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1. Introduction

Let X be a proper smooth model of the affine surface

(1.1) y* —az’ = f(x),

where a € Z is not a square and f € Z[z] is a polynomial of degree 3 or 4 without
repeated roots. This defines a Chatelet surface over Q and we will be interested
here in providing a quantitative description of the density of Q-rational points
on X. The anticanonical linear system | — K x| has no base point and gives a
morphism 1) : X — P4, This paper is motivated by a conjecture of Manin [11]
applied to the counting function

N(B) = #{x € X(Q) : (Hy0¢)(x) < B},

for a suitably metrized exponential height H; : P*(Q) — Rsg, whose
precise definition we will delay until §5. The conjecture predicts that
N(B) ~ cx B(log B)"*~! for some constant cx > 0, where rx is the rank of the
Picard group associated to X. Peyre [17] has given a conjectural interpretation
of the constant cx.

Getting an upper bound for N(B) is considerably easier and the second
author [5] has shown that N(B) < B(log B)"*~! for any Chéatelet surface.
When suitable assumptions are made on a and f in (1.1) one can go somewhat
further. Henceforth we assume that a = —1. In recent joint work of the au-
thors with Peyre [4], the Manin conjecture is confirmed for a family of Chételet
surfaces that corresponds to f(z) splitting completely into linear factors over
Q in (1.1). Our aim in the present investigation is to better understand the
behaviour of N(B) when the factorisation of f(x) into irreducibles contains an
irreducible polynomial of degree 3. Here, as throughout this paper, we take
irreducibility to mean irreducibility over Q. In this case it follows from work of
Colliot-Thélene, Sansuc and Swinnerton-Dyer [6, 7] that X satisfies the Hasse
principle and weak approximation. Moreover, it is straightforward to calculate
that rx = 2 (see [5, Lemma 1], for example). With this in mind we see that
the following result confirms the Manin prediction.

THEOREM 1: We have N(B) ~ c¢x Blog B, as B — 0o, where cx is the constant
predicted by Peyre.

Our result bears comparison with recent work of Iwaniec and Munshi [15],
where a counting function analogous to N(B) is studied as B — oo. However,
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using methods based on the Selberg sieve, they are only able to produce a
lower bound for the counting function which is essentially of the correct order
of magnitude, a deficit that is remedied by our result.

Fix a constant ¢ > 0 once and for all. We will work with compact subsets
R C R? whose boundary is a piecewise continuously differentiable closed curve
of length

OR)<c sup  max{|z1],|z2|} = reo,
x=(z1,22)ER

say. For any parameter X > 0 let XR = {Xx : x € R}. Our proof of the
theorem relies upon estimating the sum
SX)= > r(LE)r(Cx),

x€Z?’NXR
where r denotes the sum of two squares function, and L, C' are suitable binary
forms of degree 1 and 3, respectively, that are defined over Z. Recall that
r(n) =43 4, x(d), where y is the non-principal character modulo 4. For any
d= (dl,dg) € N? we let

(1.2)  o(d) = o(d; L,C) = #{x € Z* N [0,d1d2)? : dy | L(x), d2 | C(x)}.

Furthermore, we define £ to be the set of m € N such that there exists £ € Zxg
for which m = 2¢(mod 2‘+2). We denote by £ (mod2") the projection of &
modulo 2". The following result forms the technical core of this paper.

THEOREM 2: Let € > 0 and let
1+ loglog?2
B log 2
Let C € Z[x] be an irreducible cubic form and let L € Z[x] be a non-zero linear
form. Assume that L(x) > 0 and C(x) > 0 for every x € R. Then we have
S(X) = m?vol(R)X? [ [ K, + O(X?(log X)~""%),
P

Kp:( p) 5 xX@")e(@”, p"?)

21/1 +2vo

n= > 0.086.

where

v1,v220

if p > 2 and

- e ey E<Emn) |

The implied constant in this estimate is allowed to depend on ¢, L, C" and rq.
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The sum S(X) is directly linked to the density of integral points on the affine

variety

L(x) =si+ 1, O(x)=s3+t5.
Arguing along similar lines to the proof of [2, Theorem 4|, one can interpret
the leading constant in our estimate for S(X) as a product of local densities
for this variety. In fact this variety is related to a certain intermediate torsor
that parametrises rational points on the Chéatelet surfaces under consideration
in this paper.

The asymptotic formula in Theorem 2 should be taken as part of an ongoing
programme to understand the average order of arithmetic functions running
over the values of binary quartic forms. One of the starting points for this topic
lies in the work of Daniel [8], where the analogue of S(X) is estimated asymp-
totically with r(L)r(C) replaced by 7(z} + 23). A treatment of r(Ly)---r(L4)
for non-proportional linear forms Ly, ..., L4 has been accomplished by Heath-
Brown [12], which in turn has been improved by the authors [2]. Moreover,
our allied investigation [3] could easily be adapted to handle the analogue of
S(X) featuring r(L1)r(L2)r(Q) when Lq, Lo are non-proportional linear forms
and @ is an irreducible binary quadratic form. Dealing with r(Q1)r(Q2), for
non-proportional irreducible quadratic forms Q1, @2, or even r(F) for a general
irreducible quartic form F', seems to present a more serious challenge.

ACKNOWLEDGEMENTS. It is pleasure to thank the referee for carefully reading
the manuscript and making numerous helpful comments, including drawing our
attention to an oversight in the original treatment of Lemma 11. While working
on this paper the first author was supported by Institute de Mathématiques
de Jussiea and the second author was supported by EPSRC grant number
EP/E053262/1. Part of this work was carried out while the second author
was visiting the first author at the Université Paris 7 Denis Diderot, funded by
ANR “Points entiers points rationnels”.

2. Polynomials modulo n

Our analysis will require information about the number of solutions to various
systems of polynomial equations modulo n. For any polynomial f € Z[x] of
degree d > 2, we define the content of f to be the greatest common divisor of
its coefficients. Thus a polynomial has content 1 if and only if it is primitive.
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Let

(2.1) of(n) =#{x € Z/nZ: f(x) = 0 (modn)}.

Since gy(n) is a multiplicative function of n it will suffice to analyse it for prime
powers. We begin by recording the following upper bounds.

LEMMA 1: Assume that disc(f) # 0 and that p is a prime which does not divide
the content of f, with p#|| disc(f). Then for any v > 1 we have

. e
07(p*) < dmin {p, p—i¥ pr=1}.

Proof. The inequality of(p”) < dp? is due to Huxley [14] and the inequality
or(p”) < dp(1= 3" is due to Stewart [18, Corollary 2]. The final inequality is

trivial.

One of the ingredients in our work will be the Dedekind zeta function

1 1 -1

)= 2 N, oay 1;[ (- Mewr)
for Re(s) > 1, when k is a number field obtained by adjoining to @ the root
of an irreducible polynomial f € Z[z]. Here a runs over the set of non-zero
integral ideals in k and p runs over prime ideals. By a well-known principle due
to Dedekind [10, p. 212], for a rational prime p { fodisc(f), where fy denotes
the leading coefficient of f, we have the ideal factorisation (p) = pi'ps?---,

with Ny ,q(ps) = p™*, corresponding to the factorisation

f(@) = fu(@) f2(2) - - (modp)

for polynomials f;(x) of degree r; which are irreducible modulo p. When r; =1
the polynomial f; has a root modulo p. Thus, for p{ fodisc(f), we have

07(p) = #{p : Nijo(p) = p}.

The Eulerian factors of (j(s) which correspond to prime ideals p for which
Nijo(p) = p" for r = 2, or p | fodisc(f), define a holomorphic and bounded
function in the half-plane Re(s) > %, without any zeros there.

We will need to investigate the Dirichlet series

nS

(2:2) Gy(s) = ortn) Grls,x) =) X(nzfsf(n),

n=1
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for Re(s) > 1, where x is the real non-principal character modulo 4. Let
Kk € (0, }). It follows from Lemma 1 that for any p | fo disc(f) we have

o (")

<, 1.
pv(lfn)

v>1

Hence for all x € (0, ;) there exists an arithmetic function h such that

Gr(s) = Ge(s) S0 " = Guto) (s,

say, with Y0 | |h(n)|n~ """ <, 1. In the same manner Gy(s, x) is related to
the Hecke L-function
=3 s

= Niola)

defined for Re(s) > 1. Note that when d is odd L(s, x) will be analytic at s = 1,
since x is a quadratic character. Thus we have Gy(s,x) = L(s,x)Hr(s,Xx),
where

_ 5 (Ao

The following result is well-known and follows on combining the above with the
results contained in the survey of Heilbronn [13].

LEMMA 2: Let A > 0 and let f € Z[x] be an irreducible cubic polynomial with
content 1. Then we have

n)or(n _
S X))+ 04 ((l0s X)),
n<X n
with 9(f;x) = L(1,x)H(1, x). Furthermore, we have
Z x(p Qf < 1.
p<X

In the present investigation we will be concerned with the case f(z) = C(«, 1),
an irreducible polynomial of degree d = 3 defined over Z. We will need to relate
the series

(2.3) D(s) _ i X(n)g(l,n)
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to G (a,1)(8, X), where o(dy, d2) is given by (1.2). To this end it will be necessary
to have some further information about the size of o(di, d2) at prime powers.
We will suppose once and for all that

(2.4) L(x) = az1 + bre, C(x) = oz’ + c107w0 + cox1 23 + 33,
for a, b, ¢; € Z, with non-zero integers

(2.5) A =|Res(L,C)|, A" =disc(C)|.

Our investigation is summarised in the following result.

LEMMA 3: Let C' € Z[x] be an irreducible cubic form and let L € Z[x] be a
non-zero linear form. Assume that L,C are primitive and let A, A’ be as in
(2.5). Then we have the following expressions.

(1) When p{coA’ and v € N then we have
p () = D oc (e (p) + 5] if v = 0(mod3),
o(1,p") = ¢ " H(plEH — Do (e 1y (p) + pHE171 if v =1 (mod 3),
P OB = Voo (p) +p7 51 if v =2 (mod3),
In particular, when p t coA’ we have

For any prime p and v € N, we have

ov—1 4V
b

o(1,p”) < min{p™~",ps }.
(2) When vy < 3v; and pt A, we have
Q(le ,pl/2) < pV1+2V2— U32 1 .
When 0 < 311 < v and pt coAA’, we have
o(p”*,p"?) < (3 + 1)p2”1+”2+[”321.
p
(3) For any prime p and v1,vy € Zso we have

o(p”,p"?) < min{p? H2e pRERaL gty

Proof. These expressions are founded on a preliminary study of the related
quantity

(2.6) o"(p",p"?) = #{x € Z>N[0,p" )% : p"* | L(x), p** | C(x), p{x}.



980 R. DE LA BRETECHE AND T. D. BROWNING Isr. J. Math.

We will follow the convention that ¢*(1,1) = 1. We can relate this quantity to
o(p¥*, p?) via the easily checked identity

(27) Q(p”l 7puz) _ Z Q* (pmax{ul—k,O}7pmax{u2—3k,0})pmk,
0<k<max{vy,[ 21}

with my, = 2(min{r1, k} + min{vs, 3k} — k). This follows on partitioning the x
to be counted according to the common p-adic order of z;, zo and p™ax{» Aty
Proceeding with our analysis of o*(p**, p*?), we begin by noting that

(2.8) 0" (1,p") = ¢(p”)oc (2,1 (")

if p 1 cg, since the solutions x to be counted satisfy p 1 z3 for p 1 ¢g. Hence
Lemma 1 yields o*(1,p") < 3p(p¥) if pt coA’. Suppose now that p | coA’. If x
is counted by ¢*(1,p") then ¢ < v,(co) if p*|lz2. We conclude from Lemma 1
that

(2.9) (L)< Y e Propccern (070 <1,

0<€<vp(co)
where we recall our convention that the implied constants are allowed to depend
on the coefficients of L, C'. This latter estimate holds for any prime p. Next we
note that

0" (p",p?) < min{p*2o* (", 1),p* 0" (1,p"*)}.
Since o*(p**,p*?) = 0 when min{v,v2} > vp(A), and o*(p™,1) = @(p™), it
therefore follows from (2.9) that

(2.10) o (P, p?) < prte.

We are now ready to deduce the statement of Lemma 3. When p { A’ and
v > 1 it follows from Hensel’s lemma that oc(,,1)(p”) = 0c(z,1)(p). The first
pair of displayed relations in part (1) now follow directly from (2.7) and (2.8).
The final part is again based on (2.7), but now combined with (2.9).

Turning to the proof of part (2), for which we call upon (2.7), we see that
when vy < 3v; and pt A we have

o p?) = Y P
[21<k<m

:p2y2 Z (p(pulfk) gpv1+21/2,|—u32'|.

[V32]<k<V1
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When 314 < vp and p 1 cgAA’ we have

* Vo — v v 1% Vo — v
olp™,p?) = Y pM R, p ) 4 ([ 32] - [;DPQ 1+2va =2l

2N

< (3 + 1)p2”1+”2+[?1.
p
Finally, part (3) is a consequence of the inequalities

o(p”, p"?) < p*o(p™, 1) = p T2 p(p,p?) < p*o(1,p7?),

together with part (1) of the lemma.

In general, the forms L, C need not be primitive. We let ¢1,¢5 € N and L*,C*

be primitive forms such that
L=0L", C=/{C".

One can easily restrict attention to primitive forms in Lemma 3 via the trivial

observation that

o(d;L,C)  o(d'; L*,C*)
2.11 =
(2.11) )2~ (ddy)?

for any d € N?, where d; = ged(d;, £;)~td;.
Returning to the Dirichlet series D(s) defined in (2.3), we write

(2.12) D(s) = Geoz,1)(5,X)A(s),

where G (z,1)(s, x) is given by (2.2) and A(s) is the Dirichlet series associated
to an appropriate arithmetic function a. We will need the following result.

LEMMA 4: For anye >0and o > 5 4+ ¢ we have Y. |a(n)n™7 < 1.

Proof. Since the two functions involved are multiplicative it suffices to analyse
the Euler products

D(S) = HDP(S)a GC(I,I)(Sv)() = H Gp,C(m,l)(Sv)()'

p
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Assume Re(s) = 0 > 2. When p { ¢pA’, Lemma 1 and part (1) of Lemma 3
yield

x(P)oc(z1)(p)

S

Dy(s) =1+ +O(p 25 4 p17)

When p | coA’, we have

2 _ 2_
DZD(S):1+O(p3 0)7 Gp,C(m,l)(SaX):]-+O(p3 J)-
From this we deduce that (2.12) holds with the Dirichlet series A associated
to a function a satisfying the bound recorded in the lemma.
We close this section with a simple result concerning the estimation of sum-
matory functions that involve the convolution of arithmetic functions.

LEMMA 5: Let A > 0. Let g, h be arithmetic functions and C,C",C" constants
such that

|h(d) log 2d)4 g(d c’
Z ; ((log 23)4 )

Then we have

(g*h = h(d c"(C+C")
Z CZ ( (log 22)4 )

n<e =1

Proof. We clearly have

n<x d<z m<
We approximate the inner sum over m by C' if d < v/z. On noting that

|h i |h(d)| (log2d)* c"
> <%,
i = (log2v/z)4  (log2z)

we are easily led to the conclusion of the lemma.
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3. Preliminary steps

In this section we shall begin the proof of Theorem 2. Recall the notation
(2.4) and (2.5) concerning L,C. We will find it convenient to estimate the
corresponding sum Sp(X), say, in which we insist that the greatest common
divisor of x1,z2 is odd. Note that r(2n) = r(n) for any positive integer n. We
may therefore write

SX)=>" > rLE)r(CH) =Y Se27"X).
ko20xeZ?NXR ko >0
2k0 || x

We will also need to extract 2-adic factors from L(x) and C(x). Thus we have

SX) =Y Y S(27MX),

ko=>0 k:(k1,k2)622>0

where Sy (X) is the restriction of S(X) to x for which 27%1 L(x) = 1 (mod 4) and
2 k2 (0(x) = 1 (mod4), with 2 {x. In particular, it is clear that kq, ko < log X
and min{k;, ks} < v2(A) in order for Sy (27%0 X) to be non-zero. We will need
to show that the available range for k1, ko can be reduced with an acceptable
error. A straightforward application of [1, Corollary 1] yields

Sk(X) < 2a(k1+k2)(2— max{kl,kg}X2 + X1+E),

for any € > 0. It follows that

(31) SX)=> > Sk(27FX) + O(X?(log X)~ (179 le2),
ko>00<k1,k2<loglog X

The condition 2 ¥ L(x) = 1(mod4) is easy to analyse. Without loss of
generality we may assume that a is odd. Let 0 < ¢ < 2172 be such that
ac = —b(mod 2¥1+2) and ¢’ € {—1,1} such that ¢ = a(mod4). Then we see
that 27%1 L(x) = 1 (mod 4) is equivalent to the existence of ) = 1 (mod 4) such
that

Ty = cxo 4+ 2P 1)
If k&1 > 1, the condition that 2 { x reduces to the condition that x5 should be

odd. If k; = 0, the condition 2 4 x holds automatically.
Next we note that the condition 27%2C/(x) = 1 (mod 4) can be written

Clexs + 2812, 25) = 272 % (mod 2F212).
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If the form C(cY + ¢/2¥1X,Y) has all coefficients divisible by 2¥2+! then this
congruence has no solutions. Otherwise define &} < ko so that 2k1 is the largest
power of 2 dividing all the coefficients, and set

CleY + 2 X, Y) = 2MCy(X, V).

Writing kf = ko — k] > 0 then we see that the above congruence is equivalent to
Co(z), m3) = 272/ (mod 2%212). Since 2} is odd we have 5 = oy (mod 2+212),

for o € [0, 2’“5*2) being one of the roots of
(3.2) Co(1, @) = 2*2 (mod 2¥2+2),

The condition that xs be odd, which should be added when ki > 1, is therefore
equivalent to the condition that o be odd. Finally, we make the change of
variables 2o = x| + 2¥21225 and note that 2,25 < X whenever x € XR.
We denote by n(ky,k2) the number of available o and recall from above that
min{ky, ka} < v2(A). Since a is odd we clearly have

n(ky, kz) < #{x (mod2F*T*2) . 2 = —ba™! (mod 2**), C(z,1) = 0 (mod 2*2)}.
If ko < k; then the right-hand side is at most 2¥2 <« 1. If ko > k; then the
right-hand side is at most 2’“1@@(@71)(2’“2) < 1 by Lemma 1. Hence we have
(33) n(kl, k2) < 1.

In summary we have shown that the conditions va(L(x)) = k1, v2(C(x)) = ka
and 2t x, with 27%1 L(x) = 1 (mod 4) and 27%2C(x) = 1 (mod 4), can be written
x = Mx’ with 2} = 1 (mod4) and

M:Ma:(kol c)(l 0 ):(c’2k1+ca c2k/5+2 ),
0 1/\a 2kt o ka2
where « is a zero of (3.2) that should be odd when k; > 1. We note that
(3.4) | det M| = 2F1tka+2,

Furthermore, a little thought reveals that
n(ki,ks) 1 n(ky, k2)
(3.5) Z Z oki+ky+2 — 3 Z ok1+ky
k020 k17k220 k1,k220

in the notation of Theorem 2.
We are now ready to start our analysis of S(X) in earnest, for which we follow
the line of attack in [2] and [12]. In the present investigation we will not seek
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complete uniformity in L,C and R, unlike in [2], which will greatly stream-
line our exposition. Let us set ¥ = X z(log X)~C with C a large unspecified
constant. When 0 < n < X% and n’ = 272("pn = 1 (mod 4), we write

rin)=r(n)=4 Y x(d)+4 > x

d2|n eg\n
da<X > ca>X 3
=4 > x(d)+4 > x(da)
d2|n dg"ﬂ,
3 3
da<X 2 n'>dy X 2

=4A,(n) +4A_(n).

We will apply this with n = C'(x). In the same manner, when 0 < m < X we
can write

r(m) = 4By (m) + 4Bo(m) + 4B_(m),

under the hypothesis that m’ = 27v2(™)m = 1 (mod 4), with

Bi(m)= Y x(d1), Bo(m)= > x(d1), B_(m)= > x(d).
di|m di|m di|m

d1<Y Y<di<¥ m'>d; 3

Making the transformation x = Mx’, it follows that

= SkalX)
where
SkaX) = > rLmE)r(Cum(x)),
x' €Z’NXRm
z/=1 (mod 4)
with

Rm = {x' €R? : Mx' € R}, Lm(x)=L(Mx), Cm(x)=CMx).

The region Ry has volume 275 ~*2=2y0l(R) and is contained in a box with
side length < |det M|~12F1+k> « 1. Collecting together the above we may
conclude that

(3.6) Se(X) =16 > " Ss +(X;k,0) +4T(X; k, ),
o +,+
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with
(3.7) Si7i(X; k, a) = Z Ai(CM (X/))Bi (LM (X/))
x'€Z*NXRm
z/=1 (mod 4)
and
T(X;ka)= > r(Cu(x)Bo(Lm(x')).
x'€Z°NXRm
z1=1(mod 4)

The sums S4 4+ (275 X; k, o) will make up the main term in our final asymp-
totic formula and we save their analysis for the following section. We dedicate
the remainder of this section to showing that 7'(27%0 X ; k, o) makes a satisfac-
tory overall contribution

> > > T Xk a) =T(X),
ko>00<k1,k2<loglog X «
say, to the error term. By (3.3) we have
T(X) < (loglog X)* > Y~ T, (27" X)| By (m)],
ko=>0meB

where B is defined to be the intersection
{meZ:3d|mst. Y <d< XY 'InN{meZ:Ixe XRs.t. L(x)=m}

and

Ta(X)= > r(CX).

x€ZPNXR
L(x)=m

But then [2, Lemma 6] yields

(logl X
T(X)< X Ogog Zmax|T —ko X)),

where
1+ loglog?2

log 2

Once combined with the following result this is therefore enough to conclude
the proof that T(X) < X?(log X)~"*¢, which suffices for Theorem 2.

LEMMA 6: Let € > 0 and let m < X. Then we have

Tn(X) < X (log X)°.
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Proof. We consider here the case a # 0, the case b # 0 being dealt with similarly.
The relation L(x) = m allows us to write x1 = a~!(m — bxs) and

1 1
C(x) = 3 C(m — bxa, axe) = 3 (chas + cymas + cymPag + cym?),
a a
with
¢y = C(=b,a), cy=3b%co— 2abc; +a’ca, ¢ = —3bco + cra, ¢y = co.

Let 0, = gedygicz(¢im®™), so that Cp(x2) = a6,,'C(x) is primitive as a
polynomial in zo. It follows that

T (X) < Z r(a*C(x)) < Z (a0 C (22)).

XEZ*NXR T2 KX
L(x)=m

The rest of the proof has much in common with the proof of [2, Lemma 5] and
so we shall attempt to be brief.
Write 79(n) = jr(n) and 7 for the multiplicative function defined via

") v+1, ifp]|3adm,
Tl p =
ro(p¥), otherwise.

We obtain

T (X) < 47(a0m) Y 11(Com(2)).

TaX

Clearly d,, | ¢§ # 0, whence 7(ady,) < 1. The polynomial C,, € Z[z3] has
degree 3 and is both primitive and irreducible over Q. Therefore, the only
possible fixed prime divisors are 2 and 3. An application of [1, Lemma 5] allows
one to deduce that there exists a | 36, ma, m3 < 4 and v = 2m23™3 such that
the polynomial
Com(azxe + )

8
is without any fixed prime divisor for each 8 modulo . We obtain

Z rl(Cm(xz))<<Z Z Z 71(ga,p(z2))

oKX a B (moda) z2KX

Jop(72) =

Since ||ga. ]| < [|Cim|| < m3, it now follows from [1, Theorem 2] that

Z 1(Crn(2) <<XZ Z H{( anﬂ(p))zan,s(P")Tl(PV)},

v
T2 KX o B (moda) pKX v>0 p
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because X > m®, where g, ,(p) is given by (2.1). A straightforward consider-
ation of discriminants (see [1, Lemma 1], for example) yields disc(ga,5) < mS.

To go further it is clear that we will need good upper bounds for the function
0g.. 5 (p”) for prime powers p”. Such estimates are furnished by Lemma 1. Thus
for any prime p we deduce that

T g0 5(PV)T1(P") L

. <
= p p

By including a factor

1,0
< H (1 + ) < (loglogm)°M « (log X )7,
pldisclgns) T

we take care of the primes p | disc(gq,5). Next, for any p { disc(ga,s), we have

Zgga,ﬁ(p”)ﬁ(p”) < !

v 27
v>2 p p

which allows us to ignore the exponents v > 2.

For any prime p > 5, we have g4, ,(p) = 0c,, (p), which for p { acj is equal
t0 0C (m—bas,azs)(P)- If p{ ma then the map Z/pZ \ {mb~'} — Z/pZ, given by
xy > axz(m — bro) !, is injective. It follows that o4, ,(p) = 0c(1,2)(p), for
p = 5 and p { macs. Observing that ro(p) = 1 + x(p), our investigation so far
has therefore shown that

> ri(gas(@)) < X(logX)® ] (1+ 90(1,z>(p)(ro(p)—1))

oKX P X P
ptdisc(ga,p)
< X(og X)* [ (1+ x(p)@cu,m)(p))
p<X p

< X(log X)®,

by Lemma 2. This therefore completes the proof of the lemma.

4. Level of distribution

The focus of this section is upon estimating the sums in (3.7). For any d € N?
let

Ad) = Nd; L,C) = {x € Z* : dy | L(x), do | C(x)}
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and let Api(d) = A(d; Layg, Cm). Given any region A C R?, we will write X Ay
for the set {x € Z2N XA :x; =1(mod4)}. We clearly have

Sea(Xika)= Y xl(dida)#(Am(d) N XREE(d, M),
d1 Y
dy X 3

with, for example,
XRO(d,M) = {x' € XRyt : Om(X') > do X2, Lyg(x') > dy XY}

Let ||[M]| denote the maximum modulus of any entry in the matrix M and
let om(d) = o(d; Ly, Cwm), in the notation of (1.2). Loosely speaking, the idea
is now to rewrite the inner cardinality as a sum of cardinalities, each one over
lattice points belonging to an appropriate region. We would like to approximate
each such cardinality by its volume. In doing so we need to show that the
associated error term makes a satisfactory overall contribution once summed
over the remaining parameters. This is the essential content of the following
“level of distribution” result.

LEMMA 7: Let ¢ > 0 and let V1,V2, X > 2. Assume that C € Z[x] is an
irreducible cubic form and let L € Z[x] be a non-zero linear form. Then there
exists an absolute constant A > 0 such that

vol(A) X% on (d
S s (@0 xay) - A el
S o< 1d>
d;<V;
2+d1d2

< IM|S(MX(VViVa + Vi) + ViVa) (log Vi Vo)A,

where the supremum is taken over compact subsets A C R? whose boundary is
a piecewise continuously differentiable closed curve with length 9(A) < M and
throughout which L(x) > 0 and C(x) >0

We will not prove this result here, following closely as it does the arguments
developed in [3, Lemme 5], [8, Lemma 3.2] and [16, Proposition 1]. Now it
follows from (3.4) that dyds is coprime to det M, so that om(d) = o(d; L, C) =
o(d). We may therefore conclude from Lemma 7 that

_ ¥ (dvds) vol(R*=(d, M)) X 20(d)

25(k1+k2)X2
St +(X;k, ) .
£ ( A(dydy)? )

+0
((10gX)§*A

d1 <<Y3
do X 2
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Choosing C = 2A + 8 and replacing X by 27% X we see that the overall
contribution from this error term is

ORI DS
< 2 * 2/n klv k? < 2
ko>=0 IOgX k1,k2<loglog X (lOg X)

by (3.3). This is satisfactory for Theorem 2.
Our final task is to produce an asymptotic formula for the sum

x(didz2)o
S, 1e) = Y (, d2
den?

d; <V
Recall the definition of K, from the statement of Theorem 2. We will establish
the following result.

LEMMA 8: Let ¢ > 0 and A > 0. For any V1, Vs > 2 we have
2

™ log Vmin 1
K +0
16 " ( (108 Vinax )4 - (log Vinin)4 )

where Vipin = min{Vy, Va}, Vipax = max{Vq,V2} and K’ =[]

S(Vi,Va) =

p>2

Proof. We begin by establishing the lemma for the case in which L and C' are
both primitive. We first consider the case V4 > V5. The sum to be estimated

can be written
(d 1,d
SV, Va)= X 2)d§ 2) 5, (Vi da),
da<Va
with

x(d1)o(dy,dz)
$i(Viyda) = 3 o(1,dy)d?
di<Vh

This summand is a multiplicative arithmetic function in d; and so the associated
Dirichlet series F(s) has an Euler product H F1 p(s). When p*?||dz, we have

x(p ", p?)
Fl p Z 1 pl/2 v1(2+s) °
v1 20

In particular, when p { dy we have

Fi(s) = (1 B x(p))*1

lers

since o(dy1,1) = d;. We may therefore write Fy(s) = L(1 + s, x)J1(1 + s;d2),
where L(1 + s, x) is the Dirichlet L-function associated to x and Ji(s;dz) is
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the Dirichlet series associated to an arithmetic function jg,, with Ji absolutely
convergent in the half-plane Re(s) > 0. We observe that

v (1 x(p)
(4.1) Jl,p(1,d2)7(1 ; )Fl,p(()).

Let us write J;(s;dz) for the Dirichlet series associated to |jg,|. For any
A >0, Lemma 5 yields

(3.
00 = 00, 00542) + 041,

Now it is clear that
* 3 * 3 v
J1(4’d2): 11 Jlﬂp(4’p2)’
P2 ||d2
with
vor 7+ (S _3 o(p™,p”
Q(lapz)Jl,p(4;p2)<(1+p Oy ( - ).
mxo0 P

We apply the inequalities in Lemma 3 to estimate o(p**,p"?).
Suppose first that p f coAA’. Then o(1,p*?) < 4p*> 151,

Q(p 17,le 2) < (3+ ]-) Z pu41+l/2+[u32] < (3+1) |:V2:|pvz+i[u32]7
1< v2 p 4 p v2 p 3
\V1<[3] 1<V1<[3]

and

Q(pylva) < 21/27'—1/32.'7311 7 p2v2*4|—32'|

Tvy X p = s

1/12["32 b4 V12"V32—‘ 1—p 4
Thus
(4.2)

2 * (3. V2) _ va—TT42] )
PGP =) (p2 o +(3+1)[”2}pi[32])(1+p—2)
pv2 1—pa P 3
+4pld1-d

5v
<(1+wva)p 2.

Suppose now that p | ged(dz, coAA’). On the one hand we have

V1 V2 v1+2v2
> AP o+ LT <t
120 4 vi>1 b



992 R. DE LA BRETECHE AND T. D. BROWNING Isr. J. Math.

which will suffice for small values of v5. On the other hand we have

4v.
201452 v1+2va Bug

ZQ <<Zp +ZPM <p?.

120 1/1\2? 2'/2

Observe that

I (1+o( Cumtrto )< I (+06h)

plcoAA’ vo>1 plecoAA’

which is O(1). Using Dirichlet convolution these estimates allow us to conclude
that

o(1,ds)Jy 3;d 1,d
R < 3 O <,
da<Va 2 da<Va 2

whence

Z X dg 1 dg Jl(l dg) +O( 1Og‘/2 )

S(V1, Va)
1, V2) (log V7 )A

d2§V2

The function J;(1;dz) is multiplicative in da. Let p{ cgAA’. We have

| J1p(1:p72) — 1] < J5,(15p72) =1 < Jip(i;puz) 1L
Combining (4.1) with (4.2) allows us to show that for 1 < vo < 3 we have
o(1,p*2) 1 (1;p72) = o(1,p"2) + O(p*2~ i[5y
and for vy > 4 we have
o(1,p")J1(1;p"%) = o(1,p"*) + O((1 + V2)p51"22)_

Thus, in terms of Dirichlet convolution, the function x(d2)o(1,d2)J1(1;da)dy "
is close to x(d2)o(1,d2)dy " and so to X(d2)oc(x,1)(dz). It now follows from
Lemmas 2, 4 and 5 that

log V5 1 )

S(VA,Ve) = | 9(C(e, D0 K] +0(<1ogv1>A (log V2)*
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for any A > 0, with

Ki _ 19(0(:17, 1);)()—1 Z X(dQ)Q(lajg)Jl(LdQ)

d2>1

H< ZX 2 p"?)J1(1;p” )>
Hy, 0611 "
1;[< Hy o(z,1)(1 ZX% ZX 2”1 o ))

1220 1120

B K’

~49(C(z, 1))
Here we have used (4.1) for the penultimate equality. This completes the proof
of the lemma in the case V7 > V5.

Next we suppose that Vo > V4. The estimation of S(Vi,V2) in this case is

completely analogous to the case we have just dealt with apart from a number
of minor technical complications. We begin with the expressions

(dv)o(dy, (d2)o(dy,d
S(Vi,Va) = Y X 1)d§1 Dy, di), Sa(Va,dy) = > X th 1 dz),
di1<WVi da<Va

One sees that the sum S3(Va,d;) again involves a multiplicative arithmetic
function with associated Dirichlet series Fi(s) = [[, F2p(s). When p { di, we
have

x(p P
Fap( Z P2 2+s) =Dp(1+5) = Gpo@n(l+)4p(1+5),
v 20
where Dy(s), Gp.c(2,1)(5), Ap(s) are the Eulerian factors of the Dirichlet series
appearing in (2.12). When p*'||d; and p { ¢gAA’ it follows from part (2) of
Lemma 3 and the identity o(p¥, 1) = p” that
o(p™,p"*) -3
|F21p(5)71|< Z 12 va (240 <p
Sz olprs, )pr )
for Re(s) = o > —}. When p*||d; and p | coAA’ we deduce from part (3) of
Lemma 3 that
3v
FQ,p(S) <<p 81 )

for Re(s) > — . We may therefore write F3(s) = Go(e)(1 + s, X)J2(1 + s;d1)
with Ge(z,1)(s, X) given in (2.2) and J2(s;d1) the Dirichlet series associated to
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an arithmetic function j4, which is absolutely convergent in the the half-plane
Re(s) > 7.

Lemmas 2, 4 and 5 now yield

S(V1,Va)

x(d1)o d1, Jz(l dq)
=9(C
s =0 2, ")

with g a multiplicative function satisfying

1+O0(p~1), ifptcoAA,

9(p") = ;
op%¥), otherwise.

This implies that

x(d1)Ja(1; dy) log V1
S(Vi,Va) = 0(C(a, 1); 0 '
(V1,V2) = 9(C(z, d; dv * ((10gV2)A)

An application of Lemma 5 yields

S(Vi, Vo) = 9(Cla, 1);x) ) Kp + 0((1(1)(?‘2),4 (loglvl)A)
with
(d1)Ja(1;d
KL= dle:NX 1d21( 1)
ST )
1;[( pc<z1>1>()ylz>:oxzyl V;)X M "
K’

~ 49(C(x 1) x)
This completes the proof of the lemma in the remaining case Vo > V7.
It remains to say a few words about the case in which L, C are not primitive.
Suppose that L = ¢1L* and C = {5C* for primitive forms L* and C*. Then it
follows from (2.11) that

iV,
SV V = hh Sl ) ?
(Vi, Va) }%M 1h2) fq,ﬁz(hl hz)
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where the inner sum now involves L*,C* and for any a € N? we denote by
Sa(V1,Va) the corresponding sum in which ged(d;,a;) = 1 in the summation
over d. In our case ¢; and /2 may be viewed as absolute constants. Tracing
through the argument above we are easily led to an estimate for S,(V7, V2) that
generalises the case a; = ag = 1 that we have already handled. Once inserted
into the above this therefore suffices to handle the case in which L or C' is not
primitive.
Combining Lemma 8 with partial summation gives
2 7t 2
) I K ( X )

S:t’:t(X, k, a) =X VO](R) 98-+1+K, + 0 (1OgX)4 .

Bringing everything together in (3.1) and (3.6) we may now conclude that
S(X) = m*Kvol(R)X? 4+ O(X?(log X)~"*¢),

with (k. k)
_ / n(ki, K2 _ 7
K=K Z 92ko+ki+kh+2 K Ka,
(ko,kl,kz)ezio

by (3.5). This completes the proof of Theorem 2.

5. Passage to the intermediate torsors

We are now ready to commence our proof of Theorem 1. Recall the assumption
in (1.1) that @ = —1 and f has degree 3 or 4, with an irreducible cubic factor
without repeated roots. Thus x%f(;;) = L(x)C(x) with L of degree 1 and C of
degree 3. We suppose that L, C take the shape (2.4), for appropriate a, b, ¢; € Z.
Let § = v/5max{|al,|b|,|c;|}. Then we will work with the norm

HXH = max{|:c0|, |:171|7 |:172|a 571|"E3|7 571|SC4|},

in the definition of the exponential height function Hy on P*(Q).
In what follows it will be convenient to use the notation Z™ for the set of
primitive vectors in Z™. Our starting point is [5, Lemma 2], which reveals that
(w2, uvt, w?t,y, )| < B, }
y? + 2% = t2L(u,v)C(u,v)
We denote by T C A® = Spec Q[y, z, t, u, v] the subvariety defined by the equa-
tion

(5.1) y* 4 22 = t*L(u,v)C(u, v),

1
N(B) = 4#{(y,z,t;u,v) AR AR
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together with (y,z,t) # 0 and (u,v) # 0. Then T is a G2 -torsor over X. We
have ||(v%t, uvt, u?t,y, z)|| = max{u?, v?}|t|, by our choice of norm function, for
any (y, z,t;u,v) under consideration. Since there is no solution with ¢ = 0 we
have

(5.2) N(B) = ;#{(y,z,t;u,v) €(Z3x Z2)NT: 0 < max{u? v?}t < B}.

The overall contribution that arises from (y, z, ¢; u, v) for which L(u,v)C(u,v)
is zero is clearly O(1), which is satisfactory.
Let
(5.3) D={deN: p|d=p=1(mod4)}
and note that dy € D for any dy | d with d € ®. For m,n € N we let
r(n;m) = #{a,b€ Z :n = a®> +b*, ged(m,a,b) = 1}.

Then 7(n;1) = r(n) is the usual r-function and r(y*n;y) = 0 unless y € D.
Using the Mobius function to detect the coprimality condition we obtain

2 y*n
ry*niy) = uler(Y,)).
kly
ke®D
for any y € ©. Given any 1,9 € {£1} and T > 1 we define the region
Jul, [o] < VT, }

R81,82 T) = , (S R2 :
(1) {(“ v) e1L(u,v) > 0, e2C(u,v) >0

Applying the above it now follows that

NB = S un Y Y > e,

ke® t< B er,e2€{£1} (u,w)€Z2nRe152( B)
te®  e1e2=l

where we have written LT = ¢, L and CT = ,C.
In what follows it will be convenient to write

w(ay,...,a) =wl(ged(a,. .., ax)),

where w(n) = -,
involving 2, a part involving Lt and a part involving CT. For this we call upon

1. We would now like to break the summand into a part

the following result, which is established along precisely the same lines as [3,
Lemme 10], where the analogous formula for the divisor function is established.
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LEMMA 9: Let ni,n92,n3 € N. Then we have

r(ninans) Z x(drdadz)p(dr)p (dzds)r( ni )r( n2 )r( n3 )’

Qw(dzds,nz,n3)+4 dods dyds dids
d d \nk

where the indices {i, j, k} run over permutations of the set {1,2,3}.
Applying Lemma 9, we conclude that
2 + +
27+ + X d1d2d3 dg) (dldg) ( t ) ( L ) ( C )
(t L Z Z 9w(didz2,L,C)+4 r drds r dids r dods ’
d1d2|t2 d1d3|L

dads|C

Write d = didy and note that d | ¢ for any value of d producing a non-zero
summand. In particular we will only be interested in values of d € 9, so that
x(d) = 1. Writing ¢t = ds, we deduce that

NB) =, X wldle) Y rlds?) Y xlds)ulds)Sa( ).

dr<B <z den
d,kEZD SE@ d:d1d2
where
ct
_ (dldS) (d2dd)
Sa(T) = Z Z 9w(d,L,C)
e1,e2€{%1} (u,v)€ZZNR1°2(T)
e1e2=1 dids|L, d2d3|C

for any T > 1. Now the inner sum vanishes unless d3 | ged(L(u,v), C(u,v)),
with (u,v) a primitive integer vector. In particular it follows that d3 | A, the
resultant of L and C, whence d3 = O(1).

For given d € N we let

(5.4) Fa) = 3" nla)r(db?).

n=ab

We may now write
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Recycling the observation that any common divisor of L(u,v) and C(u,v) must
divide A, we obtain

Sqa(T) = Z Z 2w1(k) Z T(dﬁ:lrg )T(dcz’:lrs)

e1,e2€{£1} klgcd(A,d) (u,0)€Z2NR®1°2 (T)
e1e2=1 dids|L, dads|C
k=gcd(d,L,C)
k' Lt c+
SED D DR SRR G H
2w (k) dyds/) \dads
e1,e2€{%1} kk’/|gcd(A,d) (u,’U)EZ2F‘IR51’52(T)
c1e2=1 [dids,kk']|L
[dads,kk']|C

Finally, we wish to remove the coprimality condition on (u,v) using the Mdbius
function. Let us define

(5.5) Ly =(L" = (e L, Cp=0CT =00

for any ¢ € N. It follows that the inner sum over (u,v) is equal to
Doyt w(OUL=2T), where if k = (k, k') then

L C
(5.6)  UT) =UNG(T) = S r( o y>)r( o(a, y>)_
d1d3 d2d3
(z,y)€Z*NR1°2(T)
[d1ds,kk']| Ly
[d2d37kk/]‘0g
We may summarise our investigation as follows.

LEMMA 10: There exists an absolute constant ¢ > 0 such that

B) :215 D) pd) Y fan) > > gﬁg

=1 de® ng<N e1,e06{x1} kk/|gcd(A,d)
ne® g1e0=1
> Xt g, )
X
de?
den®
d=dds2
d3|A

where N = ;53 and U(T) = Ug'y 7 (T) is given by (5.6).
4

Proof. In view of our preceding manipulations, the statement of the lemma
is obviously true with N = B/d¢? in the summation over n. To see that we
may take N = ¢B/di¢ for some absolute constant ¢ > 0, we observe that
U(T) = 0 unless dy < (3T2 and dy < (T'2. Taking T = B/dl?n, it follows that



Vol. 191, 2012 BINARY FORMS AND CHATELET SURFACES 999

d=didy < B2/d2n2, whence d2n < B. But we also have df?n < B, whence
in fact difn < B, as required.

The groundwork is now laid for an investigation of U(T') for appropriate
values of the parameters. In effect, the thrust of this section has been concerned
with passing from solutions of a single equation y? + 22 = t?>L(u,v)C(u,v), to
solutions of

(L(u,v) = 61(y3 +23), £3C(u,v) = da(y3 + 23),

for varying 1,02 € Z. This corresponds to a simple descent process and the
pair of equations defines an intermediate torsor above the Chatelet surface X.

6. Analysis of U(T)

In this section we will study U(T') = Ug'y 77 (T), as given by (5.6). We will work
with the sets

AD) =AD;L,C)={x€Z?: D, | L(x), D2 | C(x)},
AN (D) =N(D;L,C)={xe AND;L,C) : gcd(D1D2,x) = 1},
for any D € N2, Let us write
(6.1) e1 =dids, es=dads, Ey=[did3, kk'], Es= [d2ds,kk'].

Clearly e;, E; are all odd and e; | E;. Let R = R®2(1), so that VTR =
Rev*2(T). We may therefore write

ur =5 (M) (),
xEN(E;L,,Co)NVTR “ 2
where Ly, Cy are given by (5.5). Ultimately we wish to apply Theorem 2 to
estimate this sum. However, the latter result involves a sum over points of Z?
rather than points of A(E; L, Cp). We will circumvent this difficulty with a
change of variables.

The first task is to restrict attention to the case in which each E; (resp. Es)
is coprime to the coefficients of L, (resp. Cp). We let ¢1,¢5 € N and L*,C* be
primitive forms such that Ly = ¢;L* and Cp, = £2C*. In particular £ | 1,43 | {5
and (=41, 07303 < 1. Then A(E; Ly, Cy) = A(E'; L*, C*), with

E1 E2
6.2 E = . B, = :
( ) ! ng(El,gl) 2 ng(E2,€2>



1000 R. DE LA BRETECHE AND T. D. BROWNING Isr. J. Math.

Define the function v : N> — N multiplicatively via

P(p, po2) = pralen P}

Breaking the set according to the value of ged((E’), x) one deduces that
NE;L*,C*) = | | WAE"L5CY) = || WA (E”),
h|< (E) R4 (E)
where
Ei 1! — Eé
ged(Ef,h) 7% ged(ES, h?)
Here one notes that A=ty (E’) = (E”) and furthermore ged(v(E”),x) = 1 if
and only if ged(EY EY,x) = 1. Replacing x by hx we note that

T(hf1L*(X))T(h3€2C*(X)) _ T(EQL*(X))T(E’QC*(X)),

(6.3) B =

e1 es e} el
where
v l1h v l5h3
Poged(er, )’ ged(eg, h3)
and
el = “ ey = “2

ged(eg, h3)’

L (x)\ (0,C*(x)
U = ()
(7) Z Z e )T ¢
R (E") xeA (E")nh ™ VTR
We let ¢’ = ele}, E' = E|E}) and E" = E/'E}.
In A*(E") we define an equivalence relation x ~ y if and only if there exists
A € Z such that

x = Ay (mod E").

Note that any such A must be coprime to E”. This relation allows us to partition
A*(E") into disjoint equivalence classes. We denote by U(E") the set of these
equivalence classes. We claim that

(6.4) #U(D) < (D1D2D3)*

for any D € N2. To see this we note that

_ o*(
#U(D) D1D2 VHD l/1+1/2 ’
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where o*(D) = p*(D; L*,C*) is given multiplicatively as in (2.6). Applying
(2.10) we easily deduce (6.4).
When y € A for A € U(E"), we have

A={xecZ?:x=)\y(mod E") with A € Z and ged(\, ") = 1}.
When A € U(E") and yo € A, we set
G(A) = {x € Z* : 3\ € Z such that x = Ay, (mod E”)}.

This defines a sublattice of Z? of rank 2 and determinant E”. Moreover, the

definition is independent of yy. We conclude that

(6.5) UT)= > > > ule)S(T, Ae)

Rl (E) ACU(E") e|E"

S(T, Ae) = 3 T(KQLT(X))T(%C*(X)),

€1 )
x€EG(A)Nh—IVTR

where

with
Ge(A) =GAN{xecZ?:e|x}={x€Z?:3aceZst. x=ayy(modE")}

We have therefore arrived at summation conditions running over a lattice G¢(A)
of determinant eE”. We claim that

de
. det G, .
(6.6) et Go(A) > ecd(d, h)
For this we note from (6.1), (6.2) and (6.3) that
[d1ds, kK'] [dods, kE']

1! 2 1!
p— 2 . .
BT = ErE ged([dyds, kk'], hey)  ged([dads, kk'], h30y)

Now we have seen in Lemma 10 that d = dyds is square-free and ds, k, k' < 1.
Since {1 < ¢ and £y < £3 it easily follows that

" d1d2 d

B> aed(dy, hty) sed(da, h365) = ged(d, ht)’

as required for (6.6).

We are now led to make a change of variables x = Mv for any x € G(A),
where M = (mj, msy) is the matrix formed from a minimal basis for the lattice.
In particular, if s; < s are the successive minima of G.(A) with respect to
the norm | - |, then s; = |m;| for ¢ = 1,2 and s1se has order of magnitude
eE"”. Moreover, according to Davenport’s work in the geometry of numbers
[9, Lemma 5], we will have v; < s; '[x| whenever x € G.(A) is written as
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X = vym; + vomy. On defining the region Ry = {v € R? : Mv € h™ 'R}, we
observe that
vol(R) vol(R)
6.7 LRy ) = = .
(6:7) VOURM) = 1o et M| ~ n2e

We may now write

(6.8) S(T,Ae)= > r(My(v))r(Ma(v))
vEZ2NVTRM
with ¢, L*(M 0,C* (M
Ml(V) _ "1 6(/1 V), MQ(V) _*2 e(/2 V).

Our analysis of S(T, A, e) will now involve two aspects: a uniform upper
bound and an asymptotic formula. In the first instance, therefore, we require
an upper bound for this sum which is uniform in d = dydy and ¢. Our principal
tool will be previous work of the authors [1], which is concerned with the average
order of arithmetic functions ranging over the values taken by binary forms. As
usual we will allow all of our implied constants to depend upon the coefficients
of the forms L and C. In particular we have ds < 1. We will establish the
following result.

LEMMA 11: Let € > 0 and let d be square-free. Then we have
T
U(T) < (d0)F ged(d, z)( s T%+f).
Proof. Let ro(n) be defined multiplicatively via

14 x(p), ifj=1and pt6ddsAAL,

ra(p’) =
(1+4)%, otherwise,

where A, A’ are as in (2.5). It follows from (6.8) that
S(T,Ae) <2 > r(Mi(v)My(v)),

vez?
1KV, 12K V2

where V; = (hs;)~'/T fori = 1,2.

It is obvious that ry belongs to the class of non-negative arithmetic functions
considered in [1]. An application of [1, Corollary 1] therefore reveals that
T T3+e )

S(T, A, e) < (dO)F (ViVaE + Vi¢) < (db)° ( h2s155 hs
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for any € > 0, where
E- [ (1 N 9M2<z,1>(p)x(p))_
p<Va p

It follows from Lemma 2 that E < A“(49) < (dl)® for an appropriate constant
A > 1. Recalling that sys2 > eE”, we therefore conclude from (6.6) that
Tged(d, ht) —Tate
S(T, A, v ( ’ )
(T, Ase) < (de) deh? b
Inserting this into (6.5) now yields

Z/[(T) < (dﬁ)s Z ng(dv h) #U(E//)(Tgcil(dvg) +T§+5)
hly(E’)

T
< (d0)* ged(d, 0) ot Tie),
by (6.4). This completes the proof of Lemma 11.

We now turn to an asymptotic formula for U (T') = Ug" 7 (T'), as given by (6.5)
and (6.8). Whereas in the previous lemma we sought u’niformity in d = dids
and ¢, we will now allow all of our implied constants to depend in any way upon
d, ¢ and the coefficients of L and C. It is clear that Ry and My, My satisfy the
necessary conditions for an application of Theorem 2. Put

KP(M):( ) T X" ) e(p”, s My, M)

2111 +2v9
v1,v220

for p > 2 and

n—o0

= o e <2tz |

Then once combined with (6.5) and (6.7), Theorem 2 leads to the following
result.

LEMMA 12: Let € > 0. Then we have
U(T) = T*We=2(d, k, £) vol(R***(1))T + O (T (log T)~"*¢),

where the implied constant depends on d, ¢, L,C, and

weedky= > > Y 8 12 E,,H »(M).

|y (E') ACU(E") e|E"
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It will be useful to have an expression for W(d, ¢) as an Euler product. Fol-
lowing the argument in [3, §6] almost verbatim one is led to the conclusion
that

w2 (d k, 0) = [ w2 (d k. 0),
p

where for p > 2,

. x(p)\2 x(p"12)o(p™r, p?; Le, Co)
(69) Wik 0)=(1- ) ) 2N H2Ns :
v1,v220
with N; = max{v,(E;),v; + vp(e;)} for i = 1,2, and

(6.10)
W5 (d, K, 0) = 4 lim 2724 {XE (z/2z)?: PE(X) € E1daf (mod 2%) }
n—oo

3C(x) € e1d3€ (mod 27)
We have used here the fact that d; = da = 1 (mod4) and e169 = 1. In our work

we will also need a good upper bound for the constant W*¢2(d, k, £) which is
uniform in d and ¢. This is recorded in the following result.

LEMMA 13: We have We=2(d, k, /) < d=eteee for any € > 0.

Proof. Building on the above Euler product representation of Wet-<2(d, k, ¢), it
is clear that |W5"°*(d, k, ¢)| < 4. Thus we focus our attention on the factors

corresponding to odd primes. When p > 2, part (3) of Lemma 3 implies that

5N
N14+2N. N 52
1+2 2,p2 1+ 73 }

1
p2N1+2N2 < Z N1+N2 :
w20 P20

min
weed ko < 3 "
v1,v220
Suppose that vp(di) = 61 and vy(da) = 2. Since d = dids is square-free we
may assume that §; + 62 = 1 if p | d. Moreover, N1 > 61 +v1 and No = g + vs.
We conclude that
[[wve=@k o <a[[p " S p ¢ <aste
pld pld v1,v220
Taking N; > v; it also follows that [], , [W;+=2(d, k, €)| < D, for any odd
D € N. Finally, the analysis in the proof of Lemma 8, which is based on
repeated applications of Lemma 3, furnishes the bound
II Wud ko) < (do).
PI2AEAA co

Putting everything together therefore concludes the proof of the lemma.
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7. Concluding steps

We are now ready to draw to a close our proof of Theorem 1, for which we begin
with some technical estimates. Recall the definition (5.3) of the set © and the
definition (5.4) of the function fg(n). We will need the following easy result.

LEMMA 14: Let d € ® be square-free. Then we have

n)  r(d)p’
Z fdi ) _ (d)f (d) (10gz+0(10g3(2+w(d))))7
=

where o (d) = [Tpa(1+ 117)71.

Proof. The proof of Lemma 14 involves a straightforward consideration of the
corresponding Dirichlet series Fy(s) = 3, co fa(n)n™%. Let ro(n) = jr(n). It
is easy to see that

Fd(S) —4 Z M"S:’Z) Z TO(TCLZSTL2)’
meD neD

Let § = 6, = vp(d). Then for square-free d € ® we have § € {0,1} and § =1 if
and only if p | d and p = 1 (mod4). We now have

=1 I (-0) I X000

p=1 (mod 4) p=1(mod 4) v=0
L+p® IL+6+(1—6)p—°
= I (5p) I (7 )
p=1 (mod 4) p=1 (mod 4)
4¢(s)L(s: x)

et 2fs)g(2s)Hd(S)’

where

2 1\-1
Ha(s) =T (, +p_s) =ro(@) [T (1+ ps) .
pld pld
Noting that H;(s) =1 we clearly have Fy(s) = F1(s)Hqa(s).

The Dirichlet series Fj(s) is meromorphic in the region Re(s) > !, with a

27
simple pole at s = 1. Moreover, there is an arithmetic function hg(n), arising
from the Dirichlet series Hy(s), such that f4 = f1+hg. On applying a Tauberian

theorem one easily deduces that the statement of Lemma 14 is true when d = 1.



1006 R. DE LA BRETECHE AND T. D. BROWNING Isr. J. Math.

To see the general case we note that

0 L ) 5 B 5 ) (05 )

n<w m<z n< msz
Here
o |ha(m)|log 2m log p
mz::l . < ro(d)p (1 + pz; )
< r(d)g" (d)p" (d) " log(2 + w(d))
< r(d)e' (d)log*(2 + w(d)),
since

SOBP < S BRI 000 4 w(a)).

via P <o P
On inserting this into the previous formula, we therefore complete the proof of
the lemma since Hy(1) = ro(d)e’ (d).

Building on Lemma 14, we may record the inequalities

| fa(n)] 1-6 | fa(n)] 1-6
(7.1) E ) <z E n < dfx " logw,
n<e n<x
neo neo

for any ¢ > 0 and 0 < 68 < 1. For the deduction of Theorem 1, we wish to
incorporate the asymptotic formula in Lemma 12 into our expression for N(B)
in Lemma 10. Note that there is no uniformity in any of the parameters d, k, ¢
that feature in Lemma 12. Let us set

S(B) = S5i55(B) = X falntd (0 ),

n<N
n€®

with NV = cB/dZE for some absolute constant ¢ > 0, so that

By= S w0 ud Y Y wdud) Y Mﬁk;)S(B).
2 9w (k)

=1 de® e1,e2€6{£1} deN® kk'|ged(A,d)
e1e2=1 d=did>
d3|A

Let

B2 (d, k, )

1 S(B) - aWerez(d, k, £) vol(Re152 (1))r(d)p' (d) Blog B
- BlogB de? '
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Then it follows from Lemmas 12 and 14 that for fixed d, k, £ we have
Efr*2(d, k,f) — 0

as B — oco. On the other hand, we conclude from (7.1) and Lemmas 11 and 13
that

1 1 1 ged(d, 0)
Efve2(d, k, ¢ de)® ged(d, £ . de)® ;
(k. 0) < (@0 ed(d,O) (oo + 0 oy ) < (@700

uniformly in d, ¢ and B. Note that

ZZZZZE“” d,k, /) < 1.

d €162 d  k

Writing ro(n) = }r(n), it therefore follows from the dominated convergence of
this sum that as B — oo we have N(B) ~ ¢oBlog B, with

Yro(d)p' (
co = QSZH ZH o( 90 (d) Z Vol(R1<2 (1))

de® e1,e26{£1}
g1e9=1
(7.2) ,
‘Lt(k) €1,€2
X D xlda)uds) Doy W kD).
deN® kk'|ged(A,d)
d=d1d2
d3‘A

Now let cx be the constant predicted by Peyre [17]. In order to complete the
proof of Theorem 1 it remains to show that cp = cx. Given the general strategy
in our earlier work [4], we will be brief. Relating the value of the constant cx
to the count on the torsor 7 considered in (5.2), one finds that

CX = Weo pr,
P

where wo and w;, denote the local densities associated to 7 taken with respect
to the Leray measure. Using symmetry to restrict to the quadrant in which
y >0 and z > 0, it follows that

e — 9 Tim dudvdtdz
i B—oo BlOgB D 2\/t2LC u ’U) —22

where we have set LC(u,v) = L(u,v)C(u,v) and D is the set of (u,v,t,z) € R*
such that

0 < max{u®,v*}t < B, 0<z<t\y/LC(u,v), 1<t<B, LC(u,v)>0.
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In view of the familiar formula

Vs ds

o VS—s2 2
it readily follows that

wm:g 3 vol(REe2(1)).

e1,e0€{£1}
e1e2=1

Turning to the p-adic densities, we have
wp = lim p~" {(y. 2, t,u,v) € T(Z/p"Z) : pt (u,v),p1 (v, 2,1)} .

Recall the definition of £ from §1 and the identities [2, egs. (2.3) and (2.5)]. To
calculate wy we observe that ¢ is odd in any solution to be counted. Since there
are 2"~ ! odd integers in the interval [1,2"] it follows that

LC(u,v) = y? + 22 (mod 2"),
24 (u,v)
= lim 272" # {(u,v) € (Z/2"Z)* : LC(u,v) € € (mod2"), 21 (u,v)}.

n—roo

n—o0

wo = lim 2737714 {(u,v,y,z) € (z/2"z)* -

For any binary form F € Z[u,v] and prime power p€, let
(7.3)  ar(p) = p 2 “T#{(u,v) € (Z/p* T 2)* 1 p°| F(u,0), pt(u,v)}.

Suppose now that p = 3 (mod4). Then we obtain

1-1 LC(u,v) = y* + 2% (mod p")
w, = li P U, V.Y, 2 Z/p"Z)* - ’ 7
P #{( e EERET
1 -
= (1—p2) > (=1)"8re®”).
v>0

Finally, when p = 1 (mod 4), we break the cardinality according to the value of
vp(t). It follows that
1 N2,
wp=1- 2+(1— ) > (),
p p V=1
in this case.

We now return to our expression (7.2) for ¢yp. Carrying out the summation
over ¢, we find that

o 1(0) e, e, e,
o W (d k) = W (d k) = [T W52 (d k),

(=1 p
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for suitable factors W;hgz (d, k). In view of (6.10), one has

L(x) € £1d3€ (mod 2™),
W52(d, k) = 4 lim 274 ¢ x € (Z/2"Z)° : O(x) € e1ds€ (mod 2"),
21x
It is clear that for any x counted here we have both LC(x) € & (mod2™)
and LC(—x) € & (mod2"). Conversely, if x € (Z/2"Z)?* satisfies LC(x) €
€ (mod 2™), then either L(x) € £1d3€ (mod 2™) or L(x) € —e1d3€ (mod 2™). In
this way we conclude that

W52(d, k) = 2uws,

in the above notation. Next, when p > 2 we deduce from (6.9) that

Wy = (1= )T S0 g )

v1,v220
with

o(p™,p™?)

N1 Ny
:p_2(N1+N2+1)# {X c (Z/pN1+N2+1Z)2 . i}(xl L(X), p | C(X)a } _

Thus W;hg? (d, k) is independent of €1, &2 and so W;lva? (d,k) = Wp(d, k), say.
An easy calculation reveals that

1 _ X(P)

» 4
H X(P):ﬂ'.2:2'
p 1+ p

Our work so far has therefore shown that ¢y = weowso, With

r o 30 MDD S ()

de® deN?
d=dids
d3‘A
x(p)
(k") 5\
< 2wl (1 A LACRS]
kk’|ged(A,d) p>2 p

We may write 7 = [ _, 7,. Our final task in this paper is to show that 7, = w,

p>2
for each odd prime p.
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Let a = vp(A). We will deal here only with the harder case a > 1, the case
a = 0 being an easy modification. Suppose that p = 3 (mod4). In this case it
is clear that

1— 1
Tp = (1 N 11))( ) Z Z V1+V2 p'/1+53’pl/2+53)
p

11,0220 0<33<1
_ ( ) Z Z 2u1+63 2u2+63),
ph1,1220 0< 33 <1

where

p" || L(u, v),
o(p™,p"*) = p 2§ (u,0) € (Z/p™ L) pe]|Cu, ),

p1(u,v)

Setting o(p™) for the analogous density in which one has p™||LC(u,v) instead

of the pair of conditions present in o(p™*,p™?), one finds that

1
= (1 a p2) Z o(p™) = Wp,
nz=0

as required.
Suppose now that p = 1 (mod 4). Then we have

Ty = (1 _ 12) Z (—1)57“0(1;6)@(195) Z (=1)% £, (61, 65, 35)

P0G 4 61,62,05€{0,1}
51+02=48

with

f (51552753 Z Z NlapNz)

v1,v220 K,k >O
k+r'<O

and N; = max{k + ', v; + 0; + d3} for i = 1,2. We claim that

vi+1)(re +1 / /
(74) fp(51752;53) = Z ( 21m1n{5),§\f{2,Né} )Q(leapNz)a

v1,v220
with N/ = v; + 6; + d3 for i = 1,2. We begin by noting that

Fo01,02,03) = D > (_21; (v + 1) (2 + Dop™, p™2).

v1,v220 K,k =0
k+rk'<min{s,N7,N5}
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But it is clear that

oY
Z or  omin{é,N{,Nj}’

K,k >0
k+rk'<min{s,N;,N5}

from which the claim follows.
Given (7.4) we are now led to consider the quantity

_ 5 (1 +D(2+1) N g
fp(6) - ;{0 1}(—1) ’ Z>O omin{s.N. gy QPP
175?4—?‘52:51 e

for each § € {0,1}. Let N/’ = v; + ¢; for i = 1,2. We may write

N N.
B o(p™r,p™?)
fp(5) - Z Z Vl + 1 V2 + 1) - I/1V2) omin{d,N{', Nz}
01,6220 v1,v220
51+52:5

= Z Z vi+ vzt 1) 2115111{6 ;VZ’)’ N”)} :

01,0220 v1,v220
51+52 )

When § =1 and
min{L, v, (L(x)), 0y (C(x))} = min{1, N7, N’} > 1

with p"*9||LC(x), there are two choices of (d1,d2) such that &§; + dy = 6,
p1T| L(x), p*2+%2||C(x) and v = vy + vo. Thus

fo(0) =Y (w+1De(w+08) = src@*),

V>0 V>0

in this case. The same is true when § = 0. Recalling that p~1¢f(p) = (p+1)*
we deduce that

P (i) 3 U

p 0<o<1 p

(1 S (-,

v>1

- wp.

This completes the proof that the value of the leading constant in Theorem 1
agrees with the prediction of Peyre.
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