LOCAL SIGN CHANGES OF POLYNOMIALS

By

STEFAN STEINERBERGER*

Abstract. The trigonometric monomial cos((k, x)) on T4, a harmonic poly-
nomial p : S%~! — R of degree k and a Laplacian eigenfunction —Af = k2f have

a root in each ball of radius ~ ||k~ or ~ k™1, respectively. We extend this to
linear combinations and show that for any trigonometric polynomials on T¢, any
polynomial p € R[xy, ..., x4] restricted to S*~! and any linear combination of

global Laplacian eigenfunctions on R with d € {2, 3} the same property holds for
any ball whose radius is given by the sum of the inverse constituent frequencies.
We also refine the fact that an eigenfunction —A¢ = A¢ in Q C R" has a root in
each B(x, &, A~1/2) ball: the positive and negative mass in each B(x, ,4~1/?) ball
cancel when integrated against ||x — y||?>~".

1 Introduction

The purpose of this paper is to prove same type of result for

(1) trigonometric polynomials on the torus T¢,

(2) the restriction of polynomials p € R[xy, ..., x4] to the unit sphere S,

(3) and global solutions of (—A + A)¢ = 0 on RY where d = 2, 3.
In each of these settings a single basis object (a trigonometric monomial, a harmonic
polynomial, a Laplacian eigenfunction) has many roots: each ball with radius
inversely proportional to degree/frequency is guaranteed to contain a root. We will
extend this to linear combinations and show that they still have many roots on a
suitable scale. A result in this style was first proven by Kozma—Oravecz [17].

Theorem (Kozma—Oravecz [17]). Let f : T — R be a real-valued trigono-

metric polynomial with mean value 0 of the form
f@) = arexp@mi(x, k)),
keS
where S C Z%. Then f has a zero in each ball of radius
1 1
r(f) = .
4 2 &Il

keS
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Note that f being real-valued necessarily entails that —S = S and that a_; = a;.
The function having mean value O implies O ¢ S. In one dimension, d = 1, the
result is sharp up to constants: [17, Theorem 2] shows that if f has frequencies
supported in [-A — B, —A] U [A, A + B], then the maximum length of an interval
without sign change is (B + 1)/(2A + B). The question dates back at least to a 1965
paper of Taikov [25] with an extremal trigonometric polynomial given by Babenko
[1]. The same extremal polynomial also appears in [15, 24].

2 Results

2.1 Trigonometric Polynomials. We start by proving a resultin the style
of Kozma—Oravecz. We show that instead of counting the number of summands,
it suffices to look at the number of contributing frequencies.

Theorem 1. Iff : TY — R is a real-valued trigonometric polynomial with

mean value 0 of the form

f@®) =" arexpQmi(x, k),

keS

then, introducing A = { ||k|| : k € S}, f has a zero in each ball of radius

r(f) = d*/? ! .
" ;; .

The result is identical (up to the value of the constant) to the result of Kozma—
Oravecz in dimension d = 1. The improvement is more pronounced in higher
dimensions where many different trigonometric polynomials may correspond to
the same frequency (in higher dimensions, a sphere can contain many lattice
points). The proof indicates that the optimal constant may perhaps be expected to
grow linearly (or slower) in the dimension; we comment on this after the proof.

2.2 Spherical Harmonics. There is an analogous result for the restriction
of arbitrary polynomials on the unit sphere. If p, € R[xy, ..., x4] is a polynomial
of degree n in RY, then its restriction onto the unit sphere S*~! can be expressed as
a linear combination of harmonic polynomials of degree at most n

n

Pn®|gi =Y aifi(x)  where fi € Hy.

k=0

We recall that the space of harmonic polynomials of degree k is

He = {f € Rxy,...,x4] : f homogenenous of degree k and Af = 0}.
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There exists an elementary argument that if f € 7(¢, then f has zero on each ball of
radius c k="' (see below). This can be extended to sums of harmonic polynomials.

Theorem 2. Ifp € R[xy, ..., x4] has the restriction

px)

g1 = Zakfk(x) where fi, € H{

keS

and mean value 0 on S, then p|S,H has a zero on each (geodesic) ball of radius

r=m’d ! .
2
The ball B(x, r) here refers to the set of all points on S?~! whose (geodesic)
distance from x € S9! is at most . We did not optimize the constant 72d. Our
approach will necessarily lead to a linear growth of the constant in the dimension
and this dependence could conceivably be optimal.

2.3 Laplacian eigenfunctions. On a compact, smooth manifold (M, g)
a Laplacian eigenfunction is a solution of —Af = Af. A basic property of such
a function is that f changes sign on each ball of radius cy - A~'/2. A natural
problem is whether this can be extended to linear combinations of eigenfunctions
[6, 7, 11, 13, 16, 19, 20, 21, 22]. The problem is well-understood in the one-
dimensional setting where the answer follows from Sturm-Liouville theory; we
refer to recent papers of Bérard—Helffer [3, 4]. The Laplacian eigenfunctions on
T are given by the trigonometric polynomials. The eigenfunctions on S?~! are

the harmonic polynomials and
Vf e HY — Agaoif = k(k+d — 2)f.
Theorem 1 and Theorem 2 follow the same basic blueprint.

Question. Let (M, g) be a compact, smooth manifold and let —A¢ = Axdr
be the sequence of Laplacian eigenfunctions. Is it true, that for some 0 < ¢y < 00
depending only on the manifold, that any finite linear combination

fx) = Z arpr(x) has arootin each ball of radius 7= cy Z ! ?
kesS kesS \/ik
We learned this question from Stefano Decio (see also [10]). Theorem 3 proves
it for global eigenfunctions on R? and R3. This result can be seen as being similar
in spirit to Theorem 1 for d = 2,3 while allowing for a much larger class of
functions.
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Theorem 3. Let d € {2,3} and n € N. Suppose, for each 1 < k < n, the
smooth function ¢y : R — R is a global solution of —A¢y = Axr. Then

n n
1
x) = arpr(x)  has a zero in every ball with radius r =2n .
f kz=1: kPk ry kz=1: Vi
We give a proof using the closed-form solution of a linear, non-homogeneous
wave equation in Euclidean space. Because of finite speed of propagation, there is
some hope of a variant of it also working on a bounded domain Q c R¢.

2.4 An identity for eigenfunctions. The proof of Theorem 3 suggests
an interesting identity for Laplacian eigenfunctions.

Theorem 4. Suppose —A¢ = A¢ in a neighborhood of B(x,r) C R" and
n > 3. Then, for an explicit universal function function Q, : R>o — R we have

1
/” O dy= 0V - ).

x—yll<r ”y _x||n—2

In particular, in three dimensions, n = 3,

/ ?(y) dy=4”1—cos(\//l-r).
II

x—yll<r Iy — x|l ) P(x).

The statement is purely local and does not depend on any boundary condi-
tions which might make it useful in the study of the behavior of eigenfunctions.
Moreover, the function Q,, is completely explicit and can be written as

0,(x) = 2" T(n/2)nw, /0 ) s4E”J,,;2 (5)ds.

When n = 3, we get J 2(x) = /2/zx~/? sin (x) and the expression simplifies. An
interesting consequence, valid in all dimensions as long as B(x, r) C Q, is

if $(x) = 0, then / $0)

—yli<r Iy — x["72

which says that mass around a root is perfectly balanced with respect to ||x — y||>~".

Another interesting consequence is with respect to the distribution of roots: for
example, any eigenfunction on Q C R? with Dirichlet boundary conditions has a
root in each 71 ~!/? ball intersecting the domain and this is the sharp constant. As
a consequence of Theorem 4, we see that on a ball twice that size

/ o) dy=0
Ix—yll<2za-172 ||y — x||
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which is a way of saying that there is a precise balance between positive and

negative mass on each ball of radius 2z171/2

with respect to the Coulomb kernel.
This is also true (with the smallest positive root of Q, as constant) in higher

dimensions.

3 Proof of Theorem 1

A key ingredient is an asymptotic result for the smallest positive root of the Bessel
function Jg/2-1, sometimes denoted as ja_, ;. Results on these roots are classical
and we only need a relatively simple bound.

Lemma 1. The smallest positive root of the Bessel function Jq/>_; satisfies

. Jo.1
Vd=>2 Jioin < 5 d.
Sketch. Asymptotics of roots of the Bessel function are a classical subject.
In our setting, an old 1949 result of Tricomi [26] implies that, for some a € R as
d — oo,

d
i = +ad"? +0@d™'73).

Checking the first few values of d, we see that j;»_1,1/d is maximal when d = 1
(and then steadily decaying towards its limit 1/2). In the case of d = 1, there is
an explicit closed form expression (being 7 /2). Since our result is implied by the
result of Kozma—Oravecz when d = 1, we are only interested in d > 2. The largest
value is assumed when d = 2 corresponding to jo,; ~ 2.404.. .. O

Proof of Theorem 1. We assume d > 2. The proof is by induction on #A.

The case #A = 1. When #A = 1, then A = {1} and f is a Laplacian
eigenfunction —Af = 472 1? and we deduce the existence of a sign change in every
ball of radius @*/2- A~! as follows. Suppose, without loss of generality, thatf > 0 on
the ball B(xg, r) where xo = (1/2,1/2, ..., 1/2). We consider the largest connected
domain B(xo, ) C Q c T containing xo on which f is positive. It is a classical
fact that an eigenfunction restricted to a nodal domain Q is a multiple of the first
nontrivial eigenfunction with Dirichlet boundary conditions on that domain (see
[2, 8]). This means that, restricting the function f to its nodal domain Q, we arrive
at

Vf|*d Vgl*d
4n?3? = Ja f' " @ = int Ja! f' "
Jaf? dx waon o8 dx

Domain monotonicity implies that the Laplacian eigenvalue increases when we
restrict to a smaller sub-domain. This could also be seen from the variational
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characterization since the space of functions vanishing at the boundary becomes
strictly smaller when restricting to a subset. Since B(xy, r) C €2, we have

4% )% = 21(Q) < 11(B(xo, 1))

We now distinguish two cases: if » > 1/2, then trivially B(xg, 1/2) C B(xg, 1).
In that case we can simply treat B(xyp, 1/2) C [0, 114 as a subset of Euclidean space.
Finding a function with a small Rayleigh—Ritz quotient on B(xg, 1/2) (vanishing
at the boundary) is strictly harder than finding such a function on Q (because each
of the former is also an example for the latter). The first problem, however, can be
solved in closed form. In Euclidean space R? we have

A1(B(xo, 1)) = V_zjéz_u,

where jz2-1,1 > 0 is the smallest positive zero of the Bessel function of index
d/2 — 1. If r > 1/2, then, using the Lemma, we deduce

47 2% = (Q) < 41'%2,_1’1 <Jjo.d’

and thus _
- Jjo.1d .
— 2xwA

In that case, we also conclude that, since f has mean value O and vanishes some-

1

where, r < V/d/4 = diam(T%)/2 is certainly an admissible (albeit trivial) inequality.
We deduce that \
vd Vdjoid d>
r << < < .
4 T 4 2x i A

If r < 1/2, then, from a direct comparison with the Euclidean setting,
472 )% = A1(Q) < V_zil(B) = r_zj%_l 1
g—1
Appealing to the Lemma,

r<jd/2—l,1 1 <Jo,1d - 1d - dg‘
T 2 AT 4m AT 247 4
The case #A > 2. Let us now suppose #A > 2 and that the set A is given
by 21 < A3 < --- < A,. Suppose now that there exists a function f : T — R
supported on these frequencies such that, for some ball B of radius r(f), we have,
without loss of generality, that f > 0. Our goal will be to transform f into a
function supported on the frequencies 1y, 45, ..., 4,1 which is positive on a ball
of not much smaller radius which then implies the result via induction (note that
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this overall structure is the same as in [17]). It remains to explain the construction.
We consider a new function g5 : RY — R

85(X) = X|xi<o

which we can identify with the periodic function /s : T — R via
ho(x) =) gs(x+k).
kezZd4
The function g is the characteristic function of a ball of radius J centered at the
origin. There is an explicit formula for the Fourier coefficients of g and
Jap2r||<||0)
12z&s1 9%

where o, is some constant depending only on d and J;/» is the Bessel function of

2 =0y

order d/2. The same formula holds for the Fourier coefficient of 4 and
Japp(2x| k|| 6)
127kd||4/2

Let now jz/2,1 > 0 be the smallest positive root of Jg/», i.e. Jg/2(jas2,1) = 0.

VkeZ4  hyk) = ay

Then, choosing
Jdj2,1
0" =
27,
implies that the Fourier transform gs- vanishes on all lattice points of size [|k|| = 4,,.
We now consider the convolution

¢+ )= [ 1= s 0) .
Convolution becomes multiplication on the Fourier side and thus if

f@®) =) arexpmi(x, k),

keS
then
(f * hs)(x) = Z ai. - hg (k) - expQri(x, k)).
keS
Now f * hs is a trigonometric polynomial with frequenciesin A; < --- < 4,_;.

Simultaneously, if for some ball B(xy, #(f)) of radius r(f), we have that f > 0, then
surely f * hg- has the same property on the ball B(xy, r(f) — 0*). We deduce

r(f) < r(f * hy) + 5"
Using the Lemma once more, we arrive at

. . . 32
_Joad+2) _ joa d+2d<]o,1 d _ld _d

5" - .
Amd,  dmi, d S oma, S2a, S 4, O
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O

f*h()‘>0

Figure 1. Induction step: if f > O on a ball of radius » and we convolve f with a
positive function supported on a ball of radius ¢*, then the convolution is positive
on a ball of radius r — J*.

Question. The only time the scaling d*? appears is when setting up the
induction case. This leads to a natural question: if —Af = Af is an eigenfunction (a
sum of trigonometric terms corresponding to the same frequency) on T¢ = [0, 1],
is there a root in each ball of radius » = 100d - 171/2?

4 Proof of Theorem 2

We start by noting that it suffices to prove the result for d > 3. The case d = 2
follows from Theorem 1 since S*~! = S! = T and everything reduces to cosines.
An important new ingredient is the Funk—Hecke formula: it describes the effect of
convolution on the sphere in terms of having a multiplicative effect on spherical
harmonics. We refer to the exposition in Dai—Xu [9] for additional details.

Lemma 2 (Funk—Hecke Formula). If g : [—1, 1] = R is integrable and
1 d-3
[ 1eia =& ar < oo,
-1
then for every q € J'Cf we have
[ 2a0dot) = 24t ato

where, Cﬁ denoting the Gegenbauer polynomials,

w,j— 1 d—-2 d-3
g = 2 / g0 -CE ) - (1= )T dr.
7y
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Proof of Theorem 2. We prove the result with induction on #S.
The case #S = 1. We start with the case where #S = 1 which corresponds to it
being a single harmonic polynomial f € H¢. We will show that in that case there
is a root in each ball of radius 4

r<2m .

k
Let us assume f € H¢{ and let us assume it is positive on the (geodesic) ball
B(xo, r) € S~ and then consider the associated nodal set B(xg, r) C Q. The same
argument as in the proof of Theorem 1 implies

kK < k(k+d—2)=21(Q) < A,(B(x, r)).

Now B(x, r) is a (d — 1)-dimensional manifold with boundary, a spherical cap, and
we are interested in the ground state of the Laplace-Beltrami operator on such a
spherical cap. This problem has been considered by Borisov-Freitas [5] who prove

j(z).l + 1 on S2
r2 3
B, M) <5 +1 on S
2
Ja-2)2.1 d-1? | (d-1)d=-3)1 1 1 d
72 - 4 + 4 [S(r)z - rz] on S D d 2 49

where s(r) = sinr. Since O < r < &, we can bound the first two terms from above
by 272 /r%. This means that in dimension d € {2, 3}, we have

2 2
1<k <k(k+d—2)=11(Q) < Li(Bx,r) < 72
,

and thus

< 27 <2z

r .

Tk Tk

It remains to deal with the case d > 4. A little bit of computation shows that either
d—1?2 d-Dd-3)r 1 1
_ 4 + 4 {s(r)z_rz} <0 or r>2.

Using again domain monotonicity and the fact that these spherical caps get bigger
as r increases, we conclude that the eigenvalue has to be monotonically decreasing

in » and we can thus improve the third upper bound, for d > 4, to

.j(zd—2)/2,1 j(zd—2)/2,1 }
T '
Using Lemma 1, this can be further simplified to

2 2 2
Joa-d 1 1y _3d 11
Ai(B(x, 1)) < 4 max{rz, 4} < ) max{ 2 4}.

A(Bx, 1) < max{
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Thus, combining the previous argument, we arrive at
3d? 11
2
k* < 21(B(x,r)) < 5 max{rz, 4}.
We distinguish two cases: if r > 2, then

and then

If r < 2, then we deduce

which establishes the desired result.
The case #S5 > 2. Let us now assume that

f&) =) afi(x), where fi € Hg,
keS
is given and that #S > 2 with max.S = m. We consider, for a suitable function
g : [—1, 1] — R that remains to be constructed, the new function

rw= [ s )foxow.
The Funk—Hecke formula shows that

rw= [ s Y aho)dew)

keS

=San [ s DAON0) = S k).

keS keS

Motivated by the proof of Theorem 1, it makes sense to design g in such a way that
its support is as close as possible to 1 while simultaneously satisfying 4,,(g) = 0
Recalling that, for some constant a4, € R

1 i
Am(®) = Gtam / g0 Cot (- (1 =27 ar,

there is a particularly canonical choice: if we define g to be a bump function
suitably localized around the largest root of the Gegenbauer polynomial, this is
guaranteed to lead to a function that is compactly supported with support close to 1
and 4,,(g) = 0. A result of Driver—Jordaan [12] (see also Nikolov [18]) shows that
the largest root of C,’ll(x) satisfies

(A +3)?

X1 > 1-— 5

m
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Figure 2. Left: the function Cg%o) @) (1—=x*>)'%0n [0, 1] where (1 —x?)'° is multiplied
to emphasize the overall sign structure (note that Cg%o)(l) # 0). Right: the same
function shown close to 1 with a possible choice for g hinted (dashed).

The bounds in [12, 18] are slightly stronger than that (at the level of constants), we

have chosen a slightly algebraically easier form for simplicity of exposition.
The roots of the Gegenbauer polynomials are simple which means that C”

changes sign in x;. At this point, we define the function g : [—1, 1] — R to be
a positive bump function compactly supported in a sufficiently small interval J
around x;, where J is chosen such that

_ (A +3)?

1 2 =infJ <x; <supJ <1

and g is chosen in such a way that g > 0 and
d-2 2 d—3
/g(z‘)-Cm2 @®-A—=r)2dt=0.
J

Since we have no further requirements on g, this can be done in many different
ways: any arbitrary compactly supported bump function can be rescaled to be
supported on a sufficiently small interval and then sliding over the root and using
the intermediate value theorem produces an example. Recalling that 1 = (d —2)/2,

Jg(l—@:;yﬂ)

Observe that if a,b € S?! are two points on the sphere with inner product
(a, b) = x1, then the Euclidean distance between these points satisfies

(d +4)? (d+4)?
2 ) = 2

|M—bW=2—me§2—20—

dm 2m

and thus
d+41

a—b| < .
== "



12 S. STEINERBERGER

‘We now return to the new function
re= | s oo

and conclude, from the computation above and 4,,(g) = 0, that

= > adl@fi).

keS\{m}

We know that if there is a Euclidean ball B(x, r(f)) of radius r(f) such that f does
not have a zero in B(x, r(f)) N S?~!, then f* contains a ball of radius at least

d+41
V2 m

on which the function does not have a zero. By induction hypothesis, we have

r(f*) = r(f) —

d+41 d+4 1 1 1
r(f) < r(f*) + < +27d < 2rd .

This constant is with respect to measuring distances using the Euclidean norm
in RY; switching to the geodesic distance incurs another factor of /2 which then
proves the desired result. (]

5 Proof of Theorem 3

Proof. We argue again using induction on n.

The case n = 1. We establish this case by proving the Corollary first. Let
—A¢ = A¢ be a smooth, global eigenfunction on R¢ where d € {2, 3}. The main
ingredient in our argument is the inhomogeneous wave equation

2

(;2 - A)u(t, X) = d(x)

with vanishing initial conditions

ou

ot ‘t:O =0.

“‘z:O =0 and

An explicit computation shows that this equation has the closed-form solution

cos(v/ A1) — 1

u(t, x) = a1

P(x).
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We note, in particular, that at time t* = 27/ V2 we have u(t, x) = 0. However,
the inhomogeneous wave equation on R? with d € {2, 3} and vanishing initial
conditions has a nice closed-form solution as well. In R? this solution is

o (1 — 26
ulf,x) = /0 2t — 5)° /B(x,,_s> (1 = 5 — |y — 221 2P

In R3, the solution is
1
u(t, x) = / ¢0) dx.
4 B Iy — x|l

We set 7* = 27/+/2 and see that ¢ has a root in each ball with radius r = 27171/2.
The case n > 2. Let now

f&) =D arpi(x)

k=1

and let us assume without loss of generality that A, < A, < --- < 1, and q; #0
forall 1 <i < n. We again consider the inhomogeneous wave equation
2

(;2 — A)ut, x) = )

with vanishing initial conditions u|;-o = 0 and u,|,-¢o = O and see that

ut =3 VA T

k=1 Ak
At time t* = 27 /+/A, the solution can be written as

n—1
g =u,x) = a COS(\/j:f) —1

k=1

().

Suppose now that f(x) does not have a zero on the ball B(z, r(f)) and is either
positive or negative in that region. From the explicit solution formula of the wave
equation we see that, for all 0 < ¢ < r(f), the function

u(t,x) does not change sign on B(z, r(f) — 1).

We set t* = 2z /+/A, and conclude that u(¢*, x) does not change sign on a ball of
radius r(f) —t* (note that if r(f) < ¥, then the desired result follows automatically).
However, by induction assumption we have that

n—1
1
u(t*,x) must change sign on every ball of radius 27 Z

=
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and therefore
n—1 1

r(f) —t* <2=m
2 /n,

and the desired result follows. O

6 Proof of Theorem 4

Proof. We will assume, throughout the argument, thatn > 3. Supposef : R" — R
satisfies —Af = Af in some neighborhood of the ball

B=B(x, 37;)

We introduce the average value on a spherical shell of radius r centered around x,

1
A = dy,
A A

where |0B(x, r)| denotes the (n — 1)-dimensional surface area of the ball. Using
the Green identities in R” in the formulation (see [14, §2.2.2])

0 1 r 1
u(y)d ) = Au(y)d
ar(laB(x, A Josen “O) = w16, 91 o SOY

we deduce that
r 1

nw,r" / Af dy.
n B(x,r)

We note that if w,, denotes the volume of the unit ball in R”, then the surface area

0
GrAV(r) =

of a spherical shell is given by nw,r"~! since

P
wnr":/ 1dy=/ nw,s" " 'ds.
B(x,r) 0

Since Af = —Af, we deduce, rewriting everything in terms of spherical averages,
0 A
SAavm == oy
s nwyr B(x,r)
/’{ r
=— ) / wns" L Av(s)dy
nw,r"=* Jo
A

=— / "L Av(s)dy.
0

yn—1
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The final ingredient is the function

0(r) = /B f»

(x,r) ||X—)’||”_2 ’

We note that, since f is locally bounded for r small, we have

Wl
oo s | 5 dy < Wil -7
B X =yl o

and therefore Q(0) = 0 and Q’(0) = 0. Using continuity of the eigenfunction, we
deduce that, as r — O,

1
o) = /B T = (£ + 0 e

(x,r) ||X - y||"_2 B(x,r) ”x -
n—1

= (f) + O() /O , T, ds= () + 0"

from which we deduce Q”(0) = nw,f(x). By switching to polar coordinates,

o) = / nw,sAv(s)ds.
0
Differentiating on both sides leads to Q'(r) = nw, rAv(r) and differentiating again

Q' (r) = nw,Av(r) + na)nr(— f(y)dy)

—1
nwar"=" Jpe,n

Ar
= nw,Av(r) — nw, 1 fOdy
nwyr B(x,r)
l r
= nw,Av(r) — nw, / s Av(s)ds.
rn—2 0

Therefore ; .
rQ"(r) = nw,r Av(r) — 3 / Av($)nw,s"ds.
= 0

Using the identity Q’(r) = nw,rAv(r) we can rewrite this as
/" / A " n—2
'N=0w= | 0
Integration by parts shows that
/O s"2Q/(s)ds = Q(s)s" 2|, — (n—2) /0 O(s)s"3ds

=0 ?=m-2) / ' O(s)s"3ds.
0
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Therefore ( 2 [
rQ"(r) = Q'(r) — A0(r)r + "rn_3 /0 Q(s)s"3ds.

At this point we already see that Q(s) is governed by some sort of differential-
integral equation that is quite independent of the actual eigenfunction. The re-
mainder of the argument is dedicated to understanding what that equation is.
Multiplying with 773, we get

P2 (r) = "0 (r) — A0 T + (n — 2)A /0 o) ds.

Differentiating in r leads to

Q)+ (n = 2" Q () = (n = 3R (n) + Q" () — AQ (NP

— (n = 2)A0(F" > + (n — 2)AQ(r)r" .

The last two terms cancel, so the equation simplifies to

Q)+ (n =27 Q () = (n = )R () + Q" () — AQ (P
which then further simplifies to

PO+ (n = 3" Q" () = (n = 3)r" O/ () — AQ(Nr" .

At this point we make a case distinction. If n = 3, then the system simplifies
to "72Q"(r) = —AQ'(r)r*~? and thus Q" (r) = —1Q'(r) from which we deduce,
together with the initial conditions, that

1 —cos(VA-r)
. .

0(r) = 4 $(x).

We can now resume, for the remainder of the argument, that n > 4 and thus, in
particular, divide by 7"~* to arrive at

PO () + (= 3)rQ' (1) = (1 — Q') = 20 (.

Working instead with the derivative R(r) = Q'(r), we deduce that we are only
interested in solutions that satisfy R(0) = 0 as well as R'(0) = nw,f(x) together with
the equation

PR(r) + (n — 3)rR (r) — (n = 3)R(r) + AR(r)r* = 0.

Two independent solutions of this equation are given in terms of the Bessel func-
tions of the first and the second kind,

r45”Jn;z(\/l .r) and r?" Vi (Vi 1),
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We note that n > 4 and thus the polynomial powers in r are either 1 or have a
singularity in the origin. Bessel functions of the second kind Y(,—»),» also have
a singularity at the origin which tells us, since R(0) = 0, that the solution we are
interested in has to be a multiple of the first solution which we can thus write as

R(r)=al's (V- r)4£"J,,;2(\/1 7).

We note that

n—2
2

S(r)= r45"Jn;z (r) satisfies }gl(l) S'(r) = I(n/2)

Therefore
2- "’ 2
=R(0) = Al
nof () =RO) =ap 2"
from which it follows that

2" T'(n/2)nw,
o= .

n—2

A4
Therefore
R =al' v (V- r)45"Jngz(\//1 -7
_2 Fi’f/zz)”a’”g"a“(\/,a NIV
4
n—2 1 4—n
=2""T(n/2)nw, \//1(\/1 ) Jn;z(\/l 7
1
= S, \/l -r),
VA ( )
where

Su(s)=2"2 T(n /2)na)n545"JnEz (s).

Introducing the antiderivative

n®:f&@m
0

we deduce

1/1 T,(V 2 - r)

Q(r) = y

11
N/ VA,
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