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ABSTRACT

We consider the geodesic flow on a complete connected negatively curved
manifold. We show that the set of invariant borel probability measures
contains a dense Gs-subset consisting of ergodic measures fully supported
on the non-wandering set. We also treat the case of non-positively curved
manifolds and provide general tools to deal with hyperbolic systems de-

fined on non-compact spaces.

1. Introduction

In the context of hyperbolic dynamics, Axiom A flows admit many ergodic
invariant probability measures supported on each connected component X of
the non-wandering set: the measure of maximal entropy and the SRB measure
are two examples which provide much information on the asymptotic behaviour
of trajectories. K. Sigmund [Si72] showed even more: the ergodic probability
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measures with full support on X form a G5 dense subset of the set M!(X) of
all probability invariant measures.

Our goal is to extend these results to hyperbolic systems defined on non-
compact spaces. We build our study on two remarkable properties of hyperbolic
systems: the existence of a product structure and the closing lemma. Neither of
these two properties relies on the compactness of the ambient space. Yet they
are sufficient to obtain a general density theorem, which shows that ergodic
probability measures of full support are indeed abundant.

The most famous example of a hyperbolic system with non-compact phase
space is given by the geodesic flow on a complete connected negatively curved
manifold. When dealing with the geodesic flow on a manifold, we will always
assume that its non-wandering set contains more than two periodic hyperbolic
orbits. Our general density theorem implies the following result:

THEOREM 1.1: Let M be a negatively curved, connected, complete riemannian
manifold. We assume that the non-wandering set ) of the geodesic flow is non-
empty. Then the Gs subset of ergodic measures fully supported on €2 is dense
in the set of all probability borel measures on T'M invariant by the geodesic
flow.

As the construction ultimately relies on the Baire category theorem, the mea-
sures obtained are not explicit. This result was previously known for geodesic
flows on geometrically finite negatively curved manifolds. In that setting, there
is an explicit construction of an ergodic invariant probability Gibbs measure
[C03].

On the other hand, the theorem does not hold in the context of non-positive
curvature. We give a counterexample, and proceed to show that ergodic proba-
bility measures of full support are dense, if we assume that the non-wandering
set is everything and there is a hyperbolic closed geodesic.

Other examples of hyperbolic systems on non-compact manifolds are obtained
by lifting an Anosov or Axiom A flow to some non-compact cover of the phase
space. Our density result applies verbatim and gives the density of ergodic
measures of full support, if we restrict the system to a connected component of
the non-wandering set on the cover.

The set of all borel probability measures invariant by a dynamical system
will be denoted by M(X) in the sequel. It is endowed with the weak topol-
ogy: a sequence p, of probability measures converges to some measure p if
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J fdpsn — [ fdp for all bounded continuous f. We refer to the classical treatise
of Billingsley [Bi99] for a detailed study of that topology. In particular, we will
use the fact that we may restrict ourselves to bounded Lipschitz functions in
the definition of weak convergence.

In the first two sections, using first the closing lemma and then the local prod-
uct structure of a hyperbolic flow, we prove the density of the Dirac measures
supported on periodic orbits in the set of all invariant probability measures.
In Section 4 we prove Theorem 1.1. We then extend this result to rank one
manifolds, and to hyperbolic systems on covers. We end by an appendix con-
taining a proof of the closing lemma for rank one vectors on non-positively
curved manifolds.

2. The closing lemma and ergodic measures

The geodesic flow on the unit tangent bundle of a negatively curved manifold
satisfies a property known as a closing lemma. Roughly speaking, a piece of
orbit that comes back close to its initial point is in fact close to a periodic orbit.
Here is a more formal statement:

Definition 2.1: A flow ¢; on a metric space X satisfies the closing lemma if
for all points v € X, there exists a neighborhood V' of v which satisfies:

for all € > 0, there exists a 6 > 0 and a ty > 0 such that for all x € V' and
all t > to with d(x,¢rz) < § and ¢z € V, there exists zg and I > 0, with
[l —t| <e, drzo = o, and d(Psxo, dsz) < € for 0 < s < min(¢,1).

Note that for such flow, the non-wandering set and the closure of the recurrent
points coincide with the closure of the set of periodic points.

The first closing lemma was proven by Hadamard in 1898, for negatively
curved surfaces embedded in ambient space. D. V. Anosov generalized the
closing lemma to the systems that now bear his name [An67]; for this reason,
it is often called the Anosov closing lemma. A proof of the closing lemma valid
for rank one manifolds and higher rank locally symmetric spaces can be found
in [Eb96]. We recall its argument at the end of the paper.

LEMMA 2.2: Let X be a metric space, ¢+ a flow on X which satisfies the closing
lemma. Then the set of Dirac probability measures supported on periodic orbits
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of the flow is dense in the set of all invariant ergodic borel probability measures

pon X.

Proof. Let f; be finitely many bounded Lipschitz functions on X, with Lips-
chitz constants bounded by K. From the Poincaré recurrence theorem and the
Birkhoff ergodic theorem, we know that for almost all z € X, x is recurrent
and the Birkhoff average of f; evaluated at z converges to [ fidu. Fix e > 0
and let £y, d be given by the closing lemma. Choose t > 0 large enough so that
t > tg, d(¢tz,z) < § and for all i, ‘1 fg fio¢s(x)ds — [ fi du‘ < e. Let g be
the periodic point of period I provided by the closing lemma. We obtain

‘/fidﬂ_ ;/Ol fi(¢szo) ds

t l
<[} [ ntoonas— | [ ntoanas| e

IN

1 t
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This shows that the Dirac measure on that periodic orbit is close to the measure
.

If the space X is borel standard, that is, a borel subset of a separable
complete metric space, the decomposition theorem of Choquet implies that the
convex set generated by the invariant ergodic borel probability measures is dense
in the set of all invariant probability measures. We have proven:

COROLLARY 2.3: Assume moreover that X is borel standard. Then the convex
subset generated by the normalized Dirac measures on periodic orbits is dense
in the set of all invariant borel probability measures M*(X).

There is another path that leads to the previous result: first prove a Livsic
type theorem [Li71]; that is, all functions whose integrals on periodic orbit
vanish are coboundaries. For these functions, deduce that the integrals with
respect to all invariant probability measures is zero; this requires additional
work since the function given by the coboundary equation cannot be expected
to be integrable when the underlying space is not compact. Then end the
argument by applying a Hahn—Banach theorem adapted to the weak topology
on the space of measures.
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3. Product structure and Dirac measures

Our next goal is to show that Dirac measures on periodic orbits are in fact dense
in the set of all invariant measures. This will require an additional assumption.
Let X be a metric space, ¢, a continuous flow on X. The strong stable sets of
the flow are defined by:

W) = (y € X | lim d(n(z),01(s)) = O}
W2 (z) = {y € W**(x) | d(¢e(z), $(y)) < € for all t > 0}.

One also defines the strong unstable sets W** and WS* of ¢, ; these are the
stable sets of ¢_;.

Definition 3.1: The flow ¢; is said to admit a local product structure if all
points v € X have a neighborhood V which satisfies:

For all ¢ > 0, there exists a positive constant §, such that for all z,y € V
with d(z,y) < 4, there is a point < x,y >€ X, a real number ¢ with |t| < ¢, so
that

(@,y) € W(de(2)) N W (y).

This property is summarized by the following picture:

This assumption allows us to “glue” orbits together. Note that we can glue an
arbitrary finite number of pieces of orbits, just by using the product structure
recursively. In the next picture, we first glue the trajectory of x; with the
trajectory of xo. The resulting dotted trajectory is then glued with x3. We end
up with an orbit which follows first the orbit of z1, then the orbit of x5 and
finally the orbit of 3.

Geodesic flows on negatively curved manifolds admit a local product struc-
ture. In fact, there is even a global product structure on the unit tangent bundle
of the universal cover of the manifold.
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We are now ready to prove:

ProprosITION 3.2: Let X be a metric space, ¢; a transitive flow on X admit-
ting a local product structure and satisfying the closing lemma. Then the set
of normalized Dirac measures on single periodic orbits is dense in its convex
closure.

From this proposition and Corollary 2.3, we deduce that the set of normalized
Dirac measures on periodic orbits is dense in the set of all invariant probability
measures M (X).

Proof. We show that any convex combination of Dirac measures on periodic or-
bits can be approached by a Dirac measure on a single periodic orbit. So, let x1,
Zs,...,Tap—1 be periodic points with period Iy, I3,. .. ,lon—1, and c1,c3,. .. ,Con_1
positive real numbers with ¥ cg;41 = 1. Let us denote the Dirac measure on a
periodic orbit of some point = by J,. We want to find a periodic point x such
that d, is close to the sum X cg;41 5, The numbers cz;41 may be assumed to
be rational numbers of the form ps;11/q.

By transitivity, for each integer ¢ less than n, we can find a point xo; close
to x2;—1 whose trajectory becomes close to x2;41, say, after time t5;. We can
also find a point x9,2 close to x2,_1 whose trajectory becomes close to x; after
some time.

X)z_/—<x4>—\_‘x6

=

Now these trajectories are glued together. We fix an integer N, that will be
chosen big at the end. First glue the piece of orbit starting from z1, of length
Nlyp1, together with the orbit of xs, of length ¢5. The resulting orbit ends in a
neighborhood of x3, and that neighborhood does not depend on the value of N.
This orbit is glued with the trajectory starting from x3, of length Nlapo, and so
on. The reader may want to write down the sequence of € obtained through the
successive gluings. This is done in [C04], where a similar argument was used.

We end up with a trajectory starting close to z1, doing N turns around the
first periodic orbit, then following the trajectory of zo until it reaches x3; then
it turns N times around the second periodic orbit, and so on, until it reaches
Ta, and goes back to .
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For the sake of clarity, the trajectory only makes one turn around the periodic
orbits on the pictures. Finally, we use the closing lemma to obtain the periodic
orbit we are looking for.
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I
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—
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Integrating a function on that closed orbit gives a result close to what we

would have obtained if we integrate first Np; times around the first closed
orbit, then on the piece of orbit leading to x3, followed by the second periodic
orbit, Npy times, and so on. This amounts to integrating with respect to the

measure
by Np2i+1 5I2i+1 + X 59621‘

Y Npaiy1 + X to
If N is big enough, the contribution of the pieces of orbits associated to the
To; 1s small, and this measure is close to X p2:'1“ 0z,;; SO we are done

Remark: Under the hypothesis of the previous proposition, transitivity is equiv-
alent to the connectedness of X together with the density of the periodic orbits
on X [C04].

4. Ergodic measures with full support

We first prove that there are always probability measures with full support,
as soon as there are enough periodic orbits. Recall that a polish space is a
topological space homeomorphic to a separable complete metric space. Locally
compact separable metric spaces are polish and the set of borel probability
measures on a polish space is again a polish space with respect to the weak
topology. Hence, the Baire property holds in that context.

LEMMA 4.1: Let X be a polish space, ¢; a flow defined on X. We assume
that the periodic orbits of the flow form a dense subset in X. Then the set of
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borel probability measures of full support is a dense Gg subset of the set of all
invariant borel probability measures.

Proof. Let {U;};en be a countable basis of open sets for the topology of X.
Let F; be the closed set of all probability measures which are zero on U;. The
complement of the union of all the F; is exactly the set of borel probability
measures with full support. Let us show that the F; have empty interiors. Take
v € F; and x( a periodic point in U;; the Dirac measure on the orbit of x is
denoted by d,,. Then the sequence (1 — i)u + 7115% is not in F; and converges
to v. The Baire theorem can now be applied and the lemma is proven.

We can now prove a genericity result concerning ergodic invariant measures

with full support.

THEOREM 4.2: Let X be a polish space, ¢; a transitive continuous flow on X
admitting a local product structure and satisfying the closing lemma. Then the
set of invariant ergodic borel probability measures with full support is a dense
G5 subset of the set of all invariant borel probability measures.

Theorem 1.1 is a particular case of this result.

Proof. As noted above, the periodic orbits are dense in X. From the previous
lemma, we know that the set of probability measures with full support is a
dense G subset of the set of all invariant borel probability measures M*(X).
Proposition 3.2 shows that the set of ergodic invariant probability measures is
also dense in M!(X). It remains to check that this set is a G set, since the
intersection of two dense Gy sets is again a dense Gy set.

Let {f;}ien be some countable algebra of Lipschitz bounded functions which
separate points on X. This set is dense in L!(m), for all borel probability
measure m; this fact goes back to Rohlin; we refer to [C02] for a short proof.
We can now write the complement of the set of ergodic probability measures as
the union of the following closed sets:

1 1
Frpi= {mEMl(X) | Jpu,ve MHX),a € {k’l_ k}’

st. m=au+ (1—a)vand /fidu Z/fidu—i—}}.

The condition [ fidp > [ fidv + :ll insures that the two measures u and v are
not equal. This is a closed condition. Now let m,, be a sequence of measures
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that can be written as barycenters i, + (1 — o). If the sequence m,, is
converging in M*!(X), then it is tight. Up to a subsequence, we can assume
that u, and v, converge to probability measures p and v of mass < 1, and «,,
converges to a € [},1— ;]. The relation m = au + (1 — a)v implies that the
limit m of m,, is a barycenter, and F};; is closed. This ends the proof.

5. Non-positively curved manifolds

We have just proven that a geodesic flow on a negatively curved manifold always
admits an ergodic invariant measure fully supported on the non-wandering set
of the flow. We now give generalisations of this result to non-positively curved
manifolds.

5.1. CLOSING LEMMA AND LOCAL PRODUCT. Let M be a riemannian manifold
and v a vector belonging to the unit tangent bundle T'M of M. The vector v
is a rank one vector, if the only parallel Jacobi fields along the geodesic gen-
erated by v are proportional to the generator of the geodesic flow. A connected
complete non-positively curved manifold is said to be a rank one manifold if
its tangent bundle admits a rank one vector. In that case, the set of rank one
vectors is an open subset of 7' M. Rank one vectors generating closed geodesics
are precisely the hyperbolic periodic points of the geodesic flow.

Negatively curved manifolds are rank one manifolds. There are also examples
of rank one manifolds for which the sectional curvatures vanish on an open
subset of the manifold. The concept of rank one manifold was introduced by
W. Ballmann, M. Brin and P. Eberlein [BBES5]; we refer to the survey of G.
Knieper [Kn02] for an overview of the properties of rank one manifolds.

The goal is now to find a big subset €2; of the non wandering set €2, so that the
geodesic flow ¢; has a local product structure and satisfies the closing lemma
in restriction to that subset.

Let us denote by T'M the unitary bundle of the universal cover of M and
&, the lift of the geodesic flow to T*M. Let v be a non-wandering rank one
vector in T*M and © a lift of v to T M. The vector v belongs to the set QF if
it satisfies:

For all w € T'M such that the distance d(¢:(W), ¢:(v)) stays bounded for
t >0, there is a tg € R such that ¢y, () € W*(0).
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In other words, any non-wandering half-geodesic whose lift stays at a bounded
distance from the lift of a geodesic in QF is in fact asymptotic to that geodesic.
Typical examples of vectors which are not in Qf are vectors whose associated
geodesic is asymptotic to a closed geodesic belonging to a flat half-cylinder.

We define a set 2] in the same way, just by replacing the flow g?)t by its
inverse ¢_; in the previous definition. We now take Q; = Qf N Q. This is the
set of non-wandering rank one vectors that satisfy the above property for both
negative and positive time.

PROPOSITION 5.1: Let M be a rank one manifold. Then the restriction of the
geodesic flow to ; admits a local product structure and satisfies the closing

lemma.

Proof. The geodesic flow, in restriction to the set of non-wandering rank one
vectors, satisfies the closing lemma. This is proven by P. Eberlein in [Eb96],
Prop. 4.5.15, in the general setting of non-positive curvature. We recall the
proof in an appendix at the end of the paper, since the rank one hypothesis
allows for some simplification.

We also know that recurrent rank one vectors belong to Q; [Kn02], Prop. 4.4.
Hence, rank one periodic orbits are in €2;. Now, if we apply the closing lemma
to a non-wandering rank one vector, the closed orbit obtained is close to the
rank one vector. Hence, as the set of rank one vectors is open, it is a closed rank
one orbit and belongs to ;. So the closing lemma is satisfied in restriction to
Ql.

Let us consider two vectors v, w in T*M which are close to each other. Then
there is a point w’ close to v and w, such that d(¢:(w), ¢:(w’)) is bounded
for negative times, and d(¢:(v), ¢+(w')) is bounded for positive times [Kn02],
Lemma 1.3. So, if v and w belong to €7, then w’ is a rank one vector whose
associated geodesic is a positively asymptotic trajectory of v, and negatively
asymptotic to the trajectory of w. This shows that w’ is in Q; and that there
is a local product structure in restriction to ;.

PROPOSITION 5.2: Let M be a rank one manifold. Then the restriction of the
geodesic flow to §, is transitive.

Proof. Let U; and Uy be two open sets containing points in ;. We show
that there is a trajectory in ; that starts from U; and ends in Us. This will
prove transitivity on {2;. From the previous proposition, we have seen that rank



Vol. 179, 2010 HYPERBOLIC FLOWS ON NON-COMPACT SPACES 167

one periodic vectors are dense in 2;. So there exist rank one periodic vectors
vy € Uy and ve € Us. There is also a rank one vector vs whose trajectory is
negatively asymptotic to the trajectory of v; and positively asymptotic to the
trajectory of vg; cf. [Kn02] Lemma 1.4 ff.

Let us show that v3 is non-wandering. First note that there is also a trajectory
negatively asymptotic to vo and positively asymptotic to the trajectory of v;.
That is, the two periodic orbits vy, vo are heteroclinically related.

A

This implies that the two connecting orbits are non-wandering: indeed, using
the local product structure, we can glue the two connecting orbits to obtain a
trajectory that starts close to vz, follows the second connecting orbit, and then
follows the orbit of vz, coming back to the vector vs itself. Hence vz is in €.
Since it is asymptotic to va, it belongs to 2; and we are done.

We want to apply Theorem 4.2 in restriction to €2;. It is not at all obvious
that €y is a polish space. However, it contains a polish space, which is of
full measure with respect to all measures in M!(€;). Indeed, by the Poincaré
recurrence theorem, the finite measures on the separable metric space €7 are
supported by the set of recurrent rank one vectors. Now, the set of recurrent
trajectories of a continuous flow on a polish space is a G§-subset of the ambient
space, hence a polish space. This shows that M(£;) is polish and that the
Choquet theorem holds on this space. The proofs given above apply verbatim
in that setting and we get:

COROLLARY 5.3: Let M be a non-positively curved connected complete rie-
mannian manifold. Then there exists an ergodic finite borel measure on T* M,
invariant with respect to the geodesic flow, whose support contains all hyper-
bolic periodic orbits.

5.2. RANK ONE MANIFOLDS. There are examples of rank one manifolds for
which €2 is not dense in the non-wandering set 2.
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For example, let us consider a non-positively curved surface, with a geodesic
~v bounding a half euclidean cylinder. This corresponds to the right part on
the picture above. The remainder of the surface is compact, negatively curved.
This is depicted on the left hand side of the picture. There are three types of
geodesics on the surface:

— Closed geodesics in the cylinder part, which are parallel to ~.

— Geodesics which cross . They are associated to rank one wandering vectors.

— Geodesics that stay in the negatively curved part of the surface. They are
associated to rank one vectors.

The non-wandering set ) extends arbitrarily far on the right whereas the
set €17 is contained in the left part of the picture. The only ergodic invariant
probability measures giving positive measure to the cylinder part are the Dirac
measures on the periodic orbits. This gives a rank one example with no ergodic
invariant finite measure supported by €.

There is, however, a simple condition that insures both the density of €; in
Q and the transitivity on ;: if Q@ = T'M, then the rank one vectors form an
open dense subset of T'M; moreover, we have seen that the geodesic flow is
transitive; this was first proven by Eberlein; see, e.g., [Eb96], Prop. 4.7.3 and
4.7.4. This implies the existence of a rank one vector with dense orbit. As
mentioned earlier, such a vector belongs to Q1; we refer to G. Knieper, [Kn02]
Prop. 4.4. We have established:

THEOREM 5.4: Let M be a rank one manifold. We assume that the non-
wandering set of the geodesic flow coincides with T'M. Then there exists an
ergodic borel probability measure on T'M, which is invariant by the geodesic
flow, and of full support.



Vol. 179, 2010 HYPERBOLIC FLOWS ON NON-COMPACT SPACES 169

6. Additional examples

Theorem 4.2 can be applied to other examples:

o Irreducible Markov chains defined on a countable alphabet.

We recover the density of Dirac measures on periodic points, in the set of
all probability invariant measures, a result first proven by Oxtoby [0x63] in the
case of a finite alphabet.

o Skew-products over Markov chains.

The fiber has to be discrete, so that both the product structure and the
closing lemma lift to the skew-product. The transitivity on the skew-product
was studied, for example, in [C04]. When the fiber is a non-amenable group,
the lift of a probability measure on the basis cannot be ergodic; this result is
due to Zimmer [Z78]. So the ergodic measures on the skew-product must be
singular with respect to the action of the group extension.

o Lift of hyperbolic systems to coverings of the base space.

For these systems, lifts of Gibbs measures are known to be ergodic only if the
deck transformation group is virtually Z or Z? [G91]. From this viewpoint, even
the existence of an infinite ergodic measure of full support is surprising. Since
these systems have received much attention recently, we rephrase Theorem 4.2
in that context.

THEOREM 6.1: Let X be a compact manifold, X a covering of X and gZ;t a
transitive flow on X which is the lift of an Anosov flow defined on X. Then the
set of invariant ergodic borel probability measures with full support in X isa
dense Ggs-set in the set of all invariant borel probability measures.

An analogous result holds for Axiom A systems, in restriction to preimages
of basic pieces.

Finally, we remark that our results are again true if we look at transformations
instead of flows. The proofs apply verbatim.

7. Appendix: The rank one closing lemma

We give a proof of the closing lemma for the geodesic flow on a non-positive
complete manifold, in restriction to the rank one non-wandering vectors. There
are two motivations for providing a proof: first the rank one hypothesis allows
for some simplification, as compared with the classical proof given by P. Eberlein
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[Eb96]. Second, in the context of non-positive curvature, it seems that it is still
unknown whether the closing lemma holds for all non-wandering vectors.

THEOREM 7.1: Let M be a Hadamard rank one manifold, and M = M/I‘, with
I a discrete subgroup of Isom(M). Let C C T'M be a compact set of rank
one vectors and € > 0. Then there exists 6 > 0 and T' > 0 with the following
property:

For allt > T and v € C such that D(g'v,v) < 8, there exists ' €]t —e,t + €|
and v' a rank one vector such that g"v' = o' and D(g*v,g*v') < e for all

0 < s < min(t,t).

Here, we denote by D the natural distance on T'M (and T'M) induced by
the riemannian metric on M.

Proof. Assume by contradiction that there exists a compact set C C T'M of
rank one vectors, € > 0, and a sequence (v, )nen of vectors of C, together with
a sequence t,, — 00, such that D(vn,gt"vn) — 0, without periodic orbits w,,
of period w,, e-close to t, staying in their e-neighbourhood during the time ¢,.
By compactness, we can assume that v, converges to some v € C, as n goes to
infinity.

Lift the situation to M. There exists a compact set CcT'M ,e >0, a
sequence (Up)neN € (C’)N of rank one vectors converging to ¥, t, > n and
¢on €T, such that D(o,,,dp, o g"v,) < 1/n.

Moreover, there exists no vector w,, such that D(wy,0,) < £/2 and dp,, o
g¥m W, = W, for some w, €|t, —¢,t, + ¢[. Here is a key geometric point: the
fact that on T'M the orbits gw,, and ¢°v, are e-close during the time t,, is
expressed by the fact that the isometry ¢, which sends ¢g“~w, on 1w, is the
same as that which sends g'»¥,, close to o,.

Indeed, as w,, = t,, ¢ and ¢, is an isometry, the distance between g*“w,, and
g'" v, is very close to the distance between i, and ©,,, which is very small. By
convexity of the riemannian distance on the Hadamard manifold M, we deduce
that 7,5, (s) and ~yg, (s) stay close one another for 0 < s < min(¢,,s,). It also
implies that D(g°0y, g°wy,) is small.

Now, the idea of the proof is to show that for n big enough, ¢,, is an ax-
ial isometry, and to find on its axis a periodic vector w, converging to v, in
contradiction with the above assumption.
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Denote by 75 the geodesic determined by 0. Let p (resp. pn, ¢n) be the base
point of ¥ (resp. Uy, g'"0y,). As @, (py) is close to vy, (tn), and p, — p, v, — v,
it is easy to check that ¢, 1(p) — ~v5(+00). Similarly, one gets ¢, (p) — v (—00).

We need the following lemma.

LEMMA 7.2 ([Ba95, Lemma 3.1]): Let M be a Hadamard rank one manifold,
o € T'M a regular vector, x = v5(+00) and y = v5(—o0). For all n > 0, there
exist neighbourhoods V,(x) and V;(y) of x and y, respectively, such that for
all 2’ € V,(z), vy € V,(y), there exists a geodesic v/ joining y to x such that
d(73(0),7") < .

This lemma is easy to prove on negatively curved manifolds with curvature

bounded above by —a?

< 0. A similar result is also true [Eb96] for regular
vectors on higher rank symmetric spaces. If v is a singular vector on a rank
one manifold, this lemma is probably almost always false. However, it does not
mean that a closing lemma could not be proven in another way for such vectors.

Let us now finish the proof of the closing lemma. Let Vi (z) and V;(y) be the
neighbourhoods given by the above lemma for n = 1/k. We can also assume that
they are homeomorphic to balls of R%~! and their closures are homeomorphic to
closed balls of R?~! (with d = dim M). (Endowed with the cone topology, the
boundary M is homeomorphic to the (d — 1)-dimensional sphere, [Eb-O73].)

Using the fact that ¢,(p) — vy and ¢, '(p) — =, one proves easily that
for n big enough we have ¢} (Vi (z)) C Vi(z) and ¢, (Vk(y)) C Vi(y). By the
Brouwer fixed point theorem, we deduce that ¢, has two fixed points z,, € Vi ()
and y, € Vi(y). Consider a geodesic joining y,, to =, given by the above lemma.
It is invariant by ¢,, which acts by translation on it. Let w, be the vector of
this geodesic minimizing the distance to ¥, and p/, be its basepoint. This vector
is close to ¥, hence close to ¥y, if n has been chosen big enough.

Denote by w,, = d(p),, pn(p),)) the period associated to w,,. Since p/, is close
t0 Pn, Wy, is close to d(pn, ¥n(pn)), and so close to t,, for n big enough. Thus,
we get the desired contradiction.

References

[An67]  D. V. Anosov, Geodesic flows on closed riemannian manifolds with negative curva-
ture, Proceedings of the Steklov Institute of Mathematics 90 (1967).

[Ba95] W. Ballmann, Lectures on Spaces of Nonpositive Curvature, With an appendix by
Misha Brin, DMV Seminar, Vol. 25, Birkhauser Verlag, Basel, 1995.



172

[BBESS]
[Bi99]
[C02]
[C03]
[C04]
[Eb72]
[Eb96]
[Eb-O73]
[Go1]
[Ho36]
[Kn02]

[Li71]

[0x63)

[Si70]
[Si72]

(278]

YVES COUDENE AND BARBARA SCHAPIRA Isr. J. Math.

W. Ballmann, M. Brin and P. Eberlein, Structure of manifolds of nonpositive cur-
vature. I, Annals of Mathematics. Second Series 122 (1985), 171-203.

P. Billingsley, Convergence of Probability Measures, 2nd edn., Wiley Series in Prob-
ability and Statistics, Wiley, Chichester, 1999, x+277 pp.

Y. Coudene, Une version mesurable du théoréme de Stone-Weierstrass, Gazette des
mathematiciens 91 (2002), 10-17.

Y. Coudene, Gibbs measures on negatively curved manifolds, Journal of Dynamical
and Control System 9 (2003), 89-101.

Y. Coudene, Topological dynamics and local product structure, Journal of the Lon-
don Mathematical Society. Second Series 69 (2004), 441-456.

P. Eberlein, Geodesic flows on negatively curved manifolds I., Annals of Mathemat-
ics. Second Series 95 (1972), 492-510.

P. Eberlein, Geometry of Nonpositively Curved Manifolds, Chicago Lectures in
Mathematics, University of Chicago Press, Chicago, 1996, vii+449 pp.

P. Eberlein and B. O’Neill, Visibility manifolds, Pacific Journal of Mathematics 46
(1973), 45-109.

Y. Guivarc’h, Propriétés ergodiques, en mesure infinie, de certains systémes dy-
namiques fibrés, Ergodic Theory and Dynamical Systems 9 (1989), 433-453.

E. Hopf, Fuchsian groups and ergodic theory, Transactions of the American Math-
ematical Society 39 (1936), 299-314.

G. Knieper, Hyperbolic dynamics and Riemannian geometry, in Handbook of Dy-
namical Systems, Vol. 1A, North-Holland, Amsterdam, 2002, pp. 453-545.

A. Livsic, Certain properties of the homology of Y -systems. (Russian) Rossiiskaya
Akademiya Nauk 10 (1971), 555-564. English translation: Math. Notes 10 (1971),
758-763.

J. C. Oxtoby, On two theorems of Parthasarathy and Kakutani concerning the
shift transformation, in Ergodic Theory (Proc. Internat. Sympos., Tulane Univ.,
New Orleans, La., 1961) Academic Press, New York, 1963, pp. 203-215.

K. Sigmund, Generic properties of invariant measures for AxiomA-Diffeomorphisms,
Inventiones Mathematicae 11 (1970), 99-109.

K. Sigmund, On the space of invariant measures for hyperbolic flows, American
Journal of Mathematics 94 (1972), 31-37.

R. J. Zimmer, Amenable ergodic group actions and an application to Poisson bound-
aries of random walks, Functional Analysis 27 (1978), 350-372.




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<


    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200036002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200036002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>



    /HUN <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 6.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200036002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 6.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>


    /SKY <>

    /SUO <>
    /SVE <>
    /TUR <>

    /ENU <FEFF004a006f0062006f007000740069006f006e007300200066006f00720020004100630072006f006200610074002000440069007300740069006c006c0065007200200039002000280039002e0033002e00310029002e000d00500072006f006400750063006500730020005000440046002000660069006c0065007300200077006800690063006800200061007200650020007500730065006400200066006f00720020006f006e006c0069006e0065002e000d0028006300290020003200300031003000200053007000720069006e006700650072002d005600650072006c0061006700200047006d006200480020>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


