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ABSTRACT

Type spaces in the sense of Harsanyi (1967/68) play an important role in
the theory of games of incomplete information. They can be considered
as the probabilistic analog of Kripke structures. By an infinitary propo-
sitional language with additional operators “individual ¢ assigns probabil-
ity at least « to” and infinitary inference rules, we axiomatize the class
of (Harsanyi) type spaces. We prove that our axiom system is strongly
sound and strongly complete. To the best of our knowledge, this is the very
first strong completeness theorem for a probability logic with o-additive
probabilities. We show this by constructing a canonical type space whose
states consist of all maximal consistent sets of formulas. Furthermore, we
show that this canonical space is universal (i.e., a terminal object in the
category of type spaces) and beliefs complete.

1. Introduction

1.1. GAMES OF INCOMPLETE INFORMATION AND HARSANYI TYPE SPACES.
Consider players that are uncertain about a set S, called the space of states
of nature, each element of which can be thought of as a complete list of the
players’ strategy sets and payoff functions, that is, a state of nature consists of
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a complete specification of the “rules” of the game. (Other interpretations are
also possible. For example, if a game of complete information is given, a state
s € S could be the strategy profile that the players are actually going to choose
(see the analysis of epistemic conditions for Nash equilibrium by Aumann and
Brandenburger (1995)).) In such a situation, following a Bayesian approach,
each player will base his choice of a strategy on his subjective beliefs (i.e., a
probability measure) on S. Since a player’s payoff depends also on the choices
of the other players, and these are based on their beliefs as well, each player
must also have beliefs on the other players’ beliefs on S. For the same reason,
he must also have beliefs on the other players’ beliefs on his beliefs on S, beliefs
on the other players’ beliefs on his beliefs on their beliefs on S, and so on. So,
in analyzing such a situation, it seems to be unavoidable to work with infinite
hierarchies of beliefs. Thus, the resulting model is complicated and cumber-
some to handle. In fact, this was the reason that for a long time prevented the
analysis of games of incomplete information.

A major breakthrough took place with three articles of Harsanyi (1967/68),
where he succeeded in finding another, more workable model to describe inter-
active uncertainty. He invented the notions of type and type space: With
each point in a type space, called a state of the world, are associated a state
of nature and, for each player, a probability measure on the type space itself
(that is, that player’s type in this state of the world). Usually it is assumed
that the players “know their own type”, that is, a type of a player in a state
assigns probability one to the set of those states where this player is of this type.
This is the formalization of the idea that the players should be introspective.
Since each state of the world is associated with a state of nature, each player’s
type in a state of the world induces a probability measure on S. But also, since
with each state of the world there is associated a type for each player (and hence
indirectly a probability measure on S for this player), the type of a player in a
state of the world induces a probability measure on the other players’ probabil-
ity measures on S. Proceeding like this, one obtains in each state of the world
a hierarchy of beliefs for each player, in the sense described above.

The advantages of Harsanyi’s model are obvious: Since we have in each state
of the world just one probability measure for each player, contrary to the hierar-
chical description of beliefs, this model fits in the classical Bayesian framework
of describing beliefs by one probability measure, and provides therefore all its
advantages (for example, it allows for integration with respect to beliefs).
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Type spaces have become the predominant structures to describe incomplete
information in an interactive context in game theory. See Aumann and Heifetz
(2001) for a nice and well-accessible introduction to the subject (see Siniscalchi
(2008) for a more recent overview article).

1.2. DIFFERENT APPROACHES TO DEFINE A SPACE OF ALL POSSIBLE BELIEFS,
BELIEFS ABOUT BELIEFS ... However, if the analyst uses some particular type
space to analyze such a situation, he—informally—assumes that the type space
itself is “commonly known” or “mutually agreed on” by the players. Otherwise,
the type space itself would be a new source of mutual uncertainty for the players.
This problem can be avoided if there is a “largest” type space that “contains
all types”. The definition of a type depends on its context, that is, the type
space it belongs to. For this reason it is not clear what “all types” (respectively
“all possible states of the world”) are. In the literature, there are three ways to
formalize what a space of all types should be:

1.2.1. The explicit approach—the canonical model . The first manner to define
a space of all types is to describe in minute detail, first, the space of underlying
uncertainty, that is, the space of states of nature, then, for each player, the set
of all possible beliefs about the space of states of nature, then, the set of all
possible beliefs about the product of the space of states of nature and profiles of
beliefs of the other players about the space of states of nature, and so on. After
that, one carries out the reverse of Harsanyi’s project and shows that the space
of all profiles of such hierarchies can naturally be endowed with the structure of
a Harsanyi type space. This was done by Mertens and Zamir (1985) under the
assumption that the underlying space of states of nature is a compact Hausdorff
space and all involved functions are continuous. A construction in this vein had
already been proposed before by Armbruster and Boge (1979). The topological
assumption of Mertens and Zamir (1985) was relaxed by Brandenburger and
Dekel (1993), Heifetz (1993), Mertens, Sorin and Zamir (1994), Battigalli and
Siniscalchi (1999) and Pinter (2005)? to more general topological assumptions.
However, since probability measures are already quite complicated objects, it

I The distinction of the explicit versus the implicit description of mutual uncertainty follows
Aumann and Heifetz (2001)

2 Pinter starts with a measurable space of states of nature, but then endows the spaces of
higher-order beliefs with suitably chosen topologies. This allows him to apply a projective
limit construction (or an appropriate version of the Kolmogorov extension theorem) as in
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would be interesting to know whether it is possible to carry out a more nat-
ural construction than the ones mentioned here, where a language would be
devised in which the players convey whether or not the plausibility they attach
to already defined expressions falls short of a given level.

In this article we want—in the spirit of the aforementioned approach—to
describe the states in a type space explicitly, however, in a different, more
basic way. Here, we want to describe an epistemic situation—a state of the
world—with a simpler vocabulary: Using a modal language, where the beliefs
of the individuals are described by modal operators that simply tell whether
the individual attaches probability > « to the event described by some already
defined formula of the language.

It is well-known that Kripke structures (and in particular Knowledge spaces,
see Hintikka (1962) or Aumann (1976)) can be axiomatized in terms of modal
logic (see, for example, Kripke (1963), Aumann (1995), Fagin et al. (1995),
Heifetz (1997), and Aumann (1999a)). In this paper we aim to do the same for
type spaces in the sense of Harsanyi (1967/68), which can be considered as the
probabilistic analog of Kripke structures.

We define an infinitary modal language with operators p$, “individual 7 as-
signs probability at least «” for rational o € [0,1], and then a system of in-
finitary axioms and inference rules, which we prove to be strongly sound and
strongly complete with respect to the class of (Harsanyi) type spaces (Theorem
1). Strongly complete means that, if a formula ¢ holds whenever a (possibly
infinite) set of formulas T" holds, then there is a proof of ¢ from I'. We con-
struct (Proposition 3) a canonical model whose states consist of the maximal
consistent sets of formulas. In a very natural way, the maximal consistent sets

of formulas determine already the structure of this space.

1.2.2. The implicit approach I—the universal type space. The second possibility
to define a space of “all possible types” is to construct a universal type space.’
That is, a type space to which every type space (on the same space of states
of nature and for the same set of players, of course) can be mapped, preferably

always in a unique way, by a map that preserves the structure of the type space,

the aforementioned papers to endow the space of coherent hierarchies with the structure
of a type space.

3 Siniscalchi (2008) calls these type spaces “terminal” and reserves the term “universal”
for the space of all hierarchies mentioned above.
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i.e., the manner in which types and states of nature are associated with states
of the world, a so-called type morphism. The type spaces—on a fixed set of
states of nature and for a fixed player set—as objects and the type morphisms
as morphisms form a category. If we always require the map from a type space
to the universal type space to be unique, then, if it exists, such a universal type
space is a terminal object of this category. A terminal object of a category is
known to be unique up to isomorphism. Hence, we are justified to talk about
the universal type space.

The existence of a universal type space was proved by Mertens and Zamir
(1985), who were preceded by Boge and Eisele (1979). They were followed
by Heifetz (1993), and Mertens, Sorin and Zamir (1994) and Battigalli and
Siniscalchi (1999)* who all showed that their spaces of hierarchies of beliefs
mentioned under 1. constitute universal type spaces with respect to the classes
of type spaces satisfying the corresponding topological assumptions. Finally,
the general measure theoretic case was solved by Heifetz and Samet (1998Db),
who showed that there also exists a universal type space in this case.” However,
they could not use a hierarchical construction as done in the above-mentioned
topological cases: As Heifetz and Samet have shown in another paper (1999),
there are hierarchies of o-additive beliefs that do not give rise to a o-additive
probability measure on the space of all profiles of such hierarchies, but only
to finitely additive probability measures. Hence such hierarchies cannot be
induced by types in Harsanyi type spaces where beliefs are o-additive probability
measures. Heifetz and Samet proved the existence of a universal type space in
the general measure theoretic case in a very elegant manner collecting all the
profiles of hierarchies of beliefs that are induced by some state of some type
space. However, since their construction uses all type spaces (on the same space
of states on nature, and for the same set of players) to construct the universal
type space, this construction does not give much independent information about
the inner structure of the universal type space (as, for example, in Mertens and

4 The space constructed in Brandenburger and Dekel (1993) is also universal. This follows
from the results in Battigalli and Siniscalchi (1999).

5 Meier (2006) proved the existence of a universal type space if beliefs are described by
finitely additive probability measures, and Meier (2008) shows the existence of a universal
knowledge-belief space, where a knowledge-belief space is a type space with an additional
knowledge operator for each player.
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Zamir (1985), where we know that the universal type space is the space of all
coherent hierarchies).

We show here in our Theorem 2 that the canonical model and the universal
space are one and the same. Hence, we provide here a (up to now missing)
characterization of the universal type space in the general measure theoretic
case, in the sense that we show that the universal type space “is” the space of
all maximal consistent sets of formulas of our logic, endowed in a natural way
with the structure of a type space.

The results of this paper show that the pathological coherent hierarchies in
Heifetz and Samet (1999) that are not induced by types in a type space are
excluded by the infinitary axioms and inference rules put forward here (but
not by the finitary ones in Heifetz and Mongin 2001), since these rules imply
o-additivity.

Furthermore, everywhere in the literature, except in Fagin and Halpern (1994)
and Heifetz and Mongin (2001), only type spaces are considered where the
players know their own beliefs (we call these spaces, like Heifetz and Mongin
(2001), “Harsanyi type spaces”). We construct our canonical model with and
without this property and establish the first proof of the existence of a universal
type space for the class of type spaces without introspection.

1.2.3. The implicit approach II— (beliefs) complete type spaces. In the literature
“type spaces” usually are what we call here “product type spaces”. Other
authors who considered the more general version (as we do here) are Heifetz
and Mongin (2001), who called it also “type spaces”, and Mertens and Zamir
(1985), who called these spaces “beliefs spaces”. As it turned out in their
topological setting, the universal type space of Mertens and Zamir is a product
type space.

Also, our canonical model is—up to isomorphism of type spaces—a product
type space (Theorem 3).

A product type space is a product of the space of states of nature and, for each
player, a parameter space that “encodes” the types of this player. That is, to
each element of the parameter space corresponds a probability measure on the
product of the space of states of nature and the parameter spaces of the players.
In the introspective case of a Harsanyi type space, one imposes the additional
condition that the marginal of a type of this player on his parameter space is
the delta measure of the element to which this type of the player corresponds



Vol. 192, 2012 AN INFINITARY PROBABILITY LOGIC 7

to. (The alternative possibility in the case of a Harsanyi type space is to define
a type of a player to be only a probability measure on the product of the space
of states of nature and the parameter spaces of the other players.)

If one does not have (or does not want to define) a notion of beliefs-preserving
maps between different type spaces, one can still define a notion of “all possible
types within a product type space”. In this case one would say that all types
that are possible within this space are present, if for every player and every
probability measure on this product space (respectively, for every probability
measure on the product of the space of states of nature and the parameter
spaces of the other players, in the introspective case), there is a type of this
player that coincides with this probability measure (resp. whose marginal on
the product of the space of states of nature and the parameter spaces of the
other players coincides with this probability measure). Such a type space would
be called a (beliefs) complete type space (Brandenburger 2003).

The existence of a beliefs complete type space was proved by Mertens and Za-
mir (1985), Brandenburger and Dekel (1993), Heifetz (1993), and Mertens, Sorin
and Zamir (1994) and Battigalli and Siniscalchi (1999) and Pinter (2005) who all
showed that their spaces of hierarchies of beliefs mentioned under 1. (resp. their
universal type spaces mentioned under 2.) constitute beliefs complete type
spaces.

Heifetz and Samet (1998b) did not explore whether their general measure
theoretic universal type space is beliefs complete, hence this remained an open
issue up to now. We show here in Theorem 4 that this is also still true in
the general measure theoretic setting, in the introspective as well as in the
non-introspective case. Moreover, the parameter space of each player is—as
a measurable space—isomorphic to the space of probability measures on the
whole type space in the non-introspective case, and in the introspective case,
the parameter space of each player is isomorphic to the space of probability
measures on the product of the space of states of nature and the parameter
spaces of the other players.

1.3. TECHNICAL DIFFICULTIES OF A STRONGLY COMPLETE AXIOMATIZATION.
Heifetz and Mongin (2001)—and before Fagin, Halpern and Megiddo (1990)
for a much richer syntax also expressing valuations for linear combinations of

formulas—axiomatized the class of type spaces in terms of a purely finitary logic.
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They showed that their axiomatization is sound and complete with respect to
the class of (Harsanyi) type spaces.

A purely finitary axiomatization cannot be used to get strong soundness and
strong completeness for this class of models. This was noted by Aumann (1999b)
and Heifetz and Mongin (2001). Consider the following set of formulas:

(i7" @) nz2 neNfu{wie)},

where p$ (¢) means “individual ¢ assigns probability at least « to (the event
defined by) ¢”. They argue that for this set of formulas each finite subset has
a model (a type space and a state in it, such that each formula in this finite
subset is true in this state), while the whole set itself has no model. Another
reason why one seems to need to allow for infinitary formulas is o-additivity.

However, type spaces cannot be axiomatized by an infinitary logic in the sense
of Heifetz (1997): An example by Karp (1964) in a purely propositional setting
shows already that, in the presence of X, many formulas whose truth values can
be chosen independently of one another, if one allows for infinite conjunctions
of X, many formulas, then one must also allow for conjunctions of 2% many
formulas and proofs of length of cardinality < 2% to get strong completeness.
This fact is reflected by the infinitary version of the distributive de Morgan law
(A6),5 which requires to allow for uncountable conjunctions of formulas.

This conflicts with measurability conditions that must be met: When we want
to define the validity relation “=” for a type space 7 and some state w in 7, then,
for a formula ¢ in our language, (T,w) = p&* (p) can be defined if [p]", the set of
states in 7 where ¢ is true, is a measurable set. Since conjunctions of formulas
correspond to intersections of subsets of the structure, uncountable conjunctions
cannot be guaranteed to interpret measurable sets, unless we do assume that
the o-fields of the type spaces are closed under uncountable intersections (i.e.,
they would be k-fields for some k > Wi, see Meier (2006)), which, of course,
would strongly restrict the class of type spaces we could consider.

We resolve this problem by defining a language which takes the advantages
and avoids the disadvantages of both the finitary and the infinitary languages.
We start with a finitary language £y & la Aumann (1995) and Heifetz and
Mongin (2001) with the operators p®, “individual i assigns probability at least
« to”. Then, we define an infinitary propositional language £, the primitive

6 (A6) is defined in the list of Axioms at the beginning of Section 3.
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propositions of which are the formulas in £y. So, £y is a sublanguage of £
and infinite conjunctions and disjunctions never appear under the scope of a
belief operator. Archimedianity is expressed by a continuity axiom (P3) and
o-additivity is expressed by an inference rule (Continuity at §)). In that way,
the measurability problem is avoided.

2. Preliminaries

We fix a nonempty set X of primitive propositions (to be interpreted as state-
ments about nature, i.e., the primary source of uncertainty for the players)” and
a nonempty set I of players. We assume without loss of generality that 0 ¢ I
and define Iy := I U {0}. For a set M, denote by |M| the cardinality of M.

2.1. SYNTAX. Let o and 8 denote rational numbers € [0,1], ¢, x, % formulas,
and w formulas that are conjunctions of maximal consistent sets of finitary
formulas.

Definition 1: We define
N’Y = max{|I| ) |X| 7N0}'

Definition 2: The set Ly of finitary formulas is the least set such that:

1. each z € X U{T} is a finitary formula,
if ¢ is a finitary formula, then (—¢) is a finitary formula,

w N

if ¢ and ¢ are finitary formulas, then (¢ A1) is a finitary formula,

>

if ¢ is a finitary formula, then for every ¢ € I and rational « € [0,1]:
(p¥ (¢)) is a finitary formula.

Ly coincides with the language in Heifetz and Mongin (2001) and is a sub-
language of the language in Aumann (1999b).

Remark 1:
|Lo| = max{|I],|X]|,Ro} =N,.
Definition 3: The set L of formulas is the least set such that:
1. each ¢ € Ly is a formula,

7 Defined in this way, the space of states of nature in the literature corresponds to Pow (X)
and the o-field on the space of states of nature corresponds to the o-field on Pow (X)
generated by the sets {s C X | z € s}, where z € X.
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2. if ¢ is a formula, then (—¢) is a formula,
3. if @ is a set of formulas of cardinality < 2%, then (Apeca #) is a for-
mula.®

Intuitively, £ is “like” an infinitary propositional language whose primitive
propositions are the formulas in £y. Note, however, that £ is not really a propo-
sitional language, since it contains Ly, which is not propositional. The proposi-
tional part £° of £ can be seen as the set of those formulas which are statements
about nature:

Definition 4: The set £° of O-formulas is the set of (infinitary) propositional
formulas in £. More formally, it is the least set of formulas (and obviously,
subset of £) such that:

1. each z € X U{T} is a O-formula,
2. if ¢ is a O0-formula, then = is a 0-formula,
3. if @ is a set of O-formulas of cardinality < 2%, then /\‘PE‘I’ @ is a 0-

formula.

Definition 5: Let i € I. The set £ of i-formulas is the least set of formulas
(and obviously, subset of L) such that:

1. if ¢ € Lo, then for every rational « € [0,1] : p¥ () is an i-formula,

2. if ¢ is an i-formula, then —¢p is an i-formula,

3. if ® is a set of i-formulas of cardinality < 2%+, then /\‘PE‘I’ @ is an i-
formula.

A formula in £? is a statement about the beliefs of player i.

Convention 1: e As usual, “\/”, “V” “=” and “<” are abbreviations,
defined in the usual way:

(V) =((A ()

(p =) = ((=p) V),
() =(e—=V)ANW = @).

8 By convention, we set: /\(PE@ ¢ = T, and accordingly: \/(PE@ ¢ := = T. Furthermore, if
we write “@p A7, where ¢ or ¢ € L \Lp, we mean implicitly the formula /\Xe{%w} X-
Accordingly, for ¢, € Lo, we indentify ¢ A1 with /\Xe{%d]} X-



Vol. 192, 2012 AN INFINITARY PROBABILITY LOGIC 11

e To avoid the use of too many brackets, we apply the usual convention
of decreasing priority: =, A, A, \/, V, =, <> . This means, for example,
that “—¢ A 1" is an abbreviation for “((—¢) A 1)”.

2.2. SEMANTICS.

Definition 6: Let M be a nonempty set and let ¥ be a o-field on M. We
denote by A(M,X)—or in short: A(M)—the set of all o-additive probability
measures on (M, Y). Unless stated differently, we consider A(M,X) as a mea-
surable space with the o-field ¥ A generated by all the sets of the form b*(E) :=
{p e A(M,X) | u(E) > a}, where E € ¥ and o € [0,1] N Q.

Note that if 7 € [0,1] and E € X, then b" (E) = (,¢(p,jng 0" (E) € Za.
Therefore X is also generated by all the sets b” (E) , where E € ¥ and r € [0, 1].

We define now type spaces, that is, the semantic objects which we will study
in this paper.

Definition 7: A type space on X for player set [ is a 4-tuple
M = (M,%,(T;);cr v),

where

e M is a nonempty set,

e Y is a o-field on M,

o fori e I:T;isaX—Ya-measurable function from M to A (M, X)), the
space of probability measures on (M, X)),

e v is a function from M x (X U {T}) to {0,1}, such that v (-, z) is
Y —Pow ({0, 1})-measurable, for every x € X, and such that v (m, T) =
1, for all m € M.

This structure is interpreted as follows: M is the set of states of the world.
Such a state determines completely the objective parameters of the player’s
interaction, that is, the set of primitive propositions x such that v (m,z) = 1,
as well as the player’s beliefs about the true state of the world. In general, in
a state of the world m € M, player i will not know the true state of the world
m; he will just have a probability measure T; (m) over the set of states of the
world. T; (m) describes his beliefs in state m, that is, the type of player i
in state m. (Knowing m would mean that T; (m) = d,,, where ¢ denotes the
Kronecker-delta.)
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Definition 8: For a type space (M, %, (T});.; v) on X for player set I define
[Ti (m)] :={m" € M| Ti (m') = Ti (m)},

for m € M and i € I. The type space (M, X, (Ti)iel, v) is called a Harsanyi
type space on X for player set [ iff for all A € ¥, m € M and i € I:
A D [T; (m)] implies T; (m) (A) = 1.9

We will refer to the property that for alli € I, m € M and A € X : [T; (m)] C
A implies T; (m) (A) = 1 as the introspection property of Harsanyi type
spaces. This expresses the self-consciousness of the players: In a state of the
world m a player does not attribute a positive probability to states where he
has a different belief from the belief he has in the present state m.

The following lemma, which will be needed in the proof of the Completeness
Theorem, is a slightly changed version of Lemma 2.1 of Heifetz and Samet
(1999):

LEMMA 1: Let M be a nonempty set, let F be a field on M that generates the
o-field ¥ on M and let Fa be the o-field on A(M, X)) generated by the sets of
the form
W(E) ={peAMX)|n(E)=p},
where E € F and p € [0,1] N Q. Then
FA = 2A.

Proof. The proof is the same as the proof of Lemma 2.1 of Heifetz and Samet
(1999), if we replace there “such that bP(F') € Fa for all 0 < p < 1”7 by “such
that bP(F) € Fa for all p € [0,1] N Q”.

We define now the model relation, that is, how formulas are linked to subsets
of a semantic structure. Intuitively, to each formula we associate the set of
states where the formula is satisfied.

Definition 9: Let M = (M, ¥, (Ti);c; v) be a type space on X for player set
I. We define:

e (M,m) E T in any case,

o foreveryx € X : (M,m) = z iff v(m,z) =1,

o forall p,vp € L: (M,m) E oAy iff (M,m)E ¢ and (M,m) E 9,

9 Note that if [T; (m)] is measurable, then this condition reduces to: T; (m) ([T; (m)]) = 1.
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o for every o € L: (M, m) = — iff (M, m) }~ ¢,
e for ¢ € Lo such that [¢]" := {me M| (M,m)E ¢} € £, and for
i € I and rational a € [0,1] : (M, m) = p% () iff T; (m) ([¢]) > o

It is easy to show by induction on the formation of the formulas in £y that
(o)™ €%, for every ¢ € Lo (in particular, since Ty : M — A (M) is ¥ — Sa-
measurable, it follows that [¢]" € ¥ implies [p? (¢)]™ € X). So, the relation
“(M,m) [ ¢” is well-defined for every type space M on X for player set I,
every m € M, and every ¢ € L.

o If ® C £ and |®| < 2™, then:

(M,m) | N\, eq ¢ iff for every ¢ € @1 (M, m) = .

It is now easy to show that the relation “(M,m) | ¢” is well-defined, for every
type space M on X for player set I, every m € M, and every ¢ € L.

Definition 10: A formula ¢ € £ is valid in the class of type spaces (resp. Harsanyi
type spaces) on X for player set I iff for every type space (resp. Harsanyi type
space) M = (M, X, (T;),c; v) on X for player set I and every m € M:

(M,m) = ¢.

Notation 1: L Let I' C L, let M = (M, %, (T});c; v) be a type space
(resp. Harsanyi type space) on X for player set I, and let m € M. We
write

(M,m)ET
iff for every ¢ € I'":
(M, m) = .

2. Let ' € L. We say I' has a model in the class of type spaces
(resp. Harsanyi type spaces) on X for player set I iff there is a type
space (resp. Harsanyi type space) M on X for player set [ and am € M
such that (M, m) E L. If (M,m) E T (resp. (M, m) = ¢) holds, we
say that (M, m) is a model of T' (resp. ¢).

3. Let I' C £ and ¢ € L. We write

IEe

iff for every type space (resp. Harsanyi type space) M on X for player
set I and every m € M :

(M,m) =T implies (M, m) = .
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If T = ¢ holds, we say that T implies ¢ semantically.

3. Strong completeness and construction of the canonical (Harsanyi)
type space

In this section we define our axioms and inference rules, our notion of “proof”
(in the sense of our logic) and prove (in the corresponding appendix) strong
soundness and, by constructing the canonical model, strong completeness. As
already said, o and 8 denote rational numbers in [0, 1].

THE LIST OF AXIOMS

(A0) T,
(A1) o = (¥ = o), for 9 € L,
(A2) (¢ = (¥ = 0)) = ((¢ = ¥) = (¢ = 0)), for ¢, 1,0 € L,
(A3) (mp = =) = (¥ = @), for 9 € L,
(Ad) Apca(® = 0) = (¥ = Ao #), forv e Land & C L
such that |®| < 2%,
(A5) /\Lp€¢ © — P, for 1) € ®, where ® C L such that |®| < 2%,
(A6) Auca(Vica ®ap) = Vyean(Nuca Pagia)); whenever |A| < R,,10
(P1) p2(¢p), for ¢ € Ly,
(P2) pi(T),
(P3) Ao pf(0) = 1 (9), for p € Lo,
(P4) (P2 nw) AP (0 A ) = B (0), for o, 3 with a + 5 < 1
and ¢, € Ly,
(P5) (w0 Aw) Al n ) = 0P (p),  fora,Bwitha+B<1
and ¢, € Ly,
(P6) p2 () — —p? (=), for o, 8 with a4+ 8 > 1 and ¢ € Ly,
(P7) pS(p) — pf(gp), for a, B with 8 < a and ¢ € Ly,
(P8) pi (v — ) — (8 (p) = P (1)), for ¢, € Lo,
(11) p¢ () = pf (P (), for ¢ € Lo,
(12) = p(e) = i (= P2(P)), for ¢ € Lo.

Except (A0) and (P2), all the above axioms are in fact axiom schemes, i.e., lists
of axioms.

10 A4 denotes here the set of all functions from A to A.
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We adopt the following inference rules:

Modus Ponens: From ¢ and ¢ — 1) infer .

Conjunction: From & infer /\<p€<1> @ , if ® C £ such that | ® | < 2%,
Necessitation: From ¢ infer pl(y), if ¢ € Lo.

Continuity at () : From A .y @n — =T, where ¢, € Lo, for all n € N,

1
infer /\keN\{O} Vien —p¢ (/\ngz Pn)- '
Uncountable Introspection: From ¢ — \/, .y @n, where ¢ € L' and

. 1—4
on € Lo for all n € N, infer ¢ — /\keN\{O} Vienpi *(V,<p#n)

(A0)—(A6) are the axioms and “Modus Ponens” and “Conjunction” are the

inference rules for infinitary propositional logic, where the language is the propo-

sitional part, £°, of our infinitary language £. Karp, has proved strong sound-

ness and strong completeness (Karp (1964, Theorem 5.5.4)) for this logic. We

will use this result, sometimes without referring to it explicitly.
Most of the axioms (P1)—(P8), (I1), (I2) above can be found in Aumann
(1995) and Heifetz and Mongin (2001).

Definition 11: 1. The system P consists of the axioms (A0)—(A6), (P3)-

(P6), (P8), and the inference rules “Modus Ponens”, “Conjunction”,
“Necessitation”, and “Continuity at ().

The system H is the system P together with the additional axiom (I1),
if X, = Ng. If Ry > Ry, the system H is the system P together with the
inference rule “Uncountable Introspection”.

Definition 12: (1) The set of theorems of the system P is the minimal

set of formulas that contains the axioms (A0)—(A6), (P3)—(P6), (P8),
and that is closed under “Modus Ponens”, “Conjunction”, “Necessita-
tion” and “Continuity at 0.

The set of theorems of the system H is the minimal set of formulas
that contains the axioms (A0)—(A6), (P3)-(P6), (P8), (I1), and that
is closed under “Modus Ponens”, “Conjunction”, “Necessitation” and
“Continuity at (07, in the case X, = Rg. If R, > Ny, the set of theorems
of the system H is the minimal set of formulas that contains the axioms
(A0)-(A6), (P3)—(P6), (P8), and that is closed under “Modus Ponens”,
“Conjunction”, “Necessitation”, “Continuity at (/" and “Uncountable
Introspection”.



16 M. MEIER Isr. J. Math.

Note that the above set of axioms is not minimal:

e (P1) follows from (P3), (A0) and Modus Ponens, if we adopt the usual
convention that A\ .y = T.

o (P2) follows from (A0) and Necessitation.

e Heifetz and Mongin (2001) proved that (P7) follows from (A0)—(A6),
(P3)—(P6) and (P8).

e The proof of the Completeness Theorem will also show that (A0)—(A6),
(P3)—(P6), (P8) and (I1) imply (I2). The basic reason behind this is
that —p%(¢) holds in a state, iff there is a ¢ > 0 such that p; 7~ (=)
holds in this state.

e “Uncountable Introspection” implies (together with (A0)—(A6), (P3)-
(P6) and (P8) and the other inference rules) the axioms (I1) and (I2).

We only show the most crucial steps: p$(p) is an i-formula. And
P (0) = V,en 25 () is an instance of a tautology of propositional cal-
culus, to which we apply the inferen(lze rule “Uncountable Introspection”
to get P () = Aperngop Vien?i " (Voucy (). Applying necessita-
tion to the tautology V, o, p?(¢) — p$(p), then (P8) followed by 3 of

1
Lemma 2, one gets pf'(¢) = Ayem (o} \/leNpi_’“ (p$(p)). Using 3 of
Lemma 2 and first (P7) and then (P3) one gets p®(¢) — pl((p%(p)),
that is (I1). (I2) is obtained by replacing p$(y) with —p% ().

o The Completeness Theorem implies that, in the case of X, = Rg, (I1)
(together with (A0)—(A6), (P3)—(P6), and (P8) and the other inference
rules) implies the inference rule “Uncountable Introspection”. “Un-
countable Introspection” is a valid inference rule in the class of Harsanyi
type spaces on X for player set I, also when |I|,|X| < Ng. Therefore,
the completeness theorem implies that “Uncountable Introspection” is
implied by (I1) together with (A0)—(A6), (P3)—(P6), and (P8), when
1], 1X] < Ro.

In fact we have here two articles in one: Given a nonempty set of players
I and a nonempty set of primitive propositions X, if nothing else is said, we
do all what follows for the system P on the syntactic side and for the class of
type spaces on X for player set I on the semantic side. And we also do all what
follows for the system H on the syntactic side and for the class of Harsanyi type
spaces on X for player set I on the semantic side. We only specify the system,
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if there is a difference between the two cases in the proofs or in the statements
of the Definitions, Lemmas, Propositions or Theorems.

Definition 13: Let I' be a set of formulas in £. A proof of ¢ from I' in the
system P (resp. in the system H) is a sequence whose length is strictly smaller
than (2%)* and whose last formula is ¢, such that each formula in the proof is
in T, a theorem of the system P (resp. of the system H), or inferred from the
previous formulas by “Modus Ponens” or “Conjunction”.'!

If there is a proof of ¢ from I', we write I' - ¢ and say that I implies ¢
syntactically. In particular, “t ¢” (which stands for () - ) means that ¢ is a

theorem.

Definition 14: e The system P (resp. H) is strongly sound iff for every
I'C L and every p € L:

I'F ¢ implies T' = ¢.

e The system P (resp. H) is strongly complete iff for every I' C £ and
every o € L:

I' = ¢ implies T' - ¢.

Together, strong soundness and strong completeness mean that the notions
of syntactic and semantic implication coincide.

Definition 15: T' is consistent in the system P (resp. in the system H) iff there
is no formula ¢ € £ such that there are proofs of ¢ and —¢ from I in the system
P (resp. in the system H).

LEMMA 2: Let ¢, 1,1 € L. Then:

L If® C L and |®| < 2%, then ® I ¢ iff {\ cp X} F -
{Y}F o iff b — . B B
IfTFp =Y andT'FY — ¢, then ' ¢ — 1.

o= ().

Ifp € ® ®CL, and |®| < 2%, thenF—'wﬁﬂ/\Xeq)x.

A

1 of course, whether ¢ is a theorem of the system, resp., whether there is a proof of ¢
from I', depends on the system under consideration. That is, for some ¢ there might be
a proof of ¢ from I' in the system H, but not in the system P. It follows also that the
notion of consistency depends on the system.
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PROPOSITION 1: e The system P is strongly sound with respect to the
class of type spaces on X for player set I.
e The system H is strongly sound with respect to the class of Harsanyi
type spaces on X for player set I.

3.1. STRONG COMPLETENESS. The idea of the proof of strong completeness is
as follows: We build a (Harsanyi) type space 2 whose underlying set of states
of the world Q “is” the set of all maximal consistent sets of formulas, such
that © has the following additional property: For a maximal consistent set of
formulas w € Q and a formula ¢ € £ we have (Q,w) = ¢ iff ¢ € w. This implies
then that any consistent set ® of formulas has a model: First one shows using
Zorn’s Lemma that ® can be extended to a maximal consistent set of formulas
w D ®. The above-mentioned property implies then that (Q,w) = ®. That any
consistent set of formulas has a model implies (in fact, is equivalent to) strong
completeness.

The first step of the construction of our canonical model is to define a set
of states of the world, whose states “are” maximal consistent sets of formulas
(though, formally, they are themselves formulas (of a very special form)).

Definition 16: o ():=

/\ © A /\ - | @9 C Lo, s.t. DoU {0 | ¥ € Lo\Do} is consistent p ,
peDq PELo\Po

o for ¢ € L, define
W] :={weQlFw—y},

e for I' C L, define

Ypel

e for w € Q, such that w = A cg, 9 N Ayeso\a, "¢ define

U, =0 U {0 |9 € Lo\Po} .

Note that although we write “©2”, we define in fact two 2’s, one corresponding
to the system P, and one corresponding to the system H. By the definitions
of the system P and of the system H, it follows that a set of L-formulas that
is consistent in the system H is also consistent in the system P. Hence the (2
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corresponding to the system H is a subset of the {2 corresponding to the system
P.
Now, we show that ) is nonempty.

Remark 2: 1. The class of Harsanyi type spaces on X for player set I is
nonempty. And hence, the class of type spaces on X for player set [ is
nonempty.

2. The set 2 is nonempty.

The next proposition constitutes, together with Lemmata 3 and 4, the tech-
nical heart of the construction of the canonical model. 1. shows that \/wEQ w is
a theorem and 2. that each w implies a maximal consistent set of formulas.

PROPOSITION 2: 1. - \/ w.

weN

2. For every formula 1) € L and for every w € §2 :
Either -w — ¢ or Fw — =,

but not both.
3. For every formula i € L :

Fye \ w

wely]
4. If ® C L such that |®| < 2%, then
F /\ RS \/ w.
ped we[P)
5. For every formula v € L :

Fve ) w
we\[¥]

6. For every formula i € L :
[~y] = Q\ [¢].
7. If ® C L such that |®| < 2™, then
o= A v
ped

The next step of the construction of the canonical type space is to define a

measurable space:
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Definition 17: Let ¥ be the o-field on §2 generated by the set

{[W] € Lo}

By (A0) and 2 of Lemma 2, it follows that = [T], and by 2 of Proposition
2, it follows that Q\ [¢)] = [-¢], for ¢ € Ly. By Conjunction, (A4) and Modus
Ponens, and by (A5) and 3 of Lemma 2, it follows that [¢] N [¢)] = [¢ A 9], for
p, Y € Ly. Hence:

Remark 3: The set

F=A{[Y] | ¥ € Lo}
is a field on Q.

For each state w € Q and each player ¢ € I, we need to define eventually a
probability measure. To do this, we define now a real-valued function T/ (w) on
F, for each state w and each player q.

Also, we need to define a valuation function that tells us in which states which
primitive propositions are satisfied.

Definition 18: e For w € Q and ¢ € Ly, define
T} (w) ([¢]) = sup{a € [0,1]NQ |- w — pf*(¥)} .

e For we Q and v € X U{T}, define

1, fwelz],
v(w,x) = ifwe lz]

0, ifwé¢lx].
Obviously, we have:

Remark 4: v (-,z) is F — Pow ({0, 1})-measurable, for every =z € X.

The following two lemmas are necessary steps to show that 7} (w) is a count-
ably additive measure on F. By Carathéodory’s theorem, this ensures the exis-
tence of a unique countably additive extension T; (w) of T/ (w) to X, the o-field
on () generated by F.

LEMMA 3: Let ¢ € Lo, w € Q, and a € [0,1) N Q such that - w — —p¥ ().
Then,

T} (w) ([¢)) < .
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LEMMA 4: For every i € I and w € :

T} (w) ()
is well-defined, non-negative, and a countably additive measure on F. Further-
more, for every i € I and w € Q:

T! () (Q) = 1.

K2

The following proposition says that the set of maximal consistent sets of
formulas induces the structure of a type space in the P-system case, resp. the
structure of a Harsanyi type space in the H-system case. Furthermore, this
type space together with a state w is a model of a formula ¢ iff “¢ € w” (that
iskFw— ).

PROPOSITION 3: 1. Foreveryi € I andw € ), there is a unique extension
of T! (w) to a o-additive probability measure T; (w) on (Q,X).

2. Foreveryi € I, T; is a ¥ — X a-measurable function from ) to A (2, %),
the space of probability measures on (Q,Y) , which is endowed with the
o-field ¥ a generated by the sets {u € A(Q,Y) | p(E) > a}, where
EecX¥and o€ [0,1]NQ.

Qi= (0,5, (T1);ey, v)
is a type space on X for player set I.
4. For every ¢ € L and w € Q) :

(<Q,E, (T v> ,w) oy iffwe [y)].

5. If the Axiom (I1) is added in the case of R, = R, and if the inference
rule Uncountable Introspection is added in the case of Ry > Ng (i.e., in
the H-system case), then

(2.3, (T)e,v)

is a Harsanyi type space on X for player set I.
Theorem 1 is a corollary of Proposition 3.

THEOREM 1: 1. The system P is strongly sound and strongly complete
with respect to the class of type spaces on X for player set I.
2. The system H is strongly sound and strongly complete with respect to
the class of Harsanyi type spaces on X for player set I.
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COROLLARY 1: Let ' C L.

e The set of formulas I" is consistent in the system P (resp. in the system
H) iff T has a model in the class of type spaces (resp. Harsanyi type
spaces) on X for player set I.

e Furthermore, if T' is consistent in the system P (resp. in the system H),
then there is a w € §, where € is the {2 corresponding to the system P
(resp. to the system H), such that (,w) T

4. Universality of the canonical (Harsanyi) type space

In this section we prove that the canonical (Harsanyi) type space on X for
player set I is (up to type isomorphism) the universal (Harsanyi) type space
on X for player set I. This gives a characterization of the universal (Harsanyi)
type space on X for player set I and shows that our language is rich enough
to describe the states in the universal (Harsanyi) type space on X for player
set I. (So, in some sense, the language is rich enough to capture “all relevant
information”.)
We define now the beliefs preserving maps between type spaces.

Definition 19: Let M = (M, %, (Ti);; v) and N = (N, DI (TiN)iEI vN) be

type spaces on X for player set I. A function f : M — N is a type morphism
iff it satisfies the following conditions:

1. fis ¥ — YN-measurable,
2. forallm e M and z € X:

v(m,z) =v(f(m),z),
3. foralme M, Ec XN, andieI:
TN (f (m)) (B) =T (m) (f 1 (E)) .

Definition 20: A type morphism f is a type isomorphism iff it is one-to-one,
onto, and the inverse of f is also a type morphism.

LEMMA 5: Type morphisms preserve the validity of formulas, i.e., if f is a type
morphism from M to N, m € M, and ¢ € L, then

(M, m) = ¢ iff (N, f(m)) ¢

An easy check shows:
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Remark 5: e The type spaces on X for player set [—as objects—together
with the type morphisms—as morphisms—form a category.

e The Harsanyi type spaces on X for player set [—as objects—together
with the type morphisms—as morphisms—form a category.

Definition 21: A type space (resp. Harsanyi type space) M on X for player set
I is universal iff for every type space (resp. Harsanyi type space) N on X for
player set I there is exactly one type morphism from N to M.

It is obvious that a type morphism f : M — N is a type isomorphism iff
there is a type morphism g : N — M such that go f =idy and fog = idn.
Hence, type isomorphisms coincide with the isomorphisms of the category of
type spaces on X for player set I. In category theoretic terms, a universal
(Harsanyi) type space on X for player set I is a terminal object of the category
of (Harsanyi) type spaces on X for player set I. Terminal objects, if they exist,
are known to be unique up to isomorphism, hence (but it is also easily seen
directly):

Remark 6: If there exists a universal type space (resp. Harsanyi type space) on
X for player set I, then it is unique up to type isomorphism.

The following theorem says that the canonical model is the universal
(Harsanyi) type space. That is, the explicit (or syntactic) and implicit (or
semantic) notion of all states of the world coincide.

THEOREM 2: The (Harsanyi) type space

0= <Q = (T))er, v>
on X for player set I is universal.

For a (Harsanyi) type space M, the unique type morphism f : M — Q is
defined by mapping m € M to the set of formulas (resp. the conjunction of the
finitary formulas) for which (M, m) is a model.

For other models of interactive uncertainty, it is not always the case that
there exists a universal space. For example, for knowledge spaces Heifetz and
Samet (1998a) have shown that, without further restrictions on the structure,
there is no universal knowledge space (for at least two players and at least
two states of nature). This result was extended by Meier (2005) to the more
general context of Kripke structures. The results of Meier (2008) imply that if
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one endows the knowledge spaces with a measurable structure, then a universal
knowledge space does exist.

5. Product type spaces

The aim of this section is to show that the canonical (Harsanyi) type space
on X for player set I is (up to isomorphism) a product (Harsanyi) type space.
Since this space is then a universal (Harsanyi) type space in the category of
product (Harsanyi) type spaces on X for player set I, this implies that—in the
case of Harsanyi type spaces (i.e., the H-system case)—our canonical model is,
up to isomorphism, the universal Harsanyi type space on X for player set I
constructed by Heifetz and Samet (1998b).

In the literature often only type spaces are considered that have the form of
a product space:

Definition 22: A product type space on X for player set [ is a 4-tuple
M := <Ma 27 (Ti)i€lv U>

such that there are measurable spaces (M;,X;), for j € Iy, so that (up to type
isomorphism):

e My =Pow (X),

e ¥ is the o-field on Pow (X) generated by the sets

{mo C X |z € mo}, where x € X,

M = Pow (X) x Il;c; M;, where all the M; are nonempty,

> is the product o-field on M which is generated by the o-fields ¥,
J € lo,

fori € I: T; is a &; — ¥ a-measurable function from M; to A(M,X),
the space of probability measures on (M, X),

1, if z € my,
0, if z ¢ mo,

and v(mg, T) =1 in any case.

for x € X: v(mg,x) =

Obviously, T3, for ¢ € I, can be viewed as a ¥ — Y ao-measurable function from M
to A(M,X), and v(-, z) can be viewed as a ¥ —Pow ({0, 1})-measurable function
from M to {0,1}, for every z € X U{T}. So every product type space on X
for player set I is a type space on X for player set I.
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We define now the finitary i-formulas.
Definition 23: For i € Iy define £ := Lo N L.

We build now, step by step, a product type space. In the rest of this section
we show then that this type space is isomorphic to the canonical type space.

Definition 24: e For j € Iy, define §2; to be the following set of formulas:

Nen N\

0ED] YELI\D?

®) C L), st. &)U {ﬂ/} | e E%\@%} is consistent

e For j € Iy and ¥; € E%, define
[, = {w; € Q; |Fw; — ¥y}

For j € Iy, denote by X; the o-field on Q; generated by all the sets
[v;]), where ©; € L.
Define

Q* = HjEIij'
Denote by ¥* the product o-field of the o-fields X5, j € Iy, on Q*.
For i € I, define

Qi = Wjer\ (i3 8-

For i € I, denote by X_; the product o-field of the o-fields ¥;, j €
IO \ {Z}, on Q,i.

Remark 7: Let j € Iy. By 4 of Proposition 3 and Corollary 1, for every w; € €,
there is a w € € such that - w — w;.

For w € Q, we have

Fw— /\ ;-
piELIND,,

By the definitions and the consistency of w, it follows that (/\gojeL{;mI/w ;) € Q.
By definition of the w; € Q;, two such formulas contradict each other, i.e., for
wj # w; € Q; there is a ¢ € E% such that - w; — ¢ and - w} — —¢. Hence,
since w is consistent, for every w € (2, there is exactly one w; € €; such that
F w — w;. We denote this w; by w(j).

Since €2 is nonempty and since w(j) € ;, for w € Q and j € I, we have that
each Q;, for j € Iy, is nonempty.
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LEMMA 6: Let j € Iy, wj € Q; and ¢; € L. Then,
either - w; — ¢ or Fw; — =y,
but not both.
Definition 25: For i € Iy and E; € ¥; define
E; =1c1,Uj,

where U; = Q;, for j # ¢ and U; = E;.
We have Ef € ¥*. Observe that £j N L) = 0, for i # j € I,. Hence, for
@i € LY, the following is well-defined:

[oa]™ = ([wi]")".
By the definition and the consistency of the w; € ©;, we have
DN\ [oi]" = [~al™ and [ O [Y]" = i A",
for ;,v; € LY.
Starting with the i-formulas, for ¢ € I, we define now recursively:
(=] = Q" \ []" and [p AY]":= [@]" NP7,

for ¢, € Lo.

This is still well-defined for the finitary i-formulas, for i € Iy, and it is well-
defined for the other finitary formulas by the unique readability of finitary
iclo L, which

can be proved in the usual way (what we don’t know at this moment is that

formulas as finite Boolean combinations of finitary formulas ¢ € | J

logically equivalent finitary formulas define the same sets in Q*).
It is obvious that these sets form a field F* on Q* which generates ¥*.

Remark 8: e Y is generated by the sets [2]°, where z € X.
e For every my C X, there is exactly one wy € €y such that for every
reX:

Fwy—x iff € mg.

LEMMA 7: Let (wj)jer, € Q* and let {w; | j € Iy} be consistent. Then there is
exactly one w € Q) such that

Fw<+ /\wj,

Jj€lo
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and furthermore w; = w(j), for all j € Iy. Conversely, for every w € Q :

Fw+ /\ w(4).
j€lo
The above lemma shows that h : Q@ — Q*, defined by h(w) = (w(j));er,, is
one-to-one. We are now justified to identify, with some abuse of notation, h(2)
with Q.

LEMMA 8: Let ¢ € Ly. Then:

Definition 26: e Foriec I, w; € Q;, and ¢ € Ly, define

T (wi)([¢]") == sup{a € [0,1] N Q |F w; — p{'(¥)}.
e For wg € Qp and z € X, define
1, ifwp e [2]°,
0, ifwo¢ [z]°,

v* (wp, x) ==

and

v* (wp, T) :=1 in any case.

Obviously, for every z € X, v* (-, z) is ¥g — Pow ({0, 1})-measurable, hence
viewed as a function from Q* to {0, 1}, it is ¥* — Pow ({0, 1})-measurable.

LEMMA 9: For every i € I and w; € €;:
T (wi) ()

is well-defined and a countably additive measure on F*.
Furthermore, for every i € I and w; € €; :

T7 (wi) () =1

PROPOSITION 4: 1. For every i € I and w; € );, there is a unique exten-
sion of T} (w;) to a o-additive probability measure on (2*,%X*), which
we denote also by T} (w;) .
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2. For every i € I, this extension T} is a ¥; — ¥ -measurable function
from Q; to A (Q*,X*), the space of probability measures on (2*,3*),
which is endowed with the o-field ¥ generated by the sets
{pe AQ,3X%) | u(E) > a}, where E € ¥* and o € [0,1] N Q.

Q= (", 2" (T ier,v™)

3

is a product type space on X for player set I.
4. For every ¢ € Ly and (wj)jer, € *:

(<Q*7E*a (n*)iEIav*> ) (wj)j€10> ': Y iff (wj)jGIO € [1/}]*

5. In the H-system case, ie., if the axiom (I1) is added in the case of
R, = N, and if the inference rule Uncountable Introspection is added
in the case of N, > N, then

<Q*a E*a (Ti*)iEIa U*>
is a Harsanyi product type space on X for player set I.

THEOREM 3: The function
h:Q— Q"
defined by
h(w) == (w(j))jer,, forw e,
is a type isomorphism from € to Q.

That the canonical space is a product space implies the following: Given
states u; € Q, for ¢ € I, there is one state u € Q such that: v (ug,x) = v (u, ),
for all z € X, and T; (u;) = T; (u) , for ¢ € I. This fact is reflected by the axioms
in the following way: There is no axiom and also no inference rule that relates
the beliefs of one player to the beliefs of other players or to nature. So, whatever
a player in a state of the world believes about other players or nature might
be wrong (as long as this is nothing tautological, of course). This is not the
case for the canonical knowledge space and the corresponding S5 axiom system,
where there is an axiom “k; — ¢”. So, if, for example, ¢ = k;z and if k;p is
true in a state, then the fact that ¢ knows that j knows x implies that j knows
z in this state, and this implies that x is true in this state.
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6. Beliefs completeness of the canonical (Harsanyi) type space

The aim of this section is to prove the following—somewhat surprising—theorem
of appealing measure-theoretic taste, which, in some topological cases, was
proved by Mertens and Zamir (1985), Brandenburger and Dekel (1993), Heifetz
(1993) and Mertens, Sorin and Zamir (1994). The general measure-theoretic
case proved here is original. The theorem says that, in the P-system case, the
component space of each player is—up to isomorphism of measurable spaces—
the space of probability measures on the space of states of the world, and in
the H-system case, for each player ¢ € I, the component space of i is—up to
isomorphism of measurable spaces—the space of probability measures on 2_;.

THEOREM 4: e In the P-system case, let u € A(Q*,X*). Foreveryi € I,
there is exactly one w; € €; such that T, (w;) = u. Furthermore, for
every i € I,
T :Q; = A(Q",XY)

is an isomorphism of the measurable spaces (;,%;) and (A(Q*,3X*),3%).

e In the H-system case, let i € I and p; € A(2—;,X_;). Then there
is exactly one w; € §; such that the marginal of T} (w;) on Q_; is ;.
Furthermore, for every i € I,

margq . o1} : Q; — A(Q_;, X )
is an isomorphism of the measurable spaces
(Qi,Ei) and (A(Q_i,E_i), (Z—i)A) .

Brandenburger (2003) defines possibility structures, which can be viewed as
the product-space version of Kripke structures. He shows by a straightforward
cardinality argument that, without any further (e.g., topological) restrictions,
there is no beliefs complete possibility structure (for at least two players and at
least two states of nature). Brandenburger and Keisler (2006) obtain a similar,
but much more involved impossibility theorem, where a possible belief of a
player is a first-order definable subset of the product of the space of states
of nature and the parameter space of the other player. Mariotti, Meier and
Piccione (2005) prove the existence of a beliefs complete possibility structure
if suitable topological restrictions are imposed. Salonen (2006) shows that a
beliefs complete structure in his framework exists, where a type of a player
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corresponds to a measurable knowledge operator on the product of the space of
states of nature and the space of (names of) types of the other players.
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A. Proofs of Section 3

Proof of Lemma 2. 1. “If” follows by applying the inference rule “Con-
junction” to ®. “Only if” follows by replacing in the proof of ¢ from ®
every occurrence of a x € ® by the sequence /\x’eb X', /\x/6<1> x = X,
x- This yields then a proof of ¢ from {A 4 X}
2. “If” follows immediately by Modus Ponens. “Only if” follows by induc-
tion on the length of the proof of ¢ from {¢}. There are four cases:
(a) ¢ =1 : By (A5) applied to {9}, it follows that 1) — ).
(b) ¢ is a theorem: By (Al), - ¢ — (¢ = ¢), and by Modus Ponens
it follows that - ¥ — .
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(c) ¢ follows by Modus Ponens: Then there is a x such that x and
X — @ occur in the proof of ¢. The sequences up to (and including)
x and x — ¢ are proofs of x and x — ¢ from {9} of shorter length.
Hence, by the induction hypothesis, -1 — x and F ¥ — (x — ).

W —=x—=9) = ((Y—=x)— @ —=09)

is a theorem (A2), so by applying Modus Ponens two times we get
Fy— .

(d) ¢ follows by Conjunction: Then ¢ = A .4 x with [@] < 2%,
By the induction hypothesis (since each x must occur before ¢ in
the proof), we have F ¢ — y, for every x € ®. By conjunction,
we get = A, g (¥ — X) and by applying Modus Ponens to (A4),

)y — /\xe<I>X'

3. We have I' ¢ — 1. By (A1), () — ©) — (¢ — () — 1)) is an axiom.

Modus Poneuns yields I' - ¢ — (¢ — ¢). By (A2),

(0= W —=9) = ((p = ¥) = (p = 1))

is an axiom. Modus Ponens yields T' F (¢ — 1) — (¢ — ). Together
with I' F ¢ — ¢, Modus Ponens yields now I' - ¢ — .

. and 5. are well-known tautologies of Propositional Calculus, so, ac-

cording to the Completeness Theorem of Karp (1964, Theorem 5.5.4),
theorems of our system.

Proof of Proposition 1.

To:
1. It suffices to show for ¢,¢ € £ and & C L:

1. For ¢ € L, we have to show that if F ¢ (i.e., ¢ is a theorem) in the sys-

tem P (resp. in the system H) and if M is a type space (resp. Harsanyi
type space) on X for player set I and m € M, then (M, m) | .

. And for ¢ € £ and a nonempty set I' C L, we have to show that if M is

a type space (resp. Harsanyi type space) on X for player set I, m € M,
(M,m) =T and if ' I ¢ in the system P (resp. in the system H), then

(M,m) |= .

(a) If ¢ is an axiom of the system P (resp. of the system H) and if M
is a type space (resp. Harsanyi type space) on X for player set I



M. MEIER Isr. J. Math.
and m € M, then (M, m) = . That is, we have to show that the
axioms are valid.

)

c) If ¢ € Lo and ¢ is valid, then p} (p) is valid.
) If |®] < 2% and each ¢ € ® is valid, then Npea ¢ 1s valid.
)

A V(A

kEN\{0} lEN n<l

is valid.

(f) If o € L and ¢, € Ly, for n € N, then the validity of ¢ — Vnen @n
in the class of Harsanyi type spaces on X for player set I implies
that

A \/pj_i<\/¢n)

keN\{0} leN n<l

is valid in the class of Harsanyi type spaces on X for player set I.
To:

(a) That the axioms are valid is an easy check, (A6) is valid, provided

we include the axiom of choice (like always) in our underlying set
theory. (P1) — (P8) correspond to well-known properties of prob-
ability measures.
(I1): Let M be a Harsanyi type space on X for player set I, ¢ € Ly
and m € M. Then, (M,m) = —p2 () V p} (b2 () iff (M,m) =
92 () or (M,m) b= p!(p2 (). Let (M,m) |k pf (). This
means that T (m) ([¢]™) > a. But then [T; (m)]™ C [p2 (@)™
and hence T; (m) ([p2 (¢)]™) = 1 and (I1) is valid. (12) follows in
the same manner.

(b)—(d) above are clear,

(e) corresponds to the continuity at @), a well-known property of
o-additive probability measures: Let M be a type space (resp.
Harsanyi type space) on X for player set I, m € M and ¢, € Lo,
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for n € N. By the definition of “E”, we have

[/\ e[ =(M\ (VB ) U AT

neN neN
<M\QN[%]M)-
If
/\ On — T

neN

is valid, then (1, oy [gan]M = (. In this case, we have for

Bii= (Yol = | A\ son]M,

n<l n<l
that E; | 0. So, for every m € M and k € N\ {0} there is a
I (k,m) € N such that T} (m) (Ej(x,m)) < j. By definition of “=",
we have
1
arm =i (A o)
n<l(k,m)

Again by definition of “”, it follows that

arme AV nt(Aen).

keN\{0} leN n<l
Hence
A Vi Ae)
kEN\{0} lEN n<l
is valid.

(f) Let M be a type space (resp. Harsanyi type space) on X for
player set I and m &€ M. Then, it is easy to see by induction
on the formation of formulas ¢ € £%: Either [T;(m)]M C [p]™ or
[T;(m)]M N [p]™ =0, for ¢ € L%, Let @, € Lo, for n € N. Then,

(M,m> ': /\ \/pi_k (\/ gpn> iff llmli)ooTl(m)<{\/ <Pn:|> =1,
keN\{0} lEN n<l n<l
which is by o-additivity the case iff

([ ) -

neN
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Let ¢ € £! and assume that
o=\ en
neN
is valid in the class of Harsanyi type spaces on X for player set I.
Assume that (M, m) & ¢. By the above, [T;(m)]™ C [¢]M, since
¢ is an i-formula. This implies that [T;(m)]™ C Ve en)™,

and by the introspection property of the Harsanyi type spaces
T;(m)([V ,en ¢n]) = 1. The above observation implies now that

MLm= A \/p;i(\/wn),

keN\{0} IEN n<l

1— 1
= N Vu ’“<\/<pn>
keN\{0} IEN n<l
is valid in the class of Harsanyi type spaces on X for player set I.

hence

2. Given 1., we have to show:
(a) If M is a type space (resp. Harsanyi type space) on X for player
set I, me M, p,0 € L, (M,m) E ¢ and (M,m) = ¢ — 1, then
(M,m) = 1. But

(M,m) ¢ =it me [~pvy]™ =M\ @) U™,

som € [ and (M, m) = ¢ — ¢ imply m € [¢]" .

(b) If M is a type space (resp. Harsanyi type space) on X for player
set I, m € M and ® C L such that |®| < 2% and such that for all
p € ®: (M,m) | ¢, then (M, m) = A,cq ¢, but this is clear by
the definition of “E".

Proof of Remark 2.

1. Set
M = {m},
b = Pow (M), (i.e., the power set of M),
T, (m) = O0m, for every i € I, (i.e., the delta-measure at m),
v(im,x) = 1, for every z € X U{T}.
Then,

M := <Ma Ev (Ti)i€lv U>

forms a Harsanyi type space on X for player set I.
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2. Let M be the Harsanyi type space on X for player set I constructed
above. Consider the set

Do :={p e Lo|(M,m)|=ep}.
By the definition of “E”, we have (M, m) | -, for ¥ € Ly\Pg, and
hence
(I)O:q)oU{ﬁ’L/JEEO | 1/1650\(1)0}.
We claim that ®q is consistent in the system H (and hence also in the
system P). Otherwise, & - x and &g F —y, for some x € L. But

then, by Proposition 1, we have (M, m) = x and (M, m) | —x. By the
definition of the relation “F”, this is impossible. Hence,

N en N\ weQ#0
IS PELY\Po

Proof of Proposition 2.

1. By (A5), F ¢V—y, for ¢ € Ly. Since |Lo| < R, it follows by Conjunction
that = A ez, (¢ V 79). By (A6) and Modus Ponens, it follows that

-V (Aen A )
®oCLy N pedy pEL\Po

If &y U {—p|p € Lo\Po} is inconsistent (i.e., not consistent), then it
follows by 1 and 2 of Lemma 2 that

I—(/\gp/\ /\ ﬁtp)—mpandl—(/\(p/\ /\ ﬁ<p>—>ﬁw,
p€edg peLo\Po pe®o peLo\Po
for a ¢» € L. By Conjunction, (A4) and Modus Ponens, we get
F(/\wA A w)ﬂwwm.
pedy peLo\Po

Since (x — p) = (—p = —x) is a tautology of the Propositional Calcu-
lus, we get, by Modus Ponens,

Fﬁ(lﬂAﬂﬂ)—h( N en A w)-

pedy peLo\Po
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= (1p A =) is a tautology of the Propositional Calculus, hence Modus
Ponens yields

Fﬂ< /\ A /\ —|<p>.
pEPo pEL\Po

Let Cy be the set of all &g C Ly such that &g U {—plp € Lo\Po} is
inconsistent. By Conjunction,

A-(Aen A )
PoeCy pedg PpELY\Po
is a theorem. By the definition of “\/”, “V” and “—",
(Ao A ((ACA A )= Ve)
pEPy peLo\ Do PoeCop 9Py  peLo\ Do weQ

is a tautology of Propositional Calculus, hence a theorem. Applying
Modus Ponens two times yields now

l—\/w.

weN

. Follows by induction on the formation of the formulas in £. Let w € Q.

IfFw— ¢and Fw — —p for some ¢ € £, then by 1 and 2 of Lemma
2, U, is not consistent, a contradiction.

For every ¢ € Ly we have ¥ € ¥, or =t € ¥,,. Again by 1 and 2 of
Lemma 2 it follows that - w — ¥ or F w — —.

If p € £ and ¥ = -, then, by the induction hypothesis, either
Fw— —p, or - w — ¢ In the second case, since ¢ — —(—p) is a
tautology of the Propositional Calculus, we have - ¢ — —) and by 3
of Lemma 2 it follows that - w — —.

If ® C £ such that [®] < 2% and ¢ = Ngea @, then, by the in-
duction hypothesis, either - w — ¢ for all ¢ € &, or there is a y € @
such that - w — —y. In the first case, by Conjunction, it follows that
F Apea(w — ¢) and by (A4) and Modus Ponens,

Fw— /\ ®.
ped
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In the second case, since =y — — /\4,0€<I>  is a tautology of the Propo-
sitional Calculus, hence a theorem, we conclude by 3 of Lemma 2 that
Fw— - /\ ©.
ped

.letwe Qand v € L. w ¢ [¢], then F w — —p. But then, since
(w— ") = (Y — —w) is a tautology of the Propositional Calculus, we
have F ¢ — —w. By Conjunction, (A4) and Modus Ponens, we conclude

FY = Aveayy
we\[¥] we\[¢]

is a tautology of the Propositional Calculus, so we conclude that
mY = 2 Vaeow @

Voo (2 V eo Vo)

weN weQ\[¢
is a tautology of the Prop031t10nal Calculus hence a theorem, so we
infer by 1 and Modus Ponens that = =V co\jyyw =V w. By 3 of
Lemma 2, it follows that

Fy =\ w.
we[y]

If w e [¢], then - w — 9. Since (w — ) = (—p — —w) is a tautology
of the Propositional Calculus, hence a theorem, it follows by Modus

we(y]

Ponens that - ¢ — —w. By Conjunction, (A4) and Modus Ponens, we
get - —p — /\we[w] —w. Then, since

(—n/)% /\—w) <\/w%1/))
weE[Y] we[y]
is a tautology of the Propositional Calculus, hence a theorem, it follows

by Modus Ponens that

= \/ w =,
we€[Y]
so, by Conjunction, we conclude

Foe \/ w
we[y]



38 M. MEIER Isr. J. Math.

4. Let w € Q and ® C L such that [®] < 2™. By 3 it suffices to show
that w € [A cqp ] iff w € [®]. If w € [@], then, for every ¢ € @, we
have - w — ¢. By Conjunction, (A4) and Modus Ponens it follows that
Fw = Apeo 9 50w € [N eco ¢l

Ifw e [Ayes ¢, then Fw — A g ¢. For every ¢ € ® we have, by
(A5), - /\@ecbgo — 1), so, by 3 of Lemma 2, it follows that - w — 1,
and hence w € [P].

5. By 2. we have Q\ [¢] = []; 5. follows now from 3.

6. See the Proof of 5.

7. See the Proof of 4.

Proof of Lemma 3. Assume that T} (w) ([¢)]) > «. Then, for every 8’ < «, there
isa 8> p with - w — p’(). By (P7), F p’ () — p? (1). Hence, by 3 of
Lemma 2, - w — pf (¢). By Conjunction, (A4) and Modus Ponens, we have
Fw— /\ﬁ<apf(1/1). By 3 of Lemma 2 and (P3), it follows that - w — p$*(¢), a
contradiction to 2 of Proposition 2.

Proof of Lemma 4. Let ¢ € Ly. By (P1), p? (¢) is an axiom and, by (A1),

P} () = (w— Y ()

is an axiom. By Modus Ponens, it follows that Fw — p9(¢). Hence T} (w)([¢]) >
0.

Let ¢, v € Ly with [p] = [¢]. (Of course, we have by (A5) and Modus
Ponens that - ¢ <> ¢’ implies F ¢ — ¢’ and - ¢’ — ¢, and by Conjunction the
opposite direction follows.) Then, - 1) < \/wem w and (\/wem w) + p, so by
Lemma 2, b ¢ <> 1. By Necessitation, (P8) and Modus Ponens, it follows that

Fpg(e) = pf(v) and F pf (¥) —= pi(p), so
sup {a |- w — pff(p)} = sup{a |Fw — pf'(¥)},

and T/ (w) is well-defined.

Let w € Q. To show that T} (w) is countably additive it is enough to show
that it is finitely additive and continuous at ) (see Dudley (1989), Theorem
3.1.1). Let @, ¢ € Lo with [¢] N [1)] = 0. Then, [¢] € Q\ [¢]. It follows that

(o] = ([l U []) N (Q\ [¢]) and [¢] = ([p]U[¥]) N [4].
By 6 and 7 of Proposition 2, it follows that

(LU ) N QN [¥]) = [(p V) A=¢] and ([] U [$]) N [] = [(p V) Ayl
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Now, let
T} (w) ([¢]) = r and T} (w) ([¢]) = r".
Assume that +7" > 1. Then there are rationals a, 8 € [0, 1] such that o < 7,
B <7 and o+ 3 > 1. But then,
Fw = pf ((p V) A=) and Fw = p] (V) AY).
We have
FleVy) A == ((e V) A),
because this is a tautology of the Propositional Calculus. Necessitation, (P8)
and Modus Ponens yield now

F ! (0 V) A ) — pl (= (9 Vo) A ).

By Lemma 2, we conclude that

Fw = p] (2 (0 V) A=),
But since a+ 8 > 1, we have that

P (9 V) A=) = = (= (9 V 9) A )

is an axiom (P6), hence

Fw = =) (= (@ V) A=),

which is by 2 of Proposition 2 a contradiction. So, it follows that r 4+ r’ < 1.
For every ¢ > 0, there are rational a, 8 € [0,1] with o < r and 8 < r’ such
that « >r — 5 and g > 7' — 5. For such a and 8 we have

Fw—=pf ((p V) A—) and Fw—pf (9 V) AY),

so, by Conjunction, (A4) and Modus Ponens,

Fw = pf (0 V) A=) Ap] (0 V 8) AY).
Together with (P4) and Lemma 2, we conclude that b w — p®*? (o v ¢) . This
implies that

T (@) ([P U [¥]) =T} () (e v ¥]) = 7 + 1",

If »+ ¢ = 1, then we have T!(w)([¢ V ¢]) = 1, since by definition
T/(w)([eVey]) <1. Ifr+r" <1, then for all € > 0 such that e + 7 + 7' < 1,
there are rationals o, 8 € [0,1] such that « > r, 5> 7" and a+ 8 <e+r+ .
For such «, 8 we have

Fw = —pf (9 V) A—g) and Fw — —p ((p V) A1).
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This implies (like above, but with the use of (P5)) that F w — ﬁpf‘ﬂj (p V).
So, by Lemma 3, we have

T} (w) (el U [¥]) = Tj () (e Vo) < m 47",

Altogether, this shows that T} (w) is finitely additive.

Since T is an axiom, we have for every w € ) that {w} F T. Therefore, by
Lemma 2, F w — T, and hence [T] = Q. Since T is a theorem, Necessitation
yields - p} (T), so, as above, we have for every w € Q that - w — p} (T). This
implies that T} (w) (Q) = 1, for every w € .

Note that we have [~ T] = ), and since, for w € Q and i € I, T] (w) is finitely
additive, we have

T (W) (0) = T (w) WU 0) =T} (w) (0) + T} (w) (1),

and hence T} (w) (0) = 0.

For w € Q, it remains to show that T (w) is continuous at () : For n € N, let
E, = [pn] with p,, € Ly and let E, | 0, that is, foralln € N: E,1 C E,, and
Mpen En = 0. Then, by 7 of Proposition 2, we have

[ion] = [ A wm] and [/\ wn] = lpa] = 0.

m<n neN neN
It follows that
o (0 [p]or) - [ ]
neN neN

by 6 and 7 of Proposition 2. By 3 and 1 of Proposition 2 and by Modus Ponens,
it follows that

F /\ O — T,
neN

So, by the inference rule “Continuity at (7, we have
1
= A Vi (A,
kEN\{0} IEN n<l

Hence,

e A V(A

keN\{0} lEN n<l
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and, by 2 of Lemma 2,
1
ras A Vo Ae)
kEN\{0} IEN n<l
For ¢ > 0 fix k € N\{0} with | <e. By (A5) and 3 of Lemma 2, it follows that
1
()
leN n<l

But then there is a [ € N such that

n<l

for if not, it follows by 2 of Proposition 2, Conjunction, (A4) and Modus Ponens

that
Fw— /\p}(/\s@n),

1EN n<l
a contradiction. (Note that \/;cy =1 — = A,y 1 is a tautology of the Propo-
sitional Calculus.) By Lemma 3, it follows that

zwm<h§%b<i35

The additivity (and the fact that T} (w) takes only non-negative values) implies

then that
@ (| A e]) < <e

n<m
for m > [. So, we have
lim, 0T} (w) (E,) = 0.
Proof of Proposition 3.

1. Follows directly from Lemma 4 and Carathéodory’s extension Theorem.
2. Follows from Lemma 1. Since F is a field that generates X, by that
Lemma, the o-field on A (€, X) generated by the sets

{he AQ,2) | u(F) > al,

with F' € F and rational « € [0,1], is equal to the o-field on A (2, X)
generated by the sets

{heA(Q,2) | pu(E) > al,
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with F € ¥ and rational « € [0,1]. Inverse images commute with
arbitrary intersections and unions, and with complements. So, it suffices
to show that {w | T; (w) ([¢Y]) > a} € X, forall ¢ € Ly, i € I and rational
a € [0,1]. By Lemma 3, 2 of Proposition 2 and the definition of T} (w),
it follows that

T (W) ([¥]) =z e iff = w = pf (1) .
But we have that
Fw = pit () iff w e [pf (V)]
and [pi* (¥)] € F C 3.

. Follows from Remark 4, 2 of Remark 2, and 1. and 2. of this proposition.
. We proceed by induction on the formation of the formulas in £: Let

w € Q. Then:
(a) Forz e XU{T}:

(Quw)Ez ff v(wz) =1
iff welx].
(b) For p € L:
©Qw) e i (Qw) e

iff wé¢ [
iff we -y,

where the last equivalence follows from 2 of Proposition 2.
(c) For ® C L such that |®| < 2%:

(va) ': /\(petb ¥ lﬂ (Qaw) ': P fOI‘ au 2 € (I)a
iff we ﬂg,eq) [¢]
iff we [/\%(I> <p} ,
where the last equivalence follows from 7 of Proposition 2.
(d) Foriel, a€0,1]NQ, and ¢ € Ly :
(Qw) Fpi(p) I {of €Q](Q) =g} €T and
Ti (w) {w' € Q[ () | 9}) 2 o
But, by the induction hypothesis,

{WeQl(Quw)kEe}=[deD
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So,

(@) Epf(p) iff s {Be0,1]NQIFw—p(@)}>a
iff Fw—pfe),

where the last equivalence follows by Lemma 3 and Proposition 2.

(a) Case R, = Xo: We show that, for all w € Q and ¢ € I: [T} (w)]
is measurable and T; (w) ([T; (w)]) = 1. Since Ly is countable and

since

{W e Q| T (W) ([¢]) = o} = [pf* (V)]

for ¢ € Ly (by 4. of this proposition), the set

(T3 (w)]y = N (W eQ| T (W) ([¢]) > a}

a€[0,1]NQ, €Ly, s.t. T;(w)([¢])>a

is measurable. Since F is closed under complements, every w’ €
[T; (w)], satisfies, for all A € F:

Since F is a field which generates 3, by Carathéodory’s extension
Theorem, it follows that T; (w) = T; (w') . Hence,

[Ty (@) = [T} (@), € 5.

By (I1), p% () — p} (p$ (¢)) is an axiom. So, by 3. of Lemma 2,
Fw — p¢ (p) implies - w — p! (p$ (¢)). Hence, by the definition
of T; (w) , it follows that T; (w) ([¢]) > « implies T; (w) ([p$ (¢)]) =
1. Since T; (w) is a o-additive probability measure, it follows that
T, () ([T @)]) = 1.

(b) Case X, > Ng: We have to show that, for all w € ©, i € I and
A€ [T; (w)] C A implies T; (w) (4) = 1.
By the definition of T;(w) in the proof of Carathéodory’s Theorem,
it is enough to show that for (v, )nen, where ¢, € Lo, for n € N:

U lpn] 2 4 implies > T/ (w)([gnl) > 1.

neN neN
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We can assume without loss of generality that the [p,] are pairwise
disjoint. (That

inf{ Z T!(w)([en])|  ©n € Lo,n € N such that U [on] 2 A} <1
neN ne N

is clear, because A C Q and T/ (w)(Q2) = 1.)
For i € I and w € 2 define

pi (w) =
A Py () A A -p; (V).

a€[0,1]NQ, x€Lo, s.t. Fw—pf(x) B€[0,1]NQ, PpELo, s.t. Fw——p? (¢)

By the definition of T;(w), we have [T;(w)] = [p; (w)], where @; (w)
is an i-formula. From

m@lc Uled= | V o]
neN neN
it follows (by 6 and 7 of Proposition 2) that
Q= [(pi(w)—> \/ gpn}.
neN

By 1 and 3 of Proposition 2 and Modus Ponens, it follows that
@i (W) = V,en @n is a theorem. By the inference rule “Uncount-
able Introspection”, we can conclude that

pi (@)= N\ \/pj’l“<\/¢n>
kEN\{0} lEN n<l

is a theorem. By Conjunction, (A4) and Modus Poneuns, it follows
that - w — ¢; (w). This implies that

Fo— A \/pi’l“(\/sﬁn),

kEN\{0} lEN n<l

which implies that

1=t 7 ([ V ] ) < X reen.
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Proof of Theorem 1. “Strongly sound” follows from Proposition 1.

According to Proposition 3, Q = (Q,%,(T}),c;,v) is a type space (resp.
Harsanyi type space) on X for player set I.

Let T | ¢ in the class of type spaces (resp. Harsanyi type spaces) on X for
player set I. Then, for all w € Q:

(Q,w) T implies (Q,w) | ¢.

So, by 4 of Proposition 3, [I'] C [¢], which implies, by 3 of Proposition 2,
FVemw = ¢, because for sets of formulas A € B with |B| < 2% VieaX =
V,ep X is a tautology of the Propositional Calculus. Let w € Q and w ¢ [I'].
Then there is ¢ € T’ with w ¢ [¢], so F w — —). But then, F ¢ — —w (since
(x = —X) = (X = —x) is a tautology of the Propositional Calculus). By Modus
Ponens, it follows that I' - —w. By Conjunction and the fact that || < 2%+,
we have I' - A, ¢r) ~w- Then, since (as in the proof of 3. of Proposition 2)

F Awgr) ~w — VwE[F w is a theorem, it follows that I' - \/ ¢y w, hence, by
Modus Ponens we have I' F ¢.
Proof of Corollary 1. Assume that (Q,w) £ T, for every w € ), where Q is the

Q corresponding to the system P (resp. to the system H). Hence, for every w
there is a ¢, € T such that (Q,w) E —p,. By 4 of Proposition 3, it follows
that w € [~p,], that is - w — =, hence - ¢, — —w. Since Q| < 2%, we
have = A cq o — —w (because = A, ¢ — @o is an axiom). It follows
(by Conjunction, (A4) and Modus Ponens) that = A, cq ¢ — Aycq ~w. By
4 of Proposition 3 and the definition of “”, we have [-(z A —x)] = Q, for
x € X. So, by Proposition 2, it follows that - = (z A —z) — /.o w and hence
F Aweq ~w — « A -z, which implies = A .o @or — © A -z, and we conclude
I' F A —z. By (A5) and Modus Ponens, it follows that I' - « and I' - -z, so
T is inconsistent in the system P (resp. in the system H).

If T is not consistent in the system P (resp. in the system H), then there is
a ¢ such that I' - ¢ and T' - = in the system P (resp. in the system H). So,
by the strong soundness, for every type space (resp. Harsanyi type space) M
on X for player set I and every m € M: If (M, m) T, then (M, m) |= ¢ and
(M,m) = —p. By the definition of the relation “E”, there is no (M, m) such
that (M, m) = ¢ and (M, m) | —¢. So I' has no model in the class of type
spaces (resp. Harsanyi type spaces) on X for player set I.
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B. Proofs of Section 4

Proof of Lemma 5. By induction on the formation of the formulas in £:

1. Let x € X U{T}. Then,
(M,m)Eziffv(m,z)=1if v (f(m),z) =1iff (N, f(m)) E=.
2. Let ® C £ such that |®| < 2%, Then, by the induction hypothesis,

(M,m)E N,cap HE (M,m) o, for all p € P,
ifft (N, f(m)) E o, for all ¢ € @,
iff (N, f (m) = Apeo #-

3. Let ¢ € L. Then, by the induction hypothesis,

(M, m) |= =@ iff (M,m) & @ iff (N, f(m))Eeiff (N, f(m)) e

4. Let ¢ € Lo As remarked in the definition of the relation “E7, [¢]
is measurable in M and [’L/J]N is measurable in N. By the induction
hypothesis, we have f_l([z/J]N) = [w]M , S0 we have

(M,m) |=pg () it < Ti(m) ([$]")
it o< TN (f (m)) ([¥]")
iff (N, f(m)) = pi ().

Proof of Theorem 2. Let M = <M, M (TZM) ,UM> be a type space (resp.
Harsanyi type space) on X for player set I. By Lemma 5, 2 of Proposition

M

2, and 4 of Proposition 3, it follows that there is at most one type morphism
from M to €.
Let

O i={p € Lo | (M,m) = ¢},

N ¢

pEDP,

for m € M, and define

By Corollary 1, ®,, is consistent and, by the definition of the relation “E”, it
follows for ¢ € L that

P € Dy, iff p ¢ Dy,

This implies that f(m) € Q. It remains to show that f : M — Q is a type
morphism:
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1. Tt is enough to show that for every ¢ € Lo : f~1 ([t]) € M, since the
set {[¢] | ¢ € Lo} is a field that generates .. We have

f(m) €[] iff - f(m)— v iff p € @y, iff m e [

But [¢]" € £M (see the definition of “=7).
2. Let 2 € XU{T}. Then,

oM (m,z) = 1iff x € @, iff F f(m) — xiff f(m) € [z] iffv(f(m),z)=1.
3. Let i € I and m € M. Since f : M — Q is &M — Y-measurable,
TM (m) (f~1 () is a o-additive probability measure on (£2,¥). Since
F is a field that generates ¥, by Carathéodory’s Extension Theorem,
M (m) (f71 ([eD) = Ti (f (m)) ([#]) ,

for all ¢ € Ly, implies
M (m) (f~1(E)) = Ti (f (m)) (E),
for all E € ¥. As shown in 1, we have f~! ([p]) = [gp]M, for ¢ € Ly,
and hence
TM (m) (f 7 () =T (m) ([¢]™)

=sup{a | (M,m) = p;i ()}
=sup{a | p{(p) € Pm}
=sup {a [ f(m) — pi'(¢)}
=T; (f (m)) ([«¢]) -

C. Proofs of Section 5

Proof of Lemma 6. The “either” follows by the consistency of w;, while the “or”
follows by an easy induction on the formation of the formulas in £7, which is
done in the same way as in the proof of 2 of Proposition 2.

Proof of Remark 8. For wy € Qg and g, € L, we have by Conjunction,
(A4) and Modus Ponens that

wo € [ipo]” N [3ho]” implies wo € [0 A o],
and by (A5) and 3 of Lemma 2
10

wo € [po Ao’ implies wo € [0]” N [100]°,
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and hence
lpo A to]” = [iwo]” N [w00]°
By Lemma 6, we have
Qo \ [500]0 = [_‘500]07

for o € L. It follows that the generators of ¥ are finite Boolean combinations
of the sets [z]°
z e X.

For the second point: Existence: Take a type space M on X for player set 1

, where 2 € X. Hence X is generated by the sets [x]°, where

consisting of one point (i.e., M = {m}, note that M is necessarily a Harsanyi
type space) such that v(m,z) =1 iff © € mg. By Corollary 1,

wo = /\ (po

POELY: (M, m)=¢°

is consistent in the system H (and hence in the system P) and, by the definition
of the relation “=”, wy € Q. By (A5) and Lemma 6, we have

Fwy—x iff € mg.
Hence by Lemma 6 we have
Fwo— -y iff y ¢ my.

So, we have by Conjunction, (A4) and Modus Ponens,
Fwy — /\ x A /\ —y.
zeX:xEmo yeX:ydmg

Uniqueness: An easy induction on the formation of the formulas in £ shows
that for all ¢° € L§:

(o /\:17/\ /\ -y = ¢® or F /\:c/\ /\ -y — 0.
rEMO yeX\mo rEMQ yeEX\mo
Hence, by Conjunction, (A4) and Modus Ponens, we have either

/\ x N /\ Y — Wo

reX:xEMo yeEX y¢mo

/\ z A /\ Y — TWo.

zeX:xEmo yeEX y¢mo

or
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By 3 of Lemma 2 and the consistency of wq, this implies
Fwo + /\ x A /\ .
zeX:xEmg yeX:ydmg

Notice that since wg is consistent, we cannot have - wy — w( for some
wy € Qo with wy # wy, because by the definitions {wp, wj} is an inconsistent set
of formulas.

Proof of Lemma 7. An easy induction on the formation of the formulas shows
that for all p € L:

Either F</\wj>ﬁ<p or F(/\wj)%—mp,
Jj€lo Jj€lo
but not both. By the consistency of A jelo Wi Corollary 1 and 4 of Proposition

3, the rest is now obvious.

Proof of Lemma 8. The first assertion is true for i-formulas, according to Lem-
mas 6 and 7. The rest of the first assertion follows from the definition of [-]*
and 6 and 7 of Proposition 2.

To the second assertion: Since

[l Ch™H ([¢]") and Q\[¢] = [~¢] S A7 ([~¢]"),
and since
A ([e) nh™H ([=e]™) = A7t ([e]") nh™H Q" \ [¢]") =0,
we have
[e] = h™t ([¢]") -

Proof of Lemma 9. Let i € I. For w; € Q;, choose w € Q such that w(i) = w;.
By the definitions and Lemma 6,

T; (wi)([e]") = Ti (@) (),

for all ¢ € L. This implies in particular that T;* (w;) (+) is non-negative.
If for ¢, € Lo: [¢]* = []*, then [p] = [¢], by Lemma 8. It follows that

T; (wi)([e]") = Ti(w)(le]) = T (@)([¥]) = T; (wi) ([¢]),
hence T} (w;) () is well-defined.
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If for @, € Lo: [p]* N [Y]* = 0, then [p] N
definition of [-]*, it follows that [¢]* U [¢]* = [p V 9¥]*. Hence,

Ty (wi)(l]") + T (wi) ([W]7) =T (w

Therefore, T (w;) (+) is additive on F*.

Since T and p} (T) are theorems, we have Qo = [T]" and, by the definition
of the w; € Q;, Fw; — p}(T). It follows that T (w;) (%) = 1.

Let ¢, € Lo, for n € N, and let [¢,]* | 0. It follows by Lemma 8 that [¢,,] | 0
and therefore

limy, oo T7 (wi) ([@n]*) = limy 0o 7] (W) ([pn]) = 0.

Proof of Proposition 4.

1. Follows from Carathéodory’s Extension Theorem and Lemma 9.
2. Follows from Lemma 1: It suffices to show that for every v € Ly,
rational o € [0,1] and ¢ € I :

{wi | T3 (wi)([W]7) = a} € X
Choose a w € 2 such that w (i) = w;. By Lemma 6, we have
Fw—pl () iff Fwi—pf(¥).
By Lemma 3, it follows that
T7 (W) ([0)7) = o M Fwi = pit(9).
Hence,
{wi | T () (W]*) = o} = pF ()] € %i.
3. Follows from Remark 8, and 1 and 2 of this proposition.

4. We proceed by induction on the formation of the formulas in Ly:
e For x € X U{T} and (wj)jer, € O*:
(Q*a (wj)jGIO) ': z it o* (w07x) =1
iff woe [x]o
it (wj)jer € [2]"
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“

e The induction steps “—¢”, for ¢ € Ly, and “p A ", for ¢ and
1 € Lo, are clear by the definition of “=" and “[-]"”.

e So there remains the step “p® (p)”, for i € I, @ € [0,1] N Q, and
@ € Ly. By the induction hypothesis, we have

= {(@))jer, € V| (", (W])jer) ¥} -
It follows that, for (w;),er, € *:

(%, (w)j)jer) E 0 (0) it T (wy) ([¢]
iff  sup {6 [0
iff Fw;— pf(
i o€ pf (o)
iff - (wj)jer, € [P (9],

where the third equivalence follows by the axioms (P7) and (P3).
5. We have to show that, for i € I and w; € ; :

Aex” and [T7(wi)]" = {(w))jer, | T} (wi) = T7 (wi)} € A
imply
T (wi)(A) = 1.
By the definition of 7*,3* and T;*(w; ), it suffices to show that (., )nene
Lo and J,,cnlen]* 2 A imply

(Vo)

Choose w € Q with F w — w;.
By an easy induction on the formation of the i-formulas ' € £, we
have that for w’,0 € Q and i € I : T;(w') = T;(w) implies

@) ot i (©,3)
Hence, by 4 of Proposition 3, T;(w') = T;(w) implies
Fo' —w iff Fo— w;.

It follows that ™! ([T} (w;)]*) 2 [Ti(w)]. Hence, by Lemma 8, |, cy[¢n] 2
[Ti(w)]. This implies

o ([yo]) - (o) -

n<l n<l
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Proof of Theorem 3. By Lemma 7, h is one-to-one.
Let (wj)jer, € Q*. By 4 of Proposition 4, Lemma 6 and the definition of [-]",
we have for i € Iy and ¢; € L:

Fwi = o (W) e, € loil" M (27, (W))jer) F wi-
By definition of “[=7, this implies that (Q", (w;)jer,) = wi, for i € Iy. Hence,

we have

(€, (wy)jers) /\ W -

j€lo
So /\jelo wj is consistent for every (w;)jer, € ¥, hence, by Lemma 7, h is onto.
For (wj)jer, € " let w € € such that - w «» A\;.; w;. Then it follows that

<Q*a (wj)j610> ': w.

Hence, h™! is the type morphism from the proof of Theorem 2.
h is a type morphism: For ¢ € Ly, we have by Lemma 8:

(el = [¢] € 2.

Since F* is a field that generates ¥*, it follows that h is measurable.
Let w € . For z € X U{T}, we have by Lemma 6, Lemma 7 and the
definitions

v (h(w),z) = v ((w(j))jer, x) = v*(w(0), x),
and
v*(w(0),2) =1 iff Fw(0)—2x
iff Fw—o=x
iff v(w,z)=1.

By Carathéodory’s Extension Theorem, it is enough to show that for w € €,
1€l and ¢ € Ly:

T (wi)jer) ([9]") = T (w) (W™ ([¢])).

Since h=1([¢]*) = [¢], this is clear by Lemma 6, Lemma 7 and the definitions.

D. Proofs of Section 6

Proof of Theorem 4. We prove the P-system case and sketch the differences for
the proof of the H-system case. For the P-system case:
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Let i € I. For w; € Q; define

pi (wi) =

( A p?(x)) A( A -, (1/1)>-
X€Lo, a€[0,1]NQ, s.t. Fwi—p¥(x) YELy, BE[0,1]NQ, s.t. Fw;——p? (1)

An easy induction on the formation of the i-formulas shows that for every i-
formula, x; € L

Either F ¢; (w;) = x; or F @; (wi) = —xi-
Since F w; — ¢; (w;), by the consistency of w;, it follows that - w; <> ¢; (w;) .
Hence, w; # w! € Q,; implies that ¢; (w}) # ¢; (w!'). Therefore, by the defi-
nitions of T;*(w}) and T*(w}), we have T (w!)([¢]*) # T (w!)([¢]*), for some

2 2

@ € Ly. We conclude that
Tr:Q; = A(Q,X)
is one-to-one.

It follows—and in the same manner, also in the H-system case—that for
i€l and w; €Q;: [T7F(wi)]" = {wi} x Q_;. Hence, in the H-system case, the
introspection property of the canonical Harsanyi type space on X for player set
I implies that

margq, o 17" (wi) = u,,
for i € I and w; € ;.
By 2 of Proposition 4, T} is measurable, for 7 € I.
Let p € A(Q*,X*) and fix i € I. Consider the following set of formulas:

Pt = {pf (@) | ¢ € Lo, a €[0,1]NQ s.t. pu(e]”) > a}
U{-p) () | v € Lo, B€0,1]NQ st p([¥]*) < B}

If this set of formulas is consistent in the system P, then by Corollary 1, there
is a w € Q, where € is the € belonging to the system P, such that

(Q,w) E P~
But then, from 4 of Proposition 3, the definition of w(#) , the fact that - w —w(4),

and the consistency of w, it follows that - w(i) — ¥, for all x € ®#. The defi-
nition of 7;* (w (¢)) implies then that
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for all ¢ € Ly. Hence, since T;* (w (7)) and p are o-additive probability measures
on ¥* that coincide on the field F*, and since F* generates ¥*, Carathéodory’s
Extension Theorem implies then that

T7 (w (i) = p
In the following, we show that ®# is consistent in the system P. Let u ¢ ;.
Define
=0, U{u},
Q;L Z:Qj, fOI‘j e Iy \ {’L},
Ef =>; U {EU {u} | FE e El},
25 ::Zj, for ] € IO \ {’L} y
Qr ::Hje]OQ;L,
¥/ :=the product o-field of the ¥, j € Io.
Note that X! is a o-field, ¥* C ¥, and ENQ* € ¥*, for £ € ¥*. Note
furthermore that, since each 2, for j € Iy, is nonempty, each Qz‘ , for j € Iy, is
nonempty.
For j € Iy \ {i}, choose u; € Q;, set u; := u and define

u = (uj)jelo .
For j € I, w; € QO and E € ¥* define

T (wi)(E) =T (w;(ENQ"), ifj#iorifi=jandw; #u,

TH(w)(E) :=pn(ENQ*), if w; =u.

By this definition, 7} (w;) is a o-additive probability measure on (Q*,%*), for
j €I and w; € Qf.
For z € X and wo € Qf define:
vH(wo, x) :=v" (wo, ),
v (wp, T) =1, in any case.
By this definition, it is clear that v* (-, z) is ¥y — Pow ({0, 1})-measurable, for
reXU{T}
Let E e ¥#, jeI\{i}, «€0,1]NQ, and

b(E) == {v € AQ", D) | v(E) > a}.
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Then, by the definitions:

(T~ (E)) = (I7) 7 (0" (EN Q) € 3.
Hence,

TH Q5 AQH, D)
is ¥ — ¥\-measurable, for j € I\ {i}.
Note that

T¥ (u) (B) = p (BN Q) = TV (u) (BN ),

for E € X#. So, for all j € I, w; € Qf and E € X

TV (wy) (B) = T (w;) (BN Q).

J J

By definition, we have

{ubU(TF)HOENQY)) e X, if p(ENQ*) > o

Hence,
TF : QF — A(QH,3H)
is 34 — ¥\ -measurable.
Now, we have proved that

QH = <QM,2M, (TJH)jEIaUM>

is a product type space on X for player set I.
Next, we show by induction on the formation of the formulas ¢ € Ly that,
for w € O*:

(@,0) o i (27,0) o
An equivalent statement is:
[p]" =[] N, where [p]":={w € Q" | (", w) |= ¢}

(Recall that, by 4 of Proposition 4, [¢]®" = [p]*, for ¢ € Ly.)

Since
T (uw) (") = u(lel" N ),
it follows then that
Q" u) = o+
(And this then implies that ®* is consistent.)
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Let w € Q*. By definition, we have for z € X U {T }:
Q" w) Eaiff o* (w(0),2) =1

iff v* (w(0),2) =1

iff (°,w) E .

The steps “A” and “=” are trivial.
Let j € I. For ¢ € Lo, we have by the induction hypothesis [p]" = [¢]* N Q*,
and hence, for a« € [0,1]NQ:

=[p§ (L)) N Q*-
Now, we have shown that
TF:Q; = A(Q,X)

is onto, for i € I.

For i € I, it remains to prove that (7;)~! is measurable: The sets [p$ (p)]%,
where ¢ € Ly and a € [0,1] N Q, generate the o-field ;. So it is enough to
show that T7([p& ()]?) is a measurable set in A(Q*, ¥*). But we have

T ([pf ()]) = {v € AQ", %) | v([¢]") = o} € i

The H-system case is proved similarly, but for the “onto part” one starts
with € A(Q—;,X_;) and defines TH := 6, X pu, where “x” denotes here the
product of measures and &, is the delta measure at u € Q'.

And for the “one-to-one” part, one uses the following fact, which holds in
general for o-additive probability measures on product spaces (endowed with
the product o-field): If v € A(Q*,¥*) and for some w; € €;: margq, (v) = 4.,
then v = 4, x margg_ (v). This fact together with Carathéodory’s Extension
Theorem is then used to show by induction on the formation of the i-formulas
that margg_, oT}" is one-to-one. The measurability of marg,, . oT} is straight-
forward, Whlle, using Lemma 1, the measurability of (marggii o T7)~! follows
also by induction on the formation of the i-formulas.
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