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ABSTRACT

Let G be a finite group and V be a finite G-module. We present upper
bounds for the cardinalities of certain subsets of Irr(G'V'), such as the set
of those x € Irr(GV) such that, for a fixed v € V, the restriction of x to
(v) is not a multiple of the regular character of (v). These results might
be useful in attacking the noncoprime k(GV)-problem.

1. Introduction

Let G be a finite group and V' be a finite G-module of characteristic p. R. Knorr
presented a beautiful argument, for (|G|, |V]) = 1, in [4, Theorem 2.2] showing
how to obtain strong upper bounds for k(GV') (the number of conjugacy classes
of GV') by using only information on Cg(v) for a fixed v € V. Note that his
result immediately implies the important special case that if G has a regular
orbit on V (i.e., there is a v € V with Cg(v) = 1), then k(GV) < |V, which
was a crucial result in the solution of the k(GV)-problem. In this note we give
a much shorter proof of this result (see 3.1 below).

The main objective of the paper, however, is to modify and generalize Knorr’s
argument in various directions to include noncoprime situations. This way we

obtain a number of bounds on certain subsets of Irr(GV'), such as the following:

THEOREM A: Let G be a finite group and let V' be a finite G-module of char-
acteristic p. Let v € V and C' = Cg(v) and suppose that (|C|,|V|) = 1. Then
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the number of irreducible characters of GV whose restriction to (v) is not a
multiple of the regular character of (v) is bounded above by

k(C)

> levie)

where the c¢; are representatives of the conjugacy classes of C'.

THEOREM B: Let G be a finite group and V' be a finite G-module. Let g € G
be of prime order not dividing |V'|. Then the number of irreducible characters
of GV whose restriction to A = (g) is not a multiple of the regular character of
(g) is bounded above by

[Ca(g)| n(Calg), Cv(9)),
where n(C¢(g),Cv(g)) denotes the number of orbits of Ci(g) on Cy (g).

Stronger versions and refinements of these results are proved in the paper.
It is hoped that these results will be useful in solving the noncoprime k(GV)-
problem, as discussed, for instance, in [3] and [1]. Theorems A and B will be
proved in Sections 3 and 4 below respectively. In Section 2, we will generalize
a recent result of P. Schmid [6, Theorem 2(a)] stating that in the situation of
the k(GV')-problem, if G has a regular orbit on V, then k(GV) = |V| can only
hold if GG is abelian. We prove

THEOREM C: Let G be a finite group and V a finite faithful G-module with
(IG],|V]) = 1. Suppose that G has a regular orbit on V. Then

E(GV) < |V| - |G| + k(G).

Our proof is different from the approach taken in [6], and we actually prove
a slightly stronger result including some non-coprime actions.

NoOTATION: If the group A acts on the set B, we write n(A4, B) for the number
of orbits of A on B. All other notation is standard or explained along the way.

2. k(GV) = |V| and regular orbits

In this paper we often work under the hypothesis of the k(GV')-problem which

is the following.
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2.1 Hypothesis: Let G be a finite group and let V' be a finite faithful G-module
such that (|G],|V]) = 1. Write p for the characteristic of V.

In [6, Theorem 2(a)], P. Schmid proved that under 2.1, if G has a regular
orbit on V', V' is irreducible, and k(GV') = |V, then G is abelian, and from this
it follows easily that either |G| =1 and |V| = p, or G is cyclic of order |V| — 1.
The proof in [6] is somewhat technical.

The goal of this section is to give a short proof of a generalization of Schmid’s
result based on a beautiful argument of Knérr [4]. We word it in such a way
that we do not even need the coprime hypothesis, so that the result may even
be useful to study the noncoprime k(GV)-problem. To do this, for any group
X and x € X we introduce the set

Irr(X, x) = {x € Irr(X) : x|()is not an integer multiple

of the regular character of ()}

and write

E(X,x) = |Irr(X, x)].

2.2 THEOREM: Let G be a finite group and let V' be a finite G-module such
that G possesses a regular orbit on V. Let v € V be a representative of such
an orbit. Then

k(GV,0) < V] =[Gl + K(G).

Proof. Let p be the characteristicif V. Let A = (v) and put n = pl 4—pa, where
pa is the regular character of A. Then n(1) = 0 and n(a) = p for 1 # a € A.
So for 1 # a € A we have

O S COEDS ian =" S = viINs(a)

g€ed gENG(A) gENG(A)
ueV ueV

Now let z; (i = 1,...,k(GV)) be a set of representatives of the conjugacy
classes of GV. As n®V obviously vanishes on all conjuagacy classes of GV which
intersect A —1 trivially, and there are precisely | N’; _(114” conjugacy classes of GV
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which intersect A — 1 nontrivially, we obtain

k(GV)
GV Gv
(1) (-DIVI= |N ( )||NG V= Z Vi)=Y [T
T€lrr(GV)
- Z [TAT}, TA]'
Telrr(GV)
Now for any 7 € Irr(GV) we have
(2)  [ram,7al = Z )P — pa(a))7(a)
aGA
5 =0 if 74 is an integer multiple of p4
= > I
1acA >p—1 otherwise,

where the last step follows from [2, Lemma (3.14)] (note that if 74 is not a
multiple of pa, then 7(a) # 0 for all 1 # a € A, as all these 7(a) are Galois
conjugate). Next, observe that if 7 € Irr(GV) with V' < ker 7, then 7 € Irr(G)
and clearly 74 is not a multiple of p4, then clearly
(3) [ranmal= Y Ir@P= Y 7(1)*=(p-1r(1)%
1#£a€A 1#a€A
Thus with (1), (2), and (3) we get

p-DVI= > [Fanmal+ > [ran7al

Telrr(G) Telrr(GV),
V Lker 7
> D> (=171 + (R(GV,0) = k(G)(p 1)
Telrr(G)

which yields

V= Y r(1)?+k(GV,0) - k(G) = |G| + k(GV,v) — k(G).
Telrr(G)

This implies the assertion of the theorem, and we are done.
The following consequence implies Schmid’s result [6, Theorem 2(a)].
2.3 COROLLARY: Assume 2.1 and that G has a regular orbit on V. Then
k(GV) < V] =G+ k(G).
In particular, if kK(GV') = |V, then G is abelian.
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Proof. By Ito’s theorem and as (|G|, |V|) = 1, we know that (1) divides |G|
for every x € Irr(GV), so in particular p does not divide x(1). Thus, for any
v € V#, we see that X|(v) cannot be an integer multiple of p,. Therefore,
kE(GV,v) = k(GV'). Now the assertion follows from 2.2.

After seeing a preprint of this paper, P. Schmid informed me that he inde-
pendently had obtained 2.3. This appeared, with a different proof, in his recent
book on the k(GV)-problem (see Theorem 1.5d in [7]).

3. Bounds for k(GV)

In this section we study more variations of Knorr’s argument [4, Theorem 2.2]
and generalize it to some noncoprime situations.

We begin, however, by looking at a classical application of it. An important
and immediate consequence of Knorr’s result is that if under 2.1 G has a regular
orbit on V, then k(GV) < |V|. This important result can be obtained in the
following shorter way.

3.1 PROPOSITION: Let G be a finite group and let V' be a finite faithful G-
module. Let v € V. Then

k(GV,v) < |Ca(0)[IV],
in particular, if (|G|, |V|) = 1 and G has a regular orbit on V', then k(GV') < |V|.

Proof. Put A = (v). If 7 € Irr(GV, v), then by [2, Lemma (3.14)] we know that
D itaca |7(a)|*> > p — 1. With this and well-known character theory we get

(p — DE(GV,v) < E(GV,v) min ( Z |T(a)|2) < Z Z |7 (a)|?

Irr(GV,
TElr(GVy0) 1#acA Telrr(GV) 1#acA

Y Y r@r

1#£a€A 7€lr(GV)

> [Cov(a)

1#a€cA
= Y [Ca()]V]|
1#a€cA
(p = DICe()[[V].
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This implies the first result. If (|G|, |V|) = 1, then by Ito’s result 7(1) divides
|G| for all 7 € Trr(GV), so p cannot divide 7(1), and thus k(GV,v) = k(GV),
and the second result now follows by choosing v to be in a regular orbit of G
on V.

Now we turn to generalizing Knorr’s argument. We discuss various ways to
do so.

3.2 Remark: Let G be a finite group and let V be a finite faithful G-module of
characteristic p. Let v € V and put C = C¢(v) and A = (v). Let

Irr(GV,C,v)
= Trrp(GV)
= Irr(GV) — {x € rr(GV) : X|cx(w) = T X pa for a character 7 of C'}

and
Irry (GV) = {x € Irr(GV) : p does not divide x(1)},

so that clearly Irr, (GV) C Irro(GV).
Note that if (|G|, |V|) = 1, then by Ito Irr(GV) = Irr, (GV).

To work towards our next result, we again proceed somewhat similarly as
in [4, Theorem 2.2], but we keep the presentation here self-contained. In the
following, we work under the hypothesis that (|C|,|V]) = 1. Let N = Ng(A).
Then |N : C| divides p— 1. Moreover, it is easy to see that forc € C, 1 # a € A,
g € G, u €V we know that

(ca)?* € Cx A ifandonlyif g€ N and u € Cy(c¢9).

With this, one can readily verify that if ¢; (i = 1,...,k(C)) with ¢; = 1 are
representatives of the conjugacy classes of C and a; (j =1,..., | J’ifél) are repre-
sentatives of the N—conjugacy classes of A—1 then, the c;a; are representatives
of those conjugacy classes of GV which intersect C' x (A — 1) nontrivially.

Now define a character n on C' x A by n = 1¢ X (pla — pa). Then for ¢ € C,
a € A we have

p, ifaz#1l

n(ca) = .
0, ifa=1.
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Therefore Y vanishes on all conjugacy classes of GV which intersect C'x (A—1)
trivially, whereas for ¢ € C', 1 # a € A we have that

7V (ca) = |C’><A| Z (ca)*) = |Z Z (c9a)

geEN uGCV cy)

uGV
> [Cv(e
pICI oy
| Z |CV
geN
=|N:C||Cy(c)-
Thus if «; (i = 1,...,k(GV)) are representatives of the conjugacy classes of
GV, then we get
k(GV) k(C) [Xol k(C) (Re
> Vi) = Y (cia;) = N C| |Cv (i)
i=1 i=1 j=1 i=1 j=1
b1 k(C)
= IN:Cl ) [Cv(c)l
N : C| ;
k(C)
=(p-1) ) lCv(a)],
i=1
and thus
k(C) k(GV)
-1 [Ov(c)l= > nVim) = D [,
i=1 i=1 Telrr(GV)
(1) = [Texan, Tox Al-
Telrr(GV)
Now if 7 € Irr(GV'), we can write
(2) Tloxa = Z T X A

AeIrr(A)
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where 7y is a character of C or 7y = 0. Then we see that

1
[Texan, Toxa] = O x A Z 7(ca)n(ca)(ca)
1
= Bl Z T(ca)T(ca)
ceC
1#a€A
1
= ¢ S nl9mule) Y Ma)ula).
A u€lrr(A) 1#a€cA
ceC

Since 3 4,c 4 ANa)u(a) equals p—1if A = yrand -1 if A # p, we further conclude
that

[TCXAnaTCXA] =p Z [T/\aTk] - Z [T/\;Tu]
A€lrr(A) A pu€lrr(A)
(3) = Z[TA = T ™A~ Tuls
A<p

where ”<” is some arbitrary ordering on Irr(A).
Now if 7\ — 7, is a nonzero multiple of pc, then

(4) (™ =T a = 7] 2 |C]

and thus
[Texan, Texal > |C|.

Moreover, note that if 7 € Irrg(GV), then not all 7n — 7, can be equal to
0 since otherwise we see from (2) that 7o x4 would be equal to 7\ X pa for
any A. So we can partition the set Irr(A) into two disjoint nonempty subsets
A ={NeDir(A) : mn» = n1} and Ay = {\ € Irr(A) : 7 # 71}, and thus as
0 < ([A1] = 1)(JA2] = 1) = [Ag[[Az] = [As] = [Ax] + 1 = [A4][A2] = (p — 1), we see
that |A1| [A2] > p — 1, so there are at least p — 1 pairs A, u € Irr(A) such that
Tx — Ty 7# 0. Thus

(5) [Toxan, Toxal > p—1 forall T € Irrg(GV).
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Therefore, by (1) and (5) we get that

k(
|Cv ci)| = Z [Tox AN, Tox Al
l:1 Telrr(GV)
> Z [Toxan, Texa) = (p — 1)[Irrg (GV)]
TE€Irrg (GV)
and thus
k(C)
(6) Trrg (GV) < > |Cv ().

i=1
From now on we assume that C' > 1.
Now we repeat the arguments of this proof, but replace n by

= (IC[1c = pc) x (pla — pa),
so for ¢ € C' and a € A we have

|IClp, ifc#1anda#1

m(ca) =
0, ifc=1ora=1.

Now from the above we know that the ¢;a; (i =2,...,k(C), j =1,. ‘Nfc‘)
are representatives of those conjugacy classes which intersect (C' — 1) (A-1)
nontrivially. Clearly " vanishes on all conjugacy classes of GV which intersect
(C —1) x (A—1) trivially, whereas for 1 #ce€ C, 1 #a € A, if (|C|,|V]) =1,

we have that

0= o Ly D)= 0 T )

gEN ueCy (c9)
uEV

= |N| [Cv(c)].
Next we conclude that

k(GV)

k(C)
> o Z
i=1 =2

and so as in (1) we see that

k(C)
? (ciaj) = (p—DIC] Y |Cv (ei)l,

H'MQH

k(C)

(7) (r—1)C] Z |Cv (ci)| = [Tox A, Tox Al
i= Telrr(GV)
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Now with (2), similarly as in our earlier calculation leading to (3), we see that

|C’ « A Z 7(ca)m (ca)T(ca) = Z 7(ca)T(ca)

ceC 1#ceC
a€A 1#a€A
= > Y n@Ma) Y mu(eula)
1#ceC Nelrr(A) pEIrr(A)
1#a€cA
= > > n@me Y Maua)
A p€lrr(A) 1#£ceC 1#acA
(8) =p-1 Y Y n@nE@- > > nEmne
AeIrr(A) 1#£ceC A p€lrr(A) 1#ceC
AFE [
= > Y n@n@- > > n@mn)
AEIrr(A) 1#£ceC A p€lrr(A) 1#£ceC
=3 > (@) = 7u(@)(male) = Tu(0))
A<p 1#£ceC
= sumi<y Z [7x(c) — Tu(c o)?
1#ceC

for some arbitrary ordering < on Irr(A).

Now recall that if 7 € Irrg(GV), then not all of the 7, — 7, are 0. So
choose A, pp € Irr(C') such that 7, — 7, # 0. If all the 7, (p € Irr(4)) are
integer multiples of pc then put Ay = {¢ € Irr(A) : 7 = 72} and Ay = {¢ €
Irr(A) : 74 # 72}, s0 Ay # 0 and Ay # 0 and from 0 < (JAq] — 1)(JA2| — 1) we
clearly deduce that |A1||As| > p — 1, so there are at least p — 1 pairs (¢1, p2) €
Irr(A) x Irr(A) such that 74, — 74, is a nonzero multiple of pc.

So next we assume that 7 is not a multiple of po. Put

't ={¢ € Irr(A) : 75 — 7 is a multiple of pc}

and
Ty ={¢ € Irr(A) : 7n» — 74 is not a multiple of pc}.

Clearly A € T'y, so I'y # 0. If Ty = @, then Irr(A4) = Ty, and if we define Ay,
Ay as in the previous argument, we see that there are at least (p — 1) pairs
(¢1,02) € Irr(A) x Irr(A) such that 74, — 74, is a nonzero multiple of pc.

So now suppose I's # (). Then |T'y| + |T2| = p, and if ¢; € T’y and ¢o € To,
then 74, — 7y, = (Tp, — T2) + (Tn — T4,) clearly is not a multiple of pc, and by
the same argument as used before we see that [I'1||T2] > p — 1, so there are at
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least (p—1) pairs (¢1, ¢2) € Irr(A) x Irr(A) such that 74, — 74, is not a multiple

of pc.
Altogether we have shown that for any 7 € Irrg(GV') one of the following
holds:

(A) There are at least (p — 1) pairs (¢, ¢2) € Irr(A4) x Irr(A) such that
Té, — Teo 1S @ nonzero multiple of pc, or
(B) there are at least (p — 1) pairs (¢1, ¢2) € Irr(A) x Irr(A) such that
Te, — Too 1S DOt a multiple of pc.

Now it remains to consider two cases:

CASE 1: At least half of the 7 € Irrg(GV') satisfy (A). Then for any of these 7
by (3) and (4) we have

[roxan, Texal = > _[ma = Tu,7a = 7] = (p = 1)|[C]

A<p
and so by (1) we see that
k(C)
(p=1)Y ICv(e)l = D lroxanTexal IIrro(GV)I( - DIC]
i= T€rrg(GV)
which implies
k(C)
(9) o (GV)] |C| Z 1Cv ()]

CASE 2: At least half of the 7 € Irrg(GV') satisfy (B).
Then for any of these 7 by (8) and [5, Corollary 4] we have

[Texam,Toxal > (p—1)(E(C) —1).

Thus by (7) we have that

E(C)
P-DICI > [Cvie)l = > [roxam,oxal
1=2 T€Irrg(GV)

> | Irmo(GV)|(p — 1) (K(€) ~ 1)
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whence

2|C’| k(C)
(10) [Trrg (GV)] < Z Cy (ci)]

Now we drop the assumption (|C|,|V]) = 1 and work towards a general bound
for |Trrg(GV)|.

For this, fix go € C such that gg is of prime order ¢ and put Cy = (go) and
No = N¢(Cp). Trivially there are at most |Co|(p — 1) = ¢(p — 1) conjugacy
classes of GV that intersect Cy x (A — 1) nontrivially, and given 1 # ¢ € Cy,
1#a€ A, we see that forge G,ueV

(ca)?* = I[ed,ula?d € Cy x A first implies ¢ € Cy, i.e., g € Ny

and each fixed g € Ny, the equation [¢?,u]a? € A implies [¢?,u] € Aa—9 which
has at most [Cy (¢9)] |[Ag~!| = p|Cv (go)| solutions u. Moreover, if ¢ = 1, then

(ca)?* = a9 = aY implies g € Ng(A) =N and u € V.

Now we define the character 172 on Cy x A by 1 = 1¢, X (pla —pa). Thus 5§V
vanishes on all conjugacy classes of GV which intersect Cy x (A — 1) trivially,
whereas for 1 # c € Cp, 1 # a € A we get

1 p
GV gu _ N,
ng" (ca |C'o « Al Z (ca) qp Z p|Cv(g0)lp q| olICv (90!,
gENo
uEV
and forc=1,1# a € A we get
05" (ca) = ng" ZIle— INIIVI
qu
Thus if «; (i = 1,...,k(GV)) are representatives of the conjugacy classes of
GV, then
k(GV) 1 »
Z ng’" (x:) < 1)q|N||V|+(qfl)(p*1)q|No||Cv(go)|

and as in (1) we see that

k(GV)

Z nSV(x;) = Z [TCox AN25 TCyx A)-

Telrr(GV)
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Now arguing as in (2), (3), (5) and (6) above yields
1
[lrrp (GV)] < B(GV,v) < [Ire(GV, Co, )] < (INI[V] (g = 1pINol|Cv (g0)1),

where Irr(GV, Cy, v) is as defined at the beginning of 3.2. Putting the main
results together, we have proved the following:

3.3 THEOREM: Let G be a finite group and let V' be a finite faithful G-module
of characteristic p. Let v € V and put C = Cg(v). If¢;, i = 1,...,k(C), are
representatives of the conjugacy classes of C, then the following hold:

(a) If (|C|,|V]) = 1, then

k(C)

Trro(GV)] < ) |Cv ()]

i=1
and if C > 1, then

9 k(C) 2C k(C)
I < ; i)l p-
oGVl < max{ 2 S ievieol o) S levie)

(b) If (|G|, |V|) = 1, then
Irrg(GV) = Irr(G), so k(GV) = |Irrg (GV)|
and the bounds in (a) hold true for k(GV') instead of |Irro(GV)].
(¢) In general, if g € C such that o(g) = q is a prime, then

Ty (V)] < K(GV.0) < | (ING(0))IV] + (g = DpNa(@)IIC o))

4. The dual approach

In the previous section, we always fixed v € V' and obtained bounds on the size
of suitable subsets of Irr(GV') in terms of properties of the action of Cg(v) on
V. In this section we consider a “dual” approach:

We fix g € G and find bounds in terms of the action of Cz(g) on Cy (g). For
this, put

Irry (GV) = {x € Irr(G) :xl(gyxcy (g) cannot be written as
p(gy X 1 for a character ¢ of Cy(g)}.
In particular, Irr(GV, g) C Irr,(GV).
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4.1 THEOREM: Let G be a finite group and V' be a finite G—module. Let g € G

such that (o(g), |V|) = 1. Write A = (g9), N = Ng(A) and C = Cy(g). Then
(a) ey (GV)] < VAR maxysae a (| Na((a))][Cy (a)));
(b) if g is of prime order, then

Iy (GV)] < [Ca(A)[n(Ca(A), O);
(c) there are X,Y C Irr,(GV) such that Irr,(GV) is a disjoint union of

X and Y, and
xp < (O SR s (Ne(@)lCv @) and
) < A AT O 7Y i (Na(talic (o)

(d) if g is of prime order and X,Y are as in (c), then
[Ca(A)n(Ca(A),C)
Cl

Proof. If a1,a2 € A and c¢1,¢0 € C — {1}, then it is straightforward to see

that (a1,¢1)®Y = (ag, )Y implies that af = aS. Hence, if T is a set of

RYR and |Y| < |Cg(A)|(n(Ca(A),C) - 1).

representatives of the orbits of N on A — {1}, then every conjugacy class of
GV that intersects nontrivially with (A — {1}) x C' has a representative ac
for some a € T and ¢ € C. Moreover, for each a € T we have that if cs3,
¢y € C are Cg(A)-conjugate, then acs and acy are Cg(A)-conjugate and thus
(ac3)® = (acy)C.

This shows that for each a € T there are at most n(Cqg(A),C) conjugacy
classes of GV intersecting nontrivially with {a} x C. Hence, altogether we see
that there are at most

(1) IT|n(Ca(A),C) = (n(N, A) = 1)n(Ca(A),C)

conjugacy classes of GV which intersect (A — {1}) x C nontrivially.
Moreover, observe that for 1 £2a € A, c€ C, h € G and u € V we have

(ac)™ € A x C if and only if h € Ng((a)), ¢" € C and u € Cy(a)

because the condition (ac)"™ = a"[a", u]c" € A x C first forces a” € A which
implies (as A is cyclic) a” € (a), so h € Ng((a)), and then as c € C < Cy ({a)),
it follows that c* € Cy ((a)) and [a",u] € [(a), V]. Now, by our hypothesis, we
have V = Cy ({a)) x [{a), V], we see that (ac)"™ € A x C now forces [a,u] = 1
and ¢ € C. Hence u € Cy (a") = Cy(a).



Vol. 171, 2009 COUNTING CHARACTERS IN LINEAR GROUP ACTIONS 381

Note that the direct product A x C'is a subgroup of GV. We now define a
generalized character n on A x C by

n=(Al-1a—pa) x1c,
where p4 is the regular character of A. So for a € A, ¢ € C' we have

0, a=1

M=V AL asn

Therefore, 7" vanishes on all conjugacy classes of GV which intersect
(A —{1}) x C trivially, whereas for ¢ € C and 1 # a € A we have

1 1
@) = o @™ = e Y

heNg({(a)) ueCy(a)
with c"eC

- |A|1|c| 2 >

hENG( )) ueCyv (a)
(2) with c"eC

Cv(a
| || | lheNg({a))

with c"eC

< (INa({a)lICv (@)])/C]-

Thus if {x; | ¢ = 1,...,k(GV)} is a set of representatives for the conjugacy
classes of GV, then by (1) and (2) we see that

(n(N, 4) = 1)n(Cc(4),C) - max ([Ne((a)[|Cv(a)l)

1
|C] 17
K(GV)

> Z Y ()
= Z [7'77GV77']

Telrr(GV)

= Z [Taxcen, Taxc).

T€lrr(GV)
Observe that in case that A is of prime order, then

Al =1 _ (Al =1D[Ca(A)]

TNATIE e T N
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and maxi-qe4(|Na((a))||Cv (a)|) = |N||C], so that (3) becomes
(3a) ICa(A(JA] = Dn(Ca(A),C) = Y [raxon, Taxc).
Telrr(GV)
Since A x C'is a direct product, we can write
TAXC = Z (T X A),
Aelrr(C)

where 7, is a character of A or 7, = 0. Then

1
A
[TA><C77;7'A><C |A % C| Z (IC G,C ac) |A|| | Z T((IC)| |T((IC)

acA 1#£acA
ceC ceC

o 22 2 M@X) > m@n(e)

I;éaEA Xelrr(C) ,LLGIrr(C)

ceC

Z Z (@), |C’| Z)\

1#ac A \,u€lrr(C) ceC

Y Y n@mn@hal

1#a€A \,uelrr(C)

1L, A= 12 .
As [\ p] = , we further obtain
0, A#u

[Taxcn, Taxc] = Z Z Ta(a)7a(a)

1£a€ A Aelrr(C)
YooY m@P
AELT(C) 1£a€A
Now observe that 7(1) = 3y cq,p 0y A (1)
If all the 7\ are multiples of p4, then clearly 7 ¢ Irry(GV), and so if 7 €
Irry (GV), then by [5, Corollary 4] with (4) we see that

(4)

(5) [Taxcn, Taxc] > |A] — 1.
So (3) and (5) yield

(n(N, A4) = 1)n(Ca(A),C)
(JA] = 1)[C] max (INa(@)lICv (a)]),

and if ¢ is of prime order, then (3a) and (5) yield
(6a) [Irry (GV)] < |Ca(A)[n(Ca(A), O).

(6) |y (GV)] <
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Now as in Section 3, we repeat the same arguments, but use
m = ([A[1a = pa) x (|Cllc = pc)

instead of 7.
One can then easily check that

(3b) (n(N. 4) = )(n(Ca(A),0) = 1) max (No((a)Cy (@)

|C] 1#acA
> [TAxcm, Taxc]
Telrr(GV)
and if g is of prime order, then
Bc)  [Ca(MI(A] = 1)(n(Ca(A),C) = 1) = [TAxcm, Taxcl-
Telrr(GV)
Moreover it is easily seen that
[raxem,Taxcl = Y 7(ac)r(ac)
1#a€A
1#ceC
= > > @@ Y Ao
1#acA X\, pelr(C) 1#ceC
das S o@ue) =4 1 TAFE o lows that
and as . cplc) = , it follows tha
1Fece 0] =1, ifA=p
(7) [Faxem,Taxcl =Y Y |Imla) = 7u(@),
A<p l#a€A

where “<” is an arbitrary ordering on Irr(C).

Next, suppose that there are exactly a characters 7 € Irry(GV) such that
there is a character 1 of A (depending on 7) and there are a) € Z (A € Irr(C))
such that 7 = ¥ 4+ axpa for all A € Irr(C') and v is not a multiple of p4. Then
by (4) and [5, Corollary 4] we know that

[raxem taxcl = > > ) > |Cl(A] - 1)
Aelrr(C) 1#a€A

and hence by (3) we get

®  ax OSSN s (Na(@licv )
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and if ¢ is of prime order, then by (3a) even
< |Ca(A)n(Ca(4),0)
€
Now let b be the number of 7 € Irr,(GV') such that there is no such ¢. Then
there exist A, p € Irr(C') with

Y In(@) —mula))® #0,

1#a€cA

(8a)

and thus by [5, Corollary 4] we have
9) [Taxcm, Taxc] > [A] =1,
So (3b) and (9) yield

(n(N, A) = 1)(n(Ca(A),C) — 1)

10 b < N C
and, if g is of prime order, then by (3c)
(100) b < [Ca(A)|(n(Ca(A),C) - 1),
and clearly a + b = |Irry(GV)|, and all the assertions follow and we are
done.
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