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ABSTRACT

In a free superalgebra over a field of characteristic zero we consider the
graded Capelli polynomials Cappsy1[Y, X] and Capr+1[Z, X| alternating
on M+1 even variables and L+1 odd variables, respectively. Here we com-
pute the superexponent of the variety of superalgebras determinated by
Cappry1[Y, X] and Capry1[Z,X]. An essential tool in our computation
is the generalized-six-square theorem proved in [3].

1. Introduction

Let F be a field of characteristic zero, X = {x1,x2,...} a countable set and
F(X) = F(x1,x2,...) the free associative algebra on X over F. Recall that an
algebra A is a superalgebra (or Zy-graded algebra) with grading (A(®), AM) if
A=A g AD where A AM are subspaces of A satisfying
AO A0 L AW AD) € AO ang A@ AL 4 A 40 ¢ oD,

If we write X = Y U Z as the disjoint union of two sets, then F(X) = F(Y UZ)
has a natural structure of free superalgebra if we require that the variables from
Y have degree zero and the variables from Z have degree one.

Recall that an element f(y1,...,Yn, 21, .., 2m) of F{Y UZ) is a graded iden-

tity or superidentity for A if f(a1,...,an,b1,...,by) =0, for all a1,...,a, €
A and by,... b, € A, The set Id**P(A) of all graded identities of A is
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a Ty-ideal of F(Y U Z), i.e., an ideal invariant under all endomorphisms of
F({Y UZ) preserving the grading. Moreover, every Ts-ideal T" of F(Y U Z) is the
ideal of graded identities of some superalgebra A = A @ A T = [d*ur(A).

For I' = Id*"P(A) a Ty-ideal of F(YUZ), we denote by supvar(I") or supvar(A)
the supervariety of all superalgebra having the elements of I as graded identities.

In case char F=0, it is well known that Id*"P(A) is completely determined by
its multilinear polynomials and let V,7*? denote the space of multilinear polyno-
mials in the variables y1, 21, ..., Yn, 2, (i-e., y; Or z; appears in each monomial
at degree 1). Then the sequence of spaces {V,*“P N Id**P(A)},>1 determines

1d*"?(A) and
Y/ sup
sup — di n
Cp (A) dHnF (LﬁquTIdmm(A)>

is called the n-th graded codimension of A.

The asymptotic behaviour of the graded codimensions plays an important
role in the PI-theory of graded algebras. It was shown in [5] that the sequence
{c3"P(A)}n>1 is exponentially bounded if and only if A satisfies an ordinary
polynomial identity.

In [2] it was proved that if A is a finitely generated superalgebra satisfy-
ing a polynomial identity, then lim, . {/cn'?(A) exists and is a non-negative
integer. It is called the superexponent (or Zs-exponent) of A and is denoted by

supexp(A) = Jim { en'?(A).
We remark that in [1] and [4] the existence of the G-exponent has been proved
for an arbitrary Pl-algebra graded by a finite abelian group G.

Now, if f = f(y1,--sYn,21,---,2m) € F(Y UZ) we denote by (f)r, the
Ts-ideal generated by f. Also, for a set of polynomials V' C F(Y U Z) we write
(V)1, to indicate the Th-ideal generated by V.

In PI-theory a prominent role is played by the Capelli polynomial. If S, is
the symmetric group on {1,...,m}, the polynomial

Capn, [T, X] =Capmlti, .- s tm; 1y ooy Tin—1]

= Z (sgno)ts(1)T1te(2) ** * to(m—1)Tm—1to(m)
oESH

is the m-th graded Capelli polynomial in the homogeneous variables t1, ..., t,
(21, ..., Tm- are arbitrary variables). In particular, Cap,,[Y, X] and Cap,,[Z, X]
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denote the m-th graded Capelli polynomials in the alternating variables of ho-
mogeneous degree zero yi,...,Ym and of homogeneous degree one zi,..., 2z,
respectively.

Let Cap?, denote the set of 2~! polynomials obtained from Cap,,[Y, X]
by deleting any subset of variables x; (by evaluating the variables z; to 1 in
every possible way). Similarly, we define by Capl, the set of 2™~1 polynomials
obtained from Cap,,[Z, X] by deleting any subset of variables x;.

If L and M are two natural numbers, we denote the Th-ideal generated by
the polynomials Cap§, ,,Capy_ by Tryg1,041 = (Caply, 1, Caplq)m,. We
also write UyY | 1 = supvar(Tasy1,041)-

In this paper we calculate the superexponent of the supervariety Uy %, | ;.
We shall prove that the superexponent of Uy;?, ;| can be explicitly computed
from the basic invariants of an upper block triangular matrix algebra and we
shall show that

(M+L)—10< supexp(Ui‘jﬂ’_l)LH) <(M+1L).

This paper was inspired by the ordinary case (see [8]) where Mishchenko,
Regev and Zaicev proved that, depending on m, the variety corresponding to
the Capelli polynomial of rank m has exponent m or m — 1 or m — 2 or m — 3.
Moreover, we should mention that a basic tool for proving the results of this
paper is a result of Cohen and Regev concerning the generalized-six-square
theorem [3] (see also Appendix A of [6]).

2. Computing the superexponent of the supervariety Z/{f\;ﬁl L1

Throughout the paper we will denote by F' a field of characteristic zero. Re-
call that, if F' is an algebraically closed field, then a simple finite-dimensional
superalgebra B; over F is isomorphic to one of the following algebras (see [7]):
(1) M, (F) with trivial grading (M, (F),0);
Fii 0 g
0 Fen) \Fm 0
For, Fog are k x k, k x 1, [ x k and [ x [ matrices respectively, £ > 1 and
=1
(3) M, (F @ cF) with grading (M,,(F),cM,(F)), where ¢? = 1.
Also recall that by the Wedderburn—-Malcev theorem (see [6, Theorem 3.4.3]),
if A is a finite dimensional superalgebra, then A = B+ J where B is a maximal

(2) My, (F) with grading , where Fy1, Fio,
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semisimple subalgebra and J is the Jacobson radical of A. Moreover, we may
assume (see [7]) that B is a superalgebra and B can be decomposed as B =
By &---® By, where By, ..., B; are simple superalgebras.

LEMMA 1: Let A be a finite-dimensional superalgebra with Jacobson radical
J = J(A) and let B = B1®- - -® By, be a subsuperalgebra of A, where By, ..., By
are finite-dimensional simple superalgebras over F. Let B; & M, (F) for i €
{#1,...yir}, Bi & My, 1,(F) for i € {j1,...,js} and B; = M, ,(F + cF) for
i€{hy,...,he}, where r,s,t >0 and {i1,...,ir}, {j1,...,4s} and {h1,..., h¢}
are disjoint subsets of {1,...,k} whose union is {1,...,k}. For each i, B; =
B & BY. Let B = @,BY, j = 0,1, s0o B = B® @ BY. Denote
dY) = dimpBY . If we suppose that

(1) B1JByJ -+ JBy #0

in A, then the following two properties hold:
e Ifr > 1, then A does not satisfy the graded Capelli identities

Capgoysti4ro [Y;X] and Capg +s4t4r1 [Z; X],

for some 1o, 71 > 0 such that ro +ry =r — 1.
e [fr =0, then A does not satisfy the graded Capelli identities

Capgoys111Y; X] and Capgiyqe1[Z; X].

Proof. Suppose that r > 1. It is well known that J = J© @ J(1) is a homoge-
neous ideal (see [7]). The inequality (1) implies that there exist ¢1,...,cp—1 €
JOUJY ande; € B;, i =1,...,k, such that

(2) ei1c1eacy - - ep—1Ck—1€k # 0,

(0)

where each e; € B, U BZ-(I) is a matrix unit of B;. Moreover, for every i =

1,...,k, we have
(3) Lic; = ¢ilip1 = ¢,

where 1, € Bl-(o) is the identity element of B;.

Notice that if B; & M, (F + c¢F), then there exist ¢;, ¢;—1 € J© such that
€;,C; = €;C; Or €;,C; = ce;C; and Ci—1€; = C;j—1€; Or C;—1€; = CC;—_1¢€;. AlSO7 if
B; = My, 1,(F), then there exist ¢;, €; € BZ-(O) uBY and ¢, cic1 € JO such

i
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that e;c; = €;¢; and ¢;—1e; = ¢;—1€;. Thus, by (2), we have that there exist
clyenscpor € JOUJTM and e; € BZ-(O) UBZ-(I), i=1,...,k, such that
(4) eicieacy - - ep_1ck_1€ # 0,

and the number of ¢; in J© is s + ¢+ ro, the number of ¢; in JD s r1, where
ro, 1 are fixed non-negative integers such that rqg +r; =r — 1.
Now, we consider one of the simple superalgebras B; = Bi(o) @ Bi(l) and we

9 made of matrix units

fix a basis of its even component Bi(
i i
Ul, e ,'Lbd? .
We can choose matrix units

aﬁ,...,aggﬂ €B; = Bgo) EBBZ-(l)

such that

B)  f) =, %g;aia . '7afi?+1) = ajujaj - 'ufi?afi?—i-l =b'#0
and

(6) fo( 1),...,ug(d?);ai,...,afig_i_l) =0,

for any non-trivial permutation o € Sz. Since b’ is a matrix unit, there exist
b{ and b} in B, Oy Bfl) such that

bibibh = e;.

Moreover, since B;B; =0 for¢ # j,ifa € B ®---@® By, or a = ¢; with j # ¢,
by (3) we have

7) ab{™t = 0
and, if a = ¢; or a € By, with j # ¢ and h # ¢, we obtain
(8) tably, = 0.

Now, we construct a polynomial which is alternating on d+s+t-+ry variables
of homogeneous degree zero and has a non-zero value on A. Let

1 1 2 2 k k 1 1
g:g(yl7"'7yd(1)7y17"'7yd(2)7'"7y17"'7yd07x17"'7xd(177

2 2 k koo4@) (4)

xl,...,xdo,...,xl,...,de,tl et W, W)

—wlflwzt w3f2w4té)w5  Wok— 215( )1w2k 1fkw2k7
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where f? is the monomial constructed earlier for Bgo) (see (6)), 7 € {0,1}, tEO)
is a variable of even degree and tl(-l) is a variable of odd degree. Moreover, the

number of variables tEO) is s+t+1ro and the number of variables tz(-l) isr1. Then
we define

Alt(g)
as the polynomial obtained from g by alternating on yi,..., ycll(l,, ooyl ’ySQ
and on tEO). Now, we consider the substitution ¢ such that

%

oyl) =ut, o(zl) =dj,
p(t) = e,

P(wai—1) = bl, @(ws;) = bj.
Hence, from (5), (6), (7), (8) and (3), (4) we get

©(Alt(g)) = v(g) = ercreaca---ep_1cp—1ex # 0.

This last inequality proves that A does not satisfy the graded Capelli identity
Capaotstt+ro [Y; X].

In a similar way we can construct a polynomial which is alternating on
d' + s+t + 1 variables of odd degree and has a non-zero value on A. Then the
first statement of Lemma 1 is proved.

Now let » = 0. The proof of the second part of this lemma is very similar to
that of the first part. Notice that in (4) the number of ¢; in J©) is s +¢ — 1
and the number of ¢; in JM) is 0. Moreover, in the polynomial ¢ the number
of variables tz(-o) is s +t — 1 and the number of variables tEl) is 0. Thus the
polynomial Alt(g) is alternating on d” + s + ¢ — 1 variables of even degree and
has a non-zero value on A. In a similar way we obtain a polynomial which is
alternating on d' + s + ¢ — 1 variables of odd degree and has a non-zero value
on A. Thus the lemma is proved.

LEMMA 2: For any r,s,t > 0 and for any integers a1, ..., ar, ki,l1,..., ks, s,
b1,...,by > 0, there exists a finite-dimensional superalgebra A = B + J with
maximal semisimple subsuperalgebra B and Jacobson radical J = J(A) such
that:

(1) B=B1® @ Brysyt



Vol. 196, 2013 GROWTH OF GRADED CAPELLI POLYNOMIALS 57

(2) All B;’s are simple superalgebras. In particular,

B, =M,,(F), Vi=1,...,r
B; =My, 1, (F), Vi=r+1,...,r+s,
B; =M, (F + cF), Vi=r+s+1,...,7r+s+t
(3)
T r+s r4s+t
supexp(A) =dimB = Zaf + Z (ki +1;)% 42 Z b?
=1 i=r+1 1=r+s+1
=dimB® + dimBW = ¢° + 4!
=af + - af + (kg + )+ (R +17L)
+ br+s+l +oot br+s+t + 2k7‘+ll7‘+1 +oo 2kT+SlT+S
2 2
+ br+s+l +- 4+ br—i—s—i—t'
(4) e Ifr>1, then A€ Z/{SELHMOH & bsttsr 10 fOr some ro, T such

thatr0+r1—r—1

o Ifr =0, then A€ Uy, oy

Proof. We construct A as a block upper-triangular matrix algebra

By x *
0
B,
By 11
A= )
Byys
Bris+1
. *
0 0 Brysyt

where the B;’s are the following simple superalgebras:
e B2 M, (F), Vi=1,...,r
o B, = My, ,(F), Yi=r+1,...,r+s,
o B, 2 My, (F+cF), VYi=r+s+1,...,r+s+t.
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Hence B = B1 @ -+ @ By4s4¢ is a semisimple subsuperalgebra of A and the Ja-
cobson radical J = J(A) consists of all block strictly uppertriangular matrices.
Then we have immediately (1), (2).

Since B1JBaJ -+ JBis+t # 0 by [2] we have that the superexponent of A
is dimB = dimB(® + dimB™. Thus (3) holds.

Now, let r > 1 and let rg, r; be fixed non-negative integers such that
ro + 71 =1 — 1. We consider the grading of A obtained by requiring the fol-
lowing conditions on elementary matrices:

0
€l,a1+1) €ar+l,ar+as+ls -+ Cartotary—1+1l,ar+-Fary+1 € Jt ),

(1)
Car+-Farg+l,a14+argy1+1ls -0 Carttargpr —1+1,01+Farg 4 +1 eJ.

It follows that, in such grading, any monomial of elements of A containing at
least s +t 4 79 + 1 elements of J(®) must be zero. Similarly, any monomial of
elements of A containing at least s+t+7; + 1 elements of J") must vanish. We
claim that any multilinear polynomial f° = fO(y1,... s YdOtstttrotls T15 L2 - )
alternating on d°+4s+t-+rp+1 variables of homogeneous degree zero must vanish
in A. In fact, by multilinearity we can consider only substitutions ¢ : y; = y,,
¢ :aj — x;, such that y; € BOUJO for 1 <i < d’+s+t+ro+ 1. However,
since dimB(® = d°, if we substitute at least d° 4+ 1 alternating variables in
elements of B the polynomial vanishes. On the other hand, from the above,
if we substitute at least s + ¢ + ro + 1 elements of J(©, we also get that f°
vanishes in A. The outcome of this is that A satisfies Capgoysiitry+1[Y; X]
With similar arguments it is easily seen that any multilinear polynomial f! =
FY (21, 2di 4 sgtar +1, T1, T2, . . .) alternating on d' + s+t + rq + 1 variables
of degree one must vanish in A. Thus A satisfies Capgi syt 1+1[2; X] and
A€ U;gis+t+m+l’d1+s+t+n+1, where rg +7r1 =7 — 1.

In case r = 0, clearly any monomial of elements of A containing at least s+t
elements of J(© (or JM), respectively) must be zero, since in this case J*t* =
(0). Then, similarly to the previous case, we obtain that A € U,"

dO+s+t,dl+s+t°
Thus (4) holds and the lemma is proved.

Let L, M be two natural numbers. Let A = A® @ AM be a generating
superalgebra of L{;;[’il7L+l.Then, since A and A satisfy Capelli identities,
by [6, Lemma 11.4.1], A satisfies a Capelli identity. Then, by [6, Theorem
11.4.3], we may assume that A is a finitely generated superalgebra and by a

theorem of Kemer [7, Theorem 2.2] we may assume that A is a finite-dimensional
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superalgebra. Since any polynomial alternating on M +1 variables of degree zero
vanishes in A, we get that dimA(©®) < M. Similarly, we get that dimA®) < L
and supexp(A) < dimA < M + L (see also [2]). Thus we have the following;:

sup

LEMMA 3: supexp(UpYy 1) < M+ L.

Let M and L be fixed. Then, for any integers s, t > 0, r > 1 such that
r — 1 =ry + r1 for some non-negative integers rg, 71, we define the set

Ahs,t;roﬂ“l =S {al,...,ar,kl,ll,...,ks,ls,bl,...,bt €Z+|
ai+-+al+ (ki +1) 4+ (k2 +12)
+bi b Hrots+t< M,
and 2kily + -+ 2ksls + b7 + -+ b7 + 71 + s+t < L}.
Also, given integers s, t > 0 (r = 0), we define the set
Agr = {k1, 01, ke, lo,b1, ... by € ZF|
R+ + -+ R+ +0T+- + b +s+t < M+1,
and 2k1ly + -+ 2kgls + b7 + -+ b7 + s+t < L+1}.

Moreover, let

Qr,s,t;r0,m1 =

max {ad+ - +a2+(ki+1)*+ -+ (ks +1s)*+2b5 + - -+2b7}

aikili,bi€Ar s tirg,m

and
st = maxki,li,bieﬁs,t{(kl 124 (ks H )2+ 207 4+ - 4 207},
then we define
ap = max{ar s t;ro,ris Gst | T+ 5+1 <11}
The main result of the paper is the following;:

THEOREM 4: If M > L > 0, then

(1) SupeXP(Ui;L,LH) = Qo,
and

(2) M+L)-10< supexp(L{;;}L)LH) <(M+L).
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Proof. By Lemma 3,
supexp(Upshy 141) <M + L.

Let » > 1. Take a1,...,ar,k1,l1,...,ks,ls,b1,...,b¢ in Ay 549, Then,
by Lemma 2, there exists a finite-dimensional superalgebra A = B + J =
B1 H---P B'r‘+s+t +J such that

supexp(A4) =dimB = dimB® + dimB® = d° + 4!
=ai 4 +al+ (k) 4+ (R4 2)+ 0]+ 4 5]
+ 2k1ly + -+ 2kgls + b + -+ + b7

sup : 0
Moreover, A € Z/{d0+s+t+ro+1)d1+s+t+ﬁ+l. Since d + s+t +719 < M and

d*+s+t+r; < L, we have that d°+s+t+rg+1 < M+1, d* +s+t+r1+1 < L+1
and A € Up", . Hence

supexp(Uyt 1 141) > supexp(A)
and, by definition of a, s ¢;r,,r, , We also have that
(9) supexp(Z/{]S\}ﬁl)LH) > Qps tirg, -

Now let » = 0. Similarly, we can apply Lemma 2 to a generic element of /le,t
and we get that there exists a finite-dimensional superalgebra A = B + J =
Bl H---P B5+t +J such that

supexp(A) =dimB = dimB® + dimB® = d° + d*
=(kf+1D)+- -+ (k2+12)+ b7+ + b}
+ 2k1ly + - 4 2kgls + b + -+ b7

Moreover,Aeuj}fisﬂ’dlﬂﬁ. Sinced*+s+t<M+landd' +s+t<L+1

as above, we get that A € Uy,", ;. Hence
supexp(Uyt 14 1) > supexp(A)

and

(10) supexp(Upsty 14 1) > s -

Putting together (9) and (10), we obtain that

(11) supexp(Uiljﬂ’_l)LH) > ag.
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By a result of Cohen and Regev [3] (see also [6, Theorem 9.5.4]), we can de-
compose the pair (M — 5, L —5) as a sum of at most six generalized squares in
the following sense. There exists k£ < 6 such that

(12) M-5=ai+ - +ap, L—5=b+ - +b,
where (a;,b;) = (u?,u?) or (a;,b;) = (p? + ¢2,2piq;), i = 1,..., k. Thus

(13) a+-+ap+k<a+--+a+6=M-5+6=M+1,

(14) b+ +bp+hk<bi4+-+b+6=L-5+6=L+1.

Write k = r+s+t, where r denotes the number of pairs (a;, b;) of type (vZ,0), s
denotes the number of (a;, b;) of type (p? +¢2, 2p;q;) and t the number of (a;, b;)
of type (u2,u?). If r > 1, we claim that v1,..., 0, D1,q1, -+, Ps, Gss UL, - - -, Uy €
Ay s tiro,r» With 7o and 71 non-negative integers such that 1o + 71 =r —1. In
fact, by (13) and (14),

i e o R Y N T N A e R A A A
=a1+---+ap+s+it+ro

(15)
<a+---+ap+s+t+r—1
:a1—|—~-~—|—ak—|—k—1§M,
and
2p1q1 + - 2psgs F U+ U st
=bi+-+bt+s+t+r
(16)

<bi+ oAb +s+Httr—1
=bi+-+b+k-1<L.
Moreover, by (12),
M+L—10=(M—5)+ (L —5)
=a1+---+ag+by+ -+ by
=vi O P g e D) bl
+2p1g1 + - 2psgs +uf + - 0]

(17)

Therefore, from (15), (16) and (17) we obtain that

(18) M+L-10<a

78,870,711 "
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In case 7 =0, then p1,q1,...,Ps, qs, U1, - - -, Uy egs)t, since, by (13) and (14),
(19)
DA+ + P+ + i+l s+t —ai+-+ap+s+t

=a1+---+ap+k
<M+1

and
(20)
21q1 + -+ 2pes HuT AU st =by b5+t

=by+---+bpy+E<L+1.
Moreover, by (12),
M+ L—-10=(M—5)+ (L —5)
=a1 4+ +apg+bi+-+ b
=i +ai) ++ 0+ ) Hui -+
+2p1q1 4+ 2pegs Ut H ol

(21)

Therefore, from (19), (20) and (21) we get

(22) M+L-10<3d,,.

Since r + s +t = k < 6, putting together (18) and (22) we obtain that
(23) M +L~-10 < ao.

Hence, from (11) and (23) we have that

(24) supexp(Uy,t 141) > ao > M + L — 10.

Putting together Lemma 3 and (24) we get the proof of the second part of the
theorem.

By [6, Lemma 11.4.1, Theorem 11.4.3] and [7, Theorem 2.2, Up/Y, 1, is
generated by a finite-dimensional superalgebra A = A® @ A1) and

supexp(UyY, 1) = supexp(A).

Moreover (see [2]), we can decompose A = B+ .J, where J = J(A) is the Jacob-
son radical of A and B = B; @ --- ® By, is a direct sum of simple superalgebras
with

B1JByJ -+ JBy # 0.
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We have
supexp(A4) = d° + d*,
where d° = dimB©® and d' = dimB®.

Let r be the number of B;’s isomorphic to M,,(F), s the number of B;’s
isomorphic to My, ;;(F) and ¢ the number of B;’s isomorphic to M, (F + cF'),
r+s+t==k.

Suppose first that » > 1. Then by Lemma 1, A does not satisfy the graded
Capelli identities Capgo i sii4r, Y3 X| and Capgr 45144+, [Z; X], where rg and 74

are suitable non-negative integers such that ro+r; = r—1. Since A € Uy} 1 14

it follows that
(25) d+s+t+rg<M+1, d'+s+t+r <L+1.
Then

d+s+t+ro<M, d'+r <L.
It follows that

(@ +d)+s+t+(ro+m)<M+1L,
i.e.,

supexp(A) + s+t+r—1< M+ L.
Hence

supexp(A) < M +L+1—(s+t+r).
Now, if k =s+t+ 7 > 11 then

supexp(A) <M +L+1—(s+t+r)<M+L+1-11=M+ L - 10,

which contradicts the first statement of the theorem.
If k= s+t+r <11 then, from (25), it follows that

d+s+t+ro<M, d'+s+t+r <L,

with ro + 7 = r — 1. Hence aq,...,ar, k1,01, . ks;ls,01,...,00 € Arstirgr -
Thus, in case r > 1,

(26) supexp(A) < Gr s tirg.rs < Ao-

Suppose now that r = 0; then by Lemma 1, A does not satisfy the graded
Capelli identities Capgoysi¢—1[Y; X] and Capgiys1¢—1[Z; X]. Thus, since A €
Unit 1111, it follows that

(27) A +s+t—1<M+1, d+s+t—1<L+1.
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Then
d4+s+t—1<M, d'<L,
and we get
(d®+d)+s+t—1<M+L.
It follows that
supexp(A) +s+t—1< M+ L,
and so
supexp(A) < M +L+1— (s +1).
Now, if k =s+1¢ > 11 then
supexp(A) < M+ L+1—(s+t)<M+L+1—-11=M+ L - 10,

which contradicts the first statement of the theorem.
If k = s+t <11 then, from (27), it follows that

d+s+t<M+1, d'+s+t<L+1.
Hence kj, I;, by, € g&t, forall j=1,...,s, h=1,...,t. Thus
(28) supexp(4) < as < aop.
From (26) and (28) we obtain
(29) supexp(4) < ao,
and by comparing (11) and (29) we get the second statement of the theorem.
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