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ABSTRACT

In this paper we prove an integral representation formula for the inverse
Fueter mapping theorem for monogenic functions defined on axially sym-
metric open sets U C R?*1, i.e. on open sets U invariant under the action
of SO(n), where n is an odd number. Every monogenic function on such
an open set U can be written as a series of axially monogenic functions of
degree k, i.e. functions of type fx(z) := [A(z0, p)+wB (w0, p)] Pk (z), where
A(zo, p) and B(zo, p) satisfy a suitable Vekua-type system and Py (z) is
a homogeneous monogenic polynomial of degree k. The Fueter mapping
theorem says that given a holomorphic function f of a paravector variable
defined on U, then the function f(x)Pk (z) given by

AR (f@)Pr(@) = F@)Pi()
is a monogenic function. The aim of this paper is to invert the Fueter
mapping theorem by determining a holomorphic function f of a paravec-
tor variable in terms of f(z)Py(z). This result allows one to invert the
Fueter mapping theorem for any monogenic function defined on an axially
symmetric open set.
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1. Introduction and notations

The Fueter mapping theorem (see [14]) is an ingenious tool to generate Cauchy—
Fueter regular functions from holomorphic functions defined on open sets in the
upper complex plane. Such a theorem has been extended in order to obtain
monogenic functions with values in a Clifford algebra R,, (see [1], [4], [16], [18]),
by Sce [26] for n odd and by Qian [23] in the general case. Later on, Fueter’s
theorem has been generalized to the case in which a function f as above is
multiplied by a monogenic homogeneous polynomial of degree k (see [20], [21],
[22], [27]) and to the case in which the function f is defined on an open set U
not necessarily chosen in the upper complex plane (see [23], [24], [25]).

The setting in which we work is the real Clifford algebra R,, over n imaginary

units eq,...,e, satisfying the relations e;e; + eje; = —20;5. An element in
the Clifford algebra will be denoted by > ,eaxa where A = iy---ip, iy €
{1,2,...,n}, 44 < -+ < 4p, is a multi-index, e4 = e;,€;,...€; and ey = 1.

As it is well-known, R; is the algebra of complex numbers C (the only case
in which the Clifford algebra is commutative), while for n = 2 we obtain the
division algebra of real quaternions H. For n > 2, the Clifford algebras R,,
have zero divisors. In R,, we can identify some specific elements with the
vectors in the Euclidean space R™: an element (z1,za2,...,2,) € R™ can be
identified with a so-called 1-vector in the Clifford algebra through the map
(x1,22,...,Tpn) — T =x161 + -+ + Tpey.

An element (zg,z1,...,7,) € R"™! will be identified with the element z =
xo + = called, in short, a paravector. The norm of x € R™t! is defined as
|z|? = 23 + 22 + - - + 22. The real part zo of x will be also denoted by Re[z].
A function f: U C R"*! — R, is seen as a function f(x) of the paravector .
We denote by S"~! the sphere of unit 1-vectors in R"*1, i.e.

St ={z=em1 4+ +euxn : 2T+ +al =1}

Any element w € S"~! is such that w? = —1. We will denote by 9, the
Dirac operator 0y = Oy, + €10z, + - - - + €,0,, and we say that a smooth func-
tion is left monogenic on the open set U of R™*! if it satisfies 9, f(x) = 0
on U. In the sequel, we will denote by M(U) the right R,-module of (left)
monogenic functions on the open set U and by AM(U) the R,-submodule
of axially monogenic functions, i.e. monogenic functions of the form
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A(zog, p) + wB(z9, p) with A, B satisfying a Vekua-type system, x = z¢ + wp
and w € S" L.

Let us now recall the classical Fueter theorem in order to construct monogenic
functions. Let f be a holomorphic function in an open set i of the upper half
complex plane and let

flu+w) =au,v) +8(u,v), u+weld CCT,

where o and g are differentiable functions with values in R. Let us consider the
axially symmetric open set

U={z=a¢+x€R"™ | 29+ |z| €U},

which is called the open set induced by . Finally, let us replace v by zq, v by
|z] and ¢ by x/|z|. The Fueter mapping theorem states that the function

oy 2o l2D),

where A, is the Laplace operator in dimension n+ 1, is a monogenic function on

Az; (Oz(on, |ZE|) +

U. For the sake of simplicity, we will use the notation of cylindrical coordinates,
i.e. we will write z = x¢ + wp where p = |z|, w = z/|z|. In the sequel, taking
two open sets U and U as above, it will be useful to consider the following set
of functions:

N@U)={f:UCR"™ =Ry, f(z) = f(zo +wlz]) = a(zo, |z]) + wB(zo, |])|

a(u,v) + B(u,v) is a C-valued holomorphic function in u + w € U}.

Note that when considering functions in A (U) (sometimes called holomor-
phic functions of a paravector variable (see [27]) or radially holomorphic func-
tions (see [18])) a and S are R-valued functions. However, one can consider
a more general class of functions: let f : U C R*"*! — R,, be of the form
f(@) = f(xo + wlz|) = alxo,|z]) + wB(0, |2|), where w € S""!, « and 3 are
R,,-valued functions satisfying the Cauchy—Riemann system and suitable addi-
tional conditions. Note that such a function f is slice monogenic in the sense of
[7] (for more detail on slice monogenic functions and some of their applications
see [2], [3], [5], [8], [9], [10], [11]) or slice regular in the sense of [15]. In the
recent paper [6] we have proved an integral representation formula for f(zg, p)
in terms of the function f(zo, p), where f(zo,p) and f(zo, p) are related by

(1) f(zo,p) = ALPTY/2 f (a0, p).
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The function f(zo,p) is axially monogenic (see [12]) and we have proved that
A(=D/2 s surjective onto AM(U); see [6]. Moreover, given f € AM(U) we
constructed a slice monogenic function f satisfying (1), thus inverting the Fueter
mapping theorem.

Remark 1.1: Let U be an axially symmetric open set U. Then, by Theorem 1
in [28], but see also [13], every left monogenic function f can be written in the
form f(z) = Yoo fr(x) where fi(z) are axially monogenic functions of degree
k ,ie. fi(x) are functions of the form

fk(x) = Ak(:EOu p,W) + WBk(xmpv (U)

where Ay (xq, p,w) and By(zg, p,w) satisfy the Vekua-type system:

8m0Ak - 8PBk = k+z_lBka

2) )
6moBk + BpAk = pAk'

Even though the following definition is very well-known, we recall it for the
sake of completeness.

Definition 1.2: A left monogenic polynomial Py in R"*! (resp. R") is called an
inner left spherical monogenic polynomial of degree k € Ny if it is homogeneous
of degree k, that is Py (z/|z|)|z|* (resp. Pi(x/|z])|z|¥) and it satisfies 9, Py (z) =
0 (resp. 9, Pr(z) = 0).

Remark 1.3: Any axially monogenic function of degree k defined on an axially
symmetric open set U can be written in the form

(3) (A(zo, p) +wB(w0, p))Pr(z)

where A(zo, p), B(zg, p) are real valued; see [13] and also [22]. Note that the
assumption that A, B are real valued is not a restriction; in fact, in view of
the finite dimensionality of the space of inner spherical monogenics we can
always decompose any axially monogenic function of degree k of the form
Apg(xo, p,w) + wBg(x0, p,w) into a finite sum of functions of the form (3). The
two functions A, B satisfy a Vekua-type system which is a variation of (2); see
[22].

The preceding discussion leads to the following result (see [13]):
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THEOREM 1.4: Let U C R™*! be an axially symmetric open set. Then every
monogenic function f : U — R,, can be written in the form f(z) = oo Fr()
with

my

(4) fe(@) = [Axj (20, p) + wBy (w0, )| Pk (),

j=1
where Py, ; form a basis for the space of spherical monogenics of degree k which
has dimension my, and Ay ;, By, ; are suitable real-valued functions.

The main aim of this paper is to find the inversion of the Fueter mapping theo-
rem in the case of monogenic functions of type (A ; (o, p)+wBk j (zo, p)) Pk, ; ()
by providing their so-called Fueter primitive.

Problem 1.5: Suppose that U C R™*! is an axially symmetric domain, where n
is an odd number. Given the axially monogenic function of degree k € Ny

v

f(@)Pr(x) = (A2, p) + wB(20, ))Pr(2),

where P () is a spherical monogenic polynomial of degree k, determine a func-
tion £(20, p) = a(wo, p) +wB(zo, p) € N(U) such that

n—1 o
(5) AT (f@)Pi(e) = f@)Pu) on U,
where A, is the Laplace operator in dimension n + 1.

The solution of Problem 1.5 is given by the following integral representation
formula for f(z)Py(x):

F (@) Pe()
6 = /F Wi (" _pyO)Pk (" _pyo)f’z’”"_g[dyo Alyo, p) — dp B(yo, p)]
[ (7R ) R B, )+ dpAt )

where f(x)Px(z) is the solution to equation (5) and I is a suitable regular curve.
Here W];" n and Wi are explicit kernels that are determined in Section 4.

From (4) and the integral representation formula (6) we show that we can
find a Fueter primitive for any monogenic function on an axially symmetric
open set; see Corollary 5.4.

ACKNOWLEDGMENTS. This research was supported by Research Foundation on
Flanders (F.W.O. project 31506208).
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2. A restriction result for the Fueter primitive

Definition 2.1 (Fueter’s Primitive): Let n be an odd number and let U C R™**1
be an axially symmetric domain. Let

v

f(@)Pr(x) = (A(zo, p) + wB(0, p))Pr(x)

be an axially monogenic function of degree £k € Ny. We say that a function
f(x)Pr(x), f € N(U) is a Fueter primitive of f(z)Px(x) if

n—1 9]
A:T 2 (f@)Pu(@)) = [@)Pu(x) onT,
where A, is the Laplace operator in dimension n + 1.

Given any paravector x = xg + wp, where p # 0, it is obvious that x belongs
to the complex plane C, and that any paravector on the real axis belongs to
C,, for all w € S*~1.

Definition 2.2: Let U C R™t! be a domain. We say that U is a slice domain
(s-domain for short) if U N R is non-empty and if U NC, is a domain in C,, for
all w e S"~1.

Remark 2.3: Let U C R™*! be an axially symmetric s-domain. Suppose that
W € N(U). So function W admits the power series expansion

1
(7) Wiz) =3 , " V().
£>0
where V (z¢) := W (z)|z=o. For functions W € N (U) the terms V() (z() are real
numbers. The convergence is in a suitable ball B(xzo,r) centered at g € UNR
and radius r > 0. Finally, observe that the product W (z)Py(x) is well defined

and we can write

1
W (z)Pr(z) = Z 2 VO (20)Pr(x).
4
£>0
We have the following results which will be crucial in the sequel. We rea-
son in the ball B(zg,r) of convergence, and for the Identity Principle for slice
monogenic functions (see [7]) the result can be extended to the whole axially
symmetric s-domain U.

PROPOSITION 2.4: Let U be an axially symmetric s-domain in R"*', n be an
odd number, and suppose that W € N'(U). Let Pg(x) be an inner left spherical
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monogenic polynomial of degree k € Ny. Let zy € U N R and suppose that (7)
is the power series expansion of W in B(xg,r). Then there exists a positive
constant My, independent of o, such that, for x — 0,

AT (W (@)Pu(2)) = Has VD (a0)Pi ) + Rlao, )P (),

where
k—l—";l 1 F 2k+n + .
k+" o 1 J
(8) Hin = Z < "” 2 >(_1)J22jj! i) ( Zk )
=0 J I F( ;n)

and
lim R(zg,z) = 0.

z—0

Proof. We set for simplicity m = k+(n—1)/2 and we calculate A7 (W (x) Py (x)),
keeping in mind that we have to take the limit x — 0. Since A, = 850 + AL,
we can write

AT (W iZ() O3 I, (& Pr(a) VO (o)

7=0+¢>0

> () (o Pula) )2V O )

7=02¢

IV

and we observe that

0 if 25 > ¢,

AL (+Pu(@)) = CePule) i 2 =1,

E(x)Py(z) if 25 < ¢,
where Cy are constants depending on ¢, and £ is a continuous function such that
E(x) — 0 for z — 0. Moreover, it is easy to see that all the terms corresponding
to 25 = /£ contain

A=Y (29 (z4) = V™) (o).

So we have

)
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Let us set
L (m\ e (n—1)
Hok = , ( >A; (:L‘QJP;c x ), where m = k + )
’ ;0 (27) \Jj (@) 2
Now recall that A, = —92, where 9, is the Dirac operator in dimension n,

and the well-known relations

Oy (:EQSPk(x)) = —25 271Dy (2),

O ($25+177k (x)) = — (25 + 2k +n) 2Py (2).
Observe that A2 (2P (x)) =1 and consider the terms
A (3PP (z)) = —AT1 02 (2* Py (z))
=AI"19, (2j xzj_l’Pk(:E))
= —2j(2j — 2+ 2k +n) AT (22U-DPy(2)).
So we get
A(x27vk(x)) = —2(2k + n)Py(x),
A? (:1:473k($)) = 2. 4(2+ 2k + n)(2k + 1) Pi(x),
and by induction we have

AJ (ij’Pk(x)) — (_1)3‘2247']'! F(Qk;n +‘j)

2k+n
o)

Pr(z),

and we finally obtain that
m F(Qk-i—n + )
1 m C o 2 J
Hin = , < ) —1)72% 1 .
j;() (29) \ J (=1) F(Qk;—n)

This concludes the proof recalling that m =k + (n — 1)/2.

3. The kernels fljn(x) and 7, (z) and their factorization

Using the monogenic Cauchy kernel and the inner left spherical monogenic
polynomials Py (z) we define two important kernels that we will use in the
sequel. We start by recalling the following:
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Definition 3.1 (The monogenic Cauchy kernel): We denote by G the monogenic
Cauchy kernel

1 T n
9) G(z) = Apgr |z|ntt? z € R"1\ {0},
where A,,11 is the area of the unit sphere:
on(n+1)/2
Apy1 = " .
r("3h)

Definition 3.2 (The kernels ]:l:n (z) and i, (z)): Let G(x—y) be the monogenic
Cauchy kernel defined in (9) with = 29 + 2 € R*™!, and for y = rw € R” we
assume 7 = 1 and w € S"7. Let Py(x) be an inner left spherical monogenic
polynomial of degree k € Nyg. We define the kernels

Frin(a) = (z — w) Pr(w) dS(w),
(10) st

Fra)= | 6l —w)wPulw)ds(w),

where dS(w) is the scalar element of surface area of S"~1.

Before we prove the main result of this section, that is the factorization
property of the kernels ]—",j) o(z) and Fi (), we recall some results that we will
use in the sequel.

THEOREM 3.3 (Funk—Hecke (see [19])): Denote by S*~! the unit sphere in R™.
Let £ and n be two unit vectors in R™. Let ¢ be a real-valued function whose
domain contains [—1, 1] and let Py (§) be spherical harmonics of degree k. Then
we have
1
- (& m)Pr(n) dS(n) = An—lpk(f)/ V(1) P (t)(1 = ¢2) 972 dt,
- -1
where dS(n) is the scalar element of surface area on S*~1, (¢,n) is the scalar
product of &, n, Py, (t) are the Legendre polynomials and

2r(n=1)/2

A,_1= .
R Y

Remark 3.4: By the Rodriguez formula the Legendre polynomials Py ,(t) can
be expressed by

P;.m(t) = ( — ;)kF(i(j—n(; i){?/)w (1— t2)(3_")/2 j; (1— t2)k+(n—3)/2'
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We recall the following formula (see [19] p. 188).

PROPOSITION 3.5: Let f : [-1,1] — R be a continuous function with its n
derivatives; then the following formula holds:

(11) /_11 F(t)Pen(t)(1 — t2)(n—3)/2dt
— 1
- (;)kr(i(in(n ?@2) /_1(1 _ 2yl (n=3)/2 §(®) (4) gy

where Py, ,, are the Legendre polynomials, n is the dimension and k is the degree
of Pn,k-

THEOREM 3.6 (Factorization property of the kernels ]-",:'n(a:) and F; - (2)): Let
n be an odd number. Let Py(x) be an inner left spherical monogenic polynomial
of degree k € No. Let F;f (x) and F_, (x) be the kernels defined in (10). Then
there exist two functions S,;'fn (z) and S, () independent of Py(z), such that

(12) Fn(@) =S8, (@) Prl(@),  Fi,(2) = S, (2)Pr(2)
and
(13)
lim S;7 (z) =C o lim S, (z) = —C !
o0 Thn B (@2 4 )k /20 gmg Tk B (@2 4 1)kt /27
where
_1)k D(k + ntt

’ v Tk+7%) -
Proof. Let us consider first the functions ]-',;': (@), for all odd numbers n. Re-
calling (9), we can write F; () as

1 To—T+w
Fio () = /
k() A1 Jsn1 (234 (2 — w2 — w))(ntD)/
By setting r = |z|, I = z/r, we split it as

}-zj,n(f) = (20 — ) Tk,n(20,7) + Lin(z0,7),

5 Pr(w) dS(w).

where we have set

1
jk,n('r()vr) = A 41 Jons
1

An+1 sn—1

U (t)Pr(w) dS(w),

Lin(wo,7) = ¥r(t) w Pr(w) dS(w)
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and
1

(15) wr(t) = (xg 1402 27‘t)("+1)/27 t:= <I,w>,

To compute f:n(:t) we proceed by steps. First we calculate J (o, 7) and
Ly n(x0,7) using Theorem 3.3 (Funk—Hecke). We have

1
(16) Tk (w0, 1) = At PilD) | r(t)Pen(t)(1 —13) 2t
1

An+1

and

1
A7) Lenlwor) = 7 IPk(U/ Ur(8) Proyr,n (8) (1 = £2) 7372 1.
—1

An—i—l
If we set
(18) Qkn(xo,T) 1= / P (t) P (t) (1 — £2) (=372 gt
n+1
then we can write Ji n(xo, ) and Ly n(zo,7) as
(19) Ten(wo,7) = Qg on (w0, 7)Pr(I)
and
(20) Lin(z0,7) = Qrt1,n (0, ) IPr(),
so we obtain
To— T T
}',jn(:z:) - (( Ork ) Qe (wo,7) + b Qk+1,n(x0,r))73k(x) = S,j)n(a:)Pk(x).

These computations prove the factorization of F;" (z) given in (12).
Let us now calculate the limit
. (o — ) T
lim ( ok Qk.n(z0,7) + kel Qk-‘,—l,n(:EOur))a

where the non trivial term is only

hi)% A o Qien(0,7).

To this end, we must study the function Qy, »(zg, r) defined in (18) for r — 0.
First of all, we expand in power series the function 1, (t) defined in (15) using
the binomial series

- 1 (n+1)/2 2t N\
wT(t)_(x +1+T2)(n+1/22( ] )(:E%—Fl—'—TQ) '
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using the orthogonality properties of the Legendre polynomials we get

Qi (0,7) _An 1 (—(n + 1)/2) ( 2r )k

An+1 ($3 + 1+ ’1”2)(""'1)/2 k ZE% +1+ r2
1
—1

_Ant g rk (—(n + 1)/2)

_An+1 (x(g) +1 _|_,r2)k+(n+1)/2 k

1
x/ R P (8)(1 = t2)(n=3)/2 gt
-1

To explicitly compute the last integral, we use formula (21) and the well-known
integral (see [17])

! I'(g+1)
1—t3)9dt = /m for ¢ € RT,
/—1( ) L(g+3)

so we get

1
/ t* Py, (£)(1 — £2) =3/ 2y
1

1y D=1/ Tkt (-3)/2)
ok YT 4 (0= 1)/2) T(3/2 4k + (n — 2)/2)

1 T((n-1)2)

= oMV )

Moreover, we have

—(n+1)/2\ _ (-DFT("3' +k)
(=5

which follows from

(—(nzl)ﬂ) :;!(_n-2|—1)(_n—2|—3>m(_n+22k—1)
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Finally, we get

A, rk —(n+1)/2
Qk,n(xmr) _An+12 (x%+1+r2)k+(n+l)/2 k
1
« / Py (D)(1 = £2) /2
-1
_An—l k Tk
CAng (2§ + 1 + r2)k+(n+1)/2
L™ +k) 1 I((n—1)/2)
—1)k 2 !
x(=1) RT(mg) 2k K L(k+n/2)

and with some simplifications we obtain

rk

Qen(70,7) = Chon (22 + 1 4 r2)k+(n+1)/2

where
(—DFD(k+"3h)

Crm = .
k, Voo T(k+7%)

Finally, we compute

Zo Zo

lim (J,'%—f— 1)k+(n+l)/2’

r—0 T‘k

Qi (20,7) = Crin

from which we deduce one of the limits in (13), that is lim,_ S,In (). The
above computations allow us to determine also the factorization for J- ()
and the limit of S, (x). In fact

_ 1 To— T+ w
]:k,n(x) Apin /Sni1 (x% Tz —w,z— w>)(n+1)/2 w Pp(w) dS(w)

= (0 — ) Lxn(20,7) — Tieyn(T0, 7).

With calculations similar to those above, we deduce the factorization Fy_, (z) =
Si.n(2)Py(2) and the limit

1
lim S (z) = —Ci.n

z—0 (x% + 1)7‘3""("""1)/2 '

This concludes the proof.
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4. The Fueter primitives of the kernels f,j'n(:t) and F;  (z)

The factorization property of the kernels ]—",j) o(z) and Fy (z) (see Theorem
(3.6)) require the determination only of the functions S,j) o(z) and S, (). Now
we define the Fueter primitives of ]-',;tn(x)

Definition 4.1: Let n be an odd number. Let Py(z) be an inner left spheri-
cal monogenic polynomial of degree k € Ng. We will denote by W,j' (@) Pr(x)
and Wy, (z)Pk(x) the Fueter primitives of f;n(x) and Fy (z), that is
W,j'n (2)Px(z) and Wy, (z)Pk(z) satisty
AT W (@)Pe(@) = Fa @), A, (@)Pa(@) = Fiy ().
Remark 4.2: Let us observe that, thanks to Theorem 3.6, we also have
n—1
AM (W (@) Pr(a) = Si, () Pr(2),
AR (W, (@)Pi (@) = S, (2)Pe(a).

THEOREM 4.3 (The explicit structure of the functions W,j'n (z) and W, (x)):
Let n be an odd number and let k € Ny. Then we have

Ck x

+ _ Ykn o —(2k+n—1) 0

Wk,n(xo) = H D (,T(QJ + 1)k+(n+1)/27
1

— _ Ck,n —(2k+n—1)
ka(x()) - _Hkm D ($3 + 1)k+(n+1)/2’

where the symbol D~("~1+2k) stands for the (2k + n — 1) integrations with
respect to xo. Replacing zo by  in both Wi, (x0) and Wy, () we get Wi (x)
and Wy, (z), respectively. Moreover, the functions W,jn(a:) and Wy, (z) belong
to N(U), where U is any open set in R" T\ §"~1,

Proof. Let us observe that the kernels f:n(:t) and F, (z) defined in (10) are
axially symmetric functions of degree k, so S,;':n (z) and S, (), see (12), can
be written in the form A+ wB, where A, B satisfy a Vekua-type system, which
is elliptic, and so S,;':n (z) and S, (z) are determined by their restrictions to
2 = 0. From Theorem 3.6 we have that

To 1

. + _ . — _
i, Syn (@) = Chn (a2 + 1)k+(nt1)/2° T, Sy (#) = =Chin (a2 4+ 1)hH(nt1)/2°

x—0

where the constants Cy,,, are explicitly determined in (14). Now recall that if
W € N(U), where U is an axially symmetric s-domain in R"*!, and if Py(x)
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are inner left spherical monogenic polynomials of degree k € Ny, then by Propo-
sition 2.4 we have, for x — 0,

ARFO=D2 (W (2)Pr(2) = HaVEFTD (20) Pr(@) + R0, ©)Pr(z),

where W(z)|z=0 := V(x0) and H,,  are explicitly determined by (8). If we set

C x
(2k+n—1)y7)+ _ “kn 0
D Wk,n(ajo) - Hk n (xg + 1)k+(n+1)/2
zo

and we integrate the function 2k +n — 1) times, we get

($%+1)k+(n+l)/2 (
Ck _ _ xo
+ _ s (2k+n—1)
Wk,n(xo) Hien D (22 4 1)k+(n+1)/2”

where the symbol D~(2¥+7=1) gtands for the (2k 4+ n — 1) integrations with
respect to zp. By replacing now xg by z in S,:n (z0) we get S,j) o (x). We observe
that it is the required function since

Cr,n _ :
lim ARFC=D200F ()P (2)) = 0" Hin VY (@0) lim Pr(a)
x—0 ’ %k,n z—0
Zo .
=Chn (22 4 1)+ 1) 2 lim Py ().
Analogously we set
C 1
(2k+n—1) o— . _n
D Sk,n(ajo) = /Cn (ZE% + 1)k+(n+1)/2

and we integrate the function (zg+1)k1+("+lJ/2’ (2k +n — 1) times. We get

_ — Crn y—(@ktn-1) 1
Wk,n(xo) T _Hk,n D (JZ(QJ 4 1)k+(n+1)/2'

Replacing now zo by « in W,_, (x¢) we obtain W, , (x), which is the required
function. Finally, we observe that the functions
Zo 1

To = (a2 + 1)k+(nr1)/2” To = (22 + 1)k+n+1)/2

can be integrated by parts in closed form an arbitrary number of times. Such
primitives contain rational functions of xy and arctanxg, where x( is a real
variable.

When we replace in such functions the real variable zy by the paravector
variable x, we clearly obtain that the functions Wy, and W,j' . belong to

N(U).
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5. The inverse Fueter mapping theorem in integral form
We now recall Cauchy’s integral formula for monogenic functions.

THEOREM 5.1 (Cauchy’s integral representation theorem for monogenic func-
tions): Let f be a left monogenic function in U C R"*1. Then, for every ¥ C U
and for x € X3, we have

(22) f@)= [ G(y—x)do(y)f(y),

0%
where 0% is an n-dimensional compact smooth manifold in U, and the differ-
ential form do(y) is given by do(y) = n(y)dS(y), where n(y) is the outer unit
normal to 0% at point y and dS(y) is the scalar element of surface area on 0X.

We are now in position to state and prove the main result of this paper.

THEOREM 5.2 (The inverse Fueter mapping theorem): Let n be an odd number
and let Py (x) be an inner left spherical monogenic polynomial of degree k € N.
Let

f(@)Pr(x) = (A(wo, p) + wB(x0, p)) P ()
be an axially monogenic function of degree k defined on an axially symmetric
open set U C R"1. Let I' be the boundary of an open bounded subset V in
the half plane R + wR* and let V C U be the open set in R™*! induced by
V. Moreover, suppose that I' is a regular curve whose parametric equations
Yo = yo(s), p = p(s) are expressed in terms of the arc-length s € [0,L], L > 0
and consider the manifold

(23) Y= {yo+wp|(yo,p) €T, weS" 1}

Then the function

f(@)Pr(x)
(24) = /F Wi (1 _pyo)Pk (" _pyo)PZk*"_Q[dyo Ayo, p) — dp B(yo, p)]
_ /Fw;n(x —pyo)Pk(x _pyo)p%Jr"_Q[dyoB(yO,p) + dpA(yo, p)-

is a Fueter primitive of f(z)Py(x) on V.

Proof. We represent axially monogenic functions f by the Cauchy formula (22)
using the manifold ¥ in (23). We specify the notations: ds is the infinitesimal
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arc-length, dS(w) is the infinitesimal element of surface area on S"~!; t =
dds(yo + wp) is the unit tangent vector at a point of ', while the normal unit
vector is given by

n=—-wt= (Z[ﬂ(S) —wyo(s)]-

The scalar infinitesimal element of the manifold X, expressed in terms of ds and
dS, is given by

d¥ = p"tdsdS(w);
finally, the oriented infinitesimal element of manifold do(s,w) is given by

d

d =ndX =
o(s,w) =n ds

[o(s) — wyo(s)] p"~ ds dS(w).
So finally we get
do(s,w) = [dp(s) — wdyo(s)]p" " dS(w).

Thanks to the above considerations we have

v

Flan+10)Put) = [ [ Gl +p =0 =r1) do(s.) Flao + wn)Pule)

So we can split the integral in the following way:

v

Foot 1Pty == [ [ [ 6o+ wp— o= 1Dy Pute) as(o)
x p"Hdyo A(yo, p) — dp B(yo, p)]

+ /F {/Snl G(yo +wp — o — 1) Pr(w) dS(w)]
x " Hdyo B(yo, p) + dpA(yo, p)];

keeping in mind the property G(tx) = t~"G(z) for ¢ > 0, with a change of
variables, we have

Faos P = [ [ ora(™ 04 - w) it dste)]

x p" " dyo A(yo, p) — dp B(yo, p)]

_/F [/Snlp‘"g(%;yo + ;I—w) Pr(w) dS(W)]

x " MdyoB(yo, p) + dpA(yo, p)]-
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Recalling the definitions of ]-',j' and F -, we get

fxo + Ir)Pi(1 /fk_n xopyo + I) Hdyo A(yo, p) — dp B(yo, p)]

«T _
- [F S0 o7 o By p) + dpA(yo. )
r

Let us observe that, since x = xg + Ir, we have
o _ (T =Y _
Fao+ 1Py = [ 7 (77 7) o7 o Al p) = dp B, )

-
- / f;;fn( yo) P~ ldyoB(yo, p) + dpA(yo, p)].
r P

By setting

’ T = Yo
x = ,

p
by Definition (4.1), we obtain

f(@o + Ir)Pr(I)
/A“(" V2w o (2 Pr(x)p ™ dyo Alyo, p) — dpB(yo, p)]

= [ AR @ P Bl ) + Ao, ),

and since Ak+ n=1)/2 _ = p2ktn— 1Ak+(n 1)/2

F —Akt+(n-1)/2 - (T~ Y T =Y\ 2kin—2
Flao + Ir)PL(I) =AF [/kan( , )pk( , )p
x [dyo A(yo, p) — dp B(yo, p)]
yO T =Y\ 2ktn-2

x [dyoB(yo, p) + dpA(yo, p)]} ,

/ Wk n — Pk (;v ;yO>P2k+n_2

x [dyo A(yo, p) — dp B(yo, p)]

r—
/len yo Pk( pyO)p2k+n—2

[dyoB(yo, p) + dpA(yo, p)]-

we get

where
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From the proof of the above theorem one can easily see that the following
result holds.

COROLLARY 5.3: Under the hypothesis of the above theorem, the Cauchy in-
tegral formula for axially monogenic functions f of degree k can be written on
V in the form

/]:k_n yO p~dyo A(yo, p) — dp B(yo, p)]

/fzfn yO p~dyoB(yo, p) + dpA(yo, p))-

Let us denote by AM(U) the set of axially symmetric functions on the
axially symmetric open set U and let us introduce the set

Ni(U)
{spk = Z [i(@)Px j(x)| f; EN(U), Pg,j spherical monogenic of degree k},

where my, = dim AMj. We have the following important corollary which cor-
responds to the inverse Fueter mapping theorem for any monogenic function
defined on an axially symmetric open set:

COROLLARY 5.4: Let n be an odd number and let U be an axially symmetric
open set in R"*!. There is a map of R,,-modules

AM(U) = Ny (D)
such that, given (Ay + wBy)Pr € AM(U), we have
(Ag +wBp)Py = A "2 (g + wBi)Pr),
with ag, + wf € N(U). Moreover, there is a map
U) — P AN (U
k

such that, given f = Yok fre € MU), fr € AMy(U), there are ¢, € Ny such
that
o An;l ZAkSOk}'
k

Proof. 1t is a consequence of the inverse Fueter mapping theorem and of The-
orem 1.4.
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