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ABSTRACT

Consider the random entire function
oo
f(z) =2 ¢nanz",
n=0

where the ¢, are independent standard complex Gaussian coefficients, and
the an are positive constants, which satisfy

. logan

lim = —

n—oo n
We study the probability Py (r) that f has no zeroes in the disk
{|z| < r} (hole probability). Assuming that the sequence a, is logarith-
mically concave, we prove that

log Pr(r) = =8(r) + 0 (5(r)),

where

S(r)y=2- Z log (anr™),

n:anpr">1
and 7 tends to oo outside a (deterministic) exceptional set of finite
logarithmic measure.
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1. Introduction

Consider the random entire function
oo

(1.1) f(z) = Z Ppanz",
n=0

where the ¢,,’s are independent standard complex Gaussian coefficients and the
an’s are positive constants, such that

. logay,
lim = —

n—o0 n

The latter condition guarantees that almost surely the series on the right-hand
side of (1.1) has infinite radius of convergence. The probability P (r) of the
event that f has no zeros in the disk {|z| < r} is called the hole probability. We
are interested in the decay rate of the hole probability as r grows to infinity.

This question was studied by Sodin and Tsirelson [ST3] for a special choice of
the coefficients a,, = \/171! (see also the earlier paper [Sod], for an approach to the
problem in a more general setting). Their work was continued in [Nis], where
we gave more precise estimates for the hole probability. Since the technique
in [Nis] was mostly independent of the special choice of the coefficients a,,
it led naturally to the generalizations in this paper. Here, we combine ideas
introduced in [ST3] and [Nis] with the classical Wiman—Valiron theory of growth
of power series.

To state the main result, we need to introduce two functions which depend
on the coefficients a,,. The first N (r) is the set that contains the “significant”
coefficients of f(z), for the given value of r,

Ni(r) = {n : log (a,r™) > 0};
we also write
Ni(r) = #Ni(r).

The second function is

S(r) = log H (anr™)? | =2- Z log (a,r") .
neN1(r) neN1(r)
For the sake of simplicity of the presentation, we will assume that the coefficients
a, are the restriction of a (real, positive) function a(t) € C? ((0,00)) to the set
of natural integers (it is clear though, that we can interpolate any such sequence
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with a smooth function). In order for f(z) to be an entire function we require

the following:

1
lim og al(t) = —00.
t—o00 t

In addition, we require that a(t) is a log-concave function. We also use the
notation
pr(r) = —log Py (r) =log™ Pg(r).

A measurable set E C [1,00) has a finite logarithmic measure if

1
/tdt<oo.

E

The following is our main result

THEOREM 1: Suppose that a(t) is a log-concave function. For r — oo not
belonging to a (deterministic) set of finite logarithmic measure,

pr(r) = S(r) +0(S(r)) .

We do not know whether the log-concavity condition is essential for this
result. If, in addition, we have some lower bound condition on the function a(t)
(i.e. the function f does not grow too slowly), we can say more, for example we

can prove 1

THEOREM 2: Let o > 1. If a(t) is log-concave and a(t) > exp (—tlog® t), then
there exist positive absolute constants ¢; and cs, such that for any € > 0 and
for r not belonging to a set of finite logarithmic measure,

S(r) = ex (S(r)** < pu(r) < S(r) + 2 (S(r)""".

Remark: If the coefficients a,, are given in explicit form, then it is possible to
prove results that are true for every value of r that is large enough, using direct
computations instead of Wiman—Valiron theory. As an example, one can take
Mittag—Leffler coefficients (a > 0)

1 .
= (an +1)’

in that case

pu(r) = 21a7’2/°‘ + Oa (7’9/5”‘) .

1 Recently we found a proof for this theorem, which does not require any regularity con-
ditions on the coefficients a, .
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We do not reproduce these calculations here, since they are very similar to the

general ones. See the paper [Nis] for the case a,, = \/171"

ACKNOWLEDGMENT. This work is based on part of my master’s thesis, which
was written in Tel Aviv University. I would like to thank my advisor Mikhail
Sodin for his guidance and encouragement throughout my studies. I also thank
Manjunath Krishnapur and the referee for numerous remarks on the preliminary
version of this paper, that significantly improved the presentation.

2. Preliminaries

2.1. NoTaTION. We denote by rD the disk {z : |z| < r} and by rT its boundary
{z : |z| = r}, with r > 1. The letters c and C denote positive absolute constants
(which can change across lines). We use the notation log;" as a shortcut for the
n times iterated logarithm, taken to the m-th power (i.e. log2(z) = (loglog(x))”
and log]" z is written as log™ x).

In order to simplify some of the expressions in the paper, we will assume from
now on that

ap = a(0) = 1.

2.2. RESULTS FROM WIMAN-VALIRON THEORY. Let g(z) be a transcendental

entire function given in the form

g(z) = Z anz".
n=0

We recall some of the results of Wiman—Valiron theory, taken from [Hal] and
[Ha2, Section 6.5]. Let r > 0; we denote by M (r) the maximum of g(z) inside
rD, by p(r) the maximal term of g(z),

w(r) = max |a,|r",
n

and by v(r) the (maximal) index of the maximal term p(r) (Hayman’s survey
uses the notation N(r) for this function). For every transcendental entire func-
tion we have u(r) — oo and v(r) = oo as r — co. We note that the maximal
index and the maximal term are related to each other by a simple equation (see
[Hal, p. 318])

(2.1) log p(r) = log (1) + / v(t) d
1

t, r>1.
t
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We will give the following simple example: Take a, = 71!, and so g(z) = e*.
The maximal term can be estimated using Stirling’s approximation:

n n

T T

nt " amn (2)
v(r) =1+ O(L),

T

n (140(1)) =

e
)=
p(r) Jomr ¢
so there is an asymptotic agreement with (2.1). Notice that we also have
log M(r) = log pu(r) + o(log pu(r)).

Most of the statements in Wiman—Valiron theory include a positive decreasing

1+0(1)),

function b(m), which satisfies

fb(m) dm < 0.

Here, we always use the function
1
b(m) = 5 -
mlog”®m
The following theorem ([Hal, p. 322]) bounds from above the values of the terms
away from the maximal term for values of r, outside a set of finite logarithmic

measure (FILM).
THEOREM I: Set n =k + v(r). If r is outside a set of FILM then
|an|r™

p(r)
with ¢ a positive absolute constant (notice that the exceptional set depends only

(2.2) < exp (—ck® - b(|k| + v(r)))

on the a,’s).

The most famous result in this theory [Hal, p. 333] gives an estimate for
M (r) in terms of u(r) and v(r):
THEOREM 1I: For all sufficiently large values of r, outside a set of FILM
(2.3) M(r) < p(r)log"/? u(r) logs u(r).

We will use the theorem above in the most basic way, claiming that log M (r) =
log p(r) 40 (log pu(r)) for large values of r outside a set of FILM. We also borrow
the following result from [Ha2, p. 360]:
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THEOREM III: Outside a set of FILM

(2.4) v(r) < log ju(r) log} u(r).

From now on we will call » normal if it satisfies both (2.2) and (2.4); this
again holds outside a set of FILM.

2.3. THE FUNCTION N, (r). We use the following notation:
Na(r) ={n : log (a,r™) > (1 —x)log pu(r)}, >0,

and

No(r) = #Nz(r).
Also

Nonm41(r) = Ningr (1) \Nom (1)
and Ny, m41(r) is the size of Ny, m41(r). Note that if n € Ny mq1(r) then
(2.5) anr™ < ptmm(r).
We also partition the “tail” indexes into a union of sets:
W) = U N (0.
m=1

We will use the fact that a(t) is a log-concave function to derive some prop-
erties of Ny(r) and Ny, 1m11(r). We use the function

h(t) = loga(t) + tlogr;

note that it is concave since a(t) is log-concave. Now denote by N7 (r) the largest
root of the equation h (t) = 0, we see that Ny(r) = [N7(r)]+1, and in particular
Ni(r) < Ni(r) < N{(r) 4+ 1. If we draw the line from the point (v(r),log p(r))
to the point (N](r),0), then it satisfies the following equation:

(2.6) WO = B Vi =

It will be useful to keep in mind the following picture:
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Figure 2.1. The graph of h(t). The dashed line is y(t).

The following lemma gives an estimate for the tail of h(t).

LEMMA 3: Fort > Nj(r) we have

log u(r)

" Ny -t

) ' (N{(T) - t)v
and for x > 1 we have
N, (r) < xzNyi(r).

Proof. Looking at the picture above, we see that for ¢ > Nj(r) the function
h(t) lies under the line given by (2.6), and we get the first result. The second
part follows from the log-concavity of a(t), since

DM () <y i) = 2 ) o)

logu(r) (Ni(r) = v(r) + v(r) — Ny (1))

T NY(r) — v(r)

< (1 —x)log u(r).
The last inequality is true since Ny (r) > Nj(r).
It follows immediately from the previous lemma that for m > 1 we have

(2.7) Ny ma1(r) <mNyi(r).
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We will now use Wiman—Valiron theory to find an upper bound for Ny (r) in
terms of log u(r).

LEMMA 4: For large normal values of r, we have
(2.8) Ni(r) < Clog pu(r)logs u(r),
with C > 1 some positive absolute constant.
Proof. We use Theorem I with n =k + v(r) and k& > 0 and get
log a,r™ < log u(r) — ck? (n log? n)
We now put n = LC log p(r) 1og§ ,u(r)J, with some C' > 1, to be selected later.
Notice that using (2.4) we have
k=n—v(r) > (C—1)log u(r)logs u(r).

We also note that for r large enough

log?n < 2 - logs u(r).

We now have the following inequality:

(C—1)?

O.q ‘logu(r) <0,

log a,r™ <log u(r) —
with a suitable choice of the constant C.
We will also use the following lower bound for Ny (r):

LEMMA 5: We have
lo r) — lo 1
Ni(r) > v(r) > gl iogr gl ).

Proof. The left inequality follows from the fact that h(t) is concave. The right
inequality follows from (2.1). We remark that as a conclusion we see that
Ni(r) = oo as r — oo.

2.4. PROPERTIES OF S(r). Looking again at Figure 2.1, we clearly have

S(ry=2- Z log (a,r™) > Ni(r) - max log(a,r™) = Ni(r)-logu(r),
nEN () neN;(r)

or

(2.9) S(r) > (Ny(r) — 1) - log u(r).
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Notice that similarly we also have
(2.10) S(r) < 2Ni(r)log u(r) < Clog? u(r) logs u(r).

2.5. GAUSSIAN DISTRIBUTIONS. We frequently use the fact that if a has a
N¢(0,1) distribution, we have

(2.11) P(ja] > A) = exp(~A?),
and for A <1,

)\2
(2.12) P(la] <) € [ 5 ,/\2] .

3. Upper bound for pgy(r)
In this section we prove the following.

PROPOSITION 6: For normal values of r, we have
pu(r) < S(r)+ C - N1(r)log N1(r),
with C' some positive absolute constant.

Remark: We note that r is assumed to be large. Later we will analyze the error

term.

The simplest case where f(z) has no zeros inside rD is when the constant
term dominates all the others. We therefore study the event €., which is the
intersection of the events (i), (i) and (iii), where

(i) : |go| > /N1(r) + 3,

(ii) : (i),
neNi(r)

(iii) : (G s
me{1,2,...}

I R
NENm m+1(T)
and
(ii),, : |pn| < ((zifg;iz/lz’
(i) p1m = 1Pl < zvy,ﬁffﬁ;;mz'

LEMMA 7: If Q, holds, then f has no zeros inside rD.
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Proof. To see that f(z) has no zeros inside D we note that

(3.1) |£(2)] > o] — Z |fn ™.

First we estimate the sum over the terms in A (r)\ {0}
Z |pn]anr™ < Z Nl(r)7§ = Ny(r)2.
neN1(r)\{0} neNy(r)

Now the tail is bounded by (using (2.5))

o0
> (oalaw =301 3 (onlaw”
nENE(r) m=1 | n€Nm, m+1(r)

< Z Z (Nm,m-i-l(r))_l m~?

m=1 | n€Np, m41(r)

and we have

(3.2) > fgnlanr™ < Zﬂ;a
m=1

neNE(r)
From (3.1)
(2)] > V/Ni(r) +3 = Ny (r)Y/2 —2 =1,
we have that f(z) # 0 inside rD.
LEMMA 8: The probability of the event €, is bounded from below by
logP (Q,) > —S(r) — C - N1(r)log N1(r),
for normal values of r which are large enough.

Proof. In the calculations we use the estimates (2.11) and (2.12). First we have

P () = exp(=Ni(r) = 2C/Ni(r))

For the second part, since a,r" > 1,
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and so
(anrn)72

P ((i)) > ()

neN1(r)\{0}

> 11 (an:«ny exp (= Ny (r)log Ny (r) + C - Ny(r))
neN1(r)

>exp (=S(r) — C - Ni(r)log Ny(r)).
We handle the terms of (iii) separately for the first term and the rest. For

m = 1, we have
1

[Pl < Nya(r)

and so (using (2.7))

! o
P ((111)1,2) Z (2 . (N172(7"))2>

>exp (—C - Nq,2(r)log N1 2(r))
>exp (—C - Ni(r)log Ni(r)) .
For a fixed m > 2 and n € Ny, m+1, we have
2(m—1)
P (1) g1, ) = 1= 0x0 | - plry= .
, 7 (Ni,m+1(r))” - m?
We use the following inequality (for some positive sequence {A,}):
P(Vn : |gn| < Ap) =1=P@n : [¢n] > Ap) = 1= P(j¢n| > A4,).
Using this inequality, we have
> p(r)2m=1
(33) P ((111)m ) >1- Ny my1(r)-exp | — =1-%.
=)=l (N g1 (r))* -
Taking r which is normal and large enough we now have (using (2.7) and Lemma
4)
_p(r)rmt > _

E1§O'N1(7")'2_177”L~exp< 6
the first term in the sum is clearly the dominant one, and so
P ((iii)) >1 — exp (—c1pu(r) + Co log N1(r))

(3.4) >1 — exp (—cp(r)
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For our purposes here it is sufficient that P ((iii)) is larger than some absolute
constant.
Since the ¢,, are independent, we find that

P(€,) =P ((1)) P ((ii)) P ((iii)) > exp (=S(r) — C'- N1(r) log N1 (r))
and the lemma is proved.

Proposition 6 now follows from the previous lemmas.

4. Lower bound for py(r)
In this section we prove the following theorem.

PROPOSITION 9 (Lower bound): Let § € (0,1). For normal values of r, and for
values of § which satisfy =% = o (Ny(r)), we have

pr(r) > S((1 —98)r) — Cy - Ni(r) loglog u(r) — Cod~*log u(r)
where C1, Cy are positive absolute constants.

Remark: In principle it is possible to select =% = ¢N;(r), for some constant
¢ > 0, but we note that in this case the error term will be of the same order of
magnitude as the main term (using (2.10)).

Recall that for the lower bound we study the event in which f does not vanish
in 7D (for large values of ). We define the deterministic counterpart of f(z),

’l/)(Z) = Z a’nzna
n=0

and write M (r)=max|. <, [¢(2)[=_,—o anr"; we also set M (r)=max|. <, | f(2)].
We start by studying the deviations of log M(r) from log M (r). Then we con-
sider large deviations of the expression

[1ogls)am,

rT

where m is the normalized angular measure on rT. Finally, we use the fact that
if f(2) # 0 in rD, then log|f(z)| is a harmonic function inside rD, to get the
result.
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4.1. LARGE DEVIATIONS FOR log M(r). We expect that log M (r) will be very
close to log M (r) with high probability, but we don’t need this accuracy for the
lower bound. In the next lemma we prove that the probability that log M(r)
will be large relative to log M (r) is very small.

LEMMA 10: Let 0 < 0 < é Then

log P (10g M(r)

>1 < _ 20
log M(r) — +a>_ e (r),

for normal values of r which are large enough.

Proof. We will construct an event with probability close to one, for which
log M(r) is bounded by (1 + o)log M(r). Denote by €, the event which is
the intersection between the events (i), (ii), where

(i) : N @,

neN1(r)

(ii) : ﬂ (1) y 1

me{1,2,...}

(ii)m,m-‘rl : ﬂ (ii)m,m-‘rl,n’
nENm,m+1 (7‘)

where

(1), |on| < 7 (r),

m—1
(11)m,m+1,n || < lefjl(r)mz'

We notice that
P(()) = exp (—127(r)) -
In the proof of Lemma 8, we showed (see (3.4))
P (i) > 1 — exp (—cu(r))
Therefore the probability that €2, does not occur is bounded by
P (€27) < exp (—cp(r)) + Na(r) - P((i);,) -

Using Lemmas 3 and 4 we have, for r large enough,

P Q) < exp (—cu2 (1)) .
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It is now sufficient to prove that for functions satisfying the above inequalities,
we have the aforementioned upper bound. Indeed

|f(Z)| < Z |¢n|anTn + Z |¢n|anrn;

neN2(r) neNg(r)

in (3.2) we already found that some absolute constant is an upper bound for
the second summand. The first summand is bounded by

Z |¢n|anTn < ,UU(T) : ZanTn = MJ(T) : M(T)a
neNz(r) n=0
and so, for r large enough (since M (r) > u(r) + 1),

[f(2)] < u(r) - M(r) +C < M™(r).

In the next lemma we prove that the probability that log M (r) will be small
is also very small.

LEMMA 11: We have
log P (log M(r) <0) < =S(r).

Proof. Suppose that log|f(z)| < 0 in rD; using Cauchy’s estimate for the
coefficients of f(z) we can get an estimate as to the probability of this event.
We have

|¢n|anrn < M(T) <L
therefore for n € Nq(r) we have
P (I6a] < (anr™) ™) < (@)%,

and so

P (logM(r) <0) < H (anr™) "% = exp (—S(r)) .
neNi(r)

4.2. DISCRETIZATION OF THE LOGARITHMIC INTEGRAL. In this section N > 1
and 6 € (0,1) are fixed, kK = 1—¢ and the points {z; };V:Bl are equally distributed

on krT, that is
2mig
Z; = Krex .
J p N

Also m is the normalized angular measure on rT. Under these conditions we
have
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LEMMA 12: For normal values of v, and outside an exceptional set of probability
at most 2 - exp (—S(kr)), we have

1 o c
(11) N 2 toelf () [ogfldm| < 1 togutr).

j=1 rT
Proof. Denote by Pj(z) = P(z,z;) the Poisson kernel for the disk rD, |z| = r,
|zj| < r. Since log|f| is a harmonic function we have

1 1 o
N el = [ | S | oglldm
j=1 j=1

rT

N
1
:/1og|f|dm+/ N;Pj—l log | f| dm.

rT rT

The last expression can be estimated by

N

N
1 1
@) [y Sop 1) toslfldu <max| S p -1 [ liog]fl] dm
=1 ' i

rT J=l1

For the first factor in the RHS of (4.2), we start with

[ Plew)dmie) =1,

wrT

and then split the circle xrT into a union of N disjoint arcs I; of equal angular
measure p(I;) =  centered at the z;’s. Then

1Y N
1=y PG+ 3 [ (PG) - Ple.z) dmte,

j=1 I;
and
|P(z,w) — P(z, z;)| §malx lw — z;| - max |V, P(z,w)|
we j zZ,w
2mr Cr C
4.3 < . < .
(43) - N (r—|w|)? ~ N

For the second factor on the RHS of (4.2), using Lemma 11, we may suppose
that there is a point @ € xrT such that log|f(a)| > 0 (discarding an exceptional
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event of probability at most exp (—S(xr))). Then we have

0< [ P(eya)log|f()] dm),

rT
and hence
/P(z,a) log™ |f(2)|dm(z) < /P(z,a) log™ |f(2)| dm(z2).
rT rT
For |z| =r and |a| = xr we have
5 1-(1-90) 1+(1-6) 2
< < < < .
25 11a-n SPEYS 4555

By Lemma 10, outside a very small exceptional set (of the order exp (—u(r))),
we have log M(r) < 2-logM(r), and we notice that from (2.10) it follows
that p(r) is much bigger than S(kr), so this exceptional set is indeed small.
Therefore

[ 10" 1f1du < 2108 M ().

T
Now we have

_ C
[ 1087 If1d < og 24 0)

rT
Finally, (and using (2.3))
c C
(4.4) log | fI| du < g, log M(r) < o, log (7).
rT

Combining (4.3) and (4.4) we get the result.

4.3. DEVIATIONS FOR THE LOGARITHMIC INTEGRAL. We recall that if
oo
f(Z) = Z ¢nanzn7
n=0

where ¢, are i.i.d. standard complex Gaussian random variables, then the vec-
tor (f(#1),...,f(zn)) has a multivariate complex Gaussian distribution, with

covariance matrix:

(4.5) Sij = Cov(£(z), £(2)) = B(f(2)f(2;)) = Y_ aj (i5)" .

The density function of a multivariate complex Gaussian distribution is

1
(PN ot g OO,
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We introduce the set (log, u(r) = loglog u(r))

N
(4.6) A =(¢ceCV . H |¢;] < exp (2N log, u(r) + C5~*log pu(r))

j=1

and denote by B the set where estimate (4.1) in Lemma 12 holds. We abuse
notation by writing

P(A) =P((f(21),-.-, f(an)) € A).
Using this notation we get the simple

LEMMA 13:

P ( [ o5 1£¢:) 1 < 210g2u(7“)) <P(A) +P(5).

Proof. We start by discarding the exceptional set in Lemma 12; this adds the
term P (B¢). Now we can assume that

1 Nl ) d C logpu(r)
N; og|f(z))| < [log|fldm+ -2 "

rT

or

N
C
[[17 o)l < exp | N [1og]f]dm+ § tog u(r)
j=1 rT

In terms of probabilities we can write
P (/ log |f(2)|dm < 2log, ,u(r)) <P(B)+P(A).
rT

Before we continue, we need two asymptotic estimates.

LEMMA 14: Let ¥ be the covariance matrix defined in (4.5). Choose N =
Ny (r); then we have the following estimate:

log (det X) > S(kr).
Proof. Notice that we can represent ¥ in the following form:

X=v.v
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where

ap ar-21 ... GQp-27

ap G1°ZN ... Gp-Zy

We observe that since a(t) is a log-concave function, it follows that n — a,-r™ is
a unimodal sequence, and therefore N (r) = {0,1,..., Ni(r) — 1}. Therefore we
can estimate the determinant of ¥ by projecting V on the first N (r) coordinates
(let us denote this projection by P). Since det ¥ is the square of the product of
the singular values of V', and these values are only reduced by the projection,

we have
apg a1y ... aN,lzfvfl ?
det ¥ > (det PV)? = :
ag Qa1ZN ... aN,lz]]\\,Fl
and so
1 = z] -1 2
detS> [ an-|: ¢ ¢
neN1(r) 1 zy ... z]]\\,rfl
H a? - H |zi — 2;
neNy(r) 1<i#j<N

=II; - Ils.

The z;’s are the roots of the equation 2z = (k)" . Denoting z; = kr we get

and
N N
]___[2: H |Z,L—ZJ|: <H|lel|> :(K’I’)N(Nil)NN,
1<i#j<N i=2
We now partition the product of the xr’s in the following way:

N-1

(KT)N(NA) _ H (k12"

n=0
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and get
N-1
det X > H a2 (kr)*™ = exp (S (kr)).

n=0
We denote by A the following set (see (4.6) for the definition of the set A’):
(4.7) A={(eC" : (e A and || < M*(r), 0<j<N-1},
and by I the following quantity:
(4.8) I=7"" volen(A).
We use the following lemma (see [Nis, Lemma 11]) to estimate I:

LEMMA 15: Set s > 0,t > 0 and N € N*, such that log (tN/s) > N. Denote
by Cn the following set:

N
CN=CN(t,s):{r:(rl,...,rN) : Ogrjgt,Hrjgs}.
1

Then

VOlRN(CN) S (N _ 1)|

Now we have an almost immediate

COROLLARY 16: Suppose that r is normal and large enough and that  satisfies
=% =0(Ny(r)). Then we have

log I < C- Ny(r)logy u(r) + C5*log u(r).
Proof. Set N = Ny(r) and recall that

G| < M2(r), 0<j<N-—1
A= ¢: and
Hj'vzl |¢;] < exp (2N loglog pu(r) + Co~*log pu(r))

To shorten the expressions above, we write
s =exp (2N loglog u(r) + C6 *log u(r)), t= M?>(r).

We want to translate the integral I into an integral in RY, using the change of
variables (; = rjcos(6;) + ir;sin(f;). Integrating out the variables 6;, we get
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I' = 2N [, T]rjdr, where the new domain is

N
C=<Kr=(ri,...,Tn) : Ogrjgt,Hrjgs
j=1

We can find an explicit expression for this integral, but instead we will simplify
it even more to

(4.9) I' < 2Ns - volpx (C).

Now, in order to use the previous lemma, we have to check the condition
log (t/s) > N, or (where C > 0)

2N () log M(r) — 2N (r) logy pu(r) — C5~*log p(r) > Ni(r),

which is satisfied under our assumptions, for r large enough. After applying the
lemma, we get (for r large enough)

N - 2NS2 N (N 8262N N 1N
I'< N log™ (t"/s) < NN log™ (t"/s)
=exp (2logs+ Nlogyt +2N — Nlog, s)

<exp(2logs+ Nlog,t).
Recalling the definitions of s and ¢, we finally get

log I' <4N logy ju(r) + C6*log uu(r) + Nlogy M (r) + C
<C1Ni(r) logy pu(r) + C20~*log u(r).
We now continue to estimate probabilities of the events A and A’ introduced
in (4.7) and (4.6).

LEMMA 17: With r and § satisfying the conditions of Corollary 16, we have the
following estimates:

P (A\A) < exp (—eu(r)
and
P(A) <exp (—S(HT) + C1 N1 (1) logy p(r) + Cy6 *log u(r)) .

Proof. 1If ( € A'\A, then for some j we have |f(z;)| = |¢;| > M?(r). Using

Lemma 10, with the choice o = 1

5, we see that this event has a probability at
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most exp (—cp(r)). For the second estimate we need to bound from above the
integral

1
—¢*Y7¢) dc.
/ﬂNdetEeXp( ¢ C) ¢
A
Discarding the exponential function and using Lemma 14 and Corollary 16, we
get

volen (A) B
N ety = P (=S(kr) + CiNi(r) logy p(r) + Co0 ™ log p(r)) -

P(A) <

4.4. LOWER BOUND FOR ppg. We collect all the previous results into the proof
of Proposition 9

Proof. Suppose that f(z) has no zeros inside rD; then

| 1ol dm = 1oz 7(0).
We can use the fact that log|f(0)| cannot be too large; in fact

P (log | £(0)] > 2log, pu(r)) =P (|¢o| > log® u(r)) < exp (—log* pu(r)) .

Now combining Lemma 13 and Lemma 17, we see that the probability of the
event {f(z) # 0 in rD} does not exceed

exp (—log" u(r)) +exp (—u(r))
+2exp (—S(kr))
+ exp (—S(rkr) + C1 N1 (r) logy pu(r) + Cyd *log p(r)) .

Since by (2.10) the functions p(r) and log* () are much bigger than S(kr),
we have the required estimate

(4.10) pr(r) > S(kr) — C1Ni(r)logy pu(r) — Cad*log u(r).

5. Proofs of Theorems 1 and 2

In this section we prove Theorem 1 using the lower and upper bound estimates
from the previous sections. We also estimate the size of the error terms, for
functions with sufficient growth rate, and prove Theorem 2.
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5.1. PROOF OF THEOREM 1. By Proposition 6 the error term for the upper
bound is (using (2.9))

Ni(r)log Ni(r) < C'- N(r)logy pu(r) = o (S(r))

so it is indeed small.
For the lower bound (4.10), we start by selecting § in the following way:

(5.1) 5= (Ny(r)~ V",
Now by Proposition 9 the error term is
C1 Ny (r)logy u(r) + Ca6~* log u(r)

and we see that the error term is asymptotically smaller than S(r). What
remains is to show that S(kr) is close to S(r).

LEMMA 18: Set r' = (1 — 0)r. For normal values of r which are large enough,
8(r') 2 () = C (N1(r))*”?
and
(Ni()""* = 0(8(r)).
Proof. We notice that for § < é we have
log (1 —6) > —6 — 6°.
Then it follows that (note that N7 (r") C Ni(r))
S(r) =807 = Z log a,r™ + Z (log anr™ — logay, (T’)n)

2
neN (r)\N1(r’) neN1(r’)
<3+ .

For the first sum we notice that if n € N7 (r)\N1(r'), then
0 >logay (r')" > loga,r™ —n (6 + %)
I
log anr™ <n (8 4 62) < 2N, (r)8 < 2 (Ny(r))*/®

and so
$1 < 2(Ny(r) — Na(r)) (N1 (r)*® < 2(N1(r))"/°.

For the second sum we have

S < (N(r))* (—log (1 — 8)) < 2(N1(r))"?,
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and overall we get the required estimate.
Now we will prove that Ni(r) < C+/S(r)logS(r), which will give us the
second claim. We start with

(2.10)
S(r) <" Clog® u(r)logs u(r) < Clog? u(r)log® S(r),

therefore
V/S(r) < Clog pu(r) log S(r)
or
(2.9) S(r )
5.2 Ny(r) < 2- < Cv/S(r)log S(r),
and so

(N1 (r)*® < C(S(r))*"* (log S()”® = 0 (S(r)).

This concludes the proof of Lemma 18 and Theorem 1.
5.2. PROOF OF THEOREM 2. We need the following

LEMMA 19: Let v > 0. Suppose that log u(r) > exp (log” r). Then for values
of r which are normal and large enough

(N1(r) " log u(r) < € (S(r))"* 1og"/+5/% 5 (r).

Proof. We first note that from the assumption on log u(r), we have (for r large

enough)
8/5 10g1/7+8/5 w(r)
10g2/ ‘U,(’I’) S 21 9/10

Now (by Lemma 4, Lemma 5 and (2.9))

(N1(r)) % log u(r) <C'log®® u(r) log’® u(r)

9/10

SCC% Y gy
logr

1 9/10 nss
<C ( - Ny (r) 1ogu(r)) 10g2/'YJr / w(r)
<C(S(r)""*10g!" 2 5 ().

Proof of Theorem 2. Let oo > 1. We note that if a(t) > exp (—tlog™ t), then for
r large enough we have

log u(r) > max [-nlog®n + nlogr] > c1 exp (02 (log 7’)1/0‘) :
ne
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for example by selecting n in such a way that it will satisfy log®n = !logr.
Finally, we see that log u(r) satisfies the condition in the previous lemma.

We note that using our methods, Theorem 2 cannot be proved for arbitrary
(log-concave) coefficients. The problem comes from the following error term in
the lower bound:

64 log u(r) = (N1(r))*/* log u(r).
To see that we cannot bound it by an expression of the form (5(r))® with a < 1,
we take a(t) = exp (—exp (t)). For this function we have

Ni(r) =logyr +logsr + O (1),
log p(r) =logrlog, r+ O (logr),
S(r) = (log r 1og2 T) .

We see that for every € > 0 (for r large enough)

S(r) — 0 (1065 1) = 0 ((S(rN°) .
) Vot g~ & (108 T) = (5609
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