that any U-invariant ternary quadratic form is a linear combination of ()¢ and
Q+ above.

Recall that G consists of all points v®Q with v € R3 nonzero and isotropic for
the signature (2,1)-quadratic form @ of determinant 1. If v ® Q € G N Wy then
Q = 5Qo + s'Q4, and as det(sQo + s'Q;) = s> it follows that s = 1. Moreover,
from the description of G it follows that every v®@Q € Wy with v#0 is in G.

7.4. One can say a bit more about G N Wy. Our choice of cross section W
satisfies that AV C W. Since

t
P 1 v(s) | wo = ter & (Qo + st*Q+)
t—l
it follows that for ¢ # 0
¢ b
deero @i = 1 |o).
-1

We also make note of the identity

-1

1 v(s)o(cer @ (Qo +bQ4)) = v (S —Z b)

C
C

that will be useful later.
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7.5. The space W splits into three irreducible components under the action of
p(H): R3, a one-dimensional representation spanned by the p(H)-fixed vector
0® Qo and a 5-dimensional representation (that there are only three irreducible
representations follows from the fact that the space of p(U)-invariant vectors is
three-dimensional).

Fix a Euclidean norm ||-|| on W according to which the irreducible subspaces
are orthogonal and, moreover, in each irreducible representation of p(H) the
eigenspaces of p(D) are orthogonal. We further scale ||-|| so that every p = v®Q
with ||p — wo|| < 1 satisfies that @ is nondegenerate of signature (1,2), v # 0
and g is regular on G N B3 (wp). For every p € W we let my,, and my, denote
the closest point on Wy or Wy to p respectively, and W‘J/‘VU (p) = p—7mw, (p) (and
similarly for Wy).

7.6. LEMMA: For every v € W \ Wy consider the least T > 0 for which
lp(ur)v —v|| > 1. Then

—1/4

(7.6a) i ol < T < i o]

with implied constants absolute.
A similar estimate holds also for T' > 0, the least number satisfying

lp(=T)v = o[ > 1,
orifve (W\Wy)N B}%(wo) for T', the least number satisfying

lo(=T)v — wol| = 1.

Proof. p(t) = p(ut)v — v is a vector-valued polynomial of degree < 4 whose
maximal nonconstant coefficient is bounded above and below by absolute con-
stants times H?T‘J/‘VU’UH. In particular, p(t) is not a constant as v ¢ Wy, hence
lp(t)|| = oo as t = oo. The estimate (7.6a) for T'= min{t > 0: ||p(¢)|| > 1} or
T =min{t > 0: ||p(—t)|| > 1} now follows from general properties of degree < 4
polynomials. The case of T = min{t > 0 : ||p(us)v — w|| > 1} follows similarly
by taking p1(t) = p(ut)v — wo, and noting that by construction ||p;(0)]] < 1/2
while ||p1(T)] = 1.

7.7. LEMMA: Letve (W \Wy)N B}%(wo) and

T =min{t > 0: ||p(us)v — wol| > 1}.
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Then for 0 <t < T it holds that

(7.7a) |, (p(u)v)|| < T

Proof. Suppose t < T/2. Write v’ = %p(ut)v, and apply Lemma 7.6 to v’. Since
[lo(us)v —wo|| < 1 for all s € [0,T], it follows that for s € [0,T/2]

lo(uers)v — plug)v]] <2 for 0 < s <T)/2.

Consequently, v’ satisfies the conditions of Lemma 7.6 for 77 > T'/2. Thus by
the second inequality in (7.6a)

T < 2T < ||y, ()],

which is equivalent to (7.7a).

7.8. LEMMA: Let g € G satisfy that p(g)wy € B}Y (wo). Then

(7.8) |73, (p(9)wo)|| >< |73, (p(g)wo) || -

Proof. Since Wy is an affine subspace of Wy, the left-hand side of (7.8a) is >
the right-hand side. To see the opposite inequality, let

wy (p(g)wo) = aer © (a1Qo + a2Qt)

with Qo, Q4+ as in Lemma 7.3 and a,a1,a2 € R. Since p(g)wy € G, it has
the form v & @ with @ an indefinite quadratic form of determinant 1. As
det(a1Qo + a2Q4) = a3}, and since by the conditions on g, the scalar a; is in
some fixed compact subset of (0, 00),

lar — 1] < [lp(g)wo — Ty, (p(9)wo) || = || 7w, (p(g)wo) | -

But this in turn implies that

lotarn = ¢ eve (u+ 21| < i, (olaun)]
1 a1

On the other hand, as aal e1d (QO + Zi QT) € Wy the left-hand side of the above

equation is > HTFIJ/I_/O (p(g)wO)H which concludes the proof.
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7.9. Let

so that U = exp(Ru). The following is a consequence of the elementary theory
of finite-dimensional representations of sl(2,R) = Lie H:

7.10. LEMMA: Let dp denote the representation of g corresponding to p. Then
for every n it holds that

7w, (dprywo)|| > [|u_]
where n = u_+ a +u, with u, € Lie(*) and a € Lie A

Proof. Decompose [u,n] also as [u,n| = u’_+ a’ 4+ u/_. Note that as

form a sl(2, R)-triplet, Hu’_+ a’” > Hu_H
Since dp is a Lie algebra representation and dp(u)wy = 0,

dp([u, n])wo = (dp(u)dp(n) — dp(n)dp(u))wo = dp(w)dp(n)wo
As Wy is by definition the kernel of dp(u), it follows that
(7.10a) | ™3, dp(n)wo || > [ldp([u, n])wo| -

Decompose the space W into dp(d) eigenspaces. The vector wy is in such an
eigenspace, with eigenvalue one. Hence dp(u’ 4 a’)wy has components in the
eigenspaces with eigenvalue < 1, and dp(u/, )wo in eigenspaces with eigenvalue
> 1. By our choice of norm on W it follows that

ldp(u, n]ywo| = [|dp(u’_+ a)wo|| > [Ju’+d'[| > [[u_]],
hence by (7.10a), |7y, dp(n)wol| > |Ju_||.

7.11. PROPOSITION: Let hg = u_auy € B, \Ng(U) withu_ € U™, uy €UT,
a € A and kog a sufficiently small absolute constant. Then there are

(1) T > 0 with ||ho —e|| /* < T < |lu_ —e|| ",
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(ii) polynomials c(t),b(t) with Fy(x) = c(t)~2(x + b(t)) satisfying

max. |Fy(z) — 2| < k3o fort e [-T,T],
€722

=k3y fort=-TorT,

(iii) a rational function ¢ : [-T,T] — R satisfying
Kgll |t1 — t2| < |¢(t1) - (b(tg)l < K3 |t1 - t2| for all t1,ts € [—T, T],
so that for every t € [=T,T] and p € G/T,

c(t)
d | u(t)ho.p, 1 v(cb((tt)l)u(qS(t)).p <7
c(t)™!

Note that it follows from the above equation (or from the definition of ¢
below) that ¢(0) is small; e.g., a suitable choice of ka9 would guarantee that

[6(0)] < 1.

Proof of Proposition 7.11. Let T1 = min{t > 0 : ||p(utho)wo — wo| > 1}. By
Lemma 7.3, we can write the polynomial map ¢ — mw, (p(usho)wo) as

mw, (p(utho)wo) = c(t)er & (Qo + b(t)Q4)

with ¢(t), b(t) real-valued polynomials of degree < 4.
Define ¢(t) by

(7.11a) o (p(utho)wo) = ushou_g(),

ie.,

gy = (e(p(urho)wo)) ™ utho.

Note that such ¢(t) must exist as o(p(g)wo) € gU for every g € G. Since g
is a rational function on G and is well behaved on G N BY (wy), the function
¢ defined above is rational, and well behaved as a function of ¢ as long as
p(utho)wp remains in BV (wp).

By Lemma 7.7 and 7.8 it follows that for |¢| < T

|77, (p(ucho)wo) || < T,
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hence by the regularity of ¢ on G N B}Y (wy)
(7.11b)
da(e(p(utho)wo), o(mw, (p(uiho)wo))) = da(uhou_g), hi(t)) < Ty 7,

with
c(t)
b(t
ha(t) = ] v( ((t))g) |
c
c(t)~
Applying both of these elements to the point uy)p we see that
d(uiho.p, hl(t)u¢(t).p) < Tl_l.

If one chooses k39 appropriately, it is clear that there will be a 77 with T' <«
Ty < T for which condition (ii) is satisfied.
Finally, regarding (iii), observe that by (7.11a) for t1,t2 € [T, T},

Ug(ty)—o(ts) = (0(p(ue, ho)wo)) ™ ue, ¢, 0(p(t, ho)wo).

As o(p(utho)wp) is in a fixed compact neighborhood of e € G, say Q, for all
t € [-T,T], we see that for any t,ty € [T, T]
U¢(tl),¢(t2) S Q_lutl_tzﬂ

and (iii) follows by comparing norms.

8. Some properties of rational functions

8.1. LEMMA: Let a(t),b(t), c(t) be polynomials of degree < d, with ¢(t) > 0 on
t €[0,1]. Set

alt) bl

ct)A ()P

with A, B nonnegative integers. Assume that |Fy(x) — x| < p for all t € [0,1].
Let C = max(A, B), M = max;c[o,1) c(t), m = minyc[o 1) c(t). Then

C
M M
2+ (2))

with K35 depending only on d, A, B.

Ft(SC) =

max
te[0,1]

0
)

Proof. Since |Fy(x) — x| < p on ¢ € [0,1] it follows that the coefficients of the
polynomial
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are all < M©p, hence maxe(o 17 [p'(t)| < C1M%p. It follows that

‘3Ft(w) p(t) d(t)(Fi(z) — x)
ot c(t)® c(t)?

C
M M

8.2. COROLLARY: Let c(t), b(t) be polynomials of degree < d, with c(t) € [§,07!]
ont € [0,1]. Set Fy(x) = c(t)Bx + b(t)c(t)?, with A, B € Z, and assume that
|Fy(z) — x| < p for all t € [0,1]. Then

~+

< +C

a Ft(l')

ma
Tl ot

te[o,1]

0 .
atFt 1(1‘)

< Kssp,

max
t€[0,1]

with K33 depending on d,, A, B.

< K3sp,

Proof. This follows directly from Lemma 8.1 as F,"!(z) = zc(t) * —b(t)c(t)B =4,
hence that lemma applies to both F; and F;l.

9. The combinatorial lemma

9.1. Definition: Let S C R and I be an interval. The total density of S on [
is defined to be

&&Uzm*zmmﬁm

9.2. LEMMA: Let S be a closed subset of R, and I be an interval containing at
least one point of S. Then for all o < 1

m{zel:d(xz,S5) <ad(S;I)}) >alll/8.

Proof. We first show that there is a subset D C I of measure > «|I| /4 so that

1
(9.2a) m(D)/Dd(z,S)d:cga5(S,I)/2.

Indeed, let J be one of the connected components of I\ S. Then at least one
of the endpoints of J is in S,

< [ ds)yde <1312,
J
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and therefore there is a subinterval J' C J with |J'| > a|J|/4 so that
, | d(z,S)dx < « /d(x,S) dx.
AL 271 /s
Taking D to be the union of these subintervals J' gives (9.2a).
Now by Chebyshev, the measure of those € D with d(z,S) > «d(S;I)

is < m(D)/2, hence there is a subset of I of measure > m(D)/2 on which
d(x,S) < ad(S;I) and the lemma follows.

9.3. THEOREM (“Combinatorial Lemma”): Let ¢(t),b(t) be polynomials of de-
gree d with ¢(0) = 1 and b(0) = 0 and A, B € Z. Set Fy(x) = c(t)Az+b(t)/c(t)B.
Assume that for A € (0,1/3]

(i) |Fi(z) — x| <A forallt €]0,1] and z € [0,1],

(i) |Fi(z) — x| = A for some x € [0,1].
Then there are k34, k35 > 0 depending only on d, A, B,A so that for every
S C [0,1] containing the endpoints of this interval the set

G = {t € [0,1]: min 8(S U [R]*(S);[0,1]) < 5&“;’31])}
satisfies that m(G) > kas.
Proof. For any z € [0,1], let
re = max{|Fy(z) —2|: 0 <t < 1}.

It follows from (i) of the statement of the theorem that

(9.3a) c(t) € [1 — 24,1+ 24], CZZSL € [-A,A] foralltel0,1];

also note that for any ¢ € [0, 1]
(9.3b) (F)7H(z2) — 2 = —(Fy(x) — a)/c(?).
Suppose first that there is some connected component («, 3) of [0, 1]\ S with
B —a > A/40. Tt follows from (ii) that?
A2

max(|Fi(a) —al, [F1(B) - Bl) = -

3 The exact value of the constant on the right hand side is irrelevant, hence we omit the
details.
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Without loss of generality, assume |Fy () — a| > A?/40. Let e = 1if Fy(a) > «
and € = —1 otherwise; by (9.3a) and (9.3b) it follows that
A2

€ > .
Fila) za+

From Corollary 8.2 it follows that there is a set F C [0,1] of measure > ¢;
(depending only on d, A) so that for t € E,

Ff() € (a+ A?/240,a + A?/120),
and since 8 — a > A?/40 it follows that for t € E,
§(SUFE(S);[0,1]) < (1 —¢2)d(S;10,1])

for co > 0 some function of A, and the theorem follows.

Thus we may assume for the rest of the proof that every connected component
of [0,1]\ S has size < A/40. Clearly it suffices to show that

(9.3¢) /0/0 d(x,SUFt(S))dtder/O/O d(z,SUF;Y(S)) dt dw
< (2 - ¢3)d(55[0,1]),

with ¢z depending only on d, A, B, A.
Equations (9.3a) and (9.3b) imply that for any x € [0, 1]

[ —71s/3,x+1,/3] C{Ff[z]:t €[0,1],e = £1} C [ — 3rg, x + 3ry].
Using the above bounds on ¢(t) it also follows that for any y,t € [0, 1]
(93d)  [F(y) - F(a)] < 2 ly—al, |E ()~ 7 (2)] < 3ly - al,
hence for every y € [z — r; /20, z 4 r;/20] it holds that

[ —7s/20,2 + 7, /20] C{F{[y] :t €[0,1],e = £1}
(6.3¢) Clr — 4ry, x + 4r,].

From the intervals [x — r,/20,z + 7,/20] N [0,1] we can extract two disjoint

U Y 7=01.

1=1,2JeJ;
For any connected component I = («, 8) of [0,1] \ S we mark one endpoint as
follows: Let

subcollections J; so that

Fi(x) if ¢(1) <1,

() =4 ,
F[ *(x) otherwise.
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Mark « if @ moves it to the right more than it moves 3 to the left, i.e., if

Do) —a > - 2(B);

otherwise we mark the point 5. Note that since ® is a contraction, at least one
of ®(a) — a, f — ®(B) must be positive.

We then remove from both J; and J> all those intervals fully contained in I
but which do not intersect the third of I nearest the marked endpoint of I; after
performing this operation for every connected component of [0, 1]\ S we obtain
two new disjoint collections J1, J» so that for every connected component I of
[0,1] \ S at least one third of I is contained in the union (J;_; s Usez7 J. It

follows that
;10,1
J

JETL1UT2
Hence for an appropriate choice of i, J = J; is a disjoint collection of intervals

with

6(5;[0,1])
Z/Jd(x,S)dmZ 9 .

JeJ
In order to prove (9.3c), it is clearly enough to show that for every J € J

(9.3f) /Jd:v/old(:c,SuFt(S))d—&—/Jd:v/old(:c,SuFt1(5))dt

< (2 — K36) /J d(z,S)dzx.

There are two cases to consider:
THE INTERVAL J INTERSECTS S: In this case, we apply Lemma 9.2 on J to
find a subset E C J with m(E) > c4|J| so that

d(y,S) < 0.016(S;J) for every y € E,

where ¢4 is an absolute constant. Write J = [z — r, /20,2 4 r,,/20] N [0, 1] for
some x € [0,1]. We recall (9.3¢e), which states that for every y € J

[ —715/20, 2+ 71, /20] C {Ff(y):t €[0,1],e =1} C [x — dry, x + 4ry];

moreover, at least one of the intervals [z — r,/20,y] or [y,z + r,/20] is in
{Fy(y) : t € [0,1]}, with the other interval being in {F,*(y) : t € [0,1]}. For
notational convenience we assume [x — r;/20,y] is in that set (the other case
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being identical). Using Corollary 8.2 we deduce that ‘6t F(y ‘ |at 1(y)| <

C5|J| for all t € [0,1]. It follows that

m(E N[z —ry/20,y])

maXte(o,1] ’gtFt(y)‘

m(E N[z —ry/20,y])

- Cs |J| ’
m(EN[y,x+ TZ/QO])

maXie(o,1] }615 )]
m(EN[y,z+ Tz/20])

m({t €[0,1] : F,(y) € E}) >

m({t € [0,1]: F'(y) € E}) >

- 205 |J|
We obtain that there is a choice of ¢ = £1 for which
m(E)
te|0,1]: F¥ e E}) > = cg;
mi{te 0.1): i) € B > o)) = co

note that c¢g depends only on d, A, B and is clearly < 1. Whenever Ff(y) € £
it holds that

d(y, F;¢S) < 3d(Fy(y),S) <0.036(5; J).
This implies that

1 1
(9.32) / d(y, S U F.S) dt+/ d(y,SUF71S) dt
0 0
< (2 —¢g)d(y, S) 4+ 0.03¢6(S; J).
Trivially, the left-hand side of (9.3g) is also < 2d(y, S). Let

E' ={yeJ:d(y,S) <0.035(S; )}
Then

1 1
/ d:c/ d(:c,SUFt[S])dt+/ d:v/ d(z,S U F;'[S])dt
J\E' 0 J\E’ 0

< (2—cq) / d(z, ) dz +0.03cem(J \ E)3(S: J),
J\E'
and clearly

2 / d(z, S) dz < 0.06m(E)3(S: J)

<(2—cp) / / d(z,8) dx + 0.03cem(E")5(S; J).
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Hence

/Jd:z:/o d(z,SUFt[S])dtJr/Jd:c/O d(z,SUF;"[S])dt
< (2—cq) / d(z, S) dz +0.035(S: J)
J

and (9.3f) follows, in the case J NS # 0.
THE INTERVAL J IS DISJOINT FROM S: Again, write

J=x—ry/20,2 +1;/20] N[0, 1]

for some z € [0,1], and let I = (a, §) be the connected component of [0,1] \ S
containing J. Set £ = (8 — a). Since S intersects every interval of size ﬁw it
follows that r, < A/2 and hence, in particular, |(¢(1) — 1)z + b(1)| < A/2. Con-
dition (ii) of the statement of the theorem implies that there is some 2’ € [0, 1]
for which |(¢(1) — 1)z’ +b(1)] = A, hence |¢(1) — 1| > g. Without loss of gen-
erality, we may assume that in the terminology introduced shortly after (9.3e)
the point « is the marked endpoint of the interval («, j3).
Let ®; = (F;)° where e =1 if ¢(1) < 1 and € = —1 otherwise. Then

0 2
8yq)t(y)§ 2+ A
and hence
(0] - —®(8)) > Al
(P1(a) —a) + (B — P1( ))—2+A'

Since « is marked, we have that ®;(a) — a > (8 — ®1(5), hence

(9.3h) Q1 (a) > a+ 5
Also, by definition of r, and (9.3a), for all ¢ € [0, 1]
|Dy(x) — 2| < 3ry
and it follows from (9.3d) that for all ¢ € [0, 1]
(9.31) |®:() — ] <3rp +3(x —a) < 6(zx— a).

. . . . . AL
In particular, setting ¢ = 1 and comparing with (9.3h) we see that = > o+ 5.
Since

/d(x,S)dmz/ |:C—a|d:n—|—/ |8 — x| dx
J JN[a,a+ ] Jnla+4,8]
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and since by assumption J N [a, o + £/3] # @ it follows that

(9.3)) / |z — a| dx > 07/ d(x, S) du.
JN[at 48, ot £] J

Now by Corollary 8.2, (9.3h), and (9.3i) there is some cg depending only on the
d, A, B, A so that if

T—a rT—a
EJ{tE[O,l]: 900 < Oyfa] —a< 100}

then m(Ejy) > cg. If t € Ey

/ [(®e(a)) [a] — 2| dz < ().99/ |z — af dz,
JN[at o8, ,a+ 5] JN[at o8, ,a+ 5]

and so by (9.3))

/ d(z, SN ®S)de < (1 - O.OIC7)/ d(z,S)dz
J J

and

1
/ / d(z, SN ®.S) dxdt < (1 —0.0lcres) / d(z,S) dzx.
0 J J

10. The main lemma

We now state our main “bootstrapping” lemma, which we derive from combin-
ing the combinatorial lemma of the previous section (Theorem 9.3) with the
properties of the U-action developed in §4 and §7.

10.1. MAIN LEMMA: Let 6,k € (0,1), and k > ko(6). Then for any

(A1) x1 € E(k +1og(1/k), K, ) (cf. §4.1),

(A2) I C R a closed interval centered at 0 with |I| < e®37F,

(A3) S C I asubset with 9I C S,

there is some s € [—e¥, e¥] and a set S” with I C S’ C I so that:

(B1) u(s).z1 € Z(k3sk,k,0),

(B2) 8(S';:1) < {50,

(B3) every point of v(S")u(s).x; is within e~"%F of a point in the set
Qpu([—e*, ek v(S).z1, with Qp C D an appropriately chosen fixed
compact subset.

Here K, k37, k3s, k4o are constants depending only on §, while k39 is an absolute
constant.
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Proof. Set o = log|I|, and I = e °I = [—, 1]. By Proposition 4.4 applied
with T = éek the set

F={s| < le¥ :up.zy € 2((1 - 6)k — 10,%,0)}

satisfies that

Klﬁkl/Q

1—e=8/2

with K6 as in Proposition 4.4; moreover, if % is sufficiently small, depending

e Fm(F)>1-—

on 0 the right hand side of the above equation can be made to be arbitrarily
close to one. The precise choice of & will be specified later; in addition to §
it depends on the constants of Proposition 7.11 and Theorem 9.3, but will not
depend on any other choices we make in this proof. In particular, we assume &
is sufficiently small so that e *m(F) > 1/2. Unless otherwise specified, all the
constants ¢;, C; appearing in this proof may depend on § as well as our as yet
unspecified choice of .4

Let

(1-9)

4426

It follows from the lower bound above on the measure of F' that there is a
subinterval J C [—1e", }e¥] of length e*1* so that m(JNF) > |J| /2. The lower
bound on m(JNF) implies that we may extract from JNF a R-separated® finite

subset E C F of cardinality > |J| /2R, with R depending only on & (specifically,

a1 =

R = Ky of Lemma 4.7, applied to points in Z(-, &, )). Since
{ug.xz1: £ € E}y CE((1 — 6k — 10,R,6) C X«

we conclude that there must be two distinct points &,&' € F with

(10.1a) d(ug.w1,ugr 1) < Cre™k/8

(the number 8 appears because it is the dimension of X). Write zo = w21,

@1k/8 i5 smaller than some absolute constant (equiv-

xh = ugr.x1; assuming Cre”
alently, that k is larger than some ko depending on ¢) we have that a2}, = hg.z2
for hg sufficiently close to the identity for Lemma 4.7. Moreover, (10.1a) implies

that
(10.1b) |ho — || < Che™1k/3,

4 Note that in the effective proof of the Oppenheim Conjecture (including the strong,
nonhomogeneous, form) ¢ can be chosen to be an absolute constant.
5 Le., |¢ —¢'| > M for every distinct £, €&’ € E.
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On the other hand, if R is sufficiently large the bound
R<|¢—¢€| < |J| = crmem®

implies by Lemma 4.7 that we may write hg = uiaou_ withuy e U, u_ e U™,
ag € A and
Ju— —el| > cse ek _ = cge” (17Ok/2,
In particular, u_ # e so hg & Ng(U).
We now wish to apply Proposition 7.11 to z3 = a(—0/2).x2 and 2% =
a(—o/2).25. We set the parameter x37 from the statement of the Main Lemma
to be k37 = |74, so that

(10.1c) o < a1k/1000.

Then 23 = hy.x3 with hy = v/, a;u’ and

Hu/_ - eH > Jlu_ —e| > 0367(175)]6/2,

[[h1 —e]] < Cue? ||ho — €] < C5e*a1k/10.

By Proposition 7.11 there are
(a) coe™ /10 < Ty < Cret?,
(b) a rational function ¢ satisfying K" < ¢/(t) < K31 on [Ty, T»],
(c) polynomials ¢(t),b(t) so that the family of affine functions Fi(z) =
(z +b(t))/c(t)? satisfy

max |Fy(x) —z| < kgo for t € [-T5,T5],
(10.1d) vl
= K30 for t = 7T2 or TQ,

so that for every [t| < T

d<u< )., a(log c(t))v <
Since for g1, g2 € G,

da(a(o/2)g1,a(0/2)g2) < e”da (g1, 92),
it follows that for |t| < Ty = /2Ty the points xo = a(0/2).x3, ¥ = a(0/2).24
satisfy
e7b(t)

(010)  a(utt)chattogete () u(@e)-s2 ) < Cuere ki
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with b(t) = b(e=7/2t),é(t) = c(e™7/2t), d(t) = ¢p(e7/2t); set also
Fy(z) = z/é(t)* + e7b(t) /&(t)>.
Equation (10.1e) implies that for s € T

A(v()u(t).2%, allog &(1)v(Fy(s)u(3(1).22)
(1011 ~a(wtoyutt1, atogeto) o * T Y02
=d | v(s)u(t).ah, v(s)a(logé veai)(t)u~ x
=505, oatton )] o Juld0).an ).

By (10.1e) and the inequality

da(v(s)g1,v(s)g2) < Cys*dg(g1,92) for gi, g2 € G,
we can further estimate (10.1f) by
(10.1f) < Choe e k40 < Cyge=1k/50,

Let ay = a1/50, Ty = e"/QTQ, and note that assuming ky was chosen large
enough we have that

(10.1g) Ty < e1=9k=10,

Recalling that on the interval |t| < T; we have that log é(t) is in some fixed
finite interval, we conclude that for every |t| < T, every point of

(F(S))uld(t)-x2

is within distance < C11e~*2F of some point in Qpu(t)v(S).z4, for an appropri-
ate choice of symmetric neighborhood Qp of e in D. Since |$(0)| = [¢(0)] < 1
(cf. note after the statement of Proposition 7.11), by (b) above for [t| < T} and
if kg is large enough,

k

|6(t)] < Ka1(Jt| + 1) < 2K31e 9% 10 < 16k

1
2
hence both w(t).zl, and w(@(t)).zs are in u([—e*,e¥]).z;. It follows that for
every |t| < Ty and z € v(F,(S))u(o(t)).z2

(10.1h) d(z, Qpu([—e®, e")v(S).z1) < Crie 2.

Since v(S)u(p(t)).z2 C u([—e*, e*)v(S).z1, the estimate (10.1h) holds in fact
for every z € v(S U Fy(S))u(o(t)).22
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Similarly, every point of v(F, *(S))u(t).x} is within distance at most C11e~*2F
of some point in Qp'u(¢p(t))v(S).z9, hence for every point z’/ in the set
v(S U E7HS))u(t).a

(10.11) d(z', Qpu([—e®, e])v(8).x1) < Cyre™ 2k,

We are now in a position to apply Theorem 9.3. Using the parameters
d, A, B, A for that theorem that are applicable to the case at hand (in particu-
lar, A= —2,B =2, A = k3p), the constants k34 and k35 from the statement of
that theorem become absolute constants and we shall treat them as such. Ap-
plying Theorem 9.3 to Fly;/p, (with the sign determined according to whether
equality is attained at —7T% or Ty in (10.1d)) and S = e=?S C I, we see that
there is an € € {£1} and subset A of t € [Ty, Ty] of size > k35T2/2 so that for
every t € A,

S(SUIRI(S):T) < 8(S51)/(1 + raa).

It follows that for t+ € A := e’A there is some set S’, depending on t,

with 6(S";T) < 6(S;1)/(1 + k3q) so that for at least one of x = u(¢(t)).z2 or

x = u(t).xh
(10.1j) Islé%)/(d(v(s).:z:,QDu([—ek,ek])v(S).zl) < Cpeo2k,
It remains to apply Proposition 4.4 again twice. By (10.1g),
(1—0)k —10 > logTh,

hence since xo, ) € Z(k — 10,k,d) we may apply Proposition 4.4 to conclude
that the set ¥’ defined by

V' ={te|-T,T1]:up.rh & Z((1 — §)logTh + log & — 10, %,0)}

satisfies that
2K16kY/?
!/
m(\I/ ) S 1—6_5/2 1-
In view of the bound K3' < ¢/(t) < Kz, Proposition 4.4 and (10.1g) also
imply that the set

\I/H = {t S (b([—Tl,Tl]) : ’u(t).$2 ¢ E((l — (S) 10gT1 — 012, I%, (5)}
for C12 = logk — 10 — log K31 satisfies the estimate

Kigi'/? 251 K16k
"
m(\I/ ) S (1 - 675/2) |¢([7T17T1])| S (1 — 675/2) b
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hence ¥ = ¢~ 1(¥”) satisfies

2K2, K6k'/?

m(\IJ)S 1—6_6/2 1-

It follows that if & was chosen appropriately (i.e., < ci362 for a sufficiently
small absolute constant ¢;3)
AN\ (TUT) 0.

Ift € A\ (T UT), then at least one of z = u(¢(t)).z2 or & = u(t).z), satisfies
(10.1j) for some set S’ with

6(8"5 1) < 6(S51)/(1 + k)
as well as
S E((l — 5) logTy — Cio, K, (S)
Since (1 —d)log Ty — C2 is clearly > k (with implicit constant depending only
on ), the Main Lemma follows.

11. Proof of Theorem 3.8

Recall that
5(S:T) = |I|_1/dR(:I:,S) da.
I

We note the following elementary property of §(.S; I):

11.1. LEMMA: Let I be an interval, and S C I with 0I C S. Then for every
t € I there is a s € S with

[t — 5| < /8(S5 1) |1].

Proof. Suppose not. Then there would be an interval, say J, of length >
24/6(S; 1) || in I with no point of S. But then

ss: D)2 117 [ date,5)do
J

V/8(8:D)
>2/ xdx > 6(5;1)
0

in contradiction.

11.2. PROPOSITION: Let §,x € (0,1), and k > ko(d) (for an appropriate choice
of ko(6)). Then for any
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(A1) 21 € Z(k + log(1/k), 5,5),
(A2) I CR a closed interval centered at 0 with |I| < exs7Vk,
there is some s € [—2¢e* 2¢¥] and a set S’ with OI C S’ C I so that:
(B1) u(s).x1 € E(Vk, &, 9),
(B2) 8(8; 1) < k"o,
(B3) every point of v(S")u(s).zy is within 2e*4V* of a point in the set®
Bl u([—2¢",2¢F))v(01).21.

Here R, k37, K40, k41, K42 depend only on §.

Proof. We apply Lemma 10.1 iteratively, starting with z1,57 = I and the
given k. Let T, = eF. After applying the lemma once, we get a point
zy = u(s).z; € Z(kask,&,0) with |s| < e¥ and a set Sy with 9 C Sy C [

so that
(11.2a) d(v(7).ze, Qpu([~T1, T1]))v(dI).z1) < e~ "k VYr e S,.

We will now apply Lemma 10.1 again, on x2,Ss and ke = ak for an appro-
priately chosen 0 < o < 1/2. In order to satisfy (A1), i.e., that x5 € E(ka, &, ),
we need to require that a < k3g. If we do that, we get a point x5 and set S3 so
that

(11.2b) d(v(T)x3, Qpu([—e*, e )u(Sy).x2) < e 0% Y7 Sy,

As d(u(s).z,u(s).y) < s*d(x,y) we can deduce from (11.2a) and (11.2b) that
for any 7 € S3,

d(v(r)zxs, QQDU([—TQ, To])v(0I).z1) < e rwoak o (o1 ptak—Kaok

with Th = e* + e®*. Choosing a < (4f§240)
the right-hand side of the above equation is

and ko large enough, we get that

< Qe a0k

We continue iteratively in this way, obtaining points z; € Z(a/ "'k, &,§) and
sets S; C I with §(Sj;1) < (1 + k39) 7 as long as a/k > k. Stopping at
jo = |logk/2log(1/a)| we get the proposition, with

q8(Sjo; 1) < (1 + Kgg) ™90 < a~lp—rn

6 Recall that B2 = {h € D : |h —e|| < R}.
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for k41 =log(1l + K39)/2log e, and so that for any 7 € S,
d(U(T)mjo s QjDUu([_Tjoa Tjo])v(al)'xl) < 26_K4Uaj0k’

where Tj, = ?0:0 e’k < 2¢*. Note that QjDO C ngo for an appropriately

chosen C depending on €)p, hence since jy o log k
Q) C Bb,,.

Proof of Theorem 3.8. Apply Proposition 11.2 on x; for an interval I of size
|I| < k%41/%, Let S’ be as in that proposition, in particular §(S’;I) < k"4,
By Lemma 11.1 it follows that any 7 € I will be within k=%41/4 of a point in
S’, hence

d(v(7).x1, BPey u([—2¢*,2eF)0(01).1) < Cy(2er00Vk 4 /4,

12. Applications to quadratic forms

In this section we relate Theorem 2.8 regarding effective density properties of
orbits of H on G/T to the value of quadratic forms, establishing Theorem 1.10
and Corollary 1.12.

We note the following well-known fact, for which we include a proof (or at
least a sketch of one) for completeness:

12.1. LEMMA: Let @ be a signature (2,1) ternary quadratic form with
det Q = —1. Then there is a g € G so that QQ = Qg o g with

lglr € Xp, p=ca|Q]"*.

Here, as we have done throughout this paper, Q¢ denotes the quadratic form
2
Yy — 2x2.

Proof. Following a similar procedure as in §7.2, it is easy to find a basis vy, v2, v3
of R? so that
Qv1) = Q(v3) = Q(v1,v2) = Q(v2,v3) =0,
Q(UQ) = 17 Q(Ulav3) = 725

with ||v;|| all controlled polynomially by ||@]]. Indeed, we choose v; to be any

(12.1a)

unit vector isotropic for @ (i.e., such that Q(v1) = 0), take

V3 = —2 ||C?’U1||72 Q’Ul + )\’Ul
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with A chosen so that Q(vs,v3) = 0 (here we identified @ with the matrix
representing it, so Qu; is a vector in R3) and vy a vector satisfying the three

linear equations
Q(v1,v2) = Q(v3,v2) =0, det(vi,v2,v3) = 0.

The norm of ||us]| can be easily controlled in terms of ||@Q]| and HQ’lH < [|QI*.
In order to be able to control ||vz]| we need to show that the one-dimensional
subspace of R? defined by Q(v1,x) = Q(v3,x) = 0 is bounded away from the
subspace generated by vy and ve. If = is in this one-dimensional subspace

Q(vi,x — a1v1 — agvy) = —2a4—; fori=1,3,
hence
|l — a1v1 — agvs|
>max(2 Q[ " [aa], 2|Q[| " [asl, ll]l — lax| o]l — |as| s]),
hence

lz — arvr — agvz|| > [l min(|lor | " [losl| ).

Setting h to be the matrix formed by the column vectors vy, vs, v3, equation
(12.1a) implies that Qg = Qo h, i.e., @ = Qoo (h™1). If w € h™1Z3, for at least
one i we have that (w,v;) € Z\ 0, hence |jw|| > |lv;]| "

12.2. Proof of Theorem 1.10. Let ()1 be an indefinite, ternary quadratic form
as in the statement of the theorem. By Lemma 12.1, there is a g; € G so that
Q1 = Qoo g1 and [g1]r € X, with p > Q]
of that lemma that ||g; || < Q.

Applying Theorem 2.8 on x; = [g1]r for the given T we may conclude that
either there is a point x5 € G/I" with H.zs periodic and with discq(H.xq) < T3¢
and d(z1,22) < T~ 1 or (ii) of Theorem 2.8 holds.

In the former case, writing x5 = [go]r with dg (g1, 92) < T~!, we may conclude

. It also follows from the proof

that the integral form
Q2= MNQoogz), A=discq(H.xz)'/3

satisfies that

HQl - )‘71@2” < ||Q1|| d(glagQ)a
establishing (i) of Theorem 1.10.
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If (ii) of Theorem 2.8 holds we have a 22 = [g2]r = h1.21 € X, with
hy € BH,_ so that for every s € [—log T"", log T*7] the point v(s).zo is within

TKs
logT—"7 of a point in the set Bﬁks X1.
As zo € X, for appropriate c¢1,Cy > 0, there will be a vector

W = (w17w27w3)T S 9223

with
g Sws < |w| < Co.

Write w = gon with n € Z \ {0} and let g9 = Qo(w). Then for any s € R
Qo(v(s).w) = qo — 25w3.
If s € [~1logT"7,1og T""] there will be some h(yy € H with Hh(S)H < THs 50

that d(v(s).z2, hesy.w1) < logT*7. It follows that in the lattice corresponding
to h(s).71 there should be a vector w (s = h(s)g1m,) satisfying

W) — v(s).w|| < (logT) =" ||u(s).w]|
< (logT)~" (1 + |s]).
From this it follows that
|Qo(W(s)) — g0 + 2sw3| < (log 7)™ (1 + |s]?).
Note also that

(12.2a) lms) [ < flor | Hh@ [ws)ll
< Cs||Qq | T,

As T > Ty(e) [ Q1]™", then assuming K, is large enough, (12.2a) < 71155,
It follows that for any s € [—log7"/? log T""/3] there is a m,) € Z* with
[my || < T and
Q1(my)) = Qo 0 g1(mys)) = Qo © (5 91)(m(s)) = Qo(W(s))

so that

min{|Q1(m) — go — 2su3| : m € 7%, || < T4} < Colog T/
As |qo] < 2C% and |ws| > ¢, assuming that Tp is large enough so that
2 log T /3 > 20y, it follows that for ¢5 = éc?

max _ min{|Q1(m) — ¢ :m € Z°, |m]|| < TG < Oy log T™R7/3,
€] <cslog T 3

proving the theorem.
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12.3. Before we prove Corollary 1.12, we recall some basic properties of the
logarithmic height of algebraic numbers.

Let K be a number field, i.e., a finite extension of Q with d = [K : Q]. If
a € K, its logarithmic height, height(«), is defined to be

1
height(a) = d ZIOg(maX(L |0‘|Culv))v

where the summation is over all valuations of K, with the normalization that
if K, is the completion of K with respect to v then |-, restricted to Q reduces
to the ordinary p-adic or Euclidean absolute value; in these cases we say v
corresponds to the place w = p or oo of Q respectively, and set d, = [K, : Q).
In particular, if K, & R then d, = 1 while if K, = C then d, = 2. For
more details, see [BG2, §1.3] (though the reader is warned that a different
normalization is used there). The following basic properties of height will be

useful:
height(*) = log(max(|pl,q)) for ? € Q,
height() = height(a™1),
(12.3) . | |
height(af) < height(«) + height(5),

la, < edPeight(@)  for any valuation v.

We also recall that in this normalization the height is independent of the field
in which it is evaluated.
We shall make use of the following bound of Liouville type:

12.4. LEMMA (cf. [BG2, Thm. 1.5.21]): Let K be a number field of degree d
and a1, aq distinct elements of K. Let v be any valuation of K corresponding
to w =p or oo on Q. Then

|041 — Oéz| Z (thcight(al)Jrhcight(az))*d/dv
with d, = [K, : Qu].

12.5. Proof of Corollary 1.12. To deduce Corollary 1.12 from Theorem 1.10 we
need to show two things: that ||@Q1|| can be bounded in terms of the heights
and degrees of its coefficients (which is immediate from (12.3a)), and that for
an appropriate choice of € > 0 case (i) of Theorem 1.10 leads to contradiction.

Suppose the coefficients of )1 are algebraic, but that ()1 is not proportional
to an integral form. Then there are two nonzero coefficients, say o, az, of @1
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with a1/as € Q. Let hy, ha be the logarithmic heights of aj, as respectively,
and d = [Q(«a1,a9) : Q]. Assume that there is an integral form @ as in (i) of
Theorem 1.10.

It follows that there is a A > T—¢/3 and integers nq,ng so that |a; — An;| <
Q1] T, Moreover, if T' > 10 [|Q1]| min |a;| " both 7y, ny are nonzero, hence

(12.5a) I -1 (oM [F A
N2
Clearly also
il < 2A7H| @]
However, by Lemma 12.4,
o1 Q2 > (2ehcight(a1/n1)+hcight(a2/n2))fd
ny Nno |

(2¢height(en)theight(az)y—d () —d

Y

(Seheight(a1)+height(a2))—d HQI H —2d )\_gd.

As A > T—</3 this leads to contradiction if e < 23d and T is large enough.
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