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ABSTRACT

In this paper we describe a third class of low discrepancy sequences. Us-
ing a lattice I' C R?®, we construct Kronecker-like and van der Corput-like
ergodic transformations T; r and T of [0,1)°. We prove that for ad-
missible lattices T, (T:F ())n>0 is a low discrepancy sequence for all
z €[0,1)% and v € {1,2}. We also prove that for an arbitrary polyhedron
P C [0,1)%, for almost all lattices I" € Ly = SL(s,R)/SL(s,Z) (in the
sense of the invariant measure on L), the following asymptotic formula

#{0 <n < N:T}p(z) € P} = NvolP + O((InN)*™®), N — oo
holds with arbitrary small € > 0, for all z € [0,1)%, and v € {1, 2}.

1. Preliminaries

1.1. Let (8n)n>0 be an infinite sequence of points in an s-dimensional unit
cube [0,1)°. The sequence (8,)n>0 is said to be uniformly distributed in
[0,1)° if for every box O = [0,y1) x --- x [0,y5) C [0,1)®
(1.1)

A0, (Bu)ng)=#{0<n < N:8, €0} —Ny1 "-ys =o(N), N — oo.
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We define the Lo, and L, discrepancy of a N-point set (3, v) = as

(12) D)= DG = swp LA, (B
0<y1,..,ys <1
(1.3)
_ 1 N 1/p
D,(N) = Dp((Bun )25 = /H A0, (B n) )y dy)

It is known that a sequence (8,)n>0 is uniformly distributed if and only if
D((ﬂn)ﬁ;_ol) — 0 for N — oc.
In 1954, Roth proved that there exists a constant C; > 0, such that

B — N (7

(1.4)  NDu((Bun)N=0) > Ci(In N) and Tim (0 N)/2

>0

for all N-point sets (ﬁn,N)f:f:_Ol and all sequences (8, )n>0 with p = 2. In 1977,
W. Schmidt proved (1.4) for all p > 1 with Cy = C1(p). According to the well-
known conjecture (see, for example, [BC, p. 283] and [Ni, p. 32]), there exists a
constant Co > 0, such that

— ND((Ba)3=0)

ND((Bun)NZ3) > Co(In N)*~! and  Tim ) >0
for all N-point sets (ﬂn,N)ﬁ[:_Ol and all sequences (fp)n>0. In 1972, W. Schmidt

proved this conjecture for s = 1. See known results for s > 1 in [Ba].

Definition 1: A sequence (8,)n>0 is of low discrepancy (abbreviated l.d.s.) if
D((B)N=)) = O(N~'(In N)?) for N — oc.

Definition 2: A sequence of point sets ((5p, N),]L_ol)})vozl is of low discrepancy
(abbreviated 1.d.p.s.) if D((Bn.n)"Z0') = O(N~ (In N)*~1) for N — oo.

In this paper, by ergodic transformations we refer only to ergodic transfor-
mations of [0,1)° with respect to Lebesgue measure.

Definition 3: An ergodic transformation T is of low discrepancy (abbreviated
lLd.e.t.) if (T™(z))n>0 is L.d.s. for all z € [0,1)®. An ergodic transformation T

is of L, low discrepancy if

1/p
( / <Dp<<T"<x>>£¥:ol>>de> — O(N" (I N)*2)
[0,1)s

for N — oo, with p > 1.
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Up to now, there were known three classes of multidimensional low discrep-
ancy point sets in [0,1)*:
a. Halton - Hammersley (1960),
b. Sobol (1967) - Faure (1981) - Niederreiter(1987),
c. Frolov (1976) - Skriganov (1994).

Analogues of the first two constructions were designed by the same authors to
construct low discrepancy sequences. Our goal here is to perform the same for
the third construction. The main points of our constructions are as follows:

Using a lattice I' C R®, we construct Kronecker-like and van der Corput-like
ergodic transformations Ty p and To  of [0,1). We prove that for admissible
lattices I', Ty r is an L, low discrepancy ergodic transformation for all p >
1, and T, p is an ld.et. (v € {1,2}). We also prove that for an arbitrary
polyhedron P C [0,1)° and for almost all lattices T € L, = SL(s,R)/SL(s,Z)
(in the sense of invariant measure on L), one has the bound

(1.5) #{0<n < N :T)p(z) € P} — NvolP = O((In N)**¢)

as N — oo for all z € [0,1)%, and v € 21,2}.

1.2. BRIEF REVIEW OF LOW DISCREPANCY SEQUENCES. (for a complete review
see [BC], [DrTi], [Ma] and [Ni]).

1.2.1. The 1-dimensional case. Let a be a real number with bounded partial
quotients. In 1922, Ostrowski, Behnke, Hecke, Hardy and Littlewood proved
that the sequence {an + 8},>0 has low discrepancy (see[DrTi, pp. 155, 156,
735, 759, 1398]). Hence the orbit of the ergodic transformation T, : © — = + «
(mod 1) is L.d.s. for all z € [0,1). The second class of Ld.s. (¥g(n))n>0 Wwas
proposed by van der Corput; see [DrTi|[pp. 1891]). There ¢ > 2 is an integer,

(1.6) n= Zeiﬁq(n)qi, with e; 4(n) € {0,1,...,¢— 1}
i>0
be the g-expansion of the integer n, and
(L.7) Yq(n) = Zel}q(n)q_i_l
i>0
the radical inverse function. The low discrepancy property is valid for the more

general case of the sequence (T, (x))n>0 , where Ty is von Neumann-Kakutani’s

ergodic adding machine:
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Let ¢ = .x129..., 2’ = .z} ... be the g-expansions of the numbers 2 and
' €10,1), Ty(z) = 2’ is defined by

0, k=1,2,...,i—1,
(1.8) zp=<x+1, k=i,
Ti, otherwise,

where v; =g—1for j=1,2,...,i—1,and x; #¢— 1,k =1,2,.... Given a
transformation 7', we define

T"(x) =T(T" Yz)), n=1,2,..., T°%)=ux.

A detailed description of the ergodic adding machine is given in [Fr, pp. 75—
83] and in [Pe, pp. 208-212]. As is known, the sequence (7'(z))n>0 coincides
for z = 0 with the van der Corput sequence (see, for example, [P]). We shall
say that (T,(z)™)n>0 is the van der Corput sequence for all z € [0,1). Other

examples of 1.d.s. may be found in [Bo] and [Nin)].

1.2.2. The multidimensional case (s > 2). The existence of multidimensional
l.d.s. was discovered by Halton in 1960: (tg, (n),..., %, (n))n>0, where
q1,-.-,4s > 2 are pairwise coprime integers, and 1, is defined in (1.7) (see
[DrTi, p. 729]). A similar result is true for the case of the ergodic trans-
formation T'(z) = (T, (z1),...,Tq,(xs)) of [0,1)%, with # = (z1,...,z,) and
Ty (z;) defined in (1.8). This is a first class of 1.d.e.t. In 1960, Hammersley
proved that (1, (1), ..., (1), Z)N_y is an (s + 1)-dimensional l.d.p.s. (see
[DrTi, p. 730]). The second class of 1.d.s. and 1.d.p.s. was introduced in 1967
by Sobol (the so-called (¢,m, s) point set, and (¢, s)-sequences); see [Sol] and
[So2]. Generalizations of Sobol’s approach were obtained by Faure (1981) and
by Niederreiter (1987); see [Ni]. See also 1.d.s. construction for s = 2 in [Mo].
Let ¢« = (aq,...,05) € R*, © = (x1,...,25) € [0,1)® (s > 2), and

Ty : x — (14 ai1,...,25 + a5) be Kronecker’s transformation of [0,1)°. In
1994, J. Beck proved that for almost all a, D((T?(x)))=5) = O(N~*(In N)*+)

uniformly on x € [0,1)® for arbitrary small ¢ > 0, as N — oo [Bel]. He also
proved that for almost all @ we have D((T7(z))Neg') > N '(In Ng)® Inln Ny,
uniformly on x € [0,1)° for some subsequence N — oo [Bel]. Hence, Kro-
necker’s sequence ({ayn+z1}, ..., {asn+zs})n>o is “almost” of low discrepancy
for almost all a € R®. According to Littlewood’s conjecture,

(1.9) lim n{(na1))--- ((nas)) =0

n—oo
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for s > 2 and all (aq,...,as) € R®, where ((z)) = min({x},1—{z}). Repeating
the proof of [Skrl, Theorem 1.1] (see Theorem A below), we obtain that, if (1.9)
is false, then T, is a l.d.e.t. It is not hard to prove that, if (1.9) is true, then
for all a € R?, T, is not a Ly 1.d.e.t. In this paper, we generalize Kronecker’s
transformation to obtain L, low discrepancy property for all p > 1.

1.3. LATTICE NETS. In this subsection we consider 1.d.p.s. and l.d.s. based
on lattices in R®. Let K be a totally real algebraic number field of degree s,
and o be the canonical embedding of K in the Euclidean space R?,
o:K3&—0()=(01(§),...,05(&)) € R®, where {0;}5_; are s distinct em-
beddings of K in the field R of real numbers. Let A € K be an algebraic integer,
Ai =0;(A) (i =1,...,5); f(z) be the minimal polynomial of A; A is of degree
sover Q; F = ()\7 s A = diag(A1,...,As); and H = EAE~! be the
companion matrix of f(z).

In 1976, Frolov introduced the point set Fr(s,t) = +EZ*N[0,1)* with the best
possible estimate for the order of magnitude of the integration error as ¢ — oo
on the Sobolev and Korobov class functions (see [Frl], [Fr2]). In 1980, Frolov
[Fr3] proved that F'r(s,t) is a Ly low discrepancy point set (i.e., Dy(Fr(s,t)) =
Ot~ '(Int)s=1/2) for t — 00); see also [Byl], [By2], [Do], [Lv], [Tm, Chap. 4,
Sec. 4] for investigations on Frolov’s net.

In 1994, Skriganov [Skrl] proved that Fr(s,t) is an 1.d.p.s. He also proved
the following more general result:

Let O C R?® be a compact region, volO the volume of O, tO the dilatation
of O by a factor ¢t > 0, and let tO + X be the translation of tO by a vector
X e R*. Let I C R® be a lattice, i.e., a discrete subgroup of R® with a compact
fundamental set F(I") = R*/T", det '=volF(T"). Let

1,j= 15

N(O,T) =card(ONT) = ZX .Y)
yel’
be the number of points of the lattice I' lying inside the region O, where we
denote by x(0,X), X € R® the characteristic function of @. We define the
errors R(O + X,T'), R(O,T') and R,(O,T) by setting

10
(1.10) NO+X,T) = (Viotr +R(O+ X,T),

(1.11) R(O,T) = ;ups IR(O + X,T),
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and

1 1/p
(1.12) R, (O,T) = (detF/]F(p) RO+ X, D)pdx) ",

where p > 0 is a real number.

Definition 4: A lattice I' C R® is admissible if

(1.13) NmI'= inf |Nmy| >0,
yer\{0}

where Nmz = x129 -+ x5, © = (21, ..., Ts).

For example, I' = EZ?® (in Frolov’s net) is an admissible lattice. The set
of all admissible lattices I' C R® is dense in L4, but its invariant measure
on L, is equal to zero. Let K® = [-3,3]°, T = (t1,...,ts) and T. 0O =
{(t1z1,. .. tss) = (x1,...,25) € O}. It is easy to show the following estimate
for the inadmissible lattice I' = Z°:

(1.14) tm R(T.K5T)/t571 >0, withT = (t,...,1).

THEOREM A. (see [Skrl, Theorem 1.1]): IfT" C R® is an admissible lattice, then
for all T C R?®, one has the bounds

(1.15) R(T.K%,T) < O(T)(In(2 + [NmT|))* 1,
and
(1.16) R,(T .K*,T) < C,(T)(In(2 + |[NmT|))*=Y/2 p > 0.

The constants in (1.15) and (1.16) depend upon the lattice I only by means of
the invariants detI' and NmI'.

In [L1] we proposed the following two constructions of 1.d.s. (8y.n)n>0, (¥ =
1,2) based on Frolov’s and Skriganov’s nets. In the first construction, we con-
sider the sequence of lattices (¢~"EZ®)p>0, where ¢ = |A1---Ag] > 1. Let
di,...,dq, be a complete residue system of Z*(mod HZ?); e, 4(n) are defined in
(1.6); a1, ...,am € Z*° such that

E[0,1)° C 6 ([0,1)° +a;) and E[0,1)°N([0,1)° 4 a;) # 0;

Jj=1

(117)  vn =Y H e, )y Wmnti=vn+aii=1,...,m, n>0.
i>0
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Now let u(n) > 0 be an increasing sequence of integers such that wy € E[0,1)* if
and only if k = u(n) for any integer n > 0. Next, 51, = E‘lwu(n), n=20,1,...
In the twist construction, we consider the following sequence of lattices:

(L18) Th={((q1,1 q1,n) " Yiseees (@1 o) ")t (715---,7vs) € T},

where I' C R® is an admissible lattice, and ¢;; € {f1,..., fx} with integers
fi=2(@=1,...,k). Let B, =T, N[0,1)%. Similarly to the first construction
(1.17), we enumerate the set B, 11\ By, by a sequence (82m)me(#B,,#Bns.]- N
[L1], we noted that from [Skrl, Corollary 2.1] it follows that (5,,»)n>0 is an l.d.s.
(v =1,2). In this paper, we generalize the twist construction (1.18) to obtain
a second class (after Halton’s class) of low discrepancy ergodic transformations
of [0,1)%. In a similar way, we can also generalize the first construction (1.17)
(for the case of |\;] > 1 (i =1,...,s)) to obtain an L.d.e.t. of [0,1)*.

1.4. LATTICE POINT PROBLEM FOR COMPACT POLYHEDRON. For every region
O € R? and lattice I' C R®, one has the bound

(1.19) R(tO,T) = O(t*™1), fort — oo;

see [GL] and [Kr]. Let P C R® be a compact polyhedron. In [SkSt, Theorem
2], Skriganov and Starkov obtained the following extremely small upper bound
on the error R(tP,T'):

THEOREM B: Let P C R® be an arbitrary compact polyhedron, and I € L be

an arbitrary lattice. Then for ps almost all rotations U € SO(s) one has the
bound

(1.20) R(tP,UT) = RtU'P,T) = O(In* "'+ ¢)
with arbitrary small € > 0, where p is the Haar measure on the group SO(s).

This theorem improves the previous result of Skriganov [Skr2, Theorem 2.2].
In [SkSt, p. 1471], it is noted that the bound O(In*~'*#) in (1.20) could be
replaced by

(1.21) R(tP,UT) = O((Int)* *p(Inlnt)),

where (.) is an arbitrary positive monotone increasing function with

floo% < oo. For example, ¢(t) = t1+¢ ¢(t) = t(Int)'*°. The O-constant

in (1.20) depends on the polyhedron P. In this paper, we modify the proof
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of Theorem B, and obtain that the O-constant in (1.20) only depends on vec-
tors orthogonal to the (s — 1)-dimensional faces of P. In this way, we give the
estimate (1.5) for the sequences (T} (7))n>0, (v = 1,2).

Now we describe the structure of the paper. In §2, we construct Kronecker-
like and van der Corput-like transformations 7 r and 7o . We also state all
the theorems on discrepancy estimates of the sequence (7,'r())n>0, (v = 1,2).
Then we state the results on the lattice point problem in a polyhedron. The
proofs of the theorems are given in §3 and §4. In the Appendix, we obtain a
modification of Theorem B.

2. Statement of the results

2.1. KRONECKER-LIKE TRANSFORMATION. Let I' C R**! be an arbitrary lat-
tice, T = IT" with

(2.1) #{(T+u)Nn[0,1)*} <1

for all w € Rt For example, let

]4_1, where A = min ||v|,
yeT\{0}

and ||+ || is the Euclidean norm in R**!. Then min_.s oy [[7]| > 1, and (2.1)
follows.
Let z € [0,1)%, (z,0) € R**™', M, = M, 1 U M, 5, where

(2.2) M,1 = ((z,0) +T)N[0,1)* x (0, +00),
and
Mo = ((2,0) +T)N[0,1)* x (—o0,0].

By (2.1), there are no two points (u1,u1,s+1) and (ug2,ugs4+1) in M, with
UL, s41 = U 541, where u; € R® and Uj,s+1 € R,7 = 1,2. Let Mz,l 7é @,
using (2.1) we obtain that there exists a unique (y1,ys+1) € My 1 with

(2.3) Ys+1 = minf{v > 0: Iy € [0,1)°, such that (y,v) € My 1}
Now let

Y1, ifM:E,l 7& @7

(2.4) T, r(z) = )
z, otherwise.
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It is easy to see that here a Kronecker transformation for
I'={(nay —mi,...,nas —mg,n)): (my,...,mg,n) € Z}

and [ = 1 is obtained. Recall that the dual lattice T consists of all vectors
vt € R*+! such that the inner product (y*,~) belongs to Z for each v € T.

THEOREM 2.1: Let I' C R®*! be an arbitrary lattice. Then for all z € [0,1)%,
the sequence (T7'r())n>0 is uniformly distributed in [0,1)* if and only if

(2.5) Pyt =01 7a0) €TH\{0} with ygq, = 0.
If (2.5) is valid, then T1 r is a invertible ergodic transformation of [0,1)°.

We will prove that for the lattices I' considered in the following theorems we
have #M,1 = #Mz2 = oo for all z € [0,1)*. Applying (2.1), we get that

Mz 1 U M, o can be enumerated by a sequence (zm,k,zsﬂ(x,k)):i‘ioo in the

following way:
(2.6) 220 =2, 2s11(x,0)=0, 2zy,€]0,1)° and
zs+1(2, k) < zeg1(x, k+1) € R,  for k € Z.

THEOREM 2.2: Let T' € R**! be an admissible lattice. Then

(2.7) D(T{fr(x)it\ivﬂ) =O(N"'(InN)*), N — oo

(2'8) D((T{l,r‘(x)7 ZS+1(‘T7 n)/ZS-‘rl (‘Ta N))N_l) = O(N_l(ln N)S)7 N — o0,

n=0

uniformly on x € [0,1)® and M € 7Z, where the O-constant depends only on the
invariants detI' and NmlI'.

Remark 1: We showed in §1.2.2 the connection between the s-dimensional Hal-
ton’s 1.d.s. and the (s+1)-dimensional Hammersley’s 1.d.p.s. We obtain a similar
connection in (2.7) and (2.8).

THEOREM 2.3: Let I' € Loy1 = SL(s + 1,R)/SL(s + 1,Z) be an arbitrary
lattice. Then for psy1 almost all rotations U € SO(s + 1)

D((T{'yr(2))n=g ) = O(N ' (In N)**¢)

n=0

with arbitrary small € > 0.
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THEOREM 2.4: Let I' C Ly be an admissible lattice. Then Ty r is an L,
Ld.e.t.:

1/p
2o ([ oAEeire) o Ny,
[0,1)°

In particular, for each N > 0 there exists a point zn € [0,1)® with
(2.10) Dp((Ti'r(en))nZo ) = O~ (In N)*/2),

where the O-constant in (2.9) and (2.10) depends only on p > 1, detT’, and
NmI', for N — co.

2.2. VAN DER CORPUT-LIKE TRANSFORMATION. Let ¢ > 2 be an integer, and
(es = (0,...,1,...,0))i_; be the standard basis of the lattice Z*. Using von
Neumann-Kakutani’s ergodic adding machine Tjs to the base ¢°, we construct
an ergodic transformation Ty s of [0,1)® in the following way: Let

(2.11) r=(21,...,m) = Y wie; €[0,1)
=1
T; = O.C,Ei)l,fi)g o= Zl‘@j/(f S [O, 1), Ti5 € {O, e, q— 1}
Jj=1

be the canonical g-expansion of z; (i.e., there is no integer jo such that z; ; =
q—1forall j >jo),i=1,...,5. We define the sequences z; ; € {0,...,¢ — 1}
(i=1,...,8,7=1,2,...) by setting

2.12) >3 m o (L3 e,

j=11i=1

Now we put

oo

(2.13) Tyo(e) =, wherea' = (af,....a}) and af = 2.

j=1

Let H be an arbitrary s x s nonsingular matrix with real coefficients, I' =
HZ*, F = H[0,1)® be a fundamental set of T, volF = |detF| # 0, h; = He;
(i=1,...,s), and

(2.14) ri=3+ | max log, ||hi||]
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Hence ¢~ "|hi]| < ¢=2 <1/4. Now let
(2.15)
G(a) =q¢ ™ (F+a)N[0,1)° and {ay,...,ar,} ={a € = HZ® : G(a) # 0}.

It is easy to see that
(2.16) UG a;) =[0,1)* and G(a;)NG(a;) =0 fori#j.

Bearing in mind that (hy,...,hs) is a basis of the lattice I', we obtain from
(2.14)—(2.16) that there exists ¢ € [1,72] such that G(a;) C [0,1)°. We enumer-
ate the set {a1,...,a,,} in such a way that

(2.17) G(ay) C [0,1)".

By (2.16), we obtain that for every = € [0,1)® there exists a unique i(z) € [1, 9]
and Z € [0,1)%, such that

(2.18) r=q "(aj + H).
Now let
k(z) ={i(z) <j <ry:q "(a; + HZ) € [0,1)°},
and
g " (am + HZ), k(z) # 0 and m = min k(z)

(2.19) Tor(z) = ~ .
q " (a1 + HT s(%)), otherwise.

By (2.15)-(2.19), Tor(z) € [0,1)® for all z € [0,1)%. Hence the transformation
Tor:10,1)° — [0,1)° is well-defined.

THEOREM 2.5: Let I' C R® be an arbitrary lattice. Then

(2.20) D((T3p(2))n=g) = O(N~"*InN)

uniformly on x € [0,1)* for N — oo, and Tar is an ergodic transformation of
[0,1)%.

We note that the bad estimate (2.20) cannot be improved essentialy because
of the lower bound (1.14) for the inadmissible lattice I' = Z°.

THEOREM 2.6: Let I' C R® be an admissible lattice. Then

(2.21) D((T3r(x)p= ) = O(N "' (InN)*)
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uniformly on z € [0,1)® for N — oo, and

(2.22) D((T3'r(2))nky ) = O(N; H(In Ny.)* )

for some subsequence Ny — 0.

THEOREM 2.7: Let I' C R® be an arbitrary lattice. Then for us almost all
rotations U € SO(s)

(2.23) D((T3yr(2)n=0 ) = O(N " (In N)**<)

for arbitrarily small € > 0, uniformly on x € [0,1)°.

THEOREM 2.8: Let I' C R® be an admissible lattice. Then

1/p
(2.24) (/ (Dp(Tng(x))ﬁf_—Ol)pdx> _ O(N_l(ln N)(s-i—l)/2)7
[0,1)*
where the O-constant depends only on p > 1, detI' and NmI'.

We will prove in a forthcoming paper a more precise bound in (2.24):
O(N~'(In N)*/?).

2.3. POLYHEDRAL DISCREPANCY. In this paper, by a polyhedron we mean
any bounded and nonempty intersection of finitely many closed or open half-
spaces. We will use the assertions of this section in the (s + 1)-dimensional
and s-dimensional cases. For this reason, we consider here the case of the n-
dimensional space R™. Let P C R" be a polyhedron, and let

(225) f:{P:PnDPn_lDDPO,dlmpjzj,nZ]ZO}

be a flag of faces P/ €Face(P), 0 < j < n, of P. Let V; € SO(n) be an
orthogonal matrix associated with the flag (2.25) by the relation

(2.26) Vi =l Lyo1,.. . L),

The columns of the transposed matrix Vf/ in (2.26) are orthonormal vectors
lj,n > j > 1, defined by the following rule: the unit vector 1; is the external
normal to the face P71 parallel to the face P/. Thus, coordinates of the vector
1; form the j-th row of the matrix V;. For a given lattice I' € L,, and a flag of
faces f of P, we define a lattice I'; € LL,, by

(2.27) Ty = Vil
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It is easy to see that
(2.28) I =V

Let Face(Py,n — 1) be the finite set of all (n — 1)-dimensional faces of Py,
and V(P;) be the set of all convex polyhedra P C [0,1)™ such that each face
Pn~! c€Face(P,n — 1) is parallel to some face P]""" €Face(Py,n — 1), and let
(see (1.11))

(2.29) R(P,T)= sup R(P,I).
PeV(Pr)

We will prove in the Appendix the following modification of Theorem B [SkSt,
Theorem 2].

PropPoOSITION 2.1: Let P, C R™ be a polyhedron, and let
rel, =SL(n,R)/SL(n,Z)
be an arbitrary lattice. Then for ., almost all rotations U € SO(n)
(2.30) R(P,t7'UT) = O((Int)"~e),
for arbitrarily small € > 0.

An algebraic polyhedron is a polyhedron Py C R"™ all of whose vertices
have coordinates belonging to a real algebraic number field €. In [Skr2, p. 10],
Skriganov gives an explicit construction of a matrix As € SL(n,R) depending
only on the field €, such that the following theorem holds.

THEOREM C ([Skr2, Theorem 2.3]): With the above notations, one has the
bound

(2.31) R(tPe, AeZ™) = O(t%)
for arbitrarily small € > 0.

We will prove in the Appendix the following modification of Theorems A and
C.

PROPOSITION 2.2: Let P, € R™ be a polyhedron with a set of flags denoted by
Flag(Py). Let T' C L, be an arbitrary lattice. Then the following assertions
are valid:
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1. If each of the lattices I'; (see (2.27)) is admissible with f € Flag(P),
then

(2.32) R(P,t7'T) = O((lnt)"™ ), t— .
2. If the polyhedron Py is algebraic, then
(2.33) R(Pe, t7 " AeZ") = O(t°), t— oo
with arbitrarily small € > 0.

We define the polyhedral discrepancy of the sequence B, € [0,1)% (m =
0,1,...) as follows:

(2.34) D(Py, (Bn)N=3) = sup i#{O <m <N : (3, € P} —volP|.
PeV(Pr)

Let P C R® be a polyhedron, P(1) = P x [0,1] C R**! and P(2) = P.
THEOREM 2.9: Let I'), € Lsy,,—1 be an arbitrary lattice (v = 1,2). Then the
following assertions are valid:

1. If the lattice I', and each of the lattices I', 5 are admissible, with €
Flag(P,), then

(2.35) D(P(v), (T}r, (2)h=y) = O(N~'(InN)*)

n=0

as N — oo, with v € {1,2}.
2. For ps4+,—1 almost all rotations U € SO(s + v — 1), one has the bound

(2.36) D(P(v), (T}, (x))n=g) = O(N~!(In N)**¢),

v,I'y n=0

for arbitrarily small ¢ > 0, as N — oo, with v € {1,2}.
3. If the polyhedron P is algebraic, then

D(P(v), (T] 4 zevo1 (%)) 59 ) = O(N=H)

for arbitrarily small € > 0, as N — oo, with v € {1,2}.

Remark 2: Using the estimate (1.21) instead of (1.20), we can precisely deter-
mine the corresponding estimates in Proposition 2.1, Theorem 2.3, Theorem
2.7 and Theorem 2.9. For example, the bound O((In N)**¢) in (2.36) could be
replaced by O((In N)*p(Inln N)).
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2.4. RELATED QUESTIONS. In this subsection we discus randomness of 1.d.s., of
the Z? action by automorphisms of the s-torus, and randomness in the lattice
point problem.

Definition: Let (©,F, u) be a probability space, d > 1, N; > 1,n; be integers
(i=1,...,d),n=(ny,...,nq), f(n,0) be real numbers, § € O, G(N,0) C Z4
with N = (Ni,...,Nq). We will say that the set ((f(n,0)ncc(n,9)) satisfies
the central limit theorem (abbreviated CLT') if there exists a function o with
o(N) > 0, such that

1 1 v 2
(2.37)  lim p {6‘ €0: Z f(n,0) < x} = _/ e /2 40,
k—o00 U(Nk) neG(Ny,0) V2T J—so
for each sequence Ny = (N1, ..., Nax) with max(Nqg,...,Ngr) — oo for

k — oo.

Below © is a bounded domain in the Euclidean space, and u is the Lebesgue

measure.

2.4.1. Beck’s approach. In 1992, J. Beck [Be2] discovered a very surprising phe-
nomenon of randomness of the sequence {na},>1, where « is a quadratic ir-
rational. Beck (see, for example, [Be2], [Be3]) considered two cases: local and
global:

Global case (Lattice points in tilted rectangles). In this case the error
R([0,7) x [0,N — 1] + (B,0), (nov + m, 1)y, nez2) (see (1.10)), coincides with
the local discrepancy A([0,7), {na + BYY21) (see (1.1)). In [Be2] Beck proved
CLT (2.37) with § = (8,7,0) € © = [0,173, d = 1, G(N,8) = [0,[Nd]],
o(N) = 04 In(N) for some o, > 0, and

f(n,0) = A([0,7), {na + 5}).

Local case (Lattice points in tilted hyperbola-segment). The CLT (2.37) is
true for § € © = [0,1], d = 1, G(N,0) = [1,N], o(N) = o.r(In(N))*/? with
I' = (m + no, m — na),, nezz for some o, > 0, and

fn,0) =R({-c<@+0y<c:xecn+l),y>1} D).

In [Be3], Beck notes that for almost all a the above CLT is false in the
global case, and is true for the local case. In [LM], we transport CLT for the
global case to the case of van der Corput’s sequence (the case of the ergodic
adding machine). According to [Be3], the generalization of these results to
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the simultaneous case for Kronecker’s lattice is very difficult because of the
problems connected to Littlewood’s conjecture (1.9). In [L2], we generalize
Beck’s approach to the simultaneous case using an admissible lattice I' C R5*1:

Global case. We obtain CLT (2.37) with @ = (y1,...,7s,0,7) € © = [0,1]25T1,
d=1, G(N,0) =[0,[Nd]], o(N) = or(In(N))*/? for some or > 0, and

f(nvo) = A([Oa’}/l) XX [0,’}/5),T17fp(217)).
Local case. We obtain CLT (2.37) with § € © = F(I') = R**!/T, d = s,

G(N,0) = [-N1,Ny1] X -+- X [-Ng, Ng], o(N) = UC)F(1D(2N1)'"1H(2N5))1/2
with ¢ > 1 for some o, > 0, and
f(n,0)

s+1
= ’R({—c < H(:vi—i—@-) <ciz; €[ng,ni+l), i=1,...,8, Tep1 > 1},F).
i=1
It is easy to reformulate CLT for the local case in terms of the Z°*~! actions
of automorphisms of the s-torus for the case where I is Frolov’s lattice EZ*. In
[L2], we prove the following two variants of this approach:

2.4.2. Z% actions of automorphisms of the s-torus. Let B; be a s x s matrix
with integer entries, |detB;| =1 (i = 1,...,d), s—1 > d > 2. Let none
of the eigenvalues of the matrix B; be roots of unity (¢ = 1,...,d). Suppose
Bi" ---BjJ?* is the identity matrix if and only if ny = --- = ng = 0. Let g
be C* on R®, have period 1 for each coordinate, and let g(0B7" --- B};*) be
not cohomologous to a constant cocycle (see [KK] for the definitions). Then
CLT (2.37) is true with 8 € © = [0,1]°, G(N,0) = [1,N1] x --- x [1, Ny,
o(N) =045, .8,(N1Na-- - Ng)'/? for some 0g.B,...B, > 0, and

.....

f(n,0) = g(0By" --- By*).

2.4.3. Salem-Zygmund CLT. Let my > 1 be integers, mgy1/my > ¢ > 1for k =
1,2,.... And let ag be reals, Ay = (a2 +---+a2,)"/?, |Ay| — oo, for M — oo,
and maxi<m< |am|/Anm — 0 for M — oco. Then (ay cos(2mOny))1<k<ar satis-
fies the CLT (2.37) with o(M) = \/7/2Ax, and § € © = [0,1) [SZ]. In [L2],
we prove the following multidimensional variant of Salem-Zygmund theorem:
Let B; be an invertible s x s matrix with integer entries, b; = det B;, (i =
1,...,d), and let by,...,bq be pairwise coprime. Let none of the eigenvalues
of the matrix B; be roots of unity (i = 1,...,s). Suppose B{"---Bj* is the
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identity matrix if and only if ny = --- =ng = 0. Let h € Z%, |h| > 0, N =
(N1,...,Ng), G(N) = [1, N1]x---x[1, Ng], No = max(Ny, ..., Ng), a, be reals,
Any = (ZnEG(N) a%)Y?, Ay — oo for Ny — oo, and max,eq(n) |an|/AN — 0
for Ny — oo. Then CLT (2.37) is true with 6 € © = [0,1]*, G(N,0) = G(N),
o(N)=o0p, B, >0, and

,,,,,,,,,,

f(n,0) = ay cos(2m (0BT --- B, h)).

The main tool in the proofs of the CLT of Sections 2.4.2 and 2.4.3 is the
S-unit theorem (see, for example, [ESS]).

2.4.4. Non-Archimedean case. Let F, be the finite field with ¢ elements,
F,((z™1)) be the field of formal Laurent series. In [L3], we generalize the 1.d.s.
constructions mentioned in Sections 1.1.a and 1.1.b to the S-integers (adelic)
case, obtained from admissible lattices in R® and in (F,((z~1)))*. In [L2], we
obtain probabilistic results similar to subsections (2.4.1)—(2.4.3) for this setting.

In [L2], we also get CLT with order of magnitude of standard deviation equal
to (In N')*/2 (instead of N'/? as usual) for all multidimensional 1.d.s. mentioned
in this paper. In [LM], we discuss this probabilistic phenomenon in the 1-
dimensional case.

3. Proofs of Theorems 2.1-2.4 and Theorem 2.9 (case v = 1).

Proof of Theorem 2.1. First we will show that Theorem 2.1 follows easily from
Lemmas 3.1 and 3.2.

LEMMA 3.1: Let I' € R**! be an arbitrary lattice, and #M,, = oo for all
r €[0,1)* andv = 1,2. Then T} r is an invertible transformation, and T7'r(v) =
z(z,n) forn € Z.

LEMMA 3.2: Let I' € R¥*! satisfy (2.5), 0 < y1,...,ys < 1, and 2,21 € R,
z > 0. Then uniformly on z;, we have

(3.1) R([0,y1) x -+ x [0,ys) X [21,21 + 2],T') = 0o(2), for z — oo.

Consider the case that (2.5) is valid. By (2.2) and Lemma 3.2, we have
#M,, = oo for all z € [0,1)® and v = 1,2. Applying Lemma 3.1, (2.2) and
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(2.6), we get
M+N-1
(32) U @), 2611(2,n))
n=M
M+N-1
= U (Z(CC,H),ZS+1(:E,H))
n=M

= T+ (2,0)) N[0,1)" X [zo41 (2, M), zo41 (2, M + N — 1)].
Let M7 =0 and My = —N + 1. Using (1.10) and Lemma 3.2, we obtain
(3:3) N =#{T+(2,0)N[0,1)° x [ze11(x, M;), zs11 (2, M; + N —1)]}

= (det T) " (zgp1(z, Mj + N — 1) — 2411 (z, M;))(1 + o(1)),
and
(3.4)
#{M; <n < Mj+N—1:T/p(x) € [JI0,5:)}
=1

= #{(f + (‘Ta O)) N [Ovyl) Xoeee X [Ovys)[ZS—Fl(:Ea Mj)v ZS+1($7 Mj +N - 1)]}
= (det T) " Yy1, ... ys(zep1(z, Mj + N — 1) — zo11 (z, M;))(1 + o(1)),
ji=1,2.
Now bearing in mind (3.2), we have from (3.3) and (3.4)

#{Mj <n<Mj+N-1: Tffp(x) € H[O,yi) - [0,1)5} = Nyi---ys +o(N)
i=1

for all y; € (0,1) (i =1,...,s), j € {1,2}, and x € [0,1)*. Hence, the sequence
(Tf‘)’ﬁ(m))fyz_ol is uniformly distributed in [0,1)® as N — oo for all z € [0,1)® and
a € {—1,1}. Thus T3 r is an invertible ergodic transformation of [0,1)*.

Now let (2.5) be not valid. Hence there exists (57, ---,75 1) € I\ {0}
with 75,1, = 0. Let vg-; # 0 for j € [1, 5], f(z) = exp(2mi(z1751+ - +2675 )5
and let o1 := f[o,1]s f(x)dz. Tt is easy to see that

sin(myg-;)
™o

loy| < ’/ exp(27ri(:1cj7&j)dwj = =p<1
0,1]

Consider the following statement:

(3.5) Jw, = wp(x) >0 with (T7'p(x), w,) € T + (x,0).
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It is evident that (3.5) is true for n = 0 (wp = 0). Suppose that (3.5) is true for
n =k >0. By (2.4) and (2.2), we have

(3.6) Jv>0 with (Tff'(z),v) €T+ (Tfp(x),0)
=T+ (Tﬁp(x),wk) — (0, wy) = I+ (x,0) — (0, wg).

Hence (le}'l(x),u 4+ wy) € T + (x,0). Now by induction, we obtain that
(3.5) is true for all n > 0. Therefore, T{'r(2) = = + (u1,n, - ., Us,n) for some

(Ut ny-- s Ustin) € r. Bearing in mind that
1 1 1 1 1
U1,n%0,1 +-+ Us,nY0,s = U1,n70,1 +-+ Us,nY0,s + Us+1,n70,5+1 € 7,
we get

F(T7p(x)) = exp@mi((z1 +urn)vor + - + (25 + Usn)0)

= exp(2mi(z179;1 + ++ + TY0)) = 02(2)-

Thus

=|oz(z) —01]| >1—-3>0.

& X s - [ e

0<n<N [0.1]°

Using Weyl’s criterion (see [DrTi, p. 3]), we have that for all € [0,1)° the
sequence (T7'r(z))n>0 is not uniformly distributed. Theorem 2.1 is proved. |

Proof of Lemma 3.1. By (2.6) and (2.2), we have
Zer1(z, k + 1) = min{y > 2.1 (2, k) : Fw € [0,1)°  with (w,y) € T + (z,0)}.
Let k€ Z, 0=(0,...,0) € Z%, and 2’ = 2z, € [0,1)®. Then

L+ (2,00=T

+ (Zw,kv Zs+1 (‘Ta k) — Rs+1 (‘Ta k))
+ (Zz,ka ZS+1($a k)) - (07 ZS+1(‘T7 k))
+ (1‘, O) - (Oa Zs+1 (,T, k))

Il
=

r

Hence

zer1(2',1) = min{y > 0: Jw € [0,1)®
with (way) € f + (ZZ?/,O) = f + (ZZ?,O) - (07Z5+1($7k))}'
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Thus
2er1(2', 1) + zgy1(z, k) = min{y > 2541 (2, k) : Jw € [0,1)*
with (w,y) € T + (2,0)} = zeq1(z, k + 1),
and
(Zogor1s Zor1 (@', 1) + 2e11 (2, k) € T4 (2,0),  (2pps1,2s41(2,1)) € D+ (2, 0).
By (2.6), and (2.1) - (2.4), we get
2o = Zg 1 and Thr(zpk) = Zgk+1, forallk € Z.
Bearing in mind that z; o = =, we obtain the assertion of Lemma 3.1. |

Proof of Lemma 3.2. We will use the notation and the approach from the Ap-
pendix (Poisson’s summation formula, etc.). Let 0 < 7 < %min(yl, ceYs),

S

(’)i':H[—T,yH—T) X[z —T, 21+ 2+ 7]

i=1
and
o :H[Tayi_T) X[z +721+2— 7]
i=1
We see that
(3.7)
volOF —volO; =(27 + 2) H(ZT +yi) — (2 —27) I_I(yZ —27)
i=1 i=1
2r 2T 2r 2T
=enew (e D [[0+ S0 -0 = [0 -20)
oty Ly v Ly =06, f
— 27(= R e J— = ZT), r 2 — OQ.
z Y1 Ys

Now it is easy to compute the Fourier transform of the characteristic function
x(O,7) of the region O = [0,y1] X --- x [0, ys] X [21, 21 + 2] (see, for example,
[Skr1, (7.13)]):

R _ sin 7rz*yS+1 sin 7Tyﬂg —(27iy,x’)
38 07 - "
( ) X( P)/) TYs+1 H
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with v € T\ {0}, and 2/ = (3y1,...,3ys, 21 + 32) € R*F1. Here we define
%’:ﬂ) =y for v = 0. Taking into account that | sinu| < |u| and that 541 # 0
for all ¥ = (71, ...,7s+1) € T\ {0}, we obtain

(3.9) 1%(0,7)| < min (z with y € T4\ {0}.

77T|'Ys+1|>

Consider the functions w(X) and RF (O, X) defined in the Appendix (see
(A.14)-(A.16)):

(310)  REO.X)=(etD) Y ((OFp(rye 0,
yel+\{0}

where

(3.11) (V)| < Ca(l+|Y])~*

with arbitrarily large A > 0.
According to (1.10), and Lemma A.3 (see Appendix), we have the following
inequality for the left-hand side of (3.1):

(3.12) R(O,T) < (det T) ™ (volOF —volO7 )+ sup (|RF (O, X)|+|R; (O, X)|).

XeRn
By (3.10), we get
(3.13) IRF(0,X)| < 01+ 09,
where
(3.14) o1 = (det )~ > [R(OF, (),
YEFL\{0}, 7]l <hr2e
and
(3.15) o3 = (det T)~? > IR(OF, 7)@(r)].

YELA\{0}, [lv]|> 72

Bearing in mind (3.9), (3.11) and taking into account that v,11 # 0 for all
Y= (71, %s+1) € T\ {0}, we obtain

(3.16) o1 < (rdetT)"1Cy Z Iver1]7! = C(A,7,T).

vel\{0}, vlI<gT—2
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Using (A.39) with n = s+ 1 and A = s+ 4, we derive from (3.9) and (3.11)

(3.17) o5 <z(detT) ™! > |&()]
VED L, ly]> 72
OBy i) [y

yel L, y[> 4720
<zC (D)7 ™87 4 (7 28)s =54 — .75%=40 (D) < 2701 (T).
Substituting (3.7), (3.13), (3.16) and (3.17) into (3.12), we obtain R(O,T') =

O(z1) for z — oco. Taking into account that 7 > 0 is arbitrarily small, we
obtain

(3.18) R(O,T) =o(z) forz— oo

with an arbitrary closed box O uniformly on z;. Now (3.1) follows from (3.18).
Lemma 3.2 is proved. |

PROOFS OF THEOREMS 2.2, 2.3 AND 2.9 (CASE v =1).

Proof of Theorem 2.3. Let € [0,1)%, 0 < y1,...,ys <1, M,N € Z, N > 1,
P =[0,1)° x [0,1]. According to Proposition 2.1 there exists a set Ep, €
SO(s + 1) with ps11(SO(s + 1)\ Ep ) = 0 and a function C(e), such that
forall U € Ep 5,

(3.19) \#{ LT ¢ 6, M+ NI T+ (o o>>}

—(detT) ' Nyyy---ys| < C(e)(In Ny, Ny =1,2,...

uniformly on = € [0,1)°, M1 e Rand y; € (0,1], i =1,...,s.

We fix U € Ep . Let [ = UT;. Applying (3.19), (2.2) (2.6) and Lemma
3.1, we obtain that for all x € [0,1)® we have #M,, = oo (v = 1,2) and
T7'r(x) = z(z,n) for n € Z. Now let

Ve (M, N) = [zo41(x, M), 2541 (x, M + N — 1)],
[vo (M, N)| = zs41(z, M + N — 1) — 2541 (x, M).
By the definition (2.6) of the sequence z541(z, k), we obtain

(3.20) N = #{[0,1)* x v, (M, N) N (T + (x,0))}.
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Applying (3.19) with y; =1 (¢ =1,...,s), and [My, M1 + N1| = v, (M, N), we
get

|(det T) v, (M, N)| = N| < C(e)(In |v, (M, N)|)*F=.
Hence,
(3.21) |(det T) o, (M, N)| — N|) < 2C(e)(In N)*+¢
for N > N(e,T).
By (1.1) and (3.2) we have

(3.22) Al :N‘A@[l[o,yi), (T7 (@) MY ‘1)‘

:‘R<H[O,yi)xvm(ﬂ/f’ N), T+ <x70>)

+ (det T) ™Moo (M, N)y1 -+ ys — Nyp -+ ys

<[R(TT00) x 0.0, T+ 0.0) )|
i=1
+y1 - ysl (det ) ~Hop (M, N)| = NJ.
Using (3.19) and (3.21), we obtain
Ay < Ce)(In vy, (M, N)|)*T€ 4 2C(e)(In N)*T¢ < 4C(e)(In N)**e,
for N > Ni(e,T). By (1.2), Theorem 2.3 is proved. |

Proof of Theorem 2.2. Let I' C R**! be an admissible lattice. According to
[Skrl, Lemma 3.1], the dual lattice is also admissible. By (1.13), we have that
condition (2.5) is valid. Applying Lemmas 3.1 and 3.2, we obtain that for all
z € [0,1)° we have #M, , = co (v =1,2) and T7'p(7) = 2(x,n) for all n € Z.
Now, let H,, be the hyperplane in R**! given by the equation z; = a. We
have for all u € R5*!

(3.23) #{H;oaN(C+u)} <1

Indeed, suppose that the hyperplane H; , contains two different points 1, v2 €
I'+wu. Then the hyperplane z; = 0 contains the nonzero point y3 = 2 —v; € I'.
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Thus Nmy3 = 0 and so NmI" = 0 (see (1.13)), i.e., the lattice is not admissible.
Hence

S

(3.24) #{ (Zl:[l[o,yi] x vy (M, N)\ ﬁ[(),yi) X vy (M, N)> N+ u)} <s.

i=1

Applying Theorem A, we obtain

(3.25) ‘R(H[O,yi) X vy (M, N),T + (z, 0)) ‘
<54 R((Was - Yss [va (M, N)]) K5 0, T + (2,0))]
< s+ C(T)(In(jvg (M, N)| +2))*71,

withu = (Sy1,..., 3Ys, 5 (2sg1 (2, M)+ 2541 (z, M+ N—1))). Fory = (1,...,1),
we get from (3.20) and (3.25)

IN — |vg(u, N)|(det T) 7| < s + C(D)(In(|vg (M, N)| + 2))* L.
Thus
(3.26) |vz(M, N)| = N detT + 6C(T)(In N)*~!

with [8] < 2 for N > Ny(T'). Now, by (3.22), (3.25), and (3.26), we obtain the
assertion of Theorem 2.2. [ |

Using Propositions 2.1, 2.2 and Theorem A, we obtain in a similar way the
assertion of Theorem 2.9 (case v = 1).

Proof of Theorem 2.4. By (1.3),
p
[ (aa@izh)ae= [ [ A @)Y Pdady
[0,1)* [0,1]* J[0,1)®

with O = [0,y1) X -+ x [0,ys). Therefore to prove Theorem 2.4, it is sufficient
to show that

1/p
s2n ([ IO@mRran) = o0 Ny
for all (y1,...,ys) € [0,1]5. Let

[NdetT, zep1(x,N)], ifNdetT < ze iy (z,N),

(3.28) ug(N) = Z
[2s+1(z, N), N detT], otherwise.
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Using (3.22) with M = 0, we obtain
(3.29) A =|NAO, (T1'r(2))5 50 )|

:‘R( f[[o, yi) % [0, zeq1(z, N)],T + (x, 0)>

+ (det D) zgi1 (2, N)y1 - ys — Nyp -+ ys

Fory;, =1,i=1,...,s, we get from (1.1) that A; =0, and
(3.30) N = (detD) lzsps(z, N) + R([o, 1)° % [0, 241 (z, N)|, T + (a, o)).

It follows from (1.10) that:

S

(3.31) R<H[O,yi) x [0, zes1(z, N)|,T + (:c,O)>

i=1

:’R<ﬁ[0,yi) x [0,det T N],T + (;E,O))

- (—1)9@)73( 1100, 9:) x ua(N), T + (=, 0)) :

i=1
where 0(z) = 0 if NdetT' < z,41(2, N), and 6(z) = 1 otherwise.
We derive from (3.29)—(3.31)

IN — (detT)"tzgp (2, N)|

< [R([0,1)* x [0, Ndet T, T + (z,0))| + |R([0,1)* X uz(N),T + (z,0))],

and

(3.32) }R( ; 1100.4:) Ndetf],f—i—(:c,o))’
i1

+‘ ( [0,y:) xuz(N),f‘+(:c,O)>‘
([0,1)° x [0, N det T}, T + (x,0))]

+|R([0, ) % ug(N), T + (2,0))].

Similarly to (3.20)—(3.21), we have from Theorem A

(3.33) IN — (det T) "tz 1 (z, N)| < C1(T)(In N).

85



86 MORDECHAY B. LEVIN Isr. J. Math.
Again applying Theorem A, we get from (3.28) and (3.33):
}R< H[O,yi) X uy(N), T + (z, 0)) ‘ < Co(T)(In(ln N))*.
i=1

By (3.24) and (3.32), we have
(3.34) A; <254 2C5(T)(In(In N))*

+ ‘R(H[O,yi] x [0, N detT],T + (x,()))‘

i=1
+ |R([0,1]* x [0, Ndet T'],T + (z,0))].

From (2.1), we obtain

(3.35) ‘R( f[[o, yi] X [0, NdetT],T + (z, 0)> )

<24 ’R(H[O,yi] x [0, NdetT],T + (w,u))‘ with u € [0, 1].
i=1

Using Minkowski’s inequality,

(‘Agl”*l|f($)4_g(z”pdx)l/p55<t4;1y+1|f(mﬂpdx>l/p

1/p
(3.36) + (/ Ig(:v)l”dfr) :
[071)s+1

we get from (3.35)

s o p 1/p
o= </ ’R(H[O,yi] x [0, NdetT],T + (x,O)) d:v)
[0,1)° i=1
s o p 1/p
<24+ min (/ }R< 0,y;] x [0, NdetT'|,T" + x,u) d:c)
gain, ( f o [R{IT0w < ), T + (2, 0)

P 1/p
dxdu) .

§2+</ /
[0,1)* /[0,1)

R(E[O,yi] x [0, N detT],T + (:v,u))
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It is easy to see that there exists an integer & > 1 such that %[O, 1)s*t c F,
where F is a fundamental set of the lattice I'. We derive from Theorem A that
R(H[O,yi] X [0,Ndetf‘],f‘+v)

P 1/p
oc<2+ </ du)
K i=1

< Ca(p,T)(In N)*/2.

Applying Minkowski’s inequality to (3.34), we obtain
1/p ~
(/ |A1|de> < 25+ 205 (T)(In(In N))* + 2C5(p, T)(In N)*/2,
[0,1)*

By (3.29), assertion (3.27) and Theorem 2.4 are proved. |

4. Proofs of Theorems 2.5-2.8, and 2.9 (case v = 2).

n=0

First we will show that the set (T;F(:C))N_l is the union of O(In N) lattice nets.
Next, applying Theorem A, Propositions 2.1 and 2.2, we obtain the assertions
of the theorems.

Let

(4.1) B =(by,...,bgs—1), withbe =Y jiHe;, by =0,
=1

where k:Zjiqi_l and j; €{0,1,...,¢q—1}

i=1
(see (2.11)—(2.14)). According to (2.15)—(2.18), for all z € [0,1)*, we have a
unique expansion

(4.2) r=q " (xo + ixi/tf),

where xg € By = {a1,...,a,,} and x; € B, i = 1,2,.... We will use also the
notation xg.x1x2 ... for the right-hand side of (4.2):

oo
T =120.21%2...=¢q '* (:Eo + Z!Ez/ql)
i=1

(43) a; < aj for i < j, b; < bj for ¢ <j (ai S Bo,bi S B),
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and

(4.4) T=20.T1T2... <Y =Yo-Y1Y2 - - -

if there exists an integer ng > 1 with z,, < yn,, and z; = y; for j < ng; or if
o =< Yo-

In this section we use T to denote the transformation 75 r. By induction we
derive from (1.8), (2.12), (2.13) and (2.19) that

(4.5) T(x)=u <+= {r<u, andPze[0,1)°:2<2<u}.
Let
(4.6) Iy=q¢ D Fy=q¢ "R, F=H0,1)%
(4.7) T =112 ... zq_”in/qi,

i=1
be the canonical g-expansion of x € F; with x; € B, i=1,2,..., and
(4.8) Te(w) = q " H(T, o (H' "),

We prove the ergodicity of the transformation T, : [0,1)° — [0,1)° (see
(2.13)) in a way completely similar to the proof of the ergodicity of the trans-
formation Ty (see [Fr, pp. 75-83] and [Pe, pp. 208-212]). The ergodicity of the
transformation Ty : F; — Fy follows from (4.8).

Let x = xg.2122 ...,

Tk = TkThy1 ... € F1, withag; € B, 1=0,1,...
and
(4.9) z; =T¢(Zr), v=0,1.
We will use the notation
(4.10) T = X g =T

with o =y |, 2}, € B (i,k=1,2...), and

(4.11) a1.0...0bz;xiqy...:=q " <a1 +b/¢ + ij/qj),
j=i

(4.12) a1.0...0zY ...:=q¢ " <a1+zgc’z-’7j/qj>.
j=i
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Let x = xg.x122... € [0,1)%,

(4.13) P(i,z) ={T™(z), n>0:T"(z) <a;.0...0z} ...}, i>1.
From (4.3)—(4.5), we have by induction that

(4.14) P(i,z) ={ue[0,1)*:2 <u<a;.0...0x; ...}.

Now let

(4.15)

Q(l,z)={uec0,1):z=x¢.z120... 2 u<ar.zi ...}
Q(i7$7j) = {’LL S [O, 1)8 ca1.0.. .Obj$i$i+1 .. u<a1.0. ..Obj+1:10ixi+1 .. }

fori>2, j €[0,¢° —2] and
(4.16)
Qi,r,q¢° —1)={ue€[0,1)*:a1.0...0bp _17Ti11... 2u=<ay.0...0x;...}.

From (4.14)—(4.16), we obtain by induction that

(4.17) P(i,2)=Q(Lx) | | @z
2<k<i 0<5<q",
$k71~<b]‘
LEMMA 4.1: Let x € [0,1)°, k> 2 and j € [0,¢° — 1]. Then
(4.18) Qk,2,j) = (Tr—1 + ¢ "2 bjaparsr) N[0, 1)°.

Proof. By (2.15)—(2.16) and (4.6) we have
(419) G(az) = (q_”&i =+ Fl) n [0, 1)5,
T2
G(ai)NGla;) =0 fori#j and | JG(a;)=1[0,1)".
i=1
Let u = ug.urus ...,
(4.20) U = (uo,ul,...7u;€), Fk-{-l,u :Fk-i-l + Ug.Up, ..., Uk

with ug € Bg = {a1,...,ar,},and u; € B, i =1,2,...;

3

(4.21) By = {(uo,ul,...,uk) tug € By, u; €B, 1= 1,...,]{3},
and

k .
(4.22) Gi(tug) = (¢ (uo + Zui/ql) +Fri1)N[0,1)°

i=1

= (UO-Ul Lo U+ Fk+1) n [0, 1)5 =Fpir1,.N [0, 1)5.
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From (4.1), (4.2), (4.6) and (4.19), we obtain by induction
(4.23) U Gitiw) =[0,1)%,
Uy €By,
and
G1(tg) NGy (ﬂ;e) =0 fordy # ﬁ;g
We derive from (4.15) and (4.16) that
(4.24) Q(k,x,j) = U 0,1)* N {ug.uy ... up—o +q ¥ 2bjopwpe ..,
Up—2€Bk—2

with £ > 2 and j € [0, ¢® — 1]. Bearing in mind that T' = HZ?®, T}, = ¢~ * "+,
we obtain from (2.11), (4.1) and (4.2)
(4.25) UYWL .. Uk—2 € 1.
Hence, Q(k, z, j) belongs to the right-hand side of (4.18). Let z belong to the
right-hand side of (4.18). Then
(4.26) 2=+ q¢ "2 bjepape ... €[0,1)%, withy € Ty_y.
By (4.23) we have z € G (tix—2) for some Uy—2 € Bi_2. Using (4.6), (4.22) and
(4.26), we get

Z=1uUgUy...Uk_2 +w, withw€Fr_1= q_k_““F,
and
(4.27) N —UQUL - U = W — q_k+2.bjxkxk+1 e
From (4.6), (4.7) and (4.25), we obtain

—k+2

¥ —uguy ... . Ug—2 € I'r—1, and gq bixg ... € Fr—1.

Taking into account that Fy_; is a fundamental set of the lattice I'y_1, we get
from (4.27) that v = ug.uy ... ug—_o.
By (4.24) and (4.26) we obtaln (4.18). Lemma 4.1 is proved. n

Proof of Theorem 2.5. By Lemma 4.1, (1.20) and (1.10), we get
#Q(k,z,q° — 1) > 00, forallxz €[0,1)° as k — co.

According to (2.11) and (2.18), for arbitrary = € [0,1)® and all ng > 0 there
exists n1 > ng such that x,, # bgs—1. Hence, for ¢ = ny + 1 the interior sum in
(4.17) is not empty. Thus

#P(i,x) —» oo forallz € [0,1)° asi — oo.
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Define the integer mo = mq(n,x) by the inequality
(4.28) #P(moy,z) < N < #P(mo + 1, 2).

We derive from (4.13) and (4.28) that

(4.29) T*(z) = a1.0...0z,,, withk =#P(mo, ), Tm, # bge—1,
and

(4.30) TN(z)=2=2.21... ZmoTmo+1Tmo+2 - - -

for some (20, 21, - - -, Zmg) € Bmg, With &, < Zm,. Hence by (4.5)

{T"(z):0<n<N-1}={ue[0,1)°: 2 < u=<z}

={uecl0,1):2<u<a.0..0z ..}

mo
U{u€e0,1)°:a1.0...0z),, ... Su =<z}
Let
(4.31)
P(mg,z,2) ={ue€[0,1)*:a,.0... 02y, = U= 20-21 - - - ZmgTmg+1 - - -} -
By (4.14) we obtain
(4.32) {T™(z) : 0 <n <N —1} = P(mg,z) UP(mg,z, 2).

Similarly to (4.17), we have from (4.15), (4.29), and (4.30) that
(4.33)

P(m0,$,2):Q(172) U U Q(lazuy) U Q(m0+1727j)7
2<i<mo 0<j<q®, 0<5<q’,
0=b;<z;_1 T <bj<2mg

with

Q(l,z2)={ue|0,1)°:a1.21 ... ZmeTmo+1--- S U< 2 = 20.21-+-ZmgTmg+1 - - - -

From (4.17), (4.32) and (4.33), we have

(4.34) N =2ryo1+ > ( S o #QG i)+ Y #Q(i,z,j)>

2<i<mo “0<j<q°, 0<5<q®,
I¢71-<bj bj-<zi,1
+ § #Q(m0+1525.])

0<5<q®,
T =bj<2Zmg
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with 0 < o7 < 1. Let

(4.35)

m = m(z, N) =max{i € [2,mo] :x;—1 < bg=—1, 0or 0 < z;,

Isr. J. Math.

or 3j€[0,¢°) with x, <bj < Zm,}

Applying (4.9)—(4.12) and (4.28)—(4.30), we obtain

1 1
(4.36) a1.0...0z,, ...=a1.0...0z,,
and
(4.37)
Z0-%21 .- me}nJrl NN
Z = 2021 -+ BmoTmo+1Tme+2 -+ - =
2021+ - BmTm+1TLm+2 - - -
Hence
(4.38) 2= 2021 ZmTyyq ..., with v=v(z,N) € {0,1}.

m < My,

m = 1my.

We see that in (4.32) we can use m instead of mg. Let O C [0,1)° be an

arbitrary polyhedron. By (4.17), and (4.32)—(4.38), we obtain

|[#{0<n < N:T"(z) € O} — NvolO|

<dry + Z ( Z #Q(l,l‘,])—i— Z #Q(l727])>

2<i<m N 0<j<q°, 0<j5<q®,
(439) zi71<bj b]‘<zi,1
+ 0> #Q(m +1,z,7),
0<j<q®,
$m<bj<zm
where

Qi x, ) = [#{Q(I, x, j) N O} — #{Q(i, z, 5) N [0,1)" }volO|.

Using (1.10), (4.6) and Lemma 4.1 we have

#{Q(i,2,7) N O} = (det )" tvolOg"+=Vs L R(O, T + ¢ "2 bjwizip .. ),

and

(4.40) #Q(i,2,7) = (det T)"1qm =D L R([0,1)%, T +¢ 2 bjmimir .. .
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Hence

Qi j)
S |R(O, Fi—l + q_i+2.bjxi:1:i+1 .. )| =+ |R([O, 1)5, Fi—l =+ q_i+2.bj$iIi+1 .. )|,

and

(4.41)
o:=l#{0<n< N :T"(z) € O} — NvolO|

§4’I“2 + Z ( Z (|R(qi_10 — .bjl‘il'H_l . ,F1)|)

1=2 11'71-<bj
+[R(¢"10,1)° = bjziwiyr ..., T1)])
+ Y (RGO = bz 2wty DY)

bj-<21'71
+ |R(qi_1[0, 1)5 — bjzl e Zm$Z1+l ceey F1)|))

+ Y (RGO - bk, ... T

wm'<bj-<2m
+[R(g™[0,1)* = .bjzy, . Ta))).
Applying (1.11), we get

m—+1
(4.42) o <dry+2¢° Y (R(¢"'O,T1) + R(¢'[0,1)%,T1)).

i=2
By (1.10), (1.19), (4.6) and Lemma 4.1 there exists a constant ¢ = ¢(I") such
that

#Q(i, x, §) — (det T) 1M H=D3| < ¢(det T) g+ 1=
J

for all x € [0,1)%, j € [0,¢°* — 1], and 7 > 2.
From (4.34), and (4.35), we derive

(det F)—lq(m+r1—1)s(1 _ Cq—m—r+1)
<N
< 6¢°(det F)_lq(m”l_l)s(l + g™ 4 2.
Hence, there exists N1 > 0 with

(4.43) m; —6<m=m(z,N)<mg for N> Ny,
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where
1
(4.44) my =3 -1+ [E log, (N detT')].

Let O = [];_;[0,y;). Using (1.1), (1.2), (1.19) and (4.42)-(4.44), we obtain
(2.20). The ergodicity of the transformation T' = T 1 follows from (1.2) and
(2.20). Theorem 2.5 is proved. |

Similarly, using Propositions 2.1 and 2.2, we get Theorem 2.7 and Theorem
2.9 (case v = 2) from (4.42). Taking Nj = #P(k,0), we obtain Theorem 2.6
from Theorem A and (4.39).

Proof of Theorem 2.8. We see that the parameter m defined in (4.35) depends
on z. Hence, we cannot apply Minkowski’s inequality to (4.39). Using (4.43)
we can avoid this problem. Let

(4.45) Or=[0,51] x -~ x [0,y5] and O = [0,1]°.

We get from (1.1), (4.39), (4.41) and (3.23)

2
< 4ry + Z (28 + |R(qi_1(’)# — .bin:EH_l ... ,F1)|

+ |R(qi_1(9u - bjzl [P ZmI;jnJrl ceey F1)|)

Bearing in mind that m = m(x, N) € [m; — 6,m4], and v = v(z, N) € {0,1}
(see (4.38) and (4.43)), we obtain

(4.46)

v a(TIow. @ )|

i=1

—

q° =

28 + |R i- 10 .bj,TiLL'H_l N 71—‘1)|
0

m1 m+1 1

cms 35Sy

m=m1—6 i=2 v=0p=1 j=

+R(¢" 0, — bjzi o zmaty g ., T1))).

Now we will prove that Theorem 2.8 easily follows from the following lemma:
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LEMMA 4.2: With the above notation, we have

L, myv,pu,j) = / IR(¢"O0, — bjzi ... 2malyyy ..., T1)|Pda

(4.47) 0.1)*
_ O( s— 1)p/2)
and
(448) 12(i7m7,u7.j) = / |R(qi_1oﬂ_'bj$ixi+1 s 1F1)|pd$ = O(i(s_l)p/Q)v
[0,1)*

where z; = z;(x,N), 0 < i <m (see (4.30)).

Applying Minkowski’s inequality (3.36), we obtain from (4.44) and (4.46)—

(4.47)
d:c) v

</[0,1)s
mi m+1 1 2 ¢°—1

<t >0 3OS (254 (el )M+ (LG v, )7

m=m1—6 i=2 v=0pu=1 j=0

va( T (e )

=1

:O(m§s+1)/2) = O((ln N)(s-l—l)/?)'
Now by (1.3), we get

/ (N Dy (T ()N )P de
[0,1)s

/01]5/01

Theorem 2.8 is proved. |

( [0.00. (7 <x>>ﬁ:01)]pdmy=o<<1nN><s+1>p/2>-

i=

Proof of Lemma 4.2. Let
fuw) =R(¢" O = u, TP
We derive from (4.47) that
I :Il(i,m,u,,u,j):/ J(bjzi . 2may, oy ... )de,
[0,1)*
with z; = z;(z, N) = 2;(&m, Tm+1,N), i = 1,2, ... (see (4.30), (4.9) and (4.20)).
Let
1, ifa=0b

0, otherwise.

d(a=0) =
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By (4.20)—(4.23), we get

(449) I = Z / f(bjzi . zmay, g ...)de
Gi(

T €Bm 1(&m)

IN

v
f(bjzi . zmay, ... )de
EmEBp, Y Fm+1+T20-T1...Tm

Z / fCbjzi. . zmay, ... )d

Em€By  Fmt1

Z / FObjus o umay, .. ) Z §(tim = 2m

Em€By, Y Fmt1 i € B
= FCbjti oty g ) D> O(tm = 2 (Em, Tmg1))da.
@ € By Frmt1 #mEBm

Using (4.30) and (4.38), we obtain
T0.T1 o T Ting1 - =T N (2) =T N(20.21 . 2maly iy - ).
Hence for fixed Zypt1 = -Zmt+1Tmt2---, v € {0,1} and 4, € By, there exists
at most one solution Z,, € B,, of the system of equations
2i(&m, Tmt1) =u; fori=0,1,...,m
Therefore, the interior sum in (4.49) is no more than 1. Thus

L < Z / Flbju . umay, ... )de.
F

'U«mEB m+41

Now let © € Fppq1, v =q¢"x = .v1v2... € F1. By (2.12), (4.2), and (4.6)—(4.10),

we have

v _ v ri1+m—i+k+2
Dbt Uy g = b U E xm+17k/q E
k=1
oo
_ —r1—m-+i—2 v/ k
= bjU;... Uy +q E vy /q
k=1

= bjti .. U + ¢ "TTETE (v).
Therefore

IL < Z q f (:bji . um + g " TETE (v))dw.
U €Bm

Bearing in mind that Tf is an ergodic transformation of F;, we obtain

I <qg ™ Z Flbju; .ty + g™ 20)dw.
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Now let z = .bj ... uuy + ¢~ ™ 2y with v € F;. We have from(4.6), (4.7),
(4.20) and (4.21) that « € Fr—ip3 + .bju;i ... up,, and

1 (i, m, v, 1y §) <q~™0gm s S /F f(@)dz

fim € B, m—it3 .05 Ui Uy

_ —(i—2)s
g > L

U;—1€B;i—1
o’ [ J@d(e) <ra® [ RGO, - 2T
]Fz-‘r.bj Fq

Applying Theorem A, we obtain (4.47). In a similar way, we get (4.48). Lemma
4.2 is proved. i

Appendix A. Proofs of the propositions.

In [Skr2], Skriganov found estimates for the error R(¢P,T") in the lattice point
problem for a polyhedron ¢P, where ¢P is the dilatation of a given polyhedron
P by a factor ¢t (t — o00). In this paper, we consider the set V(P;) of all convex
polyhedra P € [0,1)", with each (n — 1)-dimensional face parallel to some
(n — 1)-dimensional face of the polyhedron P;. We will show that Skriganov’s
approach can be applied to estimate suppey(p,) R(tP,T). Mainly, we need to
modify the values t- =t — 7 and tf =t + 3717 in the statement:

(A1) vol(tF P) — vol(t- P) ~ (2n8~ 'vol(P))rt" !,

with 8 = B(P) (see [Skr2, (12.4)]) . The left hand side of (A.1) is a part of
R(tP,T) (see [Skr2, (11.6)]). In our case, suppey(p,) 3~ (P) = oo. Hence, by
(A.1), we cannot estimate suppey(p,) R(tP,T') with tF =t+ 717, We need to
apply several definitions and results from [Skr2] to ascertain the validity of the
modification of .

A.1. AUXILIARY DEFINITIONS AND LEMMAS. Let A CR"™ be an arbitrary lattice,
(A2) A, = {0, =diag(2™,...2™) e SL(n,R) : m = (mq,...,m,) € Z",
my+ -t mp =0, m| <r},

S(Ar) = Y [IBA|7", =0,
SEA,
with [|A] = min{][y][: v € A\ {0}},
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and
(A.3) v(A,p) =min{Nmy:v €A, 0<|[v][<p}, p>0.

LEMMA A.1 ([SkSt, Lemma 2]): Let A € LL,, be an arbitrary lattice. Then for
tn almost all orthogonal matrices U € SO(n)

S(UA,p) = 0" "1¢), 7 — oo,
with arbitrarily small € > 0.

LEMMA A.2 ([Skr2, Lemma 4.3] and [SkSt, Lemma 3]): Let A € L,, be an
arbitrary lattice. Then for p,, almost all orthogonal matrices U € SO(n)

(A.4) v(UA, p) > c-(U, A)(log p)' ™%, p — o0,
with arbitrarily small € > 0 and a constant c.(U, A) > 0.

A.2. THE MAIN RESULT. The proof of the propositions of Section 2 is based on
the following modification of [Skr2, Theorem 6.1]:

THEOREM A.1l: Let an arbitrary polyhedron Py C [0,1)™ and a lattice T € L,
be given. Then the error R(tP;,T) (see (1.10) and (2.29)) satisfies the bound

(A5) R(tP,T)= sup R(tP,F)<c(Pl,P,6)<t”_1p_9—i—ZS(F#,n)),
PeVv(P) f

with

o

(A.6) T ln(u(F#,p))'

Here p > 1 is an arbitrarily large parameter, 6 € (0,1) is arbitrarily fixed, the
lattices FfL are given in (2.28), the characteristics S(.,.) and v(.,.) are given in
(A.2) and (A.3), respectively, and the summation in (A.5) is taken over all flags
of faces f of the polyhedron P;.

The proof of Theorem A.1 will be given in §A.4. The proofs of Propositions 2.1
and 2.2 follow from Theorem A.1 in a way completely similar to the derivation of
Theorem B from [Skr2, Theorem 6.1] (see [SkSt] and [Skr2]). For completeness
we give the proof of Proposition 2.1 (see [Skr2, p. 32] and [SkSt, p. 1474]):

Proof of Proposition 2.1. Let P C [0,1)™ be an arbitrary convex polyhedron,
let T € LL,, be an arbitrary lattice, and let 'y = UT,U € SO(n). By (2.27) and
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(2.28), we obtain the following relations
(A7) (Tv);=WUT, (Ty)f = V;UT.

Since the set of flags f of P and associated orthogonal matrices Vj is finite, we
derive from Lemmas A.1, A.2 and the relations (A.7) that for every flag f and
for p1,, almost all orthogonal matrices U € SO(n)

(A.8) V((FU)fl,p) >c.(Inp)t™"7%, ¢ — oo,
(A.9) S((I‘U)#‘, r)=O0@Fr"" 1), r— oo,
with arbitrarily small € > 0 and a constant c. = c.(V;U,T'*) > 0.

From the bound (A.8) and the relation (A.6), we find that for every flag f
and for almost all orthogonal matrices U € SO(n), one has the bound
(A.10) ri = O(ln p).
Substituting (A.9) and (A.10) in the main bound (A.5), we find that for almost
all U € SO(n) one has the bound
(A.11) R(P,t7'UT) = R(tP,UT) = O(t" 'p=% + (log p)"~1+2).
Choosing p? = t"~! in (A.11), we obtain the bound (2.30). The proof of

Proposition 2.1 is complete. |

The proof of Proposition 2.2 follows from Theorem A.1. This proof repeats
derivations of [Skr2, Theorems 1.2 and 2.3] from [Skr2, Theorem 6.1].

A.3. THE FOURIER TRANSFORM OF THE CHARACTERISTIC FUNCTION OF A
POLYHEDRON. The error R(O + X,T") (see (1.10)) is a periodic function of
X € R” with the period lattice I' € L,,. The Voronoi-Hardy formula (see [Kr])
links the Fourier expansion of the error R(O + X,T') and the Fourier transform
of the characteristic function x(O, X), X € R™, of the region O € R™:

(A.12) R(O+X,T)=(detD)™" > 3(0,7)e 2"
yeTr+\{o}
and
(Alg) )A((O,Y) = / X(O,X)eQTri(’Y;X)dX — / 627Ti<%X>dX.
" o

However, the Fourier series (A.12) is not absolutely convergent. Thereby, a
suitable “smoothing” method is required to handle the series (A.12) in the
pointwise sense. Here we use a method given in [Skr2]. We recall the following:
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Definition: (see [Skr2, Sec. 11]). Given a compact region O C R™ and a number
7 > 0, a pair of compact regions O and OF is a T-coapproximation of O
if O € O C OF, and the points of the boundaries 0OF are at a distance at
least 7 from the boundary 00.

We fix a nonnegative function w(X), X € R", of class C*°, supported inside
the unit ball || X| < 1, such that

(A.14) / w(X)dX = 1.
Notice that the Fourier transform @(.) of the function w(.) satisfies the bound
(A.15) @) <eal+|IY[)~

with arbitrarily large A > 0.
We introduce the absolutely convergent Fourier series

(A.16) RE(O,X) = (detT)™" >~ R(OF, 7)a(ry)e >0,
yer+\{o}
where Y (OF,Y),Y € R", are the Fourier transforms (A.13) of the characteristic
function y(OF,Y), X € R", of the regions OF.
The following assertion was given in [Skr2, Lemma 11.1] (with detT" = 1):

LEMMA A.3: Let a compact region O C R™ and a lattice I' € L,, be given.
Then, for any T-coapproximation OF of O, one has the following bound for the
error R(O,T") (see (1.11)):
(A.17)
R(O,T) < (detT) ! (volO — volO;) + ;u}g (R (0, X)| + |R; (0, X)),
cRn

where RE (O, X) are the Fourier series (A.16).

Now we wish to estimate the Fourier transform of the characteristic function
of a polyhedron P C R™:

PY) = / 2™ X)X,
P

LEMMA A.4 ([Skr2, Lemma 11.2]): Let P C R™ be an arbitrary compact poly-
hedron. Then
tn—l

A18 VtPY)| <

area 0P,
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where area OP denotes the (n — 1)-dimensional Euclidean volume of the bound-
ary OP.

Let (Fl)lcz(f) be the set of (n — 1)-dimensional faces of the polyhedron P C
[0,1)™. Bearing in mind that the (n — 1)-dimensional volume of F; is less than
n™'? we obtain

(A.19) sup area OP < 2n™2C(Py).
PeVv(P)

LEMMA A.5 ([Skr2, Lemma 11.3]): Let P C R™ be an arbitrary compact poly-
hedron. Then

A 1 \m it (PO
(A.20) X(tPY) = (%) SA(VY )Ry,
i

The summation in (A.20) is taken over all flags of faces of the polyhedron P
(see (A.2)):

(A.21) f={P=P">P"'>...0P° dim P’ =j, n>j>0}

and V; € SO(n) are the orthogonal matrices associated with the flags | (see

(2.26)). The function A\(.) is given by

1 .
=——®), Y eR"
NmY ¥, € ’

where ®(.) is the following function of class C*°, depending only on the angular
variable Y = ||Y||~1Y

(A.22) A(Y)

n—1

2

% 2 Yn yj
(E(Y):@(—,-..?—): - vJ
1Yl i J[[l Pt

A.4. PROOF OF THEOREM A.l. Let P; C [0,1)" be an arbitrary polyhedron,
P € V(Py). By definition (1.11) of the error R(tP,T"), we may consider the
polyhedron P up to translations by vectors X € R™. Thus, without loss of
generality, we can assume that the origin O € P. We set a <9 b for a < b, and
a <M b for a < b. Then the polyhedron P can be given by

(A.23) P={XeR":(1,X) <% 3, 1<j<h},

where 1;, 1 < j < h, are unit vectors of external normals to (n— 1)-dimensional
faces of P, ¢; € {0,1}, and 3; > 0 are some constants. With these notation the
dilatation tP of P by a factor ¢ > 0 can be given by

tP={X e R": (1;,X) <%) g;t, 1<j<h}.
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We consider the following two polyhedra :
(A.24) PL={XeR":(;,X)<9) gttr, 1<j<h}

with 0 < 7 < 1. If P, = 0, then we put volP,, = 0, x(P;,,7) = 0 for all
vyelt and R7 (P, X)=0

Comparing definitions (A.23) and (A.24), we conclude that the polyhedra P,
and Pfy’T form 7-coapproximations of the polyhedron ¢tP. It is easy to see that
all flags of the faces of P, and PtTT belong to the set of flags of the polyhedron
Py. Therefore, the set of orthogonal matrices V; € SO(n) associated with flags
of P and P;', belongs to the set of orthogonal matrices V; € SO(n) of the
polyhedron P;. We wish to apply Lemma A.3 with O = tP and OF = Pt)iT to
estimate the error R(tP,T"). First we have the bound
(A.25)
0 < volP;", — volP; . < 27 area 9(tP) < 202" C(P) < 4n™2C(Py) Tt Y,

where C'(P) is the number of (n — 1)-dimensional faces of P (see (A.19)).
Now we consider the Fourier series (A.16) with O = tP, OFf = P~ and

t, 7

w(X) = wi1(X). Here wq(X), X € R" is a C*-function supported inside the

ball || X|| < 1/4 and satisfying the following conditions

0<wi(X)<1 if X € R",

(A.26) SwlX)<1 i
w(X)=1 it |X]<1/8,

Let wa(X) = @1(X), X € R™, be the Fourier transform of the function wy(.).
Obviously, the function wy(.) satisfies (A.15). Moreover, we assume that both
of the functions wq(s) and wy(.) are spherically symmetric:
(A.27) w;(VX) =w;(X), VeSO(n), j=12.
The Fourier series (A.16) can be written as
(A.28) RE(tP,X) = AL ,(tP, X) + B, (tP, X),
where p > 1 is an arbitrary large parameter
(A.29) AT, (tP.X) = (detT)™" 3" %P7, ywa(ry)wi(p~ ' y)e 70
vEr+\{0}
are sums with finitely many terms and
(A.30)
BE,(tP,X) = (detT)™" Y X(PE, wa(ry)(1 —wi(p™'y))e
vEr+\{0}

_27”:('Y>X>
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are absolutely convergent series over the lattice points v € 't with ||| > % p
(see(A.26)).

Substituting the formula (A.20) for the Fourier transform of the characteristic
functions of the polyhedra P=_ in (A.29), we obtain

T, T

(A31) AL, (tP X)

= (55) @D S AT (e (p )R,
vET\{0} f
In the second sum in (A.31), the summation is taken over all flags of faces f of
the polyhedron P. The function A(.) is given by (A.22). In (A.31), the points
PtjfTO are zero-dimensional faces (vertices) of the polyhedron Ptj; belonging to
the corresponding flags f (see (A.21)).
Using definition (2.27) of the lattices I'y = V{I', (2.28), relation (A.27), and
formula (A.31), we find that

1
(A.32) Ajgp(tp,X):(T) (det T)~ ZWTpr,
with
iy, X+
(A.33) Wﬂ'ﬂp(rfaxri,f): Z )\(”Y)W2(7"Y)W1(p—1’7)62 <'Y’XT~T>,
veT\{0}

where we used the notation X = Vf(PiO X).
The following assertion was given in [Skr2, Lemma 10.1].

LEMMA A.6: Let I" € L, be an arbitrary lattice. Assume that the dual lattice
I't is weakly admissible. Then the special Fourier series (A.33) satisfies the
bound

i
(A.34) Inax [We o (X)] < eST,r)
with
_ P
(A.35) r =271, + |log ik

In the bound (A.34), the constant ¢ = ¢(®,w1,ws) is independent of the pa-
rameters 0 < 7 < 1 and p > 0.

From Lemma A.6 and the relation (A.32), we obtain the bound

A.36 detT sup max |AF (tP,X)|<c¢) ST, r
(A.36) PEV(P)XGWI ol )| zf: (T rs)
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with
p’ﬂ

A.37 = 2Ky, + | log ————|.
(437 A e e

In the bound (A.36), the constant ¢ = ¢(w1,ws) is independent of the lattice
I" and the parameterst >0, p>0and 0 <7 < 1.

Now we consider the series (A.30). Substituting bounds (A.18)—(A.19) for the
Fourier transform of the characteristic functions of the polyhedra Ptj;. , and the

bound (A.15) for the function ws(s) = &1(.) with A > n, we obtain as t — oo

A.38 detI' sup max |BE (tP, X
(A.38) Pev(Pl)XGR"| o )l

< sup (area OP)"' D wa(ry)(1 —wi(p™'y))@ly]) !
PeVv(Py) -t}

<n e C(P)t A N y)ITA
yel+:|lvlI>%p
Notice that for every lattice I € R™, one has the bound (see, e.g., [Kr])
(A.39) Yoo Tt < Campr At (A>n)
YELL:|vlI>3p
as p — 00. The bounds (A.38)—(A.39) imply

(A.40) sup max |BZ, (P, X)| < C(A, P, D)t~ 4pn =470
Pev(p) XER?

Substituting the bounds (A.25), (A.36)—(A.37) and (A.40) in (A.28) and (A.17),
we obtain

(A.41)
sup R(tP,T) < C(A,P,,T) (t”—lT AT AT LY TSI rf)).
PeV(Py) §

Further we assume that
0 A+1-—n n

(A.42) T=p" with 6= a1 :1_A—|—1’

and, moreover, the exponent 6 € (0,1) may be chosen arbitrarily close to 1,

since A > n is arbitrary large. From (A.42) we obtain
(A43) tn—lT _ tn—lT—Apn—A—l _ tn—lp—e'

Now the bound (A.5)—(A.6) follows from (A.41) and (A.43). The proof of
Theorem A.1 is complete. |
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