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ABSTRACT

In this paper we describe a third class of low discrepancy sequences. Us-

ing a lattice Γ ⊂ R
s, we construct Kronecker-like and van der Corput-like

ergodic transformations T1,Γ and T2,Γ of [0, 1)s. We prove that for ad-

missible lattices Γ, (T n
ν,Γ(x))n≥0 is a low discrepancy sequence for all

x ∈ [0, 1)s and ν ∈ {1, 2}. We also prove that for an arbitrary polyhedron

P ⊂ [0, 1)s, for almost all lattices Γ ∈ Ls = SL(s, R)/SL(s, Z) (in the

sense of the invariant measure on Ls), the following asymptotic formula

#{0 ≤ n < N : T n
ν,Γ(x) ∈ P} = NvolP + O((ln N)s+ε), N → ∞

holds with arbitrary small ε > 0, for all x ∈ [0, 1)s, and ν ∈ {1, 2}.

1. Preliminaries

1.1. Let (βn)n≥0 be an infinite sequence of points in an s-dimensional unit
cube [0, 1)s. The sequence (βn)n≥0 is said to be uniformly distributed in
[0, 1)s if for every box O = [0, y1) × · · · × [0, ys) ⊆ [0, 1)s

(1.1)

Δ(O, (βn)N−1
n=0 ) = #{0 ≤ n < N : βn ∈ O} −Ny1

. . . ys = o(N), N → ∞.
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We define the L∞ and Lp discrepancy of a N -point set (βn,N )N−1
n=0 as

(1.2) D(N) = D((βn,N )N−1
n=0 ) = sup

0<y1,...,ys≤1

∣
∣
∣
1
N

Δ(O, (βn,N )N−1
n=0 )

∣
∣
∣,

(1.3)

Dp(N) = Dp((βn,N )N−1
n=0 ) =

( ∫

[0,1]s

∣
∣
∣
1
N

Δ(O, (βn,N )N−1
n=0 )

∣
∣
∣

p

dy1 · · · dys

)1/p

.

It is known that a sequence (βn)n≥0 is uniformly distributed if and only if
D((βn)N−1

n=0 ) → 0 for N → ∞.
In 1954, Roth proved that there exists a constant C1 > 0, such that

(1.4) NDp((βn,N )N−1
n=0 ) > C1(lnN)

s−1
2 and lim

NDp((βn)N−1
n=0 )

(lnN)s/2
> 0

for all N -point sets (βn,N )N−1
n=0 and all sequences (βn)n≥0 with p = 2. In 1977,

W. Schmidt proved (1.4) for all p > 1 with C1 = C1(p). According to the well-
known conjecture (see, for example, [BC, p. 283] and [Ni, p. 32]), there exists a
constant C2 > 0, such that

ND((βn,N )N−1
n=0 ) > C2(lnN)s−1 and lim

ND((βn)N−1
n=0 )

(lnN)s
> 0

for all N -point sets (βn,N )N−1
n=0 and all sequences (βn)n≥0. In 1972, W. Schmidt

proved this conjecture for s = 1. See known results for s > 1 in [Ba].

Definition 1: A sequence (βn)n≥0 is of low discrepancy (abbreviated l.d.s.) if
D((βn)N−1

n=0 ) = O(N−1(lnN)s) for N → ∞.

Definition 2: A sequence of point sets ((βn,N )N−1
n=0 )∞N=1 is of low discrepancy

(abbreviated l.d.p.s.) if D((βn,N )N−1
n=0 ) = O(N−1(lnN)s−1) for N → ∞.

In this paper, by ergodic transformations we refer only to ergodic transfor-
mations of [0, 1)s with respect to Lebesgue measure.

Definition 3: An ergodic transformation T is of low discrepancy (abbreviated
l.d.e.t.) if (T n(x))n≥0 is l.d.s. for all x ∈ [0, 1)s. An ergodic transformation T
is of Lp low discrepancy if

(∫

[0,1)s

(Dp((T n(x))N−1
n=0 ))pdx

)1/p

= O(N−1(lnN)s/2)

for N → ∞, with p > 1.
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Up to now, there were known three classes of multidimensional low discrep-
ancy point sets in [0, 1)s:

a. Halton - Hammersley (1960),
b. Sobol (1967) - Faure (1981) - Niederreiter(1987),
c. Frolov (1976) - Skriganov (1994).

Analogues of the first two constructions were designed by the same authors to
construct low discrepancy sequences. Our goal here is to perform the same for
the third construction. The main points of our constructions are as follows:

Using a lattice Γ ⊂ R
s, we construct Kronecker-like and van der Corput-like

ergodic transformations T1,Γ and T2,Γ of [0, 1)s. We prove that for admissible
lattices Γ, T1,Γ is an Lp low discrepancy ergodic transformation for all p >
1, and Tν,Γ is an l.d.e.t. (ν ∈ {1, 2}). We also prove that for an arbitrary
polyhedron P ⊂ [0, 1)s and for almost all lattices Γ ∈ Ls = SL(s,R)/SL(s,Z)
(in the sense of invariant measure on Ls), one has the bound

(1.5) #{0 ≤ n < N : T n
ν,Γ(x) ∈ P} −NvolP = O((lnN)s+ε)

as N → ∞ for all x ∈ [0, 1)s, and ν ∈ 21, 2}.

1.2. Brief review of low discrepancy sequences. (for a complete review
see [BC], [DrTi], [Ma] and [Ni]).

1.2.1. The 1-dimensional case. Let α be a real number with bounded partial
quotients. In 1922, Ostrowski, Behnke, Hecke, Hardy and Littlewood proved
that the sequence {αn + β}n≥0 has low discrepancy (see[DrTi, pp. 155, 156,
735, 759, 1398]). Hence the orbit of the ergodic transformation Tα : x→ x+ α

(mod 1) is l.d.s. for all x ∈ [0, 1). The second class of l.d.s. (ψq(n))n≥0 was
proposed by van der Corput; see [DrTi][pp. 1891]). There q ≥ 2 is an integer,

(1.6) n =
∑

i≥0

ei,q(n)qi, with ei,q(n) ∈ {0, 1, . . . , q − 1}

be the q-expansion of the integer n, and

(1.7) ψq(n) =
∑

i≥0

ei,q(n)q−i−1

the radical inverse function. The low discrepancy property is valid for the more
general case of the sequence (T n

q (x))n≥0 , where Tq is von Neumann–Kakutani’s
ergodic adding machine:
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Let x = .x1x2 . . ., x′ = .x′1x
′
2 . . . be the q-expansions of the numbers x and

x′ ∈ [0, 1), Tq(x) = x′ is defined by

(1.8) x′k =

⎧

⎪⎨

⎪⎩

0, k = 1, 2, . . . , i− 1,
xi + 1, k = i,

xk, otherwise,

where xj = q − 1 for j = 1, 2, . . . , i − 1, and xi 	= q − 1, k = 1, 2, . . .. Given a
transformation T , we define

T n(x) = T (T n−1(x)), n = 1, 2, . . . , T 0(x) = x.

A detailed description of the ergodic adding machine is given in [Fr, pp. 75–
83] and in [Pe, pp. 208–212]. As is known, the sequence (T n

q (x))n≥0 coincides
for x = 0 with the van der Corput sequence (see, for example, [P]). We shall
say that (Tq(x)n)n≥0 is the van der Corput sequence for all x ∈ [0, 1). Other
examples of l.d.s. may be found in [Bo] and [Nin].

1.2.2. The multidimensional case (s ≥ 2). The existence of multidimensional
l.d.s. was discovered by Halton in 1960: (ψq1(n), . . . , ψqs(n))n≥0, where
q1, . . . , qs ≥ 2 are pairwise coprime integers, and ψq is defined in (1.7) (see
[DrTi, p. 729]). A similar result is true for the case of the ergodic trans-
formation T (x) = (Tq1(x1), . . . , Tqs(xs)) of [0, 1)s, with x = (x1, . . . , xs) and
Tqi(xi) defined in (1.8). This is a first class of l.d.e.t. In 1960, Hammersley
proved that (ψq1 (n), . . . , ψqs(n), n

N )N−1
n=0 is an (s + 1)-dimensional l.d.p.s. (see

[DrTi, p. 730]). The second class of l.d.s. and l.d.p.s. was introduced in 1967
by Sobol (the so-called (t,m, s) point set, and (t, s)-sequences); see [So1] and
[So2]. Generalizations of Sobol’s approach were obtained by Faure (1981) and
by Niederreiter (1987); see [Ni]. See also l.d.s. construction for s = 2 in [Mo].

Let α = (α1, . . . , αs) ∈ R
s, x = (x1, . . . , xs) ∈ [0, 1)s (s ≥ 2), and

Tα : x → (x1 + α1, . . . , xs + αs) be Kronecker’s transformation of [0, 1)s. In
1994, J. Beck proved that for almost all α, D((T n

α (x))N−1
n=0 ) = O(N−1(lnN)s+ε)

uniformly on x ∈ [0, 1)s for arbitrary small ε > 0, as N → ∞ [Be1]. He also
proved that for almost all α we have D((T n

α (x))Nk−1
n=0 ) > N−1

k (lnNk)s ln lnNk

uniformly on x ∈ [0, 1)s for some subsequence Nk → ∞ [Be1]. Hence, Kro-
necker’s sequence ({α1n+x1}, . . . , {αsn+xs})n≥0 is “almost” of low discrepancy
for almost all α ∈ R

s. According to Littlewood’s conjecture,

(1.9) lim
n→∞

n〈〈nα1〉〉 · · · 〈〈nαs〉〉 = 0



Vol. 178, 2010 LOW DISCREPANCY SEQUENCES 65

for s ≥ 2 and all (α1, . . . , αs) ∈ R
s, where 〈〈x〉〉 = min({x}, 1−{x}). Repeating

the proof of [Skr1, Theorem 1.1] (see Theorem A below), we obtain that, if (1.9)
is false, then Tα is a l.d.e.t. It is not hard to prove that, if (1.9) is true, then
for all α ∈ R

s, Tα is not a L2 l.d.e.t. In this paper, we generalize Kronecker’s
transformation to obtain Lp low discrepancy property for all p > 1.

1.3. Lattice nets. In this subsection we consider l.d.p.s. and l.d.s. based
on lattices in R

s. Let K be a totally real algebraic number field of degree s,
and σ be the canonical embedding of K in the Euclidean space R

s,
σ : K � ξ → σ(ξ) = (σ1(ξ), . . . , σs(ξ)) ∈ R

s, where {σj}s
j=1 are s distinct em-

beddings of K in the field R of real numbers. Let λ ∈ K be an algebraic integer,
λi = σi(λ) (i = 1, . . . , s); f(x) be the minimal polynomial of λ; λ is of degree
s over Q; E = (λj−1

i )s
i,j=1; Λ = diag(λ1, . . . , λs); and H = EΛE−1 be the

companion matrix of f(x).
In 1976, Frolov introduced the point set Fr(s, t) = 1

tEZ
s∩[0, 1)s with the best

possible estimate for the order of magnitude of the integration error as t → ∞
on the Sobolev and Korobov class functions (see [Fr1], [Fr2]). In 1980, Frolov
[Fr3] proved that Fr(s, t) is a L2 low discrepancy point set (i.e., D2(Fr(s, t)) =
O(t−1(ln t)(s−1)/2) for t → ∞); see also [By1], [By2], [Do], [Lv], [Tm, Chap. 4,
Sec. 4] for investigations on Frolov’s net.

In 1994, Skriganov [Skr1] proved that Fr(s, t) is an l.d.p.s. He also proved
the following more general result:

Let O ⊂ R
s be a compact region, volO the volume of O, tO the dilatation

of O by a factor t > 0, and let tO + X be the translation of tO by a vector
X ∈ R

s. Let Γ ⊂ R
s be a lattice, i.e., a discrete subgroup of R

s with a compact
fundamental set F(Γ) = R

s/Γ, det Γ=volF(Γ). Let

N(O,Γ) = card(O ∩ Γ) =
∑

γ∈Γ

χ(O, γ)

be the number of points of the lattice Γ lying inside the region O, where we
denote by χ(O, X), X ∈ R

s, the characteristic function of O. We define the
errors R(O +X,Γ), R(O,Γ) and Rp(O,Γ) by setting

N(O +X,Γ) =
volO
det Γ

+ R(O +X,Γ),(1.10)

R(O,Γ) = sup
X∈Rs

|R(O +X,Γ)|,(1.11)
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and

(1.12) Rp(O,Γ) =
( 1

det Γ

∫

F(Γ)

|R(O +X,Γ)|pdX
)1/p

,

where p > 0 is a real number.

Definition 4: A lattice Γ ⊂ R
s is admissible if

(1.13) NmΓ = inf
γ∈Γ\{0}

|Nmγ| > 0,

where Nmx = x1x2 · · ·xs, x = (x1, . . . , xs).

For example, Γ = EZ
s (in Frolov’s net) is an admissible lattice. The set

of all admissible lattices Γ ⊂ R
s is dense in Ls, but its invariant measure

on Ls is equal to zero. Let K
s = [− 1

2 ,
1
2 ]s, T = (t1, . . . , ts) and T � O =

{(t1x1, . . . , tsxs) : (x1, . . . , xs) ∈ O}. It is easy to show the following estimate
for the inadmissible lattice Γ = Z

s:

(1.14) lim
t→∞R(T � K

s,Γ)/ts−1 > 0, with T = (t, . . . , t).

Theorem A. (see [Skr1, Theorem 1.1]): If Γ ⊂ R
s is an admissible lattice, then

for all T ⊂ R
s, one has the bounds

(1.15) R(T � K
s,Γ) < C(Γ)(ln(2 + |NmT |))s−1,

and

(1.16) Rp(T � K
s,Γ) < Cp(Γ)(ln(2 + |NmT |))(s−1)/2, p > 0.

The constants in (1.15) and (1.16) depend upon the lattice Γ only by means of

the invariants det Γ and NmΓ.

In [L1] we proposed the following two constructions of l.d.s. (βν,n)n≥0, (ν =
1, 2) based on Frolov’s and Skriganov’s nets. In the first construction, we con-
sider the sequence of lattices (q−nEZ

s)n≥0, where q = |λ1 · · ·λs| > 1. Let
d1, . . . , dq, be a complete residue system of Z

s(mod HZ
s); ei,q(n) are defined in

(1.6); a1, . . . , am ∈ Z
s such that

E[0, 1)s ⊂
m⋃

j=1

([0, 1)s + aj) and E[0, 1)s ∩ ([0, 1)s + aj) 	= ∅;

(1.17) υn =
∑

i≥0

H−i−1dei,q(n), wmn+i = υn + ai; i = 1, . . . ,m, n ≥ 0.
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Now let u(n) ≥ 0 be an increasing sequence of integers such that wk ∈ E[0, 1)s if
and only if k = u(n) for any integer n ≥ 0. Next, β1,n = E−1wu(n), n = 0, 1, . . ..
In the twist construction, we consider the following sequence of lattices:

(1.18) Γn = {((q1,1 · · · q1,n)−1γ1, . . . , (qs,1 · · · qs,n)−1γs) : (γ1, . . . , γs) ∈ Γ},
where Γ ⊂ R

s is an admissible lattice, and qi,j ∈ {f1, . . . , fk} with integers
fi ≥ 2 (i = 1, . . . , k). Let Bn = Γn ∩ [0, 1)s. Similarly to the first construction
(1.17), we enumerate the set Bn+1 \Bn by a sequence (β2,m)m∈(#Bn,#Bn+1]. In
[L1], we noted that from [Skr1, Corollary 2.1] it follows that (βν,n)n≥0 is an l.d.s.
(ν = 1, 2). In this paper, we generalize the twist construction (1.18) to obtain
a second class (after Halton’s class) of low discrepancy ergodic transformations
of [0, 1)s. In a similar way, we can also generalize the first construction (1.17)
(for the case of |λi| > 1 (i = 1, . . . , s)) to obtain an l.d.e.t. of [0, 1)s.

1.4. Lattice point problem for compact polyhedron. For every region
O ∈ R

s and lattice Γ ⊂ R
s, one has the bound

(1.19) R(tO,Γ) = O(ts−1), for t→ ∞;

see [GL] and [Kr]. Let P ⊂ R
s be a compact polyhedron. In [SkSt, Theorem

2], Skriganov and Starkov obtained the following extremely small upper bound
on the error R(tP,Γ):

Theorem B: Let P ⊂ R
s be an arbitrary compact polyhedron, and Γ ∈ Ls be

an arbitrary lattice. Then for μs almost all rotations U ∈ SO(s) one has the

bound

(1.20) R(tP, UΓ) = R(tU−1P,Γ) = O(lns−1+ε t)

with arbitrary small ε > 0, where μs is the Haar measure on the group SO(s).

This theorem improves the previous result of Skriganov [Skr2, Theorem 2.2].
In [SkSt, p. 1471], it is noted that the bound O(lns−1+εt) in (1.20) could be
replaced by

(1.21) R(tP, UΓ) = O((ln t)s−1ϕ(ln ln t)),

where ϕ(�) is an arbitrary positive monotone increasing function with
∫∞
1

dt
ϕ(t) < ∞. For example, ϕ(t) = t1+ε, ϕ(t) = t(ln t)1+ε. The O-constant

in (1.20) depends on the polyhedron P . In this paper, we modify the proof
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of Theorem B, and obtain that the O-constant in (1.20) only depends on vec-
tors orthogonal to the (s− 1)-dimensional faces of P . In this way, we give the
estimate (1.5) for the sequences (T n

ν,UΓ(x))n≥0, (ν = 1, 2).
Now we describe the structure of the paper. In §2, we construct Kronecker-

like and van der Corput-like transformations T1,Γ and T2,Γ. We also state all
the theorems on discrepancy estimates of the sequence (T n

ν,Γ(x))n≥0, (ν = 1, 2).
Then we state the results on the lattice point problem in a polyhedron. The
proofs of the theorems are given in §3 and §4. In the Appendix, we obtain a
modification of Theorem B.

2. Statement of the results

2.1. Kronecker-like transformation. Let Γ ⊂ R
s+1 be an arbitrary lat-

tice, Γ̃ = lΓ with

(2.1) #{(Γ̃ + u) ∩ [0, 1)s+1} ≤ 1

for all u ∈ R
s+1. For example, let

l =
[
√
s+ 1
λ

]

+ 1, where λ = min
γ∈Γ\{0}

‖γ‖,

and ‖ � ‖ is the Euclidean norm in R
s+1. Then minγ∈Γ̃\{0} ‖γ‖ ≥ 1, and (2.1)

follows.
Let x ∈ [0, 1)s, (x, 0) ∈ R

s+1, Mx = Mx,1 ∪Mx,2, where

(2.2) Mx,1 = ((x, 0) + Γ̃) ∩ [0, 1)s × (0,+∞),

and

Mx,2 = ((x, 0) + Γ̃) ∩ [0, 1)s × (−∞, 0].

By (2.1), there are no two points (u1, u1,s+1) and (u2, u2,s+1) in Mx with
u1,s+1 = u2,s+1, where ui ∈ R

s and ui,s+1 ∈ R, i = 1, 2. Let Mx,1 	= ∅,
using (2.1) we obtain that there exists a unique (y1, ys+1) ∈Mx,1 with

(2.3) ys+1 = min{v > 0 : ∃y ∈ [0, 1)s, such that (y, v) ∈Mx,1}.
Now let

(2.4) T1,Γ(x) =

⎧

⎨

⎩

y1, ifMx,1 	= ∅,
x, otherwise.
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It is easy to see that here a Kronecker transformation for

Γ = {(nα1 −m1, . . . , nαs −ms, n)) : (m1, . . . ,ms, n) ∈ Z
s+1}

and l = 1 is obtained. Recall that the dual lattice Γ⊥ consists of all vectors
γ⊥ ∈ R

s+1 such that the inner product 〈γ⊥, γ〉 belongs to Z for each γ ∈ Γ.

Theorem 2.1: Let Γ ⊂ R
s+1 be an arbitrary lattice. Then for all x ∈ [0, 1)s,

the sequence (T n
1,Γ(x))n≥0 is uniformly distributed in [0, 1)s if and only if

(2.5) �γ⊥ = (γ⊥1 , . . . , γ
⊥
s+1) ∈ Γ⊥ \ {0} with γ⊥s+1 = 0.

If (2.5) is valid, then T1,Γ is a invertible ergodic transformation of [0, 1)s.

We will prove that for the lattices Γ considered in the following theorems we
have #Mx,1 = #Mx,2 = ∞ for all x ∈ [0, 1)s. Applying (2.1), we get that
Mx,1 ∪ Mx,2 can be enumerated by a sequence (zx,k, zs+1(x, k))+∞

k=−∞ in the
following way:

zx,0 = x, zs+1(x, 0) = 0, zx,k ∈ [0, 1)s and(2.6)

zs+1(x, k) < zs+1(x, k + 1) ∈ R, for k ∈ Z.

Theorem 2.2: Let Γ ⊂ R
s+1 be an admissible lattice. Then

(2.7) D(T n
1,Γ(x)M+N

n=M+1
) = O(N−1(lnN)s), N → ∞

(2.8) D((T n
1,Γ(x), zs+1(x, n)/zs+1(x,N))N−1

n=0 ) = O(N−1(lnN)s), N → ∞,

uniformly on x ∈ [0, 1)s and M ∈ Z, where the O-constant depends only on the

invariants det Γ and NmΓ.

Remark 1: We showed in §1.2.2 the connection between the s-dimensional Hal-
ton’s l.d.s. and the (s+1)-dimensional Hammersley’s l.d.p.s. We obtain a similar
connection in (2.7) and (2.8).

Theorem 2.3: Let Γ ∈ Ls+1 = SL(s + 1,R)/SL(s + 1,Z) be an arbitrary

lattice. Then for μs+1 almost all rotations U ∈ SO(s+ 1)

D((T n
1,UΓ(x))N−1

n=0 ) = O(N−1(lnN)s+ε)

with arbitrary small ε > 0.



70 MORDECHAY B. LEVIN Isr. J. Math.

Theorem 2.4: Let Γ ⊂ Ls+1 be an admissible lattice. Then T1,Γ is an Lp

l.d.e.t.:

(2.9)

(
∫

[0,1)s

(Dp((T n
1,Γ(x))N−1

n=0 ))pdx

)1/p

= O(N−1(lnN)s/2).

In particular, for each N > 0 there exists a point xN ∈ [0, 1)s with

(2.10) Dp((T n
1,Γ(xN ))N−1

n=0 ) = O(N−1(lnN)s/2),

where the O-constant in (2.9) and (2.10) depends only on p > 1, det Γ, and

NmΓ, for N → ∞.

2.2. Van der Corput-like transformation. Let q ≥ 2 be an integer, and
(ei = (0, . . . , 1, . . . , 0))s

i=1 be the standard basis of the lattice Z
s. Using von

Neumann–Kakutani’s ergodic adding machine Tqs to the base qs, we construct
an ergodic transformation Tq,s of [0, 1)s in the following way: Let

x = (x1, . . . , xs) =
s∑

i=1

xiei ∈ [0, 1)s,(2.11)

xi = 0.xi,1xi,2 . . . =
∞∑

j=1

xi,j/q
j ∈ [0, 1), xi,j ∈ {0, . . . , q − 1}

be the canonical q-expansion of xi (i.e., there is no integer j0 such that xi,j =
q − 1 for all j > j0), i = 1, . . . , s. We define the sequences x′i,j ∈ {0, . . . , q − 1}
(i = 1, . . . , s, j = 1, 2, . . .) by setting

(2.12)
∞∑

j=1

s∑

i=1

x′i,jq
i−1

qsj
:= Tqs

( ∞∑

j=1

s∑

i=1

xi,jq
i−1

qsj

)

.

Now we put

(2.13) Tq,s(x) = x′, where x′ = (x′1, . . . , x
′
s) and x′i =

∞∑

j=1

x′i,j
qj

.

Let H be an arbitrary s × s nonsingular matrix with real coefficients, Γ =
HZ

s, F = H [0, 1)s be a fundamental set of Γ, volF = | det F| 	= 0, hi = Hei

(i = 1, . . . , s), and

(2.14) r1 = 3 +
[

max
1≤i≤s

logq ‖hi‖
]

.
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Hence q−r1‖hi‖ ≤ q−2 ≤ 1/4. Now let
(2.15)
G(a) = q−r1(F + a) ∩ [0, 1)s and {a1, . . . , ar2} = {a ∈ Γ = HZ

s : G(a) 	= ∅}.
It is easy to see that

(2.16)
r2⋃

i=1

G(ai) = [0, 1)s and G(ai) ∩G(aj) = ∅ for i 	= j.

Bearing in mind that (h1, . . . ,hs) is a basis of the lattice Γ, we obtain from
(2.14)–(2.16) that there exists i ∈ [1, r2] such that G(ai) ⊂ [0, 1)s. We enumer-
ate the set {a1, . . . , ar2} in such a way that

(2.17) G(a1) ⊂ [0, 1)s.

By (2.16), we obtain that for every x ∈ [0, 1)s there exists a unique i(x) ∈ [1, r2]
and x̃ ∈ [0, 1)s, such that

(2.18) x = q−r1(ai(x) +Hx̃).

Now let

k(x) = {i(x) < j ≤ r2 : q−r1(aj +Hx̃) ∈ [0, 1)s},
and

(2.19) T2,Γ(x) =

⎧

⎨

⎩

q−r1(am +Hx̃), k(x) 	= ∅ and m = min k(x)

q−r1(a1 +HTq,s(x̃)), otherwise.

By (2.15)–(2.19), T2,Γ(x) ∈ [0, 1)s for all x ∈ [0, 1)s. Hence the transformation
T2,Γ : [0, 1)s → [0, 1)s is well-defined.

Theorem 2.5: Let Γ ⊂ R
s be an arbitrary lattice. Then

(2.20) D((T n
2,Γ(x))N−1

n=0 ) = O(N−1/s lnN)

uniformly on x ∈ [0, 1)s for N → ∞, and T2,Γ is an ergodic transformation of

[0, 1)s.

We note that the bad estimate (2.20) cannot be improved essentialy because
of the lower bound (1.14) for the inadmissible lattice Γ = Z

s.

Theorem 2.6: Let Γ ⊂ R
s be an admissible lattice. Then

(2.21) D((T n
2,Γ(x))N−1

n=0 ) = O(N−1(lnN)s)
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uniformly on x ∈ [0, 1)s for N → ∞, and

(2.22) D((T n
2,Γ(x))Nk−1

n=0 ) = O(N−1
k (lnNk)s−1)

for some subsequence Nk → ∞.

Theorem 2.7: Let Γ ⊂ R
s be an arbitrary lattice. Then for μs almost all

rotations U ∈ SO(s)

(2.23) D((T n
2,UΓ(x))N−1

n=0 ) = O(N−1(lnN)s+ε)

for arbitrarily small ε > 0, uniformly on x ∈ [0, 1)s.

Theorem 2.8: Let Γ ⊂ R
s be an admissible lattice. Then

(2.24)
(∫

[0,1)s

(Dp(T n
2,Γ(x))N−1

n=0 )pdx

)1/p

= O(N−1(lnN)(s+1)/2),

where the O-constant depends only on p > 1, det Γ and NmΓ.

We will prove in a forthcoming paper a more precise bound in (2.24):
O(N−1(lnN)s/2).

2.3. Polyhedral discrepancy. In this paper, by a polyhedron we mean
any bounded and nonempty intersection of finitely many closed or open half-
spaces. We will use the assertions of this section in the (s + 1)-dimensional
and s-dimensional cases. For this reason, we consider here the case of the n-
dimensional space R

n. Let P ⊂ R
n be a polyhedron, and let

(2.25) f = {P = Pn ⊃ Pn−1 ⊃ · · · ⊃ P 0, dimP j = j, n ≥ j ≥ 0}
be a flag of faces P j ∈Face(P ), 0 ≤ j ≤ n, of P . Let Vf ∈ SO(n) be an
orthogonal matrix associated with the flag (2.25) by the relation

(2.26) V
′
f = [ln, ln−1, . . . , l1].

The columns of the transposed matrix V
′
f in (2.26) are orthonormal vectors

lj , n ≥ j ≥ 1, defined by the following rule: the unit vector lj is the external
normal to the face P j−1 parallel to the face P j . Thus, coordinates of the vector
lj form the j-th row of the matrix Vf. For a given lattice Γ ∈ Ln and a flag of
faces f of P , we define a lattice Γf ∈ Ln by

(2.27) Γf = VfΓ.
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It is easy to see that

(2.28) Γ⊥
f = VfΓ⊥.

Let Face(P1, n − 1) be the finite set of all (n − 1)-dimensional faces of P1,
and V(P1) be the set of all convex polyhedra P ⊂ [0, 1)n such that each face
Pn−1 ∈Face(P, n − 1) is parallel to some face Pn−1

1 ∈Face(P1, n − 1), and let
(see (1.11))

(2.29) R̄(P1,Γ) = sup
P∈V(P1)

R(P,Γ).

We will prove in the Appendix the following modification of Theorem B [SkSt,
Theorem 2].

Proposition 2.1: Let P1 ⊂ R
n be a polyhedron, and let

Γ ∈ Ln = SL(n,R)/SL(n,Z)

be an arbitrary lattice. Then for μn almost all rotations U ∈ SO(n)

(2.30) R̄(P1, t
−1UΓ) = O((ln t)n−1+ε),

for arbitrarily small ε > 0.

An algebraic polyhedron is a polyhedron Pk ⊂ R
n all of whose vertices

have coordinates belonging to a real algebraic number field k. In [Skr2, p. 10],
Skriganov gives an explicit construction of a matrix Ak ∈ SL(n,R) depending
only on the field k, such that the following theorem holds.

Theorem C ([Skr2, Theorem 2.3]): With the above notations, one has the

bound

(2.31) R(tPk, AkZ
n) = O(tε)

for arbitrarily small ε > 0.

We will prove in the Appendix the following modification of Theorems A and
C.

Proposition 2.2: Let P1 ∈ R
n be a polyhedron with a set of flags denoted by

Flag(P1). Let Γ ⊂ Ln be an arbitrary lattice. Then the following assertions

are valid:
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1. If each of the lattices Γf (see (2.27)) is admissible with f ∈ Flag(P1),
then

(2.32) R̄(P1, t
−1Γ) = O((ln t)n−1), t→ ∞.

2. If the polyhedron Pk is algebraic, then

(2.33) R̄(Pk, t
−1AkZ

n) = O(tε), t→ ∞

with arbitrarily small ε > 0.

We define the polyhedral discrepancy of the sequence βm ∈ [0, 1)s (m =
0, 1, . . .) as follows:

(2.34) D(P1, (βm)N−1
n=0 ) = sup

P∈V(P1)

∣
∣
∣
1
N

#{0 ≤ m < N : βm ∈ P} − volP
∣
∣
∣.

Let P ⊂ R
s be a polyhedron, P (1) = P × [0, 1] ⊂ R

s+1 and P (2) = P .

Theorem 2.9: Let Γν ∈ Ls+ν−1 be an arbitrary lattice (ν = 1, 2). Then the

following assertions are valid:

1. If the lattice Γν and each of the lattices Γν,f are admissible, with f ∈
Flag(Pν), then

(2.35) D(P (ν), (T n
ν,Γν

(x))N−1
n=0 ) = O(N−1(lnN)s)

as N → ∞, with ν ∈ {1, 2}.
2. For μs+ν−1 almost all rotations U ∈ SO(s+ ν − 1), one has the bound

(2.36) D(P (ν), (T n
ν,Γν

(x))N−1
n=0 ) = O(N−1(lnN)s+ε),

for arbitrarily small ε > 0, as N → ∞, with ν ∈ {1, 2}.
3. If the polyhedron P is algebraic, then

D(P (ν), (T n
ν,AkZs+ν−1(x))N−1

n=0 ) = O(Nε−1)

for arbitrarily small ε > 0, as N → ∞, with ν ∈ {1, 2}.
Remark 2: Using the estimate (1.21) instead of (1.20), we can precisely deter-
mine the corresponding estimates in Proposition 2.1, Theorem 2.3, Theorem
2.7 and Theorem 2.9. For example, the bound O((lnN)s+ε) in (2.36) could be
replaced by O((lnN)sϕ(ln lnN)).
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2.4. Related questions. In this subsection we discus randomness of l.d.s., of
the Z

d action by automorphisms of the s-torus, and randomness in the lattice
point problem.

Definition: Let (Θ,F , μ) be a probability space, d ≥ 1, Ni ≥ 1, ni be integers
(i = 1, . . . , d), n = (n1, . . . , nd), f(n, θ) be real numbers, θ ∈ Θ, G(N, θ) ⊂ Z

d

with N = (N1, . . . , Nd). We will say that the set ((f(n, θ)n∈G(N,θ)) satisfies
the central limit theorem (abbreviated CLT) if there exists a function σ with
σ(N) > 0, such that

(2.37) lim
k→∞

μ

{

θ ∈ Θ :
1

σ(Nk)

∑

n∈G(Nk,θ)

f(n, θ) ≤ x

}

=
1√
2π

∫ x

−∞
e−u2/2du

for each sequence Nk = (N1,k, . . . , Nd,k) with max(N1,k, . . . , Nd,k) → ∞ for
k → ∞.

Below Θ is a bounded domain in the Euclidean space, and μ is the Lebesgue
measure.

2.4.1. Beck’s approach. In 1992, J. Beck [Be2] discovered a very surprising phe-
nomenon of randomness of the sequence {nα}n≥1, where α is a quadratic ir-
rational. Beck (see, for example, [Be2], [Be3]) considered two cases: local and
global:

Global case (Lattice points in tilted rectangles). In this case the error
R([0, γ) × [0, N − 1] + (β, 0), (nα + m,n)m,n∈Z2) (see (1.10)), coincides with
the local discrepancy Δ([0, γ), {nα+ β}N−1

n=0 ) (see (1.1)). In [Be2] Beck proved
CLT (2.37) with θ = (β, γ, δ) ∈ Θ = [0, 1]3, d = 1, G(N, θ) = [0, [Nδ]],
σ(N) = σα ln(N) for some σα > 0, and

f(n, θ) = Δ([0, γ), {nα+ β}).
Local case (Lattice points in tilted hyperbola-segment). The CLT (2.37) is

true for θ ∈ Θ = [0, 1], d = 1, G(N, θ) = [1, N ], σ(N) = σc,Γ(ln(N))1/2 with
Γ = (m+ nα,m− nα)m,n∈Z2 for some σc,Γ > 0, and

f(n, θ) = R({−c ≤ (x+ θ)y ≤ c : x ∈ [n, n+ 1), y ≥ 1}, Γ).

In [Be3], Beck notes that for almost all α the above CLT is false in the
global case, and is true for the local case. In [LM], we transport CLT for the
global case to the case of van der Corput’s sequence (the case of the ergodic
adding machine). According to [Be3], the generalization of these results to
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the simultaneous case for Kronecker’s lattice is very difficult because of the
problems connected to Littlewood’s conjecture (1.9). In [L2], we generalize
Beck’s approach to the simultaneous case using an admissible lattice Γ ⊂ R

s+1:
Global case. We obtain CLT (2.37) with θ = (γ1, . . . , γs, δ, x) ∈ Θ = [0, 1]2s+1,

d = 1, G(N, θ) = [0, [Nδ]], σ(N) = σΓ(ln(N))s/2 for some σΓ > 0, and

f(n, θ) = Δ([0, γ1) × · · · × [0, γs), T n
1,Γ(x)).

Local case. We obtain CLT (2.37) with θ ∈ Θ = F(Γ) = R
s+1/Γ, d = s,

G(N, θ) = [−N1, N1] × · · · × [−Ns, Ns], σ(N) = σc,Γ(ln(2N1) · · · ln(2Ns))1/2

with c > 1 for some σc,Γ > 0, and

f(n, θ)

= R
({

−c ≤
s+1∏

i=1

(xi +θi) ≤ c : xi ∈ [ni, ni +1), i = 1, . . . , s, xs+1 ≥ 1
}

,Γ
)

.

It is easy to reformulate CLT for the local case in terms of the Z
s−1 actions

of automorphisms of the s-torus for the case where Γ is Frolov’s lattice EZ
s. In

[L2], we prove the following two variants of this approach:

2.4.2. Zd actions of automorphisms of the s-torus. Let Bi be a s × s matrix
with integer entries, | detBi| = 1 (i = 1, . . . , d), s − 1 ≥ d ≥ 2. Let none
of the eigenvalues of the matrix Bi be roots of unity (i = 1, . . . , d). Suppose
Bn1

1 · · ·Bnd

d is the identity matrix if and only if n1 = · · · = nd = 0. Let g
be C∞ on R

s, have period 1 for each coordinate, and let g(θBn1
1 · · ·Bnd

d ) be
not cohomologous to a constant cocycle (see [KK] for the definitions). Then
CLT (2.37) is true with θ ∈ Θ = [0, 1]s, G(N, θ) = [1, N1] × · · · × [1, Nd],
σ(N) = σg,B1,...,Bd

(N1N2 · · ·Nd)1/2 for some σg,B1,...,Bd
> 0, and

f(n, θ) = g(θBn1
1 · · ·Bnd

d ).

2.4.3. Salem-Zygmund CLT. Let mk ≥ 1 be integers, mk+1/mk ≥ c > 1 for k =
1, 2, . . .. And let ak be reals, AM = (a2

1 + · · ·+a2
M )1/2, |AM | → ∞, for M → ∞,

and max1≤m≤M |am|/AM → 0 for M → ∞. Then (ak cos(2πθnk))1≤k≤M satis-
fies the CLT (2.37) with σ(M) =

√

π/2AM , and θ ∈ Θ = [0, 1) [SZ]. In [L2],
we prove the following multidimensional variant of Salem-Zygmund theorem:

Let Bi be an invertible s × s matrix with integer entries, bi = detBi, (i =
1, . . . , d), and let b1, . . . , bd be pairwise coprime. Let none of the eigenvalues
of the matrix Bi be roots of unity (i = 1, . . . , s). Suppose Bn1

1 · · ·Bnd

d is the
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identity matrix if and only if n1 = · · · = nd = 0. Let h ∈ Z
s, |h| > 0, N =

(N1, . . . , Nd), G(N) = [1, N1]×· · ·×[1, Nd], N0 = max(N1, . . . , Nd), an be reals,
AN = (

∑

n∈G(N) a
2
N )1/2, AN → ∞ for N0 → ∞, and maxn∈G(N) |an|/AN → 0

for N0 → ∞. Then CLT (2.37) is true with θ ∈ Θ = [0, 1]s, G(N, θ) = G(N),
σ(N) = σB1,...,Bd

AN for some σB1,...,Bd
> 0, and

f(n, θ) = an cos(2π〈θBn1
1 · · ·Bnd

d , h〉).

The main tool in the proofs of the CLT of Sections 2.4.2 and 2.4.3 is the
S-unit theorem (see, for example, [ESS]).

2.4.4. Non-Archimedean case. Let Fq be the finite field with q elements,
Fq((x−1)) be the field of formal Laurent series. In [L3], we generalize the l.d.s.
constructions mentioned in Sections 1.1.a and 1.1.b to the S-integers (adelic)
case, obtained from admissible lattices in R

s and in (Fq((x−1)))s. In [L2], we
obtain probabilistic results similar to subsections (2.4.1)–(2.4.3) for this setting.

In [L2], we also get CLT with order of magnitude of standard deviation equal
to (lnN)s/2 (instead of N1/2 as usual) for all multidimensional l.d.s. mentioned
in this paper. In [LM], we discuss this probabilistic phenomenon in the 1-
dimensional case.

3. Proofs of Theorems 2.1–2.4 and Theorem 2.9 (case ν = 1).

Proof of Theorem 2.1. First we will show that Theorem 2.1 follows easily from
Lemmas 3.1 and 3.2.

Lemma 3.1: Let Γ ∈ R
s+1 be an arbitrary lattice, and #Mx,ν = ∞ for all

x ∈ [0, 1)s and ν = 1, 2. Then T1,Γ is an invertible transformation, and T n
1,Γ(x) =

z(x, n) for n ∈ Z.

Lemma 3.2: Let Γ ∈ R
s+1 satisfy (2.5), 0 < y1, . . . , ys ≤ 1, and z, z1 ∈ R,

z > 0. Then uniformly on z1, we have

(3.1) R([0, y1) × · · · × [0, ys) × [z1, z1 + z], Γ̃) = o(z), for z → ∞.

Consider the case that (2.5) is valid. By (2.2) and Lemma 3.2, we have
#Mx,ν = ∞ for all x ∈ [0, 1)s and ν = 1, 2. Applying Lemma 3.1, (2.2) and



78 MORDECHAY B. LEVIN Isr. J. Math.

(2.6), we get

M+N−1⋃

n=M

(T n
1,Γ(x), zs+1(x, n))(3.2)

=
M+N−1⋃

n=M

(z(x, n), zs+1(x, n))

= (Γ̃ + (x, 0)) ∩ [0, 1)s × [zs+1(x,M), zs+1(x,M +N − 1)].

Let M1 = 0 and M2 = −N + 1. Using (1.10) and Lemma 3.2, we obtain

N = #{(Γ̃ + (x, 0)) ∩ [0, 1)s × [zs+1(x,Mj), zs+1(x,Mj +N − 1)]}(3.3)

= (det Γ̃)−1(zs+1(x,Mj +N − 1) − zs+1(x,Mj))(1 + o(1)),

and

#{Mj ≤ n ≤Mj +N − 1 : T n
1,Γ(x) ∈

s∏

i=1

[0, yi)}

(3.4)

= #{(Γ̃ + (x, 0)) ∩ [0, yi) × · · · × [0, ys)[zs+1(x,Mj), zs+1(x,Mj +N − 1)]}
= (det Γ̃)−1y1, . . . ys(zs+1(x,Mj +N − 1) − zs+1(x,Mj))(1 + o(1)),

j = 1, 2.

Now bearing in mind (3.2), we have from (3.3) and (3.4)

#
{

Mj ≤ n ≤Mj +N − 1 : T n
1,Γ(x) ∈

s∏

i=1

[0, yi) ⊂ [0, 1)s

}

= Ny1 · · · ys + o(N)

for all yi ∈ (0, 1] (i = 1, . . . , s), j ∈ {1, 2}, and x ∈ [0, 1)s. Hence, the sequence
(T an

1,Γ(x))N−1
n=0 is uniformly distributed in [0, 1)s as N → ∞ for all x ∈ [0, 1)s and

a ∈ {−1, 1}. Thus T1,Γ is an invertible ergodic transformation of [0, 1)s.
Now let (2.5) be not valid. Hence there exists (γ⊥0,1, . . . , γ

⊥
0,s+1) ∈ Γ⊥ \ {0}

with γ⊥0,s+1 = 0. Let γ⊥0,j 	= 0 for j ∈ [1, s], f(x) = exp(2πi(x1γ
⊥
0,1+· · ·+xsγ

⊥
0,s)),

and let σ1 :=
∫

[0,1]s f(x)dx. It is easy to see that

|σ1| ≤
∣
∣
∣
∣

∫

[0,1]

exp(2πi(xjγ
⊥
0,j)dxj

∣
∣
∣
∣
=
∣
∣
∣

sin(πγ⊥0,j)
πγ⊥0,j

∣
∣
∣ = β < 1.

Consider the following statement:

(3.5) ∃wn = wn(x) ≥ 0 with (T n
1,Γ(x), wn) ∈ Γ̃ + (x, 0).
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It is evident that (3.5) is true for n = 0 (w0 = 0). Suppose that (3.5) is true for
n = k ≥ 0. By (2.4) and (2.2), we have

(3.6) ∃v ≥ 0 with (T k+1
1,Γ (x), v) ∈ Γ̃ + (T k

1,Γ(x), 0)

= Γ̃ + (T k
1,Γ(x), wk) − (0, wk) = Γ̃ + (x, 0) − (0, wk).

Hence (T k+1
1,Γ (x), v + wk) ∈ Γ̃ + (x, 0). Now by induction, we obtain that

(3.5) is true for all n ≥ 0. Therefore, T n
1,Γ(x) = x + (u1,n, . . . , us,n) for some

(u1,n, . . . , us+1,n) ∈ Γ̃. Bearing in mind that

u1,nγ
⊥
0,1 + · · · + us,nγ

⊥
0,s = u1,nγ

⊥
0,1 + · · · + us,nγ

⊥
0,s + us+1,nγ

⊥
0,s+1 ∈ Z,

we get

f(T n
1,Γ(x)) = exp(2πi((x1 + u1,n)γ⊥0,1 + · · · + (xs + us,n)γ⊥0,s))

= exp(2πi(x1γ
⊥
0,1 + · · · + xsγ

⊥
0,s)) = σ2(x).

Thus
∣
∣
∣
∣

1
N

∑

0≤n<N

f(T n
1,Γ(x)) −

∫

[0,1]s
f(x)dx

∣
∣
∣
∣
= |σ2(x) − σ1| ≥ 1 − β > 0.

Using Weyl’s criterion (see [DrTi, p. 3]), we have that for all x ∈ [0, 1)s the
sequence (T n

1,Γ(x))n≥0 is not uniformly distributed. Theorem 2.1 is proved.

Proof of Lemma 3.1. By (2.6) and (2.2), we have

zs+1(x, k + 1) = min{y > zs+1(x, k) : ∃w ∈ [0, 1)s with (w, y) ∈ Γ̃ + (x, 0)}.

Let k ∈ Z, 0 = (0, . . . , 0) ∈ Z
s, and x′ = zx,k ∈ [0, 1)s. Then

Γ̃ + (x′, 0) = Γ̃ + (zx,k, zs+1(x, k) − zs+1(x, k))

= Γ̃ + (zx,k, zs+1(x, k)) − (0, zs+1(x, k))

= Γ̃ + (x, 0) − (0, zs+1(x, k)).

Hence

zs+1(x′, 1) = min{y > 0 : ∃w ∈ [0, 1)s

with (w, y) ∈ Γ̃ + (x′, 0) = Γ̃ + (x, 0) − (0, zs+1(x, k))}.
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Thus

zs+1(x′, 1) + zs+1(x, k) = min{y > zs+1(x, k) : ∃w ∈ [0, 1)s

with (w, y) ∈ Γ̃ + (x, 0)} = zs+1(x, k + 1),

and

(zx,k+1, zs+1(x′, 1)+zs+1(x, k)) ∈ Γ̃+(x, 0), (zx,k+1, zs+1(x′, 1)) ∈ Γ̃+(x′, 0).

By (2.6), and (2.1) - (2.4), we get

zx′,1 = zx,k+1 and T1,Γ(zx,k) = zx,k+1, forall k ∈ Z.

Bearing in mind that zx,0 = x, we obtain the assertion of Lemma 3.1.

Proof of Lemma 3.2. We will use the notation and the approach from the Ap-
pendix (Poisson’s summation formula, etc.). Let 0 < τ < 1

4 min(y1, . . . , ys),

O+
τ =

s∏

i=1

[−τ, yi + τ) × [z1 − τ, z1 + z + τ ]

and

O−
τ =

s∏

i=1

[τ, yi − τ) × [z1 + τ, z1 + z − τ ].

We see that

volO+
τ − volO−

τ =(2τ + z)
s∏

i=1

(2τ + yi) − (z − 2τ)
s∏

i=1

(yi − 2τ)

(3.7)

=zy1 · · · ys

(

(1 +
2τ
z

)
s∏

i=1

(1 +
2τ
yi

) − (1 − 2τ
z

)
s∏

i=1

(1 − 2τ
yi

)
)

=O(zτ(
1
z

+
1
y1

+ · · · + 1
ys

)) = O(zτ), for z → ∞.

Now it is easy to compute the Fourier transform of the characteristic function
χ(O, γ) of the region O = [0, y1] × · · · × [0, ys] × [z1, z1 + z] (see, for example,
[Skr1, (7.13)]):

(3.8) χ̂(O, γ) =
sin(πzγs+1)
πγs+1

s∏

j=1

sin(πyjγj)
πγj

e−〈2πiγ,x′〉
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with γ ∈ Γ̃⊥ \ {0}, and x′ = (1
2y1, . . . ,

1
2ys, z1 + 1

2z) ∈ R
s+1. Here we define

sin(πyγ)
πγ = y for γ = 0. Taking into account that | sinu| ≤ |u| and that γs+1 	= 0

for all γ = (γ1, . . . , γs+1) ∈ Γ̃⊥ \ {0}, we obtain

(3.9) |χ̂(O, γ)| ≤ min
(

z,
1

π|γs+1|
)

with γ ∈ Γ̃⊥ \ {0}.

Consider the functions ω(X) and R±
τ (O, X) defined in the Appendix (see

(A.14)–(A.16)):

(3.10) R±
τ (O, X) = (det Γ̃)−1

∑

y∈Γ̃⊥\{0}
χ̂(O±

τ , γ)ω̂(τγ)e−2πi〈γ,X〉,

where

(3.11) |ω̂(Y )| < CA(1 + ‖Y ‖)−A

with arbitrarily large A > 0.
According to (1.10), and Lemma A.3 (see Appendix), we have the following

inequality for the left-hand side of (3.1):

(3.12) R(O,Γ) ≤ (det Γ̃)−1(volO+
τ −volO−

τ )+ sup
X∈Rn

(|R+
τ (O, X)|+|R−

τ (O, X)|).

By (3.10), we get

(3.13) |R±
τ (O, X)| ≤ σ1 + σ2,

where

(3.14) σ1 = (det Γ̃)−1
∑

γ∈Γ̃⊥\{0}, ‖γ‖≤ 1
8 τ−2s

|χ̂(O±
τ , γ)ω̂(τγ)|,

and

(3.15) σ2 = (det Γ̃)−1
∑

γ∈Γ̃⊥\{0}, ‖γ‖> 1
8 τ−2s

|χ̂(O±
τ , γ)ω̂(τγ)|.

Bearing in mind (3.9), (3.11) and taking into account that γs+1 	= 0 for all
γ = (γ1, . . . , γs+1) ∈ Γ̃⊥ \ {0}, we obtain

(3.16) σ1 ≤ (π det Γ̃)−1CA

∑

γ∈Γ̃\{0}, ‖γ‖≤ 1
8 τ−2s

|γs+1|−1 = C(A, τ, Γ̃).
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Using (A.39) with n = s+ 1 and A = s+ 4, we derive from (3.9) and (3.11)

σ2 ≤z(det Γ̃)−1
∑

γ∈Γ̃⊥, ‖γ‖> 1
8 τ−2s

|ω̂(τγ)|(3.17)

≤zCs+4(Γ̃)τ−s−4(det Γ̃)−1
∑

γ∈Γ̃⊥,‖γ‖> 1
8 τ−2s

‖γ‖−s−4

≤zC1(Γ̃)τ−s−4(τ−2s)s+1−s−4 = zτ5s−4C1(Γ̃) ≤ zτC1(Γ̃).

Substituting (3.7), (3.13), (3.16) and (3.17) into (3.12), we obtain R(O, Γ̃) =
O(zτ) for z → ∞. Taking into account that τ > 0 is arbitrarily small, we
obtain

(3.18) R(O, Γ̃) = o(z) for z → ∞
with an arbitrary closed box O uniformly on z1. Now (3.1) follows from (3.18).
Lemma 3.2 is proved.

Proofs of Theorems 2.2, 2.3 and 2.9 (case ν = 1).

Proof of Theorem 2.3. Let x ∈ [0, 1)s, 0 < y1, . . . , ys ≤ 1, M,N ∈ Z, N ≥ 1,
P1 = [0, 1)s × [0, 1]. According to Proposition 2.1 there exists a set EP1,Γ̃1

∈
SO(s + 1) with μs+1(SO(s + 1) \ EP1,Γ̃1

) = 0 and a function C(ε), such that
for all U ∈ EP1,Γ̃1

(3.19)
∣
∣
∣
∣
#
{ s∏

i=1

[0, yi) × [M1,M1 +N1] ∩ (U Γ̃1 + (x, 0))
}

− (det Γ̃1)−1N1y1 · · · ys

∣
∣
∣
∣
≤ C(ε)(lnN1)s+ε, N1 = 1, 2, . . .

uniformly on x ∈ [0, 1)s, M1 ∈ R and yi ∈ (0, 1], i = 1, . . . , s.
We fix U ∈ EP1,Γ̃1

. Let Γ̃ = U Γ̃1. Applying (3.19), (2.2) (2.6) and Lemma
3.1, we obtain that for all x ∈ [0, 1)s we have #Mx,ν = ∞ (ν = 1, 2) and
T n

1,Γ(x) = z(x, n) for n ∈ Z. Now let

vx(M,N) = [zs+1(x,M), zs+1(x,M +N − 1)],

|vx(M,N)| = zs+1(x,M +N − 1) − zs+1(x,M).

By the definition (2.6) of the sequence zs+1(x, k), we obtain

(3.20) N = #{[0, 1)s × vx(M,N) ∩ (Γ̃ + (x, 0))}.
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Applying (3.19) with yi = 1 (i = 1, . . . , s), and [M1,M1 +N1] = vx(M,N), we
get

|(det Γ̃)−1|vx(M,N)| −N | ≤ C(ε)(ln |vx(M,N)|)s+ε.

Hence,

(3.21) |(det Γ̃)−1|vx(M,N)| −N |) ≤ 2C(ε)(lnN)s+ε

for N > N(ε, Γ̃).
By (1.1) and (3.2) we have

Δ1 =N
∣
∣
∣
∣
Δ
( s∏

i=1

[0, yi), (T n
1,Γ̃

(x))M+N−1
n=M

)∣
∣
∣
∣

(3.22)

=
∣
∣
∣
∣
R
( s∏

i=1

[0, yi)×vx(M,N), Γ̃ + (x, 0)
)

+ (det Γ̃)−1|vx(M,N)|y1 · · · ys −Ny1 · · · ys

∣
∣
∣
∣

≤
∣
∣
∣
∣
R
( s∏

i=1

[0, yi) × vx(M,N), Γ̃ + (x, 0)
)∣
∣
∣
∣

+ y1 · · · ys|(det Γ̃)−1|vx(M,N)| −N |.

Using (3.19) and (3.21), we obtain

Δ1 ≤ C(ε)(ln |vx(M,N)|)s+ε + 2C(ε)(lnN)s+ε ≤ 4C(ε)(lnN)s+ε,

for N > N1(ε, Γ̃). By (1.2), Theorem 2.3 is proved.

Proof of Theorem 2.2. Let Γ ⊂ R
s+1 be an admissible lattice. According to

[Skr1, Lemma 3.1], the dual lattice is also admissible. By (1.13), we have that
condition (2.5) is valid. Applying Lemmas 3.1 and 3.2, we obtain that for all
x ∈ [0, 1)s we have #Mx,ν = ∞ (ν = 1, 2) and T n

1,Γ(x) = z(x, n) for all n ∈ Z.
Now, let Hj,a be the hyperplane in R

s+1 given by the equation xj = a. We
have for all u ∈ R

s+1

(3.23) #{Hj,a ∩ (Γ + u)} ≤ 1.

Indeed, suppose that the hyperplane Hj,a contains two different points γ1, γ2 ∈
Γ+u. Then the hyperplane xj = 0 contains the nonzero point γ3 = γ2−γ1 ∈ Γ.
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Thus Nmγ3 = 0 and so NmΓ = 0 (see (1.13)), i.e., the lattice is not admissible.
Hence

(3.24) #
{( s∏

i=1

[0, yi] × vx(M,N) \
s∏

i=1

[0, yi) × vx(M,N)
)

∩ (Γ̃ + u)
}

≤ s.

Applying Theorem A, we obtain
∣
∣
∣
∣
R
( s∏

i=1

[0,yi) × vx(M,N), Γ̃ + (x, 0)
)∣
∣
∣
∣

(3.25)

≤ s+ |R((y1, . . . , ys, |vx(M,N)|) � K
s+1 + u, Γ̃ + (x, 0))|

≤ s+ C(Γ̃)(ln(|vx(M,N)| + 2))s−1,

with u = (1
2y1, . . . ,

1
2ys,

1
2 (zs+1(x,M)+zs+1(x,M+N−1))). For y = (1, . . . , 1),

we get from (3.20) and (3.25)

|N − |vx(u,N)|(det Γ̃)−1| ≤ s+ C(Γ̃)(ln(|vx(M,N)| + 2))s−1.

Thus

(3.26) |vx(M,N)| = N det Γ̃ + θC(Γ̃)(lnN)s−1

with |θ| ≤ 2 for N ≥ N0(Γ̃). Now, by (3.22), (3.25), and (3.26), we obtain the
assertion of Theorem 2.2.

Using Propositions 2.1, 2.2 and Theorem A, we obtain in a similar way the
assertion of Theorem 2.9 (case ν = 1).

Proof of Theorem 2.4. By (1.3),
∫

[0,1)s

(

Dp((T n
1,Γ(x))N−1

n=0 )
)p

dx =
∫

[0,1]s

∫

[0,1)s

|Δ(O, (T n
1,Γ(x))N−1

n=0 )|pdxdy

with O = [0, y1) × · · · × [0, ys). Therefore to prove Theorem 2.4, it is sufficient
to show that

(3.27)
(∫

[0,1)s

|Δ(O, ((T n
1,Γ(x))N−1

n=0 )|pdx)
)1/p

= O(N−1(lnN)s/2)

for all (y1, . . . , ys) ∈ [0, 1]s. Let

(3.28) ux(N) =

⎧

⎨

⎩

[N det Γ̃, zs+1(x,N)], ifN det Γ̃ ≤ zs+1(x,N),

[zs+1(x,N), N det Γ̃], otherwise.
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Using (3.22) with M = 0, we obtain

Δ1 =|NΔ(O, (T n
1,Γ(x))N−1

n=0 )|(3.29)

=
∣
∣
∣
∣
R
( s∏

i=1

[0, yi) × [0, zs+1(x,N)], Γ̃ + (x, 0)
)

+ (det Γ̃)−1zs+1(x,N)y1 · · · ys −Ny1 · · · ys

∣
∣
∣
∣
.

For yi = 1, i = 1, . . . , s, we get from (1.1) that Δ1 = 0, and

(3.30) N = (det Γ̃)−1zs+1(x,N) + R
(

[0, 1)s × [0, zs+1(x,N)], Γ̃ + (x, 0)
)

.

It follows from (1.10) that:

R
( s∏

i=1

[0, yi) × [0, zs+1(x,N)], Γ̃ + (x, 0)
)

(3.31)

=R
( s∏

i=1

[0, yi) × [0, det Γ̃N ], Γ̃ + (x, 0)
)

+ (−1)θ(x)R
( s∏

i=1

[0, yi) × ux(N), Γ̃ + (x, 0)
)

,

where θ(x) = 0 if N det Γ̃ ≤ zs+1(x,N), and θ(x) = 1 otherwise.
We derive from (3.29)–(3.31)

|N − (det Γ̃)−1zs+1(x,N)|
≤ |R([0, 1)s × [0, N det Γ̃], Γ̃ + (x, 0))| + |R([0, 1)s × ux(N), Γ̃ + (x, 0))|,

and

Δ1 ≤
∣
∣
∣
∣
R
( s∏

i=1

[0, yi) × [0, N det Γ̃], Γ̃ + (x, 0)
)∣
∣
∣
∣

(3.32)

+
∣
∣
∣
∣
R
( s∏

i=1

[0, yi) × ux(N), Γ̃ + (x, 0)
)∣
∣
∣
∣

+ |R([0, 1)s × [0, N det Γ̃], Γ̃ + (x, 0))|
+ |R([0, 1)s × ux(N), Γ̃ + (x, 0))|.

Similarly to (3.20)–(3.21), we have from Theorem A

(3.33) |N − (det Γ̃)−1zs+1(x,N)| ≤ C1(Γ̃)(lnN)s.



86 MORDECHAY B. LEVIN Isr. J. Math.

Again applying Theorem A, we get from (3.28) and (3.33):

∣
∣
∣
∣
R
( s∏

i=1

[0, yi) × ux(N), Γ̃ + (x, 0)
)∣
∣
∣
∣
≤ C2(Γ̃)(ln(lnN))s.

By (3.24) and (3.32), we have

Δ1 ≤2s+ 2C2(Γ̃)(ln(lnN))s(3.34)

+
∣
∣
∣
∣
R
( s∏

i=1

[0, yi] × [0, N det Γ̃], Γ̃ + (x, 0)
)∣
∣
∣
∣

+ |R([0, 1]s × [0, N det Γ̃], Γ̃ + (x, 0))|.

From (2.1), we obtain

(3.35)
∣
∣
∣
∣
R
( s∏

i=1

[0, yi] × [0, N det Γ̃], Γ̃ + (x, 0)
)∣
∣
∣
∣

≤ 2 +
∣
∣
∣
∣
R
( s∏

i=1

[0, yi] × [0, N det Γ̃], Γ̃ + (x, u)
)∣
∣
∣
∣

with u ∈ [0, 1].

Using Minkowski’s inequality,

(∫

[0,1)s+1
|f(x) + g(x)|pdx

)1/p

≤
(∫

[0,1)s+1
|f(x)|pdx

)1/p

+
(∫

[0,1)s+1
|g(x)|pdx

)1/p

,(3.36)

we get from (3.35)

σ :=
(∫

[0,1)s

∣
∣
∣
∣
R
( s∏

i=1

[0, yi] × [0, N det Γ̃], Γ̃ + (x, 0)
)∣
∣
∣
∣

p

dx

)1/p

≤ 2 + min
0≤u<1

(∫

[0,1)s

∣
∣
∣
∣
R
( s∏

i=1

[0, yi] × [0, N det Γ̃], Γ̃ + (x, u)
)∣
∣
∣
∣

p

dx

)1/p

≤ 2 +
(∫

[0,1)s

∫

[0,1)

∣
∣
∣
∣
R
( s∏

i=1

[0, yi] × [0, N det Γ̃], Γ̃ + (x, u)
)∣
∣
∣
∣

p

dxdu

)1/p

.
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It is easy to see that there exists an integer k ≥ 1 such that 1
k [0, 1)s+1 ⊂ F̃,

where F̃ is a fundamental set of the lattice Γ̃. We derive from Theorem A that

σ ≤ 2 +
(∫

kF̃

∣
∣
∣
∣
R
( s∏

i=1

[0, yi] × [0, N det Γ̃], Γ̃ + v

)∣
∣
∣
∣

p

dv

)1/p

≤ C2(p,Γ)(lnN)s/2.

Applying Minkowski’s inequality to (3.34), we obtain
(∫

[0,1)s

|Δ1|pdx
)1/p

≤ 2s+ 2C2(Γ̃)(ln(lnN))s + 2C2(p,Γ)(lnN)s/2.

By (3.29), assertion (3.27) and Theorem 2.4 are proved.

4. Proofs of Theorems 2.5–2.8, and 2.9 (case ν = 2).

First we will show that the set (T n
2,Γ(x))N−1

n=0 is the union of O(lnN) lattice nets.
Next, applying Theorem A, Propositions 2.1 and 2.2, we obtain the assertions
of the theorems.

Let

B = (b0, . . . , bqs−1), with bk =
s∑

i=1

jiHei, b0 = 0,(4.1)

where k =
s∑

i=1

jiq
i−1 and ji ∈ {0, 1, . . . , q − 1}

(see (2.11)–(2.14)). According to (2.15)–(2.18), for all x ∈ [0, 1)s, we have a
unique expansion

(4.2) x = q−r1

(

x0 +
∞∑

i=1

xi/q
i

)

,

where x0 ∈ B0 = {a1, . . . , ar2} and xi ∈ B, i = 1, 2, . . .. We will use also the
notation x0.x1x2 . . . for the right-hand side of (4.2):

x = x0.x1x2 . . . = q−r1

(

x0 +
∞∑

i=1

xi/q
i

)

.

We set

(4.3) ai ≺ aj for i < j, bi ≺ bj for i < j (ai ∈ B0, bi ∈ B),
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and

(4.4) x = x0.x1x2 . . . ≺ y = y0.y1y2 . . .

if there exists an integer n0 ≥ 1 with xn0 ≺ yn0 , and xj = yj for j < n0; or if
x0 ≺ y0.

In this section we use T to denote the transformation T2,Γ. By induction we
derive from (1.8), (2.12), (2.13) and (2.19) that

(4.5) T (x) = u ⇐⇒ {x ≺ u, and �z ∈ [0, 1)s : x ≺ z ≺ u}.
Let

(4.6) Γi = q−i−r1+1Γ, Fi = q−i−r1+1
F, F = H [0, 1)s,

(4.7) x = .x1x2 . . . = q−r1

∞∑

i=1

xi/q
i,

be the canonical q-expansion of x ∈ F1 with xi ∈ B, i = 1, 2, . . . , and

(4.8) TF(x) = q−r1H(Tq,s(H−1qr1x)).

We prove the ergodicity of the transformation Tq,s : [0, 1)s → [0, 1)s (see
(2.13)) in a way completely similar to the proof of the ergodicity of the trans-
formation Tq (see [Fr, pp. 75–83] and [Pe, pp. 208–212]). The ergodicity of the
transformation TF : F1 → F1 follows from (4.8).

Let x = x0.x1x2 . . . ,

x̄k = .xkxk+1 . . . ∈ F1, with xk+i ∈ B, i = 0, 1, . . .

and

(4.9) x̃ν
k = T ν

F
(x̄k), ν = 0, 1.

We will use the notation

(4.10) x̃ν
k = .xν

k,1x
ν
k,2 . . . := .xν

k . . . ,

with xν
k = xν

k,1, x
ν
k,i ∈ B (i, k = 1, 2 . . .), and

(4.11) a1.0 . . . 0bxixi+1 . . . := q−r1

(

a1 + b/qi−1 +
∞∑

j=i

xj/q
j

)

,

(4.12) a1.0 . . . 0xν
i . . . := q−r1

(

a1 +
∞∑

j=i

xν
i,j/q

j

)

.
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Let x = x0.x1x2 . . . ∈ [0, 1)s,

(4.13) P (i, x) = {T n(x), n ≥ 0 : T n(x) ≺ a1.0 . . . 0x1
i . . .}, i ≥ 1.

From (4.3)–(4.5), we have by induction that

(4.14) P (i, x) = {u ∈ [0, 1)s : x � u ≺ a1.0 . . . 0x1
i . . .}.

Now let

Q(1, x) = {u ∈ [0, 1)s : x = x0.x1x2 . . . � u ≺ a1.x
1
1 . . .}

(4.15)

Q(i, x, j) = {u ∈ [0, 1)s : a1.0 . . . 0bjxixi+1 . . . . � u ≺ a1.0 . . . 0bj+1xixi+1 . . .}
for i ≥ 2, j ∈ [0, qs − 2] and
(4.16)
Q(i, x, qs − 1) = {u ∈ [0, 1)s : a1.0 . . . 0bqs−1xixi+1 . . . � u ≺ a1.0 . . . 0x1

i . . .}.
From (4.14)–(4.16), we obtain by induction that

(4.17) P (i, x) = Q(1, x)
⋃

2≤k≤i

⋃

0≤j<qs,
xk−1≺bj

Q(k, x, j).

Lemma 4.1: Let x ∈ [0, 1)s, k ≥ 2 and j ∈ [0, qs − 1]. Then

(4.18) Q(k, x, j) = (Γk−1 + q−k+2.bjxkxk+1) ∩ [0, 1)s.

Proof. By (2.15)–(2.16) and (4.6) we have

G(ai) = (q−riai + F1) ∩ [0, 1)s,(4.19)

G(ai) ∩G(aj) = ∅ fori 	= j and
r2⋃

i=1

G(ai) = [0, 1)s.

Let u = u0.u1u2 . . . ,

(4.20) ûk = (u0, u1, . . . , uk), Fk+1,u = Fk+1 + u0.u1, . . . , uk

with u0 ∈ B0 = {a1, . . . , ar2}, and ui ∈ B, i = 1, 2, . . . ;

(4.21) Bk = {(u0, u1, . . . , uk) : u0 ∈ B0, ui ∈ B, i = 1, . . . , k},
and

G1(ûk) = (q−r1(u0 +
k∑

i=1

ui/q
i) + Fk+1) ∩ [0, 1)s(4.22)

= (u0.u1 . . . uk + Fk+1) ∩ [0, 1)s = Fk+1,u ∩ [0, 1)s.
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From (4.1), (4.2), (4.6) and (4.19), we obtain by induction

(4.23)
⋃

ûk∈Bk

G1(ûk) = [0, 1)s,

and
G1(ûk) ∩G1(û′k) = ∅ for ûk 	= û′k.

We derive from (4.15) and (4.16) that

(4.24) Q(k, x, j) =
⋃

ûk−2∈Bk−2

[0, 1)s ∩ {u0.u1 . . . uk−2 + q−k+2.bjxkxk+1 . . .},

with k ≥ 2 and j ∈ [0, qs−1]. Bearing in mind that Γ = HZ
s, Γk = q−k−r1+1Γ,

we obtain from (2.11), (4.1) and (4.2)

(4.25) u0.u1 . . . uk−2 ∈ Γk−1.

Hence, Q(k, x, j) belongs to the right-hand side of (4.18). Let z belong to the
right-hand side of (4.18). Then

(4.26) z = γ + q−k+2.bjxkxk+1 . . . ∈ [0, 1)s, with γ ∈ Γk−1.

By (4.23) we have z ∈ G1(ûk−2) for some ûk−2 ∈ Bk−2. Using (4.6), (4.22) and
(4.26), we get

z = u0.u1 . . . uk−2 + w, with w ∈ Fk−1 = q−k−r1+2
F,

and

(4.27) γ − u0.u1 . . . uk−2 = w − q−k+2.bjxkxk+1 . . . .

From (4.6), (4.7) and (4.25), we obtain

γ − u0.u1 . . . uk−2 ∈ Γk−1, and q−k+2.bjxk . . . ∈ Fk−1.

Taking into account that Fk−1 is a fundamental set of the lattice Γk−1, we get
from (4.27) that γ = u0.u1 . . . uk−2.

By (4.24) and (4.26) we obtain (4.18). Lemma 4.1 is proved.

Proof of Theorem 2.5. By Lemma 4.1, (1.20) and (1.10), we get

#Q(k, x, qs − 1) → ∞, for all x ∈ [0, 1)s as k → ∞.

According to (2.11) and (2.18), for arbitrary x ∈ [0, 1)s and all n0 > 0 there
exists n1 > n0 such that xn1 	= bqs−1. Hence, for i = n1 + 1 the interior sum in
(4.17) is not empty. Thus

#P (i, x) → ∞ for all x ∈ [0, 1)s as i→ ∞.
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Define the integer m0 = m0(n, x) by the inequality

(4.28) #P (m0, x) ≤ N < #P (m0 + 1, x).

We derive from (4.13) and (4.28) that

(4.29) T k(x) = a1.0 . . . 0x1
m0

with k = #P (m0, x), xm0 	= bqs−1,

and

(4.30) TN(x) = z = z0.z1 . . . zm0xm0+1xm0+2 . . .

for some (z0, z1, . . . , zm0) ∈ Bm0 , with xm0 ≺ zm0 . Hence by (4.5)

{T n(x) : 0 ≤ n ≤ N − 1} ={u ∈ [0, 1)s : x � u ≺ z}
={u ∈ [0, 1)s : x � u ≺ a1.0 . . . 0x1

m0
. . .}

∪ {u ∈ [0, 1)s : a1.0 . . . 0x1
m0

. . . � u ≺ z}.
Let
(4.31)

P̃ (m0, x, z) = {u ∈ [0, 1)s : a1.0 . . . 0x1
m0

� u ≺ z0.z1 . . . zm0xm0+1 . . .} .
By (4.14) we obtain

(4.32) {T n(x) : 0 ≤ n ≤ N − 1} = P (m0, x) ∪ P̃ (m0, x, z).

Similarly to (4.17), we have from (4.15), (4.29), and (4.30) that
(4.33)
P̃ (m0, x, z) = Q̄(1, z)

⋃

2≤i≤m0

⋃

0≤j<qs,
0
bj≺zi−1

Q(i, z, j)
⋃

0≤j<qs,
xm0≺bj≺zm0

Q(m0 + 1, z, j),

with

Q̄(1, z) = {u ∈ [0, 1)s : a1.z1 . . . zm0xm0+1 . . . ≤ u < z = z0.z1...zm0xm0+1 . . .}.
From (4.17), (4.32) and (4.33), we have

N =2r2σ1 +
∑

2≤i≤m0

(
∑

0≤j<qs,
xi−1≺bj

#Q(i, x, j) +
∑

0≤j<qs,
bj≺zi−1

#Q(i, z, j)
)

(4.34)

+
∑

0≤j<qs,
xm0≺bj≺zm0

#Q(m0 + 1, z, j)
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with 0 ≤ σ1 ≤ 1. Let

m = m(x,N) = max{i ∈ [2,m0] :xi−1 ≺ bqs−1, or 0 ≺ zi,

(4.35)

or ∃ j ∈ [0, qs) with x1
m0

≺ bj ≺ zm0}.

Applying (4.9)–(4.12) and (4.28)–(4.30), we obtain

(4.36) a1.0 . . . 0x1
m0

. . . = a1.0 . . . 0x1
m . . .

and
(4.37)

z = z0.z1 . . . zm0xm0+1xm0+2 . . . =

⎧

⎨

⎩

z0.z1 . . . zmx
1
m+1 . . . m < m0,

z0.z1 . . . zmxm+1xm+2 . . . m = m0.

Hence

(4.38) z = z0.z1 . . . zmx
ν
m+1 . . . , with ν = ν(x,N) ∈ {0, 1}.

We see that in (4.32) we can use m instead of m0. Let O ⊂ [0, 1)s be an
arbitrary polyhedron. By (4.17), and (4.32)–(4.38), we obtain

(4.39)

|#{0 ≤ n < N : T n(x) ∈ O} −NvolO|

≤4r2 +
∑

2≤i≤m

(
∑

0≤j<qs,
xi−1≺bj

#Q̃(i, x, j) +
∑

0≤j<qs,
bj≺zi−1

#Q̃(i, z, j)
)

+
∑

0≤j<qs,
xm≺bj≺zm

#Q̃(m+ 1, z, j),

where

Q̃(i, x, j) = |#{Q(i, x, j) ∩ O} − #{Q(i, x, j) ∩ [0, 1)s}volO|.

Using (1.10), (4.6) and Lemma 4.1 we have

#{Q(i, x, j)∩O} = (det Γ)−1volOq(r1+i−1)s +R(O,Γi−1 + q−i+2.bjxixi+1 . . .),

and

(4.40) #Q(i, x, j) = (det Γ)−1q(r1+i−1)s+R([0, 1)s,Γi−1+q−i+2.bjxixi+1 . . .) .
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Hence

Q̃(i, x, j)

≤ |R(O,Γi−1 + q−i+2.bjxixi+1 . . .)| + |R([0, 1)s,Γi−1 + q−i+2.bjxixi+1 . . .)|,
and
(4.41)
σ :=|#{0 ≤ n < N : T n(x) ∈ O} −NvolO|

≤4r2 +
m∑

i=2

(
∑

xi−1≺bj

(|R(qi−1O − .bjxixi+1 . . . ,Γ1)|)

+ |R(qi−1[0, 1)s − .bjxixi+1 . . . ,Γ1)|)
+

∑

bj≺zi−1

(|R(qi−1O − .bjzi . . . zmx
ν
m+1 . . . ,Γ1)|

+ |R(qi−1[0, 1)s − .bjzi . . . zmx
ν
m+1 . . . ,Γ1)|)

)

+
∑

xm≺bj≺zm

(|R(qmO − .bjx
ν
m+1 . . . ,Γ1)|

+ |R(qm[0, 1)s − .bjx
ν
m+1 . . . ,Γ1)|).

Applying (1.11), we get

(4.42) σ ≤ 4r2 + 2qs
m+1∑

i=2

(R(qi−1O,Γ1) +R(qi−1[0, 1)s,Γ1)).

By (1.10), (1.19), (4.6) and Lemma 4.1 there exists a constant c = c(Γ) such
that

|#Q(i, x, j) − (det Γ)−1q(r1+i−1)s| ≤ c(det Γ)−1q(r1+i−1)(s−1)

for all x ∈ [0, 1)s, j ∈ [0, qs − 1], and i ≥ 2.
From (4.34), and (4.35), we derive

(det Γ)−1q(m+r1−1)s(1 − cq−m−r+1)

≤ N

≤ 6qs(det Γ)−1q(m+r1−1)s(1 + cq−m−r+1) + 2r2.

Hence, there exists N1 > 0 with

(4.43) m1 − 6 ≤ m = m(x,N) ≤ m1 for N ≥ N1,
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where

(4.44) m1 = 3 − r1 +
[1
s

logq(N det Γ)
]

.

Let O =
∏s

i=1[0, yi). Using (1.1), (1.2), (1.19) and (4.42)–(4.44), we obtain
(2.20). The ergodicity of the transformation T = T2,Γ follows from (1.2) and
(2.20). Theorem 2.5 is proved.

Similarly, using Propositions 2.1 and 2.2, we get Theorem 2.7 and Theorem
2.9 (case ν = 2) from (4.42). Taking Nk = #P (k, 0), we obtain Theorem 2.6
from Theorem A and (4.39).

Proof of Theorem 2.8. We see that the parameter m defined in (4.35) depends
on x. Hence, we cannot apply Minkowski’s inequality to (4.39). Using (4.43)
we can avoid this problem. Let

(4.45) O1 = [0, y1] × · · · × [0, ys] and O2 = [0, 1]s.

We get from (1.1), (4.39), (4.41) and (3.23)

N

∣
∣
∣
∣
Δ
( s∏

i=1

[0, yi), (T n(x))N−1
n=0

)∣
∣
∣
∣

≤ 4r2 +
m+1∑

i=2

2∑

μ=1

qs−1
∑

j=0

(2s+ |R(qi−1Oμ − .bjxixi+1 . . . ,Γ1)|

+ |R(qi−1Oμ − .bjzi . . . zmx
ν
m+1 . . . ,Γ1)|).

Bearing in mind that m = m(x,N) ∈ [m1 − 6,m1], and ν = ν(x,N) ∈ {0, 1}
(see (4.38) and (4.43)), we obtain

N

∣
∣
∣
∣
Δ
( s∏

i=1

[0, yi), (T n(x))N−1
n=0

)∣
∣
∣
∣

(4.46)

≤ 4r2 +
m1∑

m=m1−6

m+1∑

i=2

1∑

ν=0

2∑

μ=1

qs−1
∑

j=0

(2s+ |R(qi−1Oμ − .bjxixi+1 . . . ,Γ1)|

+ |R(qi−1Oμ − .bjzi . . . zmx
ν
m+1 . . . ,Γ1)|).

Now we will prove that Theorem 2.8 easily follows from the following lemma:
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Lemma 4.2: With the above notation, we have

(4.47)
I1(i,m, ν, μ, j) =

∫

[0,1)s

|R(qi−1Oμ − .bjzi . . . zmx
ν
m+1 . . . ,Γ1)|pdx

= O(i(s−1)p/2),

and

(4.48) I2(i,m, μ, j) =
∫

[0,1)s

|R(qi−1Oμ−.bjxixi+1 . . . ,Γ1)|pdx = O(i(s−1)p/2),

where zi = zi(x,N), 0 ≤ i ≤ m (see (4.30)).

Applying Minkowski’s inequality (3.36), we obtain from (4.44) and (4.46)–
(4.47)
(∫

[0,1)s

∣
∣
∣
∣
NΔ

( s∏

i=1

[0, yi), (T n(x))N−1
n=0

)∣
∣
∣
∣

p

dx

)1/p

≤4r2 +
m1∑

m=m1−6

m+1∑

i=2

1∑

ν=0

2∑

μ=1

qs−1
∑

j=0

(

2s+ (I2(i,m, μ, j))1/p + (I1(i,m, ν, μ, j))1/p
)

=O(m(s+1)/2
1 ) = O((lnN)(s+1)/2).

Now by (1.3), we get
∫

[0,1)s

(NDp(T n(x))N−1
n=0 )pdx

=
∫

[0,1]s

∫

[0,1)s

∣
∣
∣
∣
NΔ

( s∏

i=1

[0, yi), (T n(x))N−1
n=0

)∣
∣
∣
∣

p

dxdy = O((lnN)(s+1)p/2).

Theorem 2.8 is proved.

Proof of Lemma 4.2. Let

f(u) = |R(qi−1Oμ − u,Γ1)|p.
We derive from (4.47) that

I1 = I1(i,m, ν, μ, j) =
∫

[0,1)s

f(.bjzi . . . zmx
ν
m+1 . . .)dx,

with zi = zi(x,N) = zi(x̂m, x̄m+1, N), i = 1, 2, . . . (see (4.30), (4.9) and (4.20)).
Let

δ(a = b) =

⎧

⎨

⎩

1, if a = b

0, otherwise.
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By (4.20)–(4.23), we get

I1 =
∑

x̂m∈Bm

∫

G1(x̂m)

f(.bjzi . . . zmx
ν
m+1 . . .)dx(4.49)

≤
∑

x̂m∈Bm

∫

Fm+1+x0.x1...xm

f(.bjzi . . . zmx
ν
m+1 . . .)dx

=
∑

x̂m∈Bm

∫

Fm+1

f(.bjzi . . . zmx
ν
m+1 . . .)dx

=
∑

x̂m∈Bm

∫

Fm+1

f(.bjui . . . umx
ν
m+1 . . .)

∑

ûm∈Bm

δ(ûm = ẑm)dx

=
∑

ûm∈Bm

∫

Fm+1

f(.bjui . . . umx
ν
m+1 . . .)

∑

x̂m∈Bm

δ(ûm = ẑm(x̂m, x̄m+1))dx.

Using (4.30) and (4.38), we obtain

x0.x1 . . . xmxm+1 . . . = T−N(z) = T−N(z0.z1 . . . zmx
ν
m+1 . . .).

Hence for fixed x̄m+1 = .xm+1xm+2 . . . , ν ∈ {0, 1} and ûm ∈ Bm, there exists
at most one solution x̂m ∈ Bm of the system of equations

zi(x̂m, x̄m+1) = ui for i = 0, 1, . . . ,m.

Therefore, the interior sum in (4.49) is no more than 1. Thus

I1 ≤
∑

ûm∈Bm

∫

Fm+1

f(.bjui . . . umx
ν
m+1 . . .)dx.

Now let x ∈ Fm+1, v = qmx = .v1v2 . . . ∈ F1. By (2.12), (4.2), and (4.6)–(4.10),
we have

.bjui . . . umx
ν
m+1 . . . = .bjui . . . um +

∞∑

k=1

xν
m+1,k/q

r1+m−i+k+2

= .bjui . . . um + q−r1−m+i−2
∞∑

k=1

vν
k/q

k

= .bjui . . . um + q−m+i−2T ν
F
(v).

Therefore

I1 ≤
∑

ûm∈Bm

q−ms

∫

F1

f(.bjui . . . um + q−m+i−2T ν
F
(v))dv.

Bearing in mind that TF is an ergodic transformation of F1, we obtain

I1 ≤ q−ms
∑

ûm∈Bm

∫

F1

f(.bjui . . . um + q−m+i−2v)dv.
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Now let x = .bj . . . uium + q−m+i−2v with v ∈ F1. We have from(4.6), (4.7),
(4.20) and (4.21) that x ∈ Fm−i+3 + .bjui . . . um, and

I1(i,m, ν, μ, j) ≤q−msq(m−i+2)s
∑

ûm∈Bm

∫

Fm−i+3+.bjui...um

f(x)dx

=q−(i−2)s
∑

ûi−1∈Bi−1

∫

F2+.bj

f(x)dx

=r2qs

∫

F2+.bj

f(x)d(x) ≤ r2q
s

∫

F1

|R(qiOμ − x,Γ1)|pdx.

Applying Theorem A, we obtain (4.47). In a similar way, we get (4.48). Lemma
4.2 is proved.

Appendix A. Proofs of the propositions.

In [Skr2], Skriganov found estimates for the error R(tP,Γ) in the lattice point
problem for a polyhedron tP , where tP is the dilatation of a given polyhedron
P by a factor t (t→ ∞). In this paper, we consider the set V(P1) of all convex
polyhedra P ∈ [0, 1)n, with each (n − 1)-dimensional face parallel to some
(n − 1)-dimensional face of the polyhedron P1. We will show that Skriganov’s
approach can be applied to estimate supP∈V(P1)R(tP,Γ). Mainly, we need to
modify the values t−τ = t− β−1τ and t+τ = t+ β−1τ in the statement:

(A.1) vol(t+τ P ) − vol(t−τ P ) ∼ (2nβ−1vol(P ))τtn−1,

with β = β(P ) (see [Skr2, (12.4)]) . The left hand side of (A.1) is a part of
R(tP,Γ) (see [Skr2, (11.6)]). In our case, supP∈V(P1) β

−1(P ) = ∞. Hence, by
(A.1), we cannot estimate supP∈V(P1)R(tP,Γ) with t±τ = t± β−1τ . We need to
apply several definitions and results from [Skr2] to ascertain the validity of the
modification of t±τ .

A.1. Auxiliary definitions and lemmas. Let Λ⊂R
n be an arbitrary lattice,

Δr = {δm = diag(2m1 , . . . 2mn) ∈ SL(n,R) : m = (m1, . . . ,mn) ∈ Z
n,(A.2)

m1 + · · · +mn = 0, ‖m‖ < r},
S(Λ, r) =

∑

δ∈Δr

‖δΛ‖−n, r ≥ 0,

with ‖Λ‖ = min{‖γ‖ : γ ∈ Λ \ {0}},
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and

(A.3) ν(Λ, ρ) = min{Nmγ : γ ∈ Λ, 0 < ‖γ‖ < ρ}, ρ > 0.

Lemma A.1 ([SkSt, Lemma 2]): Let Λ ∈ Ln be an arbitrary lattice. Then for

μn almost all orthogonal matrices U ∈ SO(n)

S(UΛ, ρ) = O(rn−1+ε), r → ∞,

with arbitrarily small ε > 0.

Lemma A.2 ([Skr2, Lemma 4.3] and [SkSt, Lemma 3]): Let Λ ∈ Ln be an

arbitrary lattice. Then for μn almost all orthogonal matrices U ∈ SO(n)

(A.4) ν(UΛ, ρ) > cε(U,Λ)(log ρ)1−n−ε, ρ→ ∞,

with arbitrarily small ε > 0 and a constant cε(U,Λ) > 0.

A.2. The main result. The proof of the propositions of Section 2 is based on
the following modification of [Skr2, Theorem 6.1]:

Theorem A.1: Let an arbitrary polyhedron P1 ⊂ [0, 1)n and a lattice Γ ∈ Ln

be given. Then the error R̄(tP1,Γ) (see (1.10) and (2.29)) satisfies the bound

(A.5) R̄(tP1,Γ) = sup
P∈V(P1)

R(tP,Γ) < c(P1,Γ, θ)
(

tn−1ρ−θ +
∑

f

S(Γ⊥
f , rf)

)

,

with

(A.6) rf = ln
( ρn

ν(Γ⊥
f , ρ)

)

.

Here ρ > 1 is an arbitrarily large parameter, θ ∈ (0, 1) is arbitrarily fixed, the

lattices Γ⊥
f are given in (2.28), the characteristics S(�, �) and ν(�, �) are given in

(A.2) and (A.3), respectively, and the summation in (A.5) is taken over all flags

of faces f of the polyhedron P1.

The proof of Theorem A.1 will be given in §A.4. The proofs of Propositions 2.1
and 2.2 follow from Theorem A.1 in a way completely similar to the derivation of
Theorem B from [Skr2, Theorem 6.1] (see [SkSt] and [Skr2]). For completeness
we give the proof of Proposition 2.1 (see [Skr2, p. 32] and [SkSt, p. 1474]):

Proof of Proposition 2.1. Let P ⊂ [0, 1)n be an arbitrary convex polyhedron,
let Γ ∈ Ln be an arbitrary lattice, and let ΓU = UΓ, U ∈ SO(n). By (2.27) and
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(2.28), we obtain the following relations

(A.7) (ΓU )f = VfUΓ, (ΓU )⊥f = VfUΓ⊥.

Since the set of flags f of P and associated orthogonal matrices Vf is finite, we
derive from Lemmas A.1, A.2 and the relations (A.7) that for every flag f and
for μn almost all orthogonal matrices U ∈ SO(n)

ν((ΓU )⊥f , ρ) > cε(ln ρ)1−n−ε, ε→ ∞,(A.8)

S((ΓU )⊥f , r) = O(rn−1+ε), r → ∞,(A.9)

with arbitrarily small ε > 0 and a constant cε = cε(VfU,Γ⊥) > 0.
From the bound (A.8) and the relation (A.6), we find that for every flag f

and for almost all orthogonal matrices U ∈ SO(n), one has the bound

(A.10) rf = O(ln ρ).

Substituting (A.9) and (A.10) in the main bound (A.5), we find that for almost
all U ∈ SO(n) one has the bound

(A.11) R(P, t−1UΓ) = R(tP, UΓ) = O(tn−1ρ−θ + (log ρ)n−1+ε).

Choosing ρθ = tn−1 in (A.11), we obtain the bound (2.30). The proof of
Proposition 2.1 is complete.

The proof of Proposition 2.2 follows from Theorem A.1. This proof repeats
derivations of [Skr2, Theorems 1.2 and 2.3] from [Skr2, Theorem 6.1].

A.3. The Fourier transform of the characteristic function of a

polyhedron. The error R(O + X,Γ) (see (1.10)) is a periodic function of
X ∈ R

n with the period lattice Γ ∈ Ln. The Voronoi-Hardy formula (see [Kr])
links the Fourier expansion of the error R(O+X,Γ) and the Fourier transform
of the characteristic function χ(O, X), X ∈ R

n, of the region O ∈ R
n:

(A.12) R(O +X,Γ) = (det Γ)−1
∑

γ∈Γ⊥\{0}
χ̂(O, γ)e−2πi〈γ,X〉

and

(A.13) χ̂(O, Y ) =
∫

Rn

χ(O, X)e2πi〈γ,X〉dX =
∫

O
e2πi〈γ,X〉dX.

However, the Fourier series (A.12) is not absolutely convergent. Thereby, a
suitable “smoothing” method is required to handle the series (A.12) in the
pointwise sense. Here we use a method given in [Skr2]. We recall the following:
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Definition: (see [Skr2, Sec. 11]). Given a compact region O ⊂ R
n and a number

τ > 0, a pair of compact regions O−
τ and O+

τ is a τ-coapproximation of O
if O−

τ ⊂ O ⊂ O+
τ , and the points of the boundaries ∂O±

τ are at a distance at
least τ from the boundary ∂O.

We fix a nonnegative function ω(X), X ∈ R
n, of class C∞, supported inside

the unit ball ‖X‖ ≤ 1, such that

(A.14)
∫

Rn

ω(X)dX = 1.

Notice that the Fourier transform ω̂(�) of the function ω(�) satisfies the bound

(A.15) |ω̂(Y )| < cA(1 + ‖Y ‖)−A

with arbitrarily large A > 0.
We introduce the absolutely convergent Fourier series

(A.16) R±
τ (O, X) = (det Γ)−1

∑

γ∈Γ⊥\{0}
χ̂(O±

τ , γ)ω̂(τγ)e−2πi〈γ,X〉,

where χ̂(O±
τ , Y ), Y ∈ R

n, are the Fourier transforms (A.13) of the characteristic
function χ(O±

τ , Y ), X ∈ R
n, of the regions O±

τ .
The following assertion was given in [Skr2, Lemma 11.1] (with det Γ = 1):

Lemma A.3: Let a compact region O ⊂ R
n and a lattice Γ ∈ Ln be given.

Then, for any τ -coapproximation O±
τ of O, one has the following bound for the

error R(O,Γ) (see (1.11)):
(A.17)
R(O,Γ) ≤ (det Γ)−1(volO+

τ − volO−
τ ) + sup

X∈Rn

(|R+
τ (O, X)| + |R−

τ (O, X)|),

where R±
τ (O, X) are the Fourier series (A.16).

Now we wish to estimate the Fourier transform of the characteristic function
of a polyhedron P ⊂ R

n:

χ̂(P, Y ) =
∫

P

e2πi〈Y,X〉dX.

Lemma A.4 ([Skr2, Lemma 11.2]): Let P ⊂ R
n be an arbitrary compact poly-

hedron. Then

(A.18) |χ̂(tP, Y )| ≤ tn−1

2π‖Y ‖area ∂P,



Vol. 178, 2010 LOW DISCREPANCY SEQUENCES 101

where area ∂P denotes the (n−1)-dimensional Euclidean volume of the bound-

ary ∂P .

Let (Fi)
C(P )
i=1 be the set of (n − 1)-dimensional faces of the polyhedron P ⊂

[0, 1)n. Bearing in mind that the (n− 1)-dimensional volume of Fi is less than
nn/2, we obtain

(A.19) sup
P∈V(P1)

area ∂P ≤ 2nn/2C(P1).

Lemma A.5 ([Skr2, Lemma 11.3]): Let P ⊂ R
n be an arbitrary compact poly-

hedron. Then

(A.20) χ̂(tP, Y ) =
( 1

2πi

)n∑

f

λ(VfY )e2πit〈P 0,Y 〉.

The summation in (A.20) is taken over all flags of faces of the polyhedron P

(see (A.2)):

(A.21) f = {P = Pn ⊃ Pn−1 ⊃ · · · ⊃ P 0, dimP j = j, n ≥ j ≥ 0},
and Vf ∈ SO(n) are the orthogonal matrices associated with the flags f (see

(2.26)). The function λ(�) is given by

(A.22) λ(Y ) =
1

NmY
Φ(Ŷ ), Y ∈ R

n,

where Φ(�) is the following function of class C∞, depending only on the angular

variable Ŷ = ‖Y ‖−1Y

Φ(Ŷ ) = Φ
( y1
‖Y ‖ , . . . ,

yn

‖Y ‖
)

=
n−1∏

j=1

y2
j

y2
j + · · · + y2

n

A.4. Proof of Theorem A.1. Let P1 ⊂ [0, 1)n be an arbitrary polyhedron,
P ∈ V(P1). By definition (1.11) of the error R(tP,Γ), we may consider the
polyhedron P up to translations by vectors X ∈ R

n. Thus, without loss of
generality, we can assume that the origin O ∈ P . We set a ≺(0) b for a < b, and
a ≺(1) b for a ≤ b. Then the polyhedron P can be given by

(A.23) P = {X ∈ R
n : 〈lj , X〉 ≺(εj) βj , 1 ≤ j ≤ h},

where lj, 1 ≤ j ≤ h , are unit vectors of external normals to (n−1)-dimensional
faces of P , εj ∈ {0, 1}, and βj > 0 are some constants. With these notation the
dilatation tP of P by a factor t > 0 can be given by

tP = {X ∈ R
n : 〈lj , X〉 ≺(εj) βjt, 1 ≤ j ≤ h}.
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We consider the following two polyhedra :

(A.24) P±
t,τ = {X ∈ R

n : 〈lj, X〉 ≺(εj) βjt± τ, 1 ≤ j ≤ h}.
with 0 < τ < 1. If P−

t,τ = ∅, then we put volP−
t,0 = 0, χ̂(P−

t,τ , γ) = 0 for all
γ ∈ Γ⊥ and R−

τ (P−
t,τ , X) = 0

Comparing definitions (A.23) and (A.24), we conclude that the polyhedra P−
t,τ

and P+
t,τ form τ -coapproximations of the polyhedron tP . It is easy to see that

all flags of the faces of P−
t,τ and P+

t,τ belong to the set of flags of the polyhedron
P1. Therefore, the set of orthogonal matrices Vf ∈ SO(n) associated with flags
of P−

t,τ and P+
t,τ belongs to the set of orthogonal matrices Vf ∈ SO(n) of the

polyhedron P1. We wish to apply Lemma A.3 with O = tP and O±
τ = P±

t,τ to
estimate the error R(tP,Γ). First we have the bound
(A.25)
0 < volP+

t,τ − volP−
t,τ ≤ 2τ area ∂(tP ) ≤ 2nn/2τtn−1C(P ) ≤ 4nn/2C(P1)τtn−1,

where C(P ) is the number of (n− 1)-dimensional faces of P (see (A.19)).
Now we consider the Fourier series (A.16) with O = tP , O±

τ = P±
t,τ , and

ω(X) = ω1(X). Here ω1(X), X ∈ R
n is a C∞-function supported inside the

ball ‖X‖ ≤ 1/4 and satisfying the following conditions

(A.26)

⎧

⎨

⎩

0 ≤ ω1(X) ≤ 1 if X ∈ R
n,

ω1(X) = 1 if ‖X‖ ≤ 1/8.

Let ω2(X) = ω̂1(X), X ∈ R
n, be the Fourier transform of the function ω1(�).

Obviously, the function ω2(�) satisfies (A.15). Moreover, we assume that both
of the functions ω1(�) and ω2(�) are spherically symmetric:

(A.27) ωj(V X) = ωj(X), V ∈ SO(n), j = 1, 2.

The Fourier series (A.16) can be written as

(A.28) R±
τ (tP,X) = A±

τ,ρ(tP,X) + B±
τ,ρ(tP,X),

where ρ ≥ 1 is an arbitrary large parameter

(A.29) A±
τ,ρ(tP,X) = (det Γ)−1

∑

γ∈Γ⊥\{0}
χ̂(P±

τ,ρ, γ)ω2(τγ)ω1(ρ−1γ)e−2πi〈γ,X〉

are sums with finitely many terms and
(A.30)

B±
τ,ρ(tP,X) = (det Γ)−1

∑

γ∈Γ⊥\{0}
χ̂(P±

τ,ρ, γ)ω2(τγ)(1 − ω1(ρ−1γ))e−2πi〈γ,X〉
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are absolutely convergent series over the lattice points γ ∈ Γ⊥ with ‖γ‖ > 1
8ρ

(see(A.26)).
Substituting the formula (A.20) for the Fourier transform of the characteristic

functions of the polyhedra P±
τ,τ in (A.29), we obtain

(A.31) A±
τ,ρ(tP,X)

=
( 1

2πi

)n

(det Γ)−1
∑

γ∈Γ⊥\{0}

∑

f

λ(Vfγ)ω2(τγ)ω1(ρ−1γ)e2πi〈γ,P±0
t,τ −X〉.

In the second sum in (A.31), the summation is taken over all flags of faces f of
the polyhedron P . The function λ(�) is given by (A.22). In (A.31), the points
P±0

t,τ are zero-dimensional faces (vertices) of the polyhedron P±
t,τ belonging to

the corresponding flags f (see (A.21)).
Using definition (2.27) of the lattices Γf = VfΓ, (2.28), relation (A.27), and

formula (A.31), we find that

(A.32) A±
τ,ρ(tP,X) =

( 1
2πi

)n

(det Γ)−1
∑

f

Wτ,ρ(Γf, X
±
τ,f)

with

(A.33) Wτ,ρ(Γf, X
±
τ,f) =

∑

γ∈Γ⊥\{0}
λ(γ)ω2(τγ)ω1(ρ−1γ)e2πi〈γ,X±

τ,f
〉,

where we used the notation X±
τ,f = Vf(P±0

t,τ −X).
The following assertion was given in [Skr2, Lemma 10.1].

Lemma A.6: Let Γ ∈ Ln be an arbitrary lattice. Assume that the dual lattice

Γ⊥ is weakly admissible. Then the special Fourier series (A.33) satisfies the

bound

(A.34) max
X∈Rn

|Wτ,ρ(X)| < cS(Γ⊥, r)

with

(A.35) r = 2τn +
∣
∣
∣ log

ρn

ν(Γ⊥, ρ)

∣
∣
∣.

In the bound (A.34), the constant c = c(Φ, ω1, ω2) is independent of the pa-

rameters 0 < τ < 1 and ρ > 0.

From Lemma A.6 and the relation (A.32), we obtain the bound

(A.36) det Γ sup
P∈V(P1)

max
X∈Rn

|A±
τ,ρ(tP,X)| < c

∑

f

S(Γ⊥
f , rf)
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with

(A.37) rf = 2κn +
∣
∣
∣ log

ρn

ν(Γ⊥, ρ)

∣
∣
∣.

In the bound (A.36), the constant c = c(ω1, ω2) is independent of the lattice
Γ and the parameters t > 0, ρ > 0 and 0 < τ < 1.

Now we consider the series (A.30). Substituting bounds (A.18)–(A.19) for the
Fourier transform of the characteristic functions of the polyhedra P±

t,τ , and the
bound (A.15) for the function ω2(�) = ω̂1(�) with A > n, we obtain as t→ ∞

det Γ sup
P∈V(P1)

max
X∈Rn

|B±
τ,ρ(tP,X)|(A.38)

≤ sup
P∈V(P1)

(area ∂P )tn−1
∑

γ∈Γ⊥
ω2(τγ)(1 − ω1(ρ−1γ))(2π‖γ‖)−1

≤ nn/2cAC(P1)tn−1τ−A
∑

γ∈Γ⊥:‖γ‖> 1
8 ρ

‖γ‖−A−1.

Notice that for every lattice Γ ∈ R
n, one has the bound (see, e.g., [Kr])

(A.39)
∑

γ∈Γ⊥:‖γ‖> 1
8 ρ

‖γ‖−A−1 < CA(Γ)ρn−A−1 (A > n)

as ρ→ ∞. The bounds (A.38)–(A.39) imply

(A.40) sup
P∈V(P1)

max
X∈Rn

|B±
τ,ρ(tP,X)| < C(A,P1,Γ)tn−1τ−Aρn−A−1.

Substituting the bounds (A.25), (A.36)–(A.37) and (A.40) in (A.28) and (A.17),
we obtain
(A.41)

sup
P∈V(P1)

R(tP,Γ) < C(A,P1,Γ)
(

tn−1τ + tn−1τ−Aρn−A−1 +
∑

f

S(Γ⊥
f , rf)

)

.

Further we assume that

(A.42) τ = ρθ with θ =
A+ 1 − n

A+ 1
= 1 − n

A+ 1
,

and, moreover, the exponent θ ∈ (0, 1) may be chosen arbitrarily close to 1,
since A > n is arbitrary large. From (A.42) we obtain

(A.43) tn−1τ = tn−1τ−Aρn−A−1 = tn−1ρ−θ.

Now the bound (A.5)–(A.6) follows from (A.41) and (A.43). The proof of
Theorem A.1 is complete.
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[By1] V. A. Bykovskĭı, Estimates for the deviations of optimal grids in the Lp-norm and the

theory of quadrature formulas, Analysis Mathematica 22 (1996), 81–97.
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