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Abstract. In this article we study local and global properties of positive
solutions of — A ,,u = |u|”_1u+M|Vu|‘/ in a domain Q of RN, with m > 1,p,g>0
and M € R. Following some ideas used in [7, 8], and by using a direct Bernstein
method combined with Keller—-Osserman’s estimate, we obtain several a priori
estimates as well as Liouville type theorems. Moreover, we prove a local Harnack
inequality with the help of Serrin’s classical results.

1 Introduction

In this paper, we aim to investigate local and global properties of positive solutions
to the following equation

(1) — Apu=ulPlu+M|Vul? inQ,

where m > 1, Au = div(|Vu|">Vu),p,g >0, M e Rand Qc RY (N > 1)isa
domain bounded or not and containing 0.
If M = 0, then (1) reduces to the generalized Lane—Emden equation

() — Apu=ulf'u in Q,

which has been widely studied in the literature [1, 4, 9, 11, 14, 22, 23, 29, 30, 33,
34, 35, 38], both when Q is bounded and when Q is unbounded. Especially, in the
semilinear case m = 2, one of the celebrated results is given by Gidas and Spruck

[22]: ift N> 2 and p € [1, ]1\\,’3), then any nonnegative solution of (2) in RV is
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identically zero and the result is sharp. Very surprisingly in Gidas—Spruck’s result,
there is no a priori information assumption on the behavior of the solutions at
infinity. Additional results for the semilinear case, but with a nonlinearity similar
to that in (1) can be found in [15] and [21].

For the case of m > 1, radially symmetric positive solutions were studied by
Ni and Serrin [28, 29, 30], and further results in this direction were obtained by
Guedda and Véron [23] and Bidaut-Véron [1].

When one studies the so-called Liouville property of (2), namely whether all
positive C! solutions of (2) in R" are constant, two critical exponents appear

_Nm-—1)

3 e , *
3) m N—m m

_Nm—1)+m
- N-m

when N > m, known as the Serrin exponent and the Sobolev exponent, respectively.
It is well known that the first is optimal for the Liouville property for the inequality

4) — Apu > ufP™'u inRY,

while the second is optimal for the corresponding equality. Indeed, Mitidieri and
Pohozaev [26] first proved thatif N > mandp € (0, m,],or N < mandp € (0, c0),
then any nonnegative solution to (4) is zero. On the other hand, if N > m and
p € (m,, 00), then (4) possesses the following bounded positive solution

w(x) = C(1+ x| 1) ™",

for some C > 0, see [26, Remark 4] or [35]. For equation (2) in R, we refer to the
marvellous paper by Serrin and Zou [35] (cf. Corollary II), where also nonexistence
in the case N < m and p € (0, co) was solved. Of course, if M > 0, every positive
solution of (1) is also a positive solution of the inequality (4).

If we consider the critical case of (2), that is when p = m*, and we restrict our
attention to solutions belonging to the space

DLMRNY = {u e L (RN): / [Vul™ < oo},
]RN

then Damascelli et al. in [14], for 1 < m < 2, Sciunzi in [33], for m > 2 , and
Vétois in [38], for m > 1, showed that all positive solutions are radial and have the
following form

ilﬂLINlln(]r\,/l:rln mI;l N;"’ N
u(x) = U, 4, (x) = [/Im"—'l N Ix—xolm"—ll} , A>0, xg e RY.
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Moving to exterior domains, Bidaut-Véron [1] proved that any nonnegative
solution of (2) is zero provided that N > mand p € (m — 1,m,], or N = m
and p € (m— 1, 00), while Bidaut-Véron and Pohozaev [3] showed that (4) admits
only the trivial solution # = 0 whenever N > m and p € (0,m,], or N = m
and p € (0, 00).

For the case with gradient terms, we first recall the Hamilton—Jacobi equation

) — Ajyu=|Vul? in Q.

The Liouville property of (5) was studied by Lions in [25] for m = 2, who proved
that any C? solution to (5) with ¢ > 1 in R" has to be a constant by using
the Bernstein technique. Bidaut-Véron, Garcia-Huidobro and Véron [5] proved
that any C! solution u of (5) in an arbitrary domain Q of RY with N > m > 1
and g > m — 1 satisfies

(6) IVU()| < Cxmg(distCx, OQ)) ~am

for all x € Q. Estimates of this type, not only for the gradient but also for the
solutions are called by Serrin and Zou “universal a priori estimates”, because
they are independent of the solutions and do not need any boundary conditions. In
particular, they produce as a direct corollary the Liouville property, since dist(x, 6€2)
can be chosen arbitrarily large when the solution is defined on all RY. For a
detailed discussion in this direction we refer to the paper by Polacik, Quitter and
Souplet studied in [31] where new connections between Liouville-type theorems
and universal estimates were developed. Here “any solution” means there is no
any sign condition on the solution. Estimates of the gradient for more general
problems can be found in [24].
For the generalized case of (5) given by

@) — Au=v’|Vu|? in Q,

in [6] Bidaut-Véron, Garcia-Huidobro and Véron focused on positive solutions
of (7)form=2,p > 0and 0 < g < 2. By using the pointwise Bernstein method
and the integral Bernstein method, they determined various regions of (p, g) for
which the Liouville property holds. Filippucci, Pucci and Souplet [19] solved the
caseofm =2,p > Oand g > 2, and they proved that any positive bounded classical
solution of (7) in R is identically equal to a constant. Bidaut-Véron [2] obtained
the same Liouville-type results for (7) in thecase N > m > 1,p > Oand g > m
without the assumption of boundedness on the solution. Recently, the Liouville
property of (7) in RN for N > 1,m > 1, p > 0and 0 < g < m was studied
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by Chang, Hu and Zhang [10]. For the case of radial solutions of the coercive
vectorial version of (7) in RY we refer to [20].
If we consider the inequality version of (7)

(® — Aju > u?’|Vul? in Q,

it was proved in [6] for the case m = 2 that any positive solution of (8) in RY must
be constantif N > 2, p > 0, g > 0 and

pN —2)+qg(N—1) <N.

The generalization of the above results to the case m # 2, even in the vectorial
case, can be found in [16, 17, 18, 27].

Recently, Sun, Xiao and Xu [36] dealt with (8) when Q is a geodesically
complete noncompact Riemannian manifold, and they obtained the nonexistence
and existence of positive solutions to (8) in the range m > 1 and (p, q) € R? via
the volume growth of geodesical ball.

The most important motivation of the present study is to extend the results
obtained for the semilinear equation

9) —Au=uflu+M|Vu|? inQ,

by Bidaut-Véron, Garcia-Huidobro and Véron; see [7, 8]. By using a delicate
combination of refined Bernstein techniques and the Keller—Osserman estimate,
they obtained a series of a priori estimates for any positive solution of (9) in an
arbitrary domain Q of R" in the casep > 1, g > szl and M > O ([7, Theorems
A, C, D). In particular, the nonexistence of positive solutions of (9) in R" was
obtained for the following cases:

(DNsz>L1<q<f’M>m

+17

.. 2 1"V N 12, 7
(i) N=Lp>1lg=71,M> @D (M0 m;

(i) N>2,1<p< NS, 1<qg<™? M>0;
(V) N>3,1<p<5,q=71,IMl < e,

where € is a positive constant given in [7, Theorem E]. They also considered the
existence and nonexistence of “large solutions”, namely those solutions u(x) — oo
as dist(x, 0Q) — 0, and radial solutions of (9).

In this paper, we follow the idea used in [7, 8], based on the Bernstein method,
to derive various a priori estimates concerning Vu for positive solutions of (1) in
the cases ¢ is less than, greater than or equal to :ff; and consequently we obtain
Liouville type theorems.

Our first result is devoted to the case g > ;’f’l .
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Theorem 1.1. Let Q C RY, p > max{m — 1, 1} and q > o
Then for any M > O, there exists a positive constant cn,p,q Such that any

positive solution of (1) in Q satisfies
(10) IVUCO| < Crmpg(M ™ 0Him + (Mdist(x, GQ)) ™11

for all x € Q. Especially, any positive solution of (1) in RN has at most a linear
growth at infinity

_ p+l
(11) IVu(x)| < enmp M~ eemw,  x e RN,

While in the case g < "7, we obtain a nonexistence result.
p+l

Theorem 1.2. Letp > max{m — 1, 1} and max{m — 1,7} < g < ;’ff’l
Then for any M > 0, there exists a positive constant c,m p,q such that (1) does

not admit positive solutions in RN satisfying
(12) u(x) < enmpgMm-ra,  x e RN,

Remark 1.3. Here assumption g > 7 follows from the proof’s technique,
due to the use of Young’s inequality.

mp

For the case g = il

result in RV,

and M large enough, we have the following nonexistence

Theorem 1.4. Let Q C RY, p > max{m — 1,1} andg="",

p+l°
Then for any
»
N +1 + 1 _

(13) msNTCED Gy

(4p)r
there exists a positive constant cyy,m.p,q Such that any positive solution of (1) in Q
satisfies
(14) IVUGO| < enptmpq(distx, 6Q2)) ™7

for all x € Q. Consequently, (1) does not admit positive solutions in RV,

When M is allowed to be negative, we derive a nonexistence result for super-
solutions of (1) in an exterior domain.

Theorem 1.5. Letp > m—1ifN=morm—1 <p < Njf,m_;il) if N > m,

q= :z and M > —u*(N) where

N@m —1) — p(N — M))pil
mp '

Then there exist no nontrivial nonnegative supersolutions of (1) in RN \ By for

(15) Wy =+ 1)

any R > 0.
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Concerning large solutions, we prove the following.

Theorem 1.6. Let Q be an open domain with Lipschitz boundary, p > m — 1
and q = ;’f’l If M > —u*(m), then there exists no positive supersolution of (1)

in Q satisfying
(16) u(x) =

dlst(x 09)—)0

Inspired by [6, Theorem A], we derive an a priori estimate for positive solution u
of (1) in a neighborhood of 0 as follows. The proof relies on Serrin’s classical
Harnack inequality [34, Theorem 5] and the fact that every radial solution u(|x|)
of (1) is m-superharmonic when M > 0.

Theorem 1.7. Let Q c RY (N > 2) be a domain containing 0. Assume
l <m<N m—1<p< Nﬁ,”::),m—l < q < Nx"__ll) and M > 0. If
u € C2(Q\{0}) is a positive solution of (1) in Q\{0}, then

17) u() + x| V()] < clx| "
holds in a neighborhood of 0 for some ¢ > 0.

Remark 1.8. Under the assumptions on N, m, p, g and M of Theorem 1.7, we
obtain a local Harnack inequality for positive solution u of (1), namely

(18) max u(x) < Kmln u(x), re(,1/2],

|x|=r

for some K > 0. The Harnack inequality for a more general model
(19) lulP~lu — M|Vul? < —Au < colulP u+ M|Vul?,
where ¢p > 1 and M > 0, was obtained first by Ruiz [32] in the range

N(@n — 1
(m ) and m—1<g< P

—1<p< .
" P= N—m p+1

Note here ;’f’l < Nl(\;" 11) always holds if p satisfies the assumption of Theorem 1.7.

The final result is a Liouville-type theorem for a positive solution of (1) with a
less restrictive assumption on M but a more restrictive assumption on p compared
with Theorem 1.4. Actually, as emphasized before [6, Theorem B], the direct
Bernstein method allows to obtain pointwise estimates of the gradient without
any integration. In particular, in the next result, using cumbersome algebraic
manipulations and a rather demanding application of Young’s inequality, we obtain
an a priori estimate for the norm of the gradient of a power of a positive solution,
in the spirit of [6, Theorem B] devoted to elliptic inequality of the Laplacian type
with a superlinear absorption term.
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Theorem 1.9. Let @ C RN (N > 2). Assumem —1 < p < W)=Y anq

(N+2)(m—1)
N .

m—1<g< Then for any M > 0, there exist positive constants d

and cy . p.q such that any positive solution of (1) in L satisfies

(20) IV (x)] < Cnmp.q(dist(x, 8Q) 7170, x e Q.

In particular, there exists no nontrivial nonnegative solution of (1) in RV.
As a consequence of (20) the following holds:

Corollary 1.10. Let Q be a smooth domain in RY (N > 2) with a bounded
boundary, and under the assumptions of Theorem 1.9. If u is a positive solution
of (1) in Q, then there exists a positive constant do depending on Q and ¢y p 4 > 0
such that
1) u(x) < ¢((distCx, Q)R+ max_ u(@), xeQ.

dist(z,0Q)=dy

Remark 1.11. Recently some weak versions of the Bernstein method have
been exploited for quasilinear elliptic equations involving gradient terms. It is
expected that by using integral or other weak versions of the Bernstein method,
the results obtained here may be improved, see [12, 13].

Notations. In the above and below, the letters C, C’, Cy, Cy, ¢, c1, . . . denote
positive constants whose values are unimportant and may vary at different occur-

rences, and C, . or C(x, ..., z) denotes the positive constant whose value relies

.....

on the choicesof x, . .., z.

2 Proof of Theorems 1.1, 1.2 and 1.4

We begin with the following lemma which plays a key role in our proofs.

Lemma 2.1. Let Q C RY, N > 1 and m > 1. Assume that v is a C' function

in Q such that |Vo| > 0, and let w be a continuous and nonnegative function in
with w € C2(W,), where W, = {x € Q : w(x) > 0}. Define the operator

(D*wVv, Vo)

w— dy(w):=—Aw — (m—2) Vo2

If w satisfies, for some & > 1 and a real number c,

)+ < eV

on each connected component of W,, then
w(X) < ey e (dist(x, 5Q)) ™1, Vx e Q.

In particular, w = 0 if Q = RV,
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Proof. This proof is a combination of [5, Proposition 2.1], and that of [2,
Lemma 3.1] in the special case S(x) = 0. In particular, the operator «7,(w) was first
introduced in [5, Proposition 2.1]. For the reader’s convenience, we list the proof
here. First, write .27,(w) as follows

N
(22) Ayw) == Aoy,
ij=1
where a;; depends on the gradient, indeed a;; = J;; + (m — 2) l”v':flg ,and g; = 1ifi =,
d; = 0if i #j. Noting that (;)g;:'l”’g) is nonnegative definite, then
N

(23) min{1,m — B|p* <> aynin; < max{1,m — 1}|5]*,

ij=1
forall n = (#1,...,ny) € RN. Therefore, <7, is uniformly elliptic in {|Vo| > 0}.

Consider a ball Bg(xg) C Q. Let r = |x — xg| and set
() = AR — )<,

where 1 > 0. Let G be a connected component of {x € Bg(xg) : w(x) > w(x)},
then G € W, and G C Bg(xp).

Let us define £(y) by
. Vyl|?
24) Ly =+ v —co
A standard computation shows that
(25) L) = AR = )5 (257 = eR?),

where ¢ = c¢(N, &, ¢p). By choosing 4 = (ch)fll , we derive L(y) > 0.
If x; € G satisfies

w(xy) — yx) = max{wx) — y(x) : x € G},
then Vw(x;) = V(xy), w(x;) > w(x;) > 0 and «(w — yw)(x;) > 0. Thus,
Vol _1vufy

02 L(w — y)(x1) = F(w — p)0r) + (@ — y)on) + o .

Since the last two terms are positive, we derive a contradiction. Therefore w <
in Bg(xp). In particular,

(26) w(xg) < l//(xo) = C;V,é',coR_:zl X

By letting R — dist(x, 6Q2), we obtain (2.1). ]
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The next lemma is the extension of formula (2.6) in [7]. The new formula,
valid for every m > 1, is rather tricky and requires cumbersome calculations since
we have to take into account several terms appearing when m # 2.

Lemma 2.2. Assume that v is a nonnegative C function in Q. Let z = |Vov/|?,
then we have

1 1 m
2%(2) + sz_m(Amv)2 +zi72 (VA Vo)

(N+2)(m—2) _» m—2|Vz|?
27 < N 772 A0 {Vz, Vo) + 4 .
_ _ 2
_@N+m—2)(m—2) (Vz, Vo) on {z> 0).

AN 2z
Proof. Using z = |Vo|?, Vz =2D*» Vo, and
Ao = |Vo|" 2 Av + (m — 2)|Vo|"*(D*vVv, Vo),

we obtain

m—2(Vz, Vo)

(28) Av=z7""2 A0 — ,
2 z

on {z > 0}.

A routine computation yields that

(Av)* = Z27"(An)* — (m —2)772 A (Vz, Vo)
(m —2)? (Vz, Vo)?
+ b
4 72

(29) " -2 .
VAv=z'"2VA,» — " 5 77 2A,0Vz
Lme 2(Vz, Vo)Vz  m—=2V(Vz, Vo)
2 Z2 2 z ’
and
m _2 m
(VAv, Vo) =272 (VA,0, Vo) — " 72 A0 (Vz, Vo)
(30)

Lme 2(Vz, Vo)2  m—2(V(Vz, Vo), Vo)
2 72 2 z '

Noting that
V(Vz, Vo) = D*zVv + D*vV7z,

and 1
(D*vVz, Vo) = (D*vVo, Vz) = 2IVZ|2,
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we get

1
(31) (V(Vz, Vo), Vo) = (D*zVv, Vo) + 2|Vz|2.

Combining (31) with (30), we have
m - 2 m
(VA0, Vo) =z'"2 (VA0 Vo) — ey A0 (Vz, Vo)
Lme 2(Vz, Vo)>  m—2(D*2Vu, Vo)
2 z2 2 z
_m—=2|Vz]?
4 z
By the Bochner formula, we have

(32)

1
A|Vo|* = |D*v|* + (V Ao, V)
2
(33) 1
> N(Av)2 + (V Ao, Vo).
Replacing (29) and (32) into (33), we deduce
1 m—2(D*2Vo, Vo) 1 ,_ )
Az > — (A,
) Y A
" N+2 —2) _nm
+Zl_2<VAmU, V1)> — ( + 2)5\’;1 )Z_z Amv<vZ’ VU>

L @N+m=2)m=2) (Vz,Vo)2  m—2|Vz?
4N 22 4z
The above inequality can be rewritten as

1 1 m
5 TlD) + Nﬁ""(Amuf +2' 72 (VA0 Vo)

(N+2)(m—2) _,
< N 72 A0 {Vz, Vo) +

_ (2N +m—2)(m—2)(Vz, Vo)?
4N 2

m—2|Vz|?
4 z

which yields (27).

The following Bernstein estimate for solutions of (1) is essential in the proofs

of Theorems 1.1, 1.2 and 1.4.

Lemma 2.3. Assume that u is a C' solution of (1) in a domain Q, withm > 1

and M, p, q arbitrary real numbers. Let z = |Vu|>. Then for any 0 < a <

2 . .o,
0<b< Az/[v , there exists a positive constant ¢1 = c¢1(N, M, m, q, a, b) such that

2M _ q__ _ _ _m
|u|p luzzl m+2+qu m+2_p|u|p 1Z2 2

[Vz|?
< Cl

1
H(2) + auP " +
(34)

, on{z> 0}
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Remark 2.4. From the proof of Lemma 2.3, it is evident that when m = 2, the
constant a above can be allowed to satisfy 0 < a < Al,, while when

Ng = (N + 2)(m — 2), the constant b above can be chosen such that 0 < b < %2 .

Proof. As in Theorem 3.4.7 in [37], since u is a C' solution of (1) in Q then
ue C?in{x e Q: Vu0}, that is for {z > 0}. Furthermore, we have

Z2_m(AmM)2 — M2pz2—m + 2M|u|p—luzg—m+2 +M2Zq—m+2’
_m _ _m Mq q—m
2TV AU, Vi) = —plulP 12772 — 5 % > (Vz, Vu),
and

272 Au(Vz, Vi) = —|ufP " uz "3 (Vz, Vi) — Mz"2 (Vz, Vu).

Inserting these identities into (27), we arrive at

1 1 2M g M? .
o Pu(2) + Nuzpzz_m + N P~ uz2 7" + N 2472 a2
N+2 -2 "
< _(N+2)(m )lulp_luz_2 (Vz, V)
(35) 2N 2
Mq M(N +2)(m —2)\ q¢-m m—2 |VZ|
+( s T N )z > (Vz, Vu) + .
(2N +m —2)(m — 2) (Vz, Vu)?
_ AN 2 , on{z> 0}.

Next we estimate each term in the right-hand side of (35). By the Cauchy—Schwartz
inequality and then, thanks to Young’s inequality, we have for any ¢, &' > 0

1 _m _ 1 |Vz)?
lulP~ uz 2 [(Vz, Vu)| < eu 7> m 4 IVzl ,
4e z
and 5
—m 1 |Vz
22 |(Vz, Vu)| < 2972 + IVzl )
4e’ 7
Note also that
(Vz, Vu)? - |Vz|?
Z? -z
N+2)[m—2 Mg M(N+2)(m—2 .
Let &g := ¢ +2)}\’," le and g, := | = ( +2])\§m )|&’. We infer that

1 1 _ 2M _ _
2%(Z)+(N —31)u2pz2 "+ N P~ uz2

[Vz|?
ci ,

M? _ o
+( _82)Zq m+2_p|u|p 1Z2 n S .

N

2 .
where ¢y = ¢1(N, m, &1, &) > 0. Seta = 1{/ —¢grand b = Az/[v — &p. Taking ¢; and &;

small enough such that a, b > 0, then (34) follows. ]
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Now we step into the proof of Theorem 1.1.

Proof of Theorem 1.1. Let u be a positive solution of (1). Consider the
following change of variables

(36) u(x) = ar-mo(y), y=ax, xeQ,

—m+1

. — P
with o = M~ ¢+ba-mp |
_ p+l _ mp .
Then |Vo| = |[Vyv| = a”»=1|Vu| and A,0 = a” »1 A,u so that v is a

positive C! solution of
(37) — Ao =P o+ |Vol? in Q,,

where Q, :={ye RV : y=ax, x € Q}.
Let z = |Vo|?, so that (34) becomes

1 _ 2 _ q_ _ _ _m VZ 2
%(Z)+au2pz2 m+ |U|P IUZZI m+2+qu m+2 —p|U|P 122 2 S Cll | ,
2 N z
on {z > 0},
indeed v is a positive solution of (1) with M = 1. In turn
1 2p 2—m —m+2 —1.2-" |Vz?
(38) 2%(z)+av Pz + bz —plolP7z772 < ¢ , on{z> 0},
z

withO < a,b < 1{/ asin (34) and ¢; = ¢ (N, m, q, a, D).

Suppose g > !ﬁ”l
conditions assumed on p. By the Young’s inequality with exponents 2p/(p — 1)

and 2p/(p + 1), for ¢3 > 0, we have

In this case, it immediately follows that g — m+2 > 1 by

Q2—m)(p—1) 1+27m

2p+2—m
plolP~'2 2 =ppPlz » M <

2pZ2_m+C22 P

Since 2p > m—2 and g(p+1) > mp, a further application of the Young’s inequality
with exponents (g —m+2)(p+1)/(2p+2 — m) and its conjugate gives, for ¢4 > 0,

2p+2—m

Caz P < 84Zq—m+2

+ C3,

where ¢; = c2(p, €3) > 0 and ¢3 = c3(m, p, q, ¢z, €4) > 0. Hence by (38),

1 2 _2—m q—m+2 |Vz|?
2%(Z)+A11) T+ Az <c . +c3,

where A} = a — ¢3 and A, = b — g4. Taking &3 and &4 small enough such that
A1,Ay > 0, then

[Vz|?
C1 +

1
) Ay(2) + Az < c3.
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~ 1 ~ . .
Letting 7 = (z — (fé )a-m2),, thus z > Z, and with ¢ — m +2 > 1, we obtain

;%@‘FM?{_WJ s |V§|2, on {z > (:132)‘1_’;&}-

Using Lemma 2.1, we derive
) < ea(dist(y, 8Q,)) s,

where ¢4 = c4(m, g, c1,A2) > 0, and with Z = [Vo(y)|> — ¢, ¢ > 0, using that
(a+Db)V/? < a'/? + p1/2 it follows that

(39) IVom)] < 41+ (dist(y, Q) "),y € Q.

In view of the change of variables (36), we finally obtain (10).
Now consider the case Q = R" and assume that u is a positive solution of (1)
in RV, Fix y € R" such that |y| < 2n. Using (39) with Q, = B»,(0), we see that

Vo)l < ch(1+@n — [y)~em1), v € Bau(0).
Taking n — oo yields
Vo)l < cj, yeRY,
so that (11) follows immediately thanks to the change of variables. ]

Proof of Theorem 1.2. Let u be a positive solution of (1) and let v be the
function defined in (36) where now Q = Q, = RV, If z = |Vo|?, since we have

max{m—1,"7} < g < ;’J’f’l then for any &5 > 0 we have

2= 5

1 p_m Q2—-m)2q—m)  m(g—m+2)
p + CSU 2g—m Z .

po z°72 :pUP_IZ 2wz w < SSZq_m+2

where ¢s = ¢s(m, p, g, €5) > 0. Inserting this inequality into (38), we obtain

1 _ 2mp—2q(p+1) _ VZ 2
2%(2) + szZZ "a—csv )+ Azt 2 < IVl

b

V4

where A3 = b — &5 with ¢5 small enough such that A3 > 0. If

b

2q-m
A \ 2mp—2q(p+1)

maxv < CNym,p,q ‘=
Cs

which is equivalent to (12) by virtue of (36), we get

1 Vz|?
Ay(2) + Az < Cll &,
2 Z
From Lemma 2.1, applied with & = g — m+2 > 1, we conclude that z = 0 in RV,

in turn v is identically constant and thus o = 0 in R" from the equation (37). O
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Proof of Theorem 1.4. Let u be a positive solution of (1) in Q and let g = ;'jf’l
by assumption. For B > 0 to be chosen and a € (0, 1/N) if m #2 or a € (0, 1/N]
if m = 2, consider the auxiliary function @ defined for Z > 0 by

O(Z) = uPZ>™" + BZ9™™? — \/Zu"z'zz_g.
In particular, ®(Z) = Z>~"y(Z) where
W(Z) = + BZM — \/zupzl 7!
with
wO) =u’ >0 and y'(2)= Zflizg—l [Z"Z'g;ll)) _ g;a;u,,zl}’

so that w(Z) achieves its minimum at

2(p+1)

+1 \mpony
2B./ap

and
—1 p+1N"
@) > pzy=[1- " (7 P
(dap)™ \ B

Denoting
(p+D(p— D
Gapyt
we obtain, choosing B > M., that w(Zy) > 0 yielding w(Z) > 0 for all Z > 0 and
consequently ®(Z) > O for all Z > 0.
Observing that condition (13) reads as M > (aN) po M, , we consider

M, = 0,

1 .
2%(z)+a(upzl :

M; 7 . o
+[b—a +2 ]Zq m+2_pup 1Z2 >

+ + 1+";"’)2
(Na)l/(p+1)Z

(Na)r+
! M; M ,
40) = () + au2pz2—m +a +2 Zq—m+2 +2a + 1 u”zz_"”z]
2 (Na)p+1 (Na)wl

M2 — _ _m
+ (b—a +2 )Zq m+2 _pup 1Z2 “
(Na)p+1
1 L 2M ~ o
< 2%(z)+au2pz2 " N S N Y BV S S
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where in the last inequality we have used M > (aN) o M. We have thus obtained
the left-hand side of inequality (34) for u positive, so in the set where |Vu| # 0 and
for b < M?/N, we get

1 m M —m 2
%(Z)+Q(MPZI_2 + + 1+612 )

2 (Na)!/w+)©
2 2
+ {b—a M+2 }zq_"”z —puPT127 < ¢ IVl )
(Na)r
We claim that

m M q—m 2 m

P,l— + 1+ _op—1_2—
“1) CE (No)l/orn® ) -l 20

Indeed, noting that for any B > M., we have

(uplvu|2—m +B|vu|q—m+2)2 _ pup—llvu|4—m
a
- (up|vu|2—m + B|Vul9™"? & \/”u”? |vu|2—”z’) - ®(|Vul) > 0,
a

where 0 < a < !, then (41) immediately follows choosing B = M, /(Na)'/®*+D,
with z = |Vu|>.
Consequently,

g—m+2 <

., M VP
(Nay/@+n ]S =1 o

1
ST+ E
Now, it is possible to choose a and b such that
M? M?
a ) ,
(Na)pH N

indeed the above condition is equivalent to

b1 [(p + (= 1)m }2 _ 1

a > Nrt » —¢
M(4p) N
with -
1 . D(p — D 72
¢ = —mel{(er =D |">0
N M(4p)#

by (13) and since N > N,
By using again Lemma 2.1, withé =g —m+2 > 1, we obtain

|vl/l(.x)| S CN,M,m,p’q(diSt(x, GQ))_q—;m S

which is exactly (14) via g = ;'jf’l .
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3 Proof of Theorems 1.5, 1.6 and 1.7

Proposition 3.1. (A) LetM > 0,m > 1, q > 0and either N < mandp > 0
orN>mand0 <p < N,(\;'i_ml). Then, there exist no positive solutions of (1)
in RV \ Bg for R > 0.
B) LetM>0,m>1,N>1,p>0andm—1 < q < """V, Then there exist
no positive radial solutions of (1) in RV \ Bg for R > 0.
(C) LetN>mm>1,M>0,qg>0,p > Njf,”;il) and let u = u(|x|) = u(r) be a
positive radial solution of (1) in RN \ Bg. Then, there exists p > R such that

42) u(r) < cor v, r> p,
with ¢o = [2N(1 = 27»20)=m=D¢_ " | Y =1 ]o-m1 and
N — "
(43) |ur(r)| < ¢p rf}’_l’f’"lﬂ s r> p.
m —

D) LetN>1,m>1,M>0,p>0,qg > N](\',"__ll), and let u(x) = u(r) be a

positive radial solution of (1) in RN \ Bg. There exists p > 2R such that

(44) () < e, r>
with
_ (4N =D = Nem = 1)y
! M(g—m+1) '
Moreover, ing"__ll) <qg<m,
—m+1 _ m
45) u(r) < cy —m F , > P

5
Proof. (A) When M > 0, every solution u of (1) satisfies the inequality
—Apu > |ulfP'u,  inRY\ Bg.

Then, assertion (A) follows by [3, Theorems 3.3 (iii) and 3.4 (ii)] and [35, Theo-
rem I'].

(B) Let u be a radial positive solution of (1) in RV \ Bz, R > 0. Thus,
u = u(r) = u(|x|) satisfies (1) in the radial form, that is

(46) —r N "0, = uP + Mu, 9, 1> R.

It follows that
re w(r) = = ",
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is strictly increasing on (R, 00), thus it admits a limit [ € (—oo,00]. If [ < O,
then u,(r) > 0 on (R, 00). Hence u(r) > u(sg) := ¢ > 0 for some sy > R and for
all r > 50, so that

Tl h, < =ML e = s,

in turn, by integration from s to r, with so < s < r, we arrive at

— SN—I — cP SN
"= < s = (r= ),

which implies u,(r) — —oo, thus u(r) - —oo as r — oo, a contradiction.
Therefore, w(r) — [ € (0,00] as r — oo and there exists 7; > R such that
u,(r) < 0 on (r;, 00), so that w = ¥~ |u,|"~! > 0 on (17, 00). By (46), we have
forM > 0

_ (N=1)(g—m+1) q
W, 2 Mr m—1 wm—l’

yielding

_ q—m+l —m+ 1 _ (N—1)(g—m+1)
(47) w1, < =4 oM
m—

Integrating (47) on (s, r) with s > 1y, if g = N x”__ll), we obtain
1 1 M r

48 wN-1(r) —wN-i(s) < — In ,

(48) ") (<=, /W'

Je i Non—1)
while if g < """, we have
w= "t (r)— w™ (s)
(49) - M(g—m+1) Nen=D=qN=1) SN(WL::Y(M”)_

STNm=1—giN=1""

Letting r — o0, we obtain that both right-hand sides of (48) and (49) tend to —oo,
with Nom — 1) — g(N — 1) > 0, namely

_ 1 _ q—m+l
w N1 (r), w1l (F) > 00 asr — 0.

This contradicts lim,_, o, w(r) =1 > 0, concluding the proof of (B).
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(C) Let u(x) = u(r) be a positive radial solution of (1) in RY \ Bg. Arguing as
in (B), there exists r; > R such that u,(r) < 0 on (77, c0). By (46), with M > 0, we
have for r > p; :=2r,

()" > /r Nl (vyde > rNuP(r)(l 1 ) > NuP(r)

N SN 2N
yielding
(50) (u_prI) >p—m+1( r )mil
" m—1 \2N '
Integrating (50) on (3, r) we obtain
(51) u(r) < cor rmi, 1> 2p,

with

m—1
co = (QN),,JMI (1 —2"nh )_[JT;HI-I ( m )"‘”’“ ,
p—m+1
which yields (42).
To prove (43), we set
o(r) = (1™ ")

with ¢ € (0, pl_ ’”jll). By (51) we see that v(f) —> 0 as t — 0*. By (46), using that

m — —1
v(f) = _N _ ’n”r(’”)rm*1 >
andr=1¢" ;\'ll:lln , We obtain
m—1 2N-1) N—1
ouD = e[ Dttty
m—1  G-mw-n 2—m, N—1 m—2
= o PO ), <

Using the mean value theorem in (0, ), we derive, with v, increasing since u, < 0,

(1)
Dt(t) S ¢ b}

so that, replacing the expression of v,, we obtain the following

PO R = R
m—1 t
_N—m o) N—mu(r)

m—1

m—14+30 m—1 r"’ r>2p
- N—m -

so that, using (42) with p = 2p,, then (43) follows immediately.
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(D) Let u be a radial positive solution of (1) in RV \ Bg, R > 0. Arguing as in
Nl(\;"__ll), inequality (49) is still valid, so
that letting r — oo on both sides of (49), we obtain that there exists p such that

forall s > /2)

the first part of (B), but now assuming g >

—q—m+l _ q=m+l M(g—m+1) _ g(N=D=N(m—1)
ml—wT ol (8) < — s met
gIN—1)—N@m—1)
hence
U)(S) < (CI(N - 1) - N(m - 1)) q’f;-:-lS‘i(N—qll;ﬁ(lm—l)’ <= p’
M(g—m+1) 2
thus, from w(r) = ¥ Hw,(r)|" !, we get
Q(N_ 1) _N(m - 1) q—;wl _ 1 p
< qg—m+1
ol < (10 Ty )T e s
which yields (44). Then (45) follows by integrating (44) from r to co. ]

Proof of Theorem 1.5. Let u be a positive supersolution of (1) in B; for
some R > 0. By Proposition 3.1 (A), we know that when M > 0, the result is

valid, even in a larger range for p. Thus, let us deal with the remaining case M < 0
N(m—1)

and N=mwithp >m—1orN>mwithm—1<p <"

Setting u = v with ¢ > 1, we obtain

l—m, m+o(p—m+1)—1

Vol
+o0 v

D
+ MO'q_m+lU (o—1)(g—m+1) |vv |q’

—Apv = (6= 1)(m—1)

and then setting z = |[Vo|™ yields

——C
) b

(52) —An0 >0
where
Y(z) = O_m—l(o_ — D(m — 1)z + Moo (U—l)(q—m+1)+lz;’1 + pmrol—m+)

Since g = ;’J’f’l , it is easy to see that W¥(z) achieves its minimum at

1= .
w= ((a— %ZJ— D(p + 1))P o,

and

(53) ¥(z0) = {1 B <1)|A4/-[|1)p+1 ((0' — lt)jfm - 1))p}vm+0(p_m+l)'
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For the case of N > m, we choose ¢ such that

N(im —1
m+olp—m+1)—1= (m ),
N—m

namely

_ m(m— 1)
T N—mp-—m+1)

: N(m—1)
inturno > 1 byp < 777 and

|M]| )Pﬂ( mp )P} b

¥ 2 %@ = [1= () (yom— 1y oy — ) 12

We derive that if |M| < u*(N), where p*(N) is given in (15), then inequality (52)
gives
N(m—1) . N
(54) — Ao >0v v in RY \ Bg,
for some 0 > 0. Hence, Proposition 3.1 (A) yields the required contradiction,

since no positive solutions of (54) can exist in exterior domains of RV,
If N =m, forafixedo > 1, if

(6 — 1)(m — 1)),,& e

(55) Ml <+ 1)( i
op
then, from (52) and (53), we have
—AmU > 5Um+0'(p—m+l)—l in RN \BR
forsome J > 0. Since m+o(p —m+1)—1 > 0, then the result follows immediately
from Proposition 3.1 (A). In particular,

— 1\
,u;kn%,u*(m):(p+l)(mp ),,1 as g — 0o,

thus, choosing ¢ large enough, condition M > —u*(N) holds also for N =m. [

Proof of Theorem 1.6. We perform the proof by a contradiction argument.
Let us assume that there exists a positive supersolution # of (1) satisfying (16).
Without loss of generality, let us assume that u > 1 in Q, otherwise, we could
replace Q with the set {u > 1}. Take v = logu, so that v is positive with u > 1.
Byg= ;’f’l , we obtain

(56) —Auv > F(IVo|™),

where
FX)=(m— DX+ e(P—m+l)v + Me(q—m+1)v Xpﬁl ‘
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Obviously F(X) > 0 for any X > 0 when M > 0. On the other hand, in the case
M < 0, it is not hard to see that F(X) achieves its minimum at

b

XO — ( |M|p )P+le(p—m+1)u
m—Dp+1)

and

puo = iy =[1 (7 ) () e

for all X > 0. Therefore, if
m — 1 pﬁl %
(57) Ml < D" ) = o),
p
where ¢ is as in (15), then F(Xp) > 0, so that we see that v solves

—A,0 >0, in Q,
(58) _
limyg;sy(r,a0)—0 0 (X) = 0.

Clearly, when Q is bounded, v is larger than the m-harmonic function with any
boundary value k£ > 0. Letting kK — oo we derive a contradiction.

When Q is an exterior domain, namely Q = RV \ Bg, so that Q¢ = By, we may
assume Bg, C Q¢ C Bg, for some R, > R; > 0. Define

_(N=D(R>—Ry)

d= (m— DR, +1>0
and
w(x) = (Ry — |x),  in Bp,\Q".
We have
—mW:W#&—mWW”mw—D&QM—W—Dw—D,

thus the choice of d and the decreasing monotonicity of (R, —y)/y in (R;, R;) give
that w is a solution of

_Amw < Oa in BRz\Qca
(59) w < (R, — R, onoQ,
w =0, on OBg,.

Hence by the weak comparison principle in [35, Lemma 2.2], we get v > kw in
Bg,\Q° for any k£ > 0. Letting k — oo we derive a contradiction once again. [
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Proof of Theorem 1.7. Letu € C*(Q\ {0}) be a positive solution of (1)
in Q\ {0}. Let B; C Q. By [1, Theorem 1.1],
Wt e My (By), [Vl e Mt (By),

where M" = L"*° denotes the Marcinkiewicz space or Lorentz space of index
(r, 00). In order to fit with Serrin’s formalism, we write (1) as

—Apu=Du" + E|Vu|" ",
where D = u?~"*! and E = M|Vu|?7~"™*!. Then

N@n—1) N(@m—1)
D e M(Nﬂn)(pﬂn+l)(Bl)’ E e M(N—l)(q—mﬂ)(Bl)'

Sincem—1<p < NIE,"’_;}) andm—1<gqg < Nx”__ll), we have
Nm—1 N Nm—1
(60) m=—b m=D" N

N—m)p—m+1)_ m’ (N—=1)(g—m+1)
Since M/ (B;) — L"~%(B;) for any r > J > 0, we infer that
D e LBy, E eI 9®B)).

Thus u verifies the Harnack inequality in B;\{0} by [34, Theorem 5]. This implies
that

(61) max u(x) < K{nli_n u(x), Vre(0,1/2],

|x|=r

where K > 0 depends on the norms of D and E.
Moreover, since u(x) = u(r) on {x : |x| = r} is m-superharmonic when M > O,
ie., —(XN " Yu,|"2u,), > 0, there exists some k > O such that

(62) u(r) < krot .
Indeed, by monotonicity decreasing of rV=! |t |~ u,, there exists ky > 0 such that
rN_llurlm_zur > —ko,
which yields
1 1-N
(63) u, > —ky~rm-t, forre (0, 1].

Integrating (63) on (7, 1), we obtain

u(1) — u(r) > k(1 — ri1),
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1
where k = kj~' ;’,’:}L . It follows that

m—N

(64) u(r) < u(l) — k +krn < Krn

in a suitable right neighborhood of 0, with m < N, so that (62) holds.
Combining with (61), we arrive

u(x) < Kklx| 1 .

According to (60) and (3), we see that the function g := |u|"~'u+ M|Vu|? satisfies
the (¢, m)-scaling-growth property defined by [37, Definition 3.1], thus the estimate
on the gradient is standard and follows [37, Lemma 3.3.2]. ]

4 Proof of Theorem 1.9

Proof of Theorem 1.9. Let u be a positive solution of (1) . Set v = u_/lf, with
S #0 to be determined later and let z = [Vo|?. Then

m 2—m
z2
L1

(65) App = (B+Dim—=1)" 5 0% + MBI oz,

where

66) {0'=m—ﬁ(p—m+1)—1,

s=(B+Dm—q—1).

By (65), we obtain

2
zz_m(Amv)z =B+ 1)2(m _ 1)252 +’B2(1—m)v 2 2-m

— — — q_
+M2[32(q m+1)02szq m+2+2M|IB|q 2m+20o'+5ZZ m+2

67 .
( ) + 2M|,B|q_mﬁ(ﬁ+ 1)(}7’1 _ l)vs—lz S +2
2—m
B
Zl_’;<VAmUa VU>
2 2—m .
(68) = _(ﬁ"' 1)(”” - 1)52 + Jlﬁ; z)”_lzz_'z" +5M|ﬁ|q_mﬁl)s_lzq2 +2

* ;IMlﬁlq_mﬂU 27 (Vz, Vo) + ’;(,3+ DH(m—1) <VZ; VU>’
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and
772 Ay (Vz, Vo)
= (B+D)(m—1) WZ; Vo)
(69) P
+ 07727 2(Vz, Vo)

B
+ MBI Bz (Vz, Vo).

Substituting (67), (68) and (69) into (27), we derive

1 B+ 1D(m—1) z?
S+ (T T S e pm -1,
_ 2—m
N (a+ 28+ ll)ém 1)) |ﬁ|ﬂ o121
+ (S+ 2(ﬁ+ 1])\;7’” - 1))M|ﬂ|q—mﬁvs—lz";”’+2
2 p2(g—m+1)
+ NIB;m_l)DZaZZ—m + M ﬁ]\j DZSZq—m+2
2M|ﬁ|q_2m+2 " a+sZ‘2’ —m+2
(70) N
_ (N+ 2)(]’)’1 — 2) |ﬁ|2_muo'z—’; <VZ v1)>
2N B ’
+ (g _ W 22)5\’;1 B 2))M|ﬁ|‘1—mﬁu 52'2" (Vz, Vo)
.\ (;; 3 (N+22)](\r]n— 2))(/3+ D — l)<Vz;Vv>
. (2N +m — 2)(m — 2) (Vz, Vo)?
4N z2
_ 2
_m=2IVAE o onizs o).
4 z

Afterwards, set Y = v*z on {z > 0} for some parameter A to be determined later.
In order to replace «7,(z) by «7,(Y), we first calculate

—Az=2o " 'YAv — A(A + Do~ 7%y?

71
b +220 "NV, VY) — 0 T*AY,

where we have used that

1)_2}“_2Y|V1)|2 =p ' 2y2,
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Furthermore, reading the m-Laplacian as A,,0 = div(z2 "' Vo), we get

m —2(Vz,V
Av=z7""7 A0 — " (Ve D>.
2 z

Then using
(72) (Vz, Vo) = —do " 71y2 + 0 =4 (Vo, VY),
and (65), we obtain

Alm —2)

A’):[ 2

2—m
N e R e e
(73) B

—m —m - 2 <VU VY>
+ M| Bla—m s=A("5 +1)Y"2 +1 _ m > )
BB S

Replacing (73) into (71), we obtain
AL m _ _ —2i—2y2
Az_x[z(z 2)+,B(m 1) +m 2}0 Y

N B A=)~y
(74) B
+ AM| BT B AR -y 2

_my -
+/1(3 2)1) (Vo, VY) — 0 *AY.

Next, we focus on

<DZZVZ”’V”> . In view of (31), we have

1
(75) (D*2Vo, Vo) = (V(Vz, Vo), Vo) — 5 |Vz)?,
and using (72) we get

(V(Vz, Vo), Vo) = 224+ Do 347273 — 30 =#71y(Vo, VY)
+0H(V(Vo, VY), Vo),

and, as in (32) and using Vz = 2D*v Vo, we arrive at

(V(Vu, VY), Vo) = (D*YVo, Vo) + ) (Vz, VY),
(Vz, VY) = =0 ~*71Y(Vo, VY) +0 4| VY |2
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Then, by (75),

72

(D?2V0, Vo) = 224 + D)o 73472y3 — )

v =271y (Yo, VY)

1 1
+0 *(D*YVu, Vo) + 2z)—2’~|v1/|2 - 2|Vz|2.

Thus
2
(D72V0, Vo) _ ) 04 4 10 —2-2y2 — 72%—*—1 (Vo, VY)
(76) -
(D*YVo, Vo) 1 _|VY]>? 1|Vz?
+ + v - .
Y 2 Y 2z

Combining (74) and (76), we derive

D2
D) = —Az—(m—2)" ZVZ”’ Vo)
3
= u—i%(Y) + 1[1(2 _ m) + B(m — 1)}0_21—2)/2
2
(77) Y 2—m
’ lﬁ; p DT M| po Ay

m—2 _|VY|> m—2|Vz?
)] + .

+2(3m — 4 YV, VY) — 5 v 5
e

Replacing into (70) the following expressions,

02

o—1_2-"1 o—A2-=")—1y2-"
) 72 =0 =7 Y 72,

2
Z _2)—
=0 22 2Y2,

1 q-m aga—m oy g—m
0’ IZ 2 +2:vs AT +2) lY 2 +2’

v 2UZ2—m =0 20—2A(2—m) Y2—m,
v 25Zq—m+2 =0 25— AMg—m+2) Yq—m+2 ,
q__ — (94— q_
) a+sZ2 m+2 _ oS A3 m+2)Y2 m+2’

0 9772 (Vz, Vo) = —Ap?*C=2)71y2=2 4 o= 1=2)y =% (T, VY),

—m

v 32" (Vz, Vo) = —jp ("=l y "2 4 =2y " gy, vy,

(Vz, Vo)

)
(Vz, Vo)?
2

= —J0 " ¥72Y? + 01V, VY),

(Vo, VY)?

=220 72Y2 — 2007 Vo, VY) + v
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we get an estimate from above for .#7,(z), precisely

A7) < {2(ﬁ+1)(m—1)[,1(m_(N+2)(m— 2)) _ ((ﬂ+ D(m—1) 1)}

2 2N N
2 (m—2)? —2)-2y2
— A (m -2+ N ) }1) Y
— _ 2—m
[ OO D=2 P ey
N N B
4(f+1)(m—1) (N+2)(m—2)
=20+ N —i(a- N )]

X M|ﬁ|q_m,31) S—ﬂ(q;m+2)—l Yq;m+2

_ 2 20— 4Q2=m) y2—m _ ZMZ,BZ(‘]_"HI) o=
Np2m=1) N
4M
N

— [2(ﬁ+ (m — 1)(1 - m]; 2) —A(m _2)(2+ m]; 2)}
x v 7V, VY)

_ 2—m
. (N+2)m—2)|p] A=
N B
_ (q _ W 23\(/’" - 2))M|ﬁ|q—mﬁuS—M"E”’“)Y"E’” (Vo, VY)
_ (2N +m —2)(m—2)(Vo, VY)?
2N Y2

N m—2|Vz|?

2 z

Ag—m+2) Yq—m+2

(78) |87 2y a+s— A4 —m2) y § —m+2

2y~ (Vo, VY)

forz > 0.
Replacing (77) in (78) we deduce that for some positive constant

C6 = CG(Na m,q, ﬁ; i);
the following holds:

0 e (Y) + Lo P 72Y? 4 Lyppo Ayl
+ L3U S—i(q;m +2)—1 Ytl—zm +2 + L4U 20‘—1(2—}’”) Y2—m

(79) + L51) 25— A(g—m+2) Yq—m+2 + L61) o'+s—/1(g —m+2) Y;] —m+2

2 2
P V6 B (Vo, VY) VY|
SCG{(D +0 DYV, VY e }
+ Lps— Ay " [(Vo, VY)],
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where

L :,12((’"_2)2 _ m) —Am— 1)(ﬁ+2—

ON 2
+2(B+1)(m — 1)((ﬁ+ 1)15]""_ D_ 1),

2(8+ 1)(m — 2))
N

g 20m—=2)\  4p+DHm—1)

L, = ) {/l(m—1+ N )+ N +20},
Ly=M|BI"p{a(m—q—1+ 2(’"N_ 2)) LA 1])\;’" b, 25},
2 2M2ﬁ2(q—m+l) 4M|ﬂ|q—2m+2
L4 = NIB2(’"—1) . L5 = N , L6 = N R

N+2)|m—2
L= (q+ T g

In particular, it results that L4, Ls, Lg, L7 > O.
Multiplying (79) by v* yields

dy(Y)+ Lo 7Y% + Ly A=) 1y2=5
+ L3vs—/1(‘1;”'+1)—1yq;’"+2 + Lyp20+4m=1) y2=m

25—/1(q—m+1)Yq—m+2 U+S—X(g—m+1)Yg—m+2

(80) + Lsv + Lev

m m Y2 Y2
SCG{(“_I+U‘”5Y‘2>|<vz),w>|+u*<vv’1§ > +|le J

+ Lo Y (W, VY.

Now we estimate each term in the right-hand side of (80). For any & > 0, using
that |Vo|> = v ~*Y, we have

Vo, VY 1 2 |IVY|?
c6|< v ) < 0_2_1\/Y|VY| <ev Y%+ % | |
v 4 Y

and
mi

ce0 ™ Y72 |(Vo, VY)| < cep MDY 2| vy
2 2
< gp2otim=Dy2—m cg VY| _
4e Y
Similarly, Ls being positive, we get

L2 |VY)?

P Ls
L s—A 12 Y 12 v , VY| < 25—/1(q—m+1)Yq—m+2 +
70 (Vo ) < H v 2Ls Y

Note also that
o 1l (Vo, VY)? - [VY|?
Y2 - Y
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Hence, we obtain from (80) that

Y2
(81) A(Y) + Hy +Hy < c7'VY' :

where ¢7 = ¢7(N, m, q, f, 1) > 0, and
Hy = (Li —&)o " 72Y? + Lo H0- D7 1y? s
(82) + (L4 _ 8)1) 20+/1(m—l)Y2—m

— U—i—2y2[L1 _ 8+L200'+)an'+1 Y_’; +(L4 _ 8)U2U+im+2y—m]’

and

(83) H, := LSUS—/I(";'"+1)—1 Y";m+2 + Ls U25—/1(q—m+l)Yq—m+2
+ Lev U+5—X(;’—m+1)Y‘2’ —m+2

Now fix

A<=2, >0, 20+1D)+1>0.
By this choice, we immediately see that the positivity of H, is ensured, indeed the
second and the third terms of H, are positive, with Ls, Lg > 0; it remains to prove
that Lz > 0. This latter follows by the positivity of

2(m — 2)) N 4+ 1)(m —1) s,
N N

Since s = (B + 1)(m — g — 1), by (66), and m — 1 < g < V2"~V by assumption,

Lg:/l(m—q—1+

then we obtain
L= 2A(m —2) N 40+ 1)(m—1) _
N N
To estimate the term H;, we consider the following trinomial

(g—m+DRPB+1D)+ 1] > —3\? > 0.

T.(t)=(Ly — &)> + Lyt + L, —e¢.

If its discriminant is strictly negative, then it is possible to find y small enough
so that the discriminant of (Ly — & — y)t> + Lot + L; — & — y still remains strictly
negative; in turn we can conclude that there exists y = y(N, m, p, q, S, 4,&) > 0
such that T,(r) > y(#* + 1), and hence

f]1 =0 —i—2y2T8(U o'+"g+l Y_’;)

> 30 —i-2y2 +02g+,1(m—1)Y2—m)_

Since 4 < —2, we can define
20+ A(m—1) _ 1+p—m+l
T 42 M d

where d := —}”275 > 0, by the choice of A and f, so that S > m — 1.

S
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Since 255_+"}+2 > 1, we have
YOS = (0 A2y 2ysh (p DS y2omy sy
< pAT2Y2 4y DS p2-m
= p—A2Y2 4 p2oim=) y2-m
Therefore,
28—m+2
(84) H| > yY s+,

Combining with (81), (82), (83) and (84), we arrive at

—m+2 Y2
(85) A+ <o

By Lemma 2.1, we obtain

20+mA+2

Y(x) < cg(dist(x, 0Q)) " sm = cg(dist(x, dQ)) ™ romet
where cg = c3(S, m, y, ¢7) > 0. It follows that
(86) IVud(x)] < cj(distCx, Q)™ 2mmn = cj(dist(x, Q)"

where ¢y = cg(m, A, f) > 0, which is exactly (20). The nonexistence of any
positive solution of (1) in RY follows consequently.

It remains to prove that the discriminant of the trinomial 7,(¢) is negative. The
discriminant is a polynomial of its coefficients. Hence it suffices to prove that the
discriminant of T((¢) is strictly negative to deduce the same property holds for T,(z)
for small enough ¢. Note that

To(t) = L4t2 +Lt+ L,

and its discriminant D = L3 — 4L, L, satisfies

D= |ﬁ|2(1_m){{/1(m—1+ z(mN— 2)) +4(ﬂ+1])\§m— 1) +20}2

22 —7)2 y _ ﬁ _
- 8N ((mzNZ) - r;) = (n;v 1)(ﬂ+2_ B +11)\§m 2))
— ?(ﬁﬂ)(m— 1)((ﬁ+ 1)1571_ D_ 1)}

Using f+ 1 = #Hm=D=0425 gpq 5 = (’1+2)S_2’1(’”_1), we further compute

2(p—m+1)
2(m — 2)) . 4+ 1)(m—1) e

i(m—1+ N

1
T Np-—m+1)
x {4dp(m — 1)+ 2A[m — 1 + p(m — 2)]
+(A+2)S[N(p—m+1) —2(m — 1)]},
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2B+ D(m=2) _2p+Am—1)—(L+2)S

N INp —m+1y BT 2m= DI+

p+2

and

(B+1)(m —1) (m— D[2p+ A(m — 1) — (A +2)S]
(ﬁ”)(m_l)( N _1)= AN(p — m+ 1)?

x {(m—D[2p+Am—1)— (A +2)S] = 2N(p — m+ 1)}.

Thus

2(1—m)
p=_ F

N(p—m+1)
+ 400+ 2)[Ap(m — 2) + 2(m — D(p — D]S

+422(p —m+ 1) +4( +2)°p(m — 1)}.

{(A+22[IN(p —m+ 1) — 4(m — 1)]5?

Since 1 +2 #0, we set £ = ,112- By the choice of 1 it follows that £ > 1. In turn,

using also that 1/(A +2) = (1 — £)/2 < 0, we arrive at

D (}.+2)2ﬁ2(1_m)
T Np—-—m+1)
+4m—D(p — DS+4(p —m+ D> +4p(m — 1)},

{(INp—m+1)—4(m— 18> —4(p —m+ )¢S

which is equivalent to

_ (;{ + 2)2ﬁ2(1—m)

where
Di(S)=[(N—1Dp—m+1)—4(m — 1)]S2 +4(m— D)(p— DS +4p(m —1).

Fix £ = g , hence g = Mngltﬁ'f)_ D' As the coefficient of $2 in D;(S) is negative if
p<® +§I)(_”l’_l), we can choose S large enough, namely 4 < —2 such that |4 + 2] is
small enough, to reach D(S) < 0. In particular, condition 2(f + 1) + 4 > 0 holds
true for A — —27 being equivalent to (1 + 2)p — 24 > 0. Consequently D < O,
concluding the proof of the positivity of 7.
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