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Abstract. For an asymmetric sinh-Poisson problem arising as a mean field
equation of equilibrium turbulence vortices with variable intensities of interest
in hydrodynamic turbulence, we address the existence of bubbling solutions on
compact Riemann surfaces. By using a Lyapunov–Schmidt reduction, we find
sufficient conditions under which there exist bubbling solutions blowing up at m
different points of S: positively at m1 points and negatively at m − m1 points with
m ≥ 1 and m1 ∈ {0, 1, . . . ,m}. Several examples in different situations illustrate
our results in the sphere S

2 and flat two-torus T including non-negative potentials
with zero set non-empty.

1 Introduction

Let (S, g) be a compact Riemann surface and consider the problem

(1.1) −�gu = λ1

( V1(x)eu∫
S V1eudvg

− 1
|S|

)
− λ2τ

( V2(x)e−τu∫
S V2e−τudvg

− 1
|S|

)
,

where λ1, λ2 ≥ 0, τ > 0, V1 and V2 are smooth nonnegative potentials in S and |S|
is the area of S. Here, �g is the Laplace–Beltrami operator and dvg is the area
element in (S, g). This equation has attracted a lot of attention in recent years due to
its relevance in the statistical mechanics description of 2D-turbulence, as initiated
by Onsager [49]. Precisely, in this context, under a deterministic assumption on the
distribution of the vortex circulations, Sawada and Suzuki [56] derive the following
equation:

(1.2) −�gu = λ
∫

[−1,1]
α
( eαu∫

S eαudvg
− 1

|S|
)
dP(α) in S
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where u is the stream function of a turbulent Euler flow, λ > 0 is a physical constant
related to the inverse temperature and P is a Borel probability measure in [−1, 1]
describing the point-vortex intensities distribution.

Equation (1.2) includes several well-known problems depending on a suitable
choice of P. For instance, if P = δ1 is concentrated at 1, then (1.2) is related to the
classical mean field equation

(1.3) −�gu = λ
( Veu∫

S Veu dvg
− 1

|S|
)

in S,

where V is a smooth nonnegative function on S. The latter equation has been
studied in several contexts such as conformal geometry [11, 10, 40], statistical
mechanics [6, 7, 12, 41] and the relativistic Chern–Simons–Higgs model when S

is a flat two-torus [47, 57, 58]. Notice that solutions of (1.3) are critical points of
the functional

Jλ(u) =
1
2

∫
S
|∇u|2g dvg − λ log

(∫
S
Veu dvg

)
, u ∈ H̄,

where H̄ = {u ∈ H1(S) :
∫
S udvg = 0}. Minimizers of Jλ for λ < 8π can be

found by using Moser–Trudinger’s inequality. The situation in the supercritical
regime λ ≥ 8π becomes subtler and the existence of solutions could depend on the
topology and the geometry of the surface S (or the domain). A degree argument
has been proved in [13, 14] by Chen and Lin, completing a program initiated by Li
[43], and has received a variational counterpart in [18, 46] by means of improved
forms of the Moser–Trudinger inequality.

Equation (1.1) is also related to (1.2) whenP = σδ1+(1−σ)δ−τ with τ ∈ [−1, 1]
and σ ∈ [0, 1]. Furthermore, (1.1) is the Euler–Lagrange equation of the functional

(1.4)
Jλ1,λ2 (u) =

1
2

∫
S
|∇u|2g dvg−λ1 log

(∫
S
V1e

udvg

)

− λ2 log
(∫

S
V2e

−τudvg
)
, u ∈ H̄.

If τ = 1 and V1 = V2 ≡ 1 problem (1.1) reduces to the mean field equation of the
equilibrium turbulence, see [5, 34, 37, 48, 52], or its related sinh-Poisson version,
see [3, 4, 33, 38, 39], which have received a considerable amount of interest in
recent years. Precisely, in [48] a Trudinger–Moser type inequality was proved:
if λ1, λ2 ∈ [0, 8π), which can be called the subcritical case, then solutions to (1.1)
are the minimizers of Jλ1,λ2 , since this functional is coercive; but if λ1, λ2 ∈ [0, 8π]
and either λ1 = 8π or λ2 = 8π then the functional Jλ1,λ2 still has a lower bound but
it is not coercive. A minimization technique is no longer possible if λi > 8π for
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some i = 1, 2 since Jλ1,λ2 becomes unbounded from below. In general, one needs
to apply variational methods to obtain the existence of critical points (generally
of saddle type) for Jλ1,λ2 . Several results in the supercritical case can be found in
[52, 59, 60]. A quantization property was derived in [38] for a blow-up sequence
{un}n to (1.1) with τ = 1, one has

(1.5) mk(p) = lim
r→0

lim
n→+∞

λk,n
∫
Br(p) Vke(−1)k−1un dvg∫

S Vke(−1)k−1un dvg
∈ 8πIN, k = 1, 2,

extending the corresponding ones for (1.3) in [44] and for (1.1) with τ = 1 and
V1 = V2 ≡ 1 in [39].

Concerning the version of problem (1.1) on bounded domains Pistoia and
Ricciardi built in [50] sequences of blowing-up solutions when τ > 0 and λ1, λ2τ

2

are close to 8π, while in [51] the same authors built an arbitrary large number of
sign-changing blowing-up solutions when τ > 0 and λ1, λ2τ

2 are close to suitable
(not necessarily integer) multiples of 8π. Ricciardi and Takahashi in [53] provided
a complete blow-up picture for solution sequences of (1.1) and successively in [54]
Ricciardi et al. constructed min-max solutions when λ1 → 8π+ and λ2 → 0 on a
multiply connected domain (in this case the nonlinearity e−τu may be treated as a
lower-order term with respect to the main term eu).

In a compact Riemann surface S, a blow-up analysis in subcritical case λ1 < 8π
and λ2 <

8π
τ2

, and supercritical case λ1 < 16π and λ2 <
16π
τ2

, characterizing the
blow-up masses mk(p), k = 1, 2, defined similarly as in (1.5), has been obtained
in [36], when 0 < τ < 1. Furthermore, some existence results are deduced. The
authors in [55] obtain the minimal blow-up masses and proved an existence result
which generalizes the one obtained in [52] for τ = 1.

To the extent of our knowledge, there are by now just few results concerning
the existence of bubbling solutions to (1.1) and its variants in different frameworks.
For instance, bubbling solutions have been constructed for a sinh-Poisson equation
(τ = 1) on bounded domains in [3, 4] with a Dirichlet boundary condition and
recently in [32]with a Robin boundarycondition. Furthermore, recently in [24] and
[29], the authors have constructed blowing-up solutions on pierced domains with
a Dirichlet boundary condition for any τ > 0. See also [50, 51] for generalizations
to τ > 0 of results obtained in [3, 33] for τ = 1, respectively. The construction of
sign-changing bubble tower solutions for sinh-Poisson type equations on pierced
domains has been addressed in [30].

By following some ideas presented in [3, 23], we are interested in construct-
ing bubbling solutions uλ1,λ2 to (1.1) with m1 positive bubbles and m2 nega-
tive bubbles suitably centered at m different points of S as both λ1 → 8πm1
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and λ2τ
2 → 8π(m − m1), with m1 ∈ {0, . . . ,m}. To this aim, introduce the Green

function G(x, p) with pole at p ∈ S as the solution of

(1.6)

⎧⎨
⎩

−�gG(·, p) = δp − 1
|S| in S∫

S G(x, p)dvg = 0

where δp denotes a Dirac mass in p ∈ S. Define for ξ = (ξ1, . . . , ξm) ∈ S̃m \� the
functional

ϕ∗
m(ξ) =

1
4π

m1∑
j=1

logV1(ξj) +
1

4πτ2

m∑
j=m1+1

log V2(ξj) +
m1∑
j=1

H(ξj, ξj)

+
1
τ2

m∑
j=m1+1

H(ξj, ξj)

+
m1∑
j=1

m1∑
i=1
i �=j

G(ξi, ξj) − 2
τ

m1∑
j=1

m∑
i=m1+1

G(ξi, ξj)

+
1
τ2

m∑
j=m1+1

m∑
i=m1+1

i �=j

G(ξi, ξj),

(1.7)

where H(x, ξ) is the regular part of G(x, ξ), S̃ = {V1,V2 > 0} and

� = {ξ ∈ Sm : ξi = ξj for i �= j}
is the diagonal set in Sm with m = m1 + m2. Setting for j ∈ J1 := {1, . . . ,m1}

(1.8) ρj(x) := V1(x) exp
(

8πH(x, ξj) + 8π
m1∑
i=1
i �=j

G(x, ξi) − 8π
τ

m∑
i=m1+1

G(x, ξi)
)
,

and for j ∈ J2 := {m1 + 1, . . . ,m}

(1.9) ρj(x) := V2(x) exp
(

8πH(x, ξj) − 8πτ
m1∑
i=1

G(x, ξi) + 8π
m∑

i=m1+1
i �=j

G(x, ξi)
)
,

both for ξ ∈ Sm \� we introduce the notation

(1.10) A∗
k(ξ) = 4π

∑
j∈Jk

[�gρj(ξj) − 2K(ξj)ρj(ξj)], k = 1, 2

where K is the Gaussian curvature of (S, g). The sign of A∗
k , k = 1, 2 allows us

to obtain a first existence result of bubbling solutions and several consequences;
see Theorem 2.1 and Section 2. Unfortunately, there are cases where the sign
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of A∗
k(ξ) for either k = 1 or k = 2 or both is not available, for instance, the case

S = T, V1 = V2 ≡ 1, m1 = m2 = 1 and τ = 1. See also [23] for several examples
in case λ2 = 0, namely, m2 = 0, that could be extended here. Following ideas
presented in [23], in all these situations, a more refined analysis is necessary. To
this aim, introduce the quantities for k = 1, 2

(1.11)

B∗
k(ξ)

= − 2π
∑
j∈Jk

[�gρj(ξj) − 2K(ξj)ρj(ξj)] logρj(ξj) − A∗
k(ξ)
2

+ lim
r→0

[
8
∫

S\⋃j∈Jk
Br(ξj)

V1e
8π(−τ)k−1 ∑m1

j=1 G(x,ξj)+8π(−τ)k−2 ∑m
l=m1+1 G(x,ξl)dvg

− 8π
r2

∑
j∈Jk

ρj(ξj) − A∗
k(ξ) log

1
r

]

where Br(ξ) denotes the pre-image of Br(0) through the isothermal coordinate sys-
tem at ξ. These types of quantities were first used and derived by Chang, Chen
and Lin in [9] in the study of the mean field equation on bounded domains with
a Dirichlet boundary condition; for the case of the torus see [15]. Moreover, the
constant B∗

k (ξ) has also been used in the construction of non-topological conden-
sates for the relativistic abelian Chern–Simons–Higgs model as the Chern–Simons
parameter tends to zero, see [19, 23, 45]. Our main result states as follows.

Theorem 1.1. Let D ⊂⊂ S̃m \� be a stable critical set of ϕ∗
m. Assume that

(1.12) either A∗
1(ξ) > 0 (< 0 resp.) or A∗

1(ξ) = 0, B∗
1(ξ) > 0 (< 0 resp.)

and

(1.13) either A∗
2(ξ) > 0 (< 0 resp.) or A∗

2(ξ) = 0, B∗
2(ξ) > 0 (< 0 resp.)

do hold in a closed neighborhood U of D in S̃m \ �. Then, for all λ1 in a

small right (left resp.) neighborhood of 8πm1 and λ2τ
2 in a small right (left

resp.) neighborhood of 8πm2 there is a solution uλ1,λ2 of (1.1) which concentrates

(along sub-sequences) at m points, positively at q1, . . . , qm1 and negatively at

qm1+1, . . . , qm, in the sense

(1.14)
λ1V1euλ1,λ2∫

S V1euλ1,λ2 dvg
⇀ 8π

m1∑
j=1

δqj and
λ2τ

2V2e−τuλ1,λ2∫
S V2e−τuλ1,λ2 dvg

⇀ 8π
m∑

j=m1+1

δqj

as simultaneously λ1 → 8πm1 and λ2τ
2 → 8πm2 for some q ∈ D.
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Notice that along with (1.14) there hold

(−τ)k−1uλ1,λ2 − log
∫

S
Vke

(−τ)k−1uλ1 ,λ2 → −∞ in Cloc(S \ {q1, . . . , qm})

and

sup
Oj

(
(−τ)k−1uλ1,λ2 − log

∫
S
Vke

(−τ)k−1uλ1 ,λ2

)
→ +∞

as simultaneously λ1 → 8πm1 and λ2τ
2 → 8πm2, for any neighborhood Oj of qj

in S with k = 1 for j = 1, . . . ,m1 and k = 2 for j = m1 + 1, . . . ,m. Hence, we get
that uλ1,λ2 concentrates positively at q1, . . . , qm1 and negatively at qm1+1, . . . , qm as
simultaneously λ1 → 8πm1 and λ2τ

2 → 8πm2. As in [23], the notion of stability
we are using here is the one introduced in [42]; seeDefinition 2.1 below. Conditions
(1.12)–(1.13) on a neighborhood of D are required to deal with a stable critical
set D in the sense below. Arguing as in Remark 4.5 in [23], the same conclusion of
Theorem1.1 follows under the validity of conditions (1.12)–(1.13) just onD = {ξ0},
where ξ0 is a non-degenerate local minimum/maximum point of ϕ∗

m. Similarly,
Theorem 1.1 is also valid in the special case |A∗

k (ξ)| = O(|∇ϕ∗
m(ξ)|g), k = 1, 2 in a

neighborhood of D and B∗
k(ξ) > 0 in D.

Now, we can address the case S = T, V1 = V2 ≡ 1, m1 = m2 = 1 and τ = 1.
When T is a rectangle, the constants like B∗

k(ξ), k = 1, 2, have been used by
Chen, Lin and Wang [15] in the computation of the Leray–Schauder degree. Due
to H(x, x) being constant in T, we deduce that ϕ∗

2(ξ) = −2G(ξ1, ξ2) + const.. Also,
it is known that the Green’s function satisfies G(ξ1, ξ2) = G(ξ1 − ξ2, 0) and the
function G(·, 0) has exactly three non-degenerate critical points q1, q2 (saddle
points) and q3 (minimum point). According to (1.11) we have that for i, k ∈ {1, 2}

B∗
k(ξ) = lim

r→0

[
8
∫
T\Br(ξk)

e8πG(x,ξk )−8πG(x,ξi) − 8π
r2

e8πH(ξk,ξk)−8πG(ξi,ξk)
]
, i �= k.

Assuming that T = −T it follows that B∗
1(ξ) = B∗

2(ξ), ξ = (ξ1, ξ2), since
G(z, 0) = G(−z, 0). Furthermore, it is known that B∗

1(ξ) > 0 when either
ξ1 − ξ2 = q1 or ξ1 − ξ2 = q2, and B∗

1(ξ) < 0 when ξ1 − ξ2 = q3. By Theorem 1.1
we deduce the existence of

• two distinct families of solutions, for λ1, λ2 in a small right neighbor-
hood of 8π, concentrating positively at ξ1 and negatively at ξ2 with either
ξ1 − ξ2 = q1 or ξ1 − ξ2 = q2 as λ1 → 8π and λ2 → 8π;

• one family of solutions, for λ1, λ2 in a small left neighborhood of 8π,
concentrating positively at ξ1 and negatively at ξ2 with ξ1−ξ2 = q3 asλ1 → 8π
and λ2 → 8π.
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The case m2 = 0, namely, as λ2τ
2 → 0+, can be also addressed by this approach.

Thus, we have that (1.1) can be seen as a perturbation of (1.3). In this case the
nonlinearity e−τu is treated as a lower-order term with respect to the main term eu.
For simplicity we denote A(ξ) and B(ξ) instead of A∗

1(ξ) and B∗
1(ξ) with m1 = m

and J2 = ∅, so that we have the following result.

Theorem 1.2. Let D ⊂⊂ S̃m \� be a stable critical set of ϕ∗
m. Assume that

(1.15) either A(ξ) > 0 (< 0 resp.) or A(ξ) = 0, B(ξ) > 0 (< 0 resp.)

do hold in a closed neighborhood U of D in S̃m \ �. Then, for all λ1 in a small

right (left resp.) neighborhood of 8πm1 and λ2τ
2 in a small right neighborhood

of 0, there is a solution uλ1,λ2 of (1.1) which concentrates positively (along sub-
sequences) at m points q1, . . . , qm,

λ1V1euλ1,λ2∫
S V1euλ1,λ2 dvg

⇀ 8π
m∑
j=1

δqj in measure sense for some q ∈ D

and
λ2τ

2V2e−τuλ1,λ2∫
S V2e−τuλ1,λ2 dvg

→ 0 uniformly in S.

Notice that a similar result can be obtained in case m1 = 0 and m2 = m, namely,
as λ1 → 0+ and λ2τ

2 → 8πm, and uλ1,λ2 concentrates negatively at m different
points of S. The same conclusion of Theorem 1.2 follows: on one hand, under
the validity of condition (1.15) just on D = {ξ0}, where ξ0 is a non-degenerate
local minimum/maximum point of ϕ∗

m; and on the other hand, in the special case
|A(ξ)| = O(|∇ϕ∗

m(ξ)|g) in a neighborhood of D and B(ξ) > 0 in D. See the proof
of Theorem 3.2 and Remark 4.5 in [23] for more details. Several examples for
Theorem1.2 can be derived from each example provided in [23] for the case λ2 = 0.

The paper is organized as follows: Some consequences and examples are
presented in Section 2. In Section 3, we construct a first approximation to a
solution to (1.1) with the required properties and we estimate the size of the error
of approximation with appropriate norms. In Section 4 we describe the scheme
of our proofs, by stating the principal results we need, and we give the proof of
our Theorem 1.1. Section 5 is devoted to the computation of the expansion of
the energy functional on the first approximation we constructed in Section 3. The
proof of Theorem 1.2 is done in Section 6. Sections 7 and 8 are devoted to proving
the intermediate results we state in Section 4.
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2 Consequences and examples

In this section we present several consequences of Theorem1.1 and some examples
that illustrate our results in the sphere S

2 and flat two-torus T. A special case of
Theorem 1.1 is the following:

Theorem 2.1. Let D ⊂⊂ S̃m \� be a stable critical set of ϕ∗
m. Assume that

A∗
1(ξ) > 0 (< 0 resp.) and A∗

2(ξ) > 0 (< 0 resp.) for all ξ ∈ D. Then, for all λ1 in
a small right (left resp.) neighborhood of 8πm1 and λ2 in a small right (left resp.)

neighborhood of 8πm2
τ2

there is a solution uλ1,λ2 of (1.1) which concentrates (along
sub-sequences) at m points q1, . . . , qm in the sense of (1.14) for some q ∈ D.

The notion of stability we are using here is the following:

Definition 2.1. A critical set D ⊂⊂ S̃m \� of ϕm is stable if for any closed
neighborhood U of D in S̃m \� there exists δ > 0 such that, if ‖G− ϕm‖C1(U) ≤ δ,
then G has at least one critical point in U. In particular, the minimal/maximal
set of ϕm is stable (if ϕm is not constant) as well as any isolated c.p. of ϕm with
non-trivial local degree.

Notice that from the definition of ρj in (1.8)–(1.9) and A∗
k(ξ) in (1.10), it is

readily checked that

A∗
k (ξ) = 4π

∑
j∈Jk

ρj(ξj)
[
�g log V1(ξj) + (−τ)k−1 8π

|S|
(
m1 − m2

τ

)
− 2K(ξj)

]
, k = 1, 2

for ξ a c.p. of ϕ∗
m, in view of ∇ρj(ξj) = 0 for all j = 1, . . . ,m. If V1 ≥ 0 and V2 ≥ 0

in S, then the function ϕ∗
2 with m1 = m2 = 1 always attains its maximum value in

S̃2 \� and the maximal set is clearly stable. Let us stress that V1 and V2 can vanish
at some points of S. Thus, we have deduced the following fact.

Corollary 2.1. Assume that Vi ≥ 0 in S for i = 1, 2. If either

sup
S

[2K −�g logV1] <
8π
|S|

(
1 − 1

τ

)
or inf

S
[2K −�g logV1] >

8π
|S|

(
1 − 1

τ

)

and either

sup
S

[2K −�g logV2] <
8π
|S| (1 − τ) or inf

S
[2K −�g logV2] >

8π
|S| (1 − τ),

then there exist solutions uλ1,λ2 to (1.1) which concentrate at two points, positively

at q1 and negatively at q2, in the sense of (1.14) as λ1 → 8π and λ2τ
2 → 8π,

where (q1, q2) is a maximum of ϕ∗
2 in S̃2 \�.
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When S = S
2 we have that K = 4π

|S2| , so that, for V1 = V2 ≡ 1 and any τ > 0,
Corollary 2.1 then provides the existence of blow-up solutions uλ1,λ2 concentrating
at two points as λ1 → 8π and λ2τ

2 → 8π, where λ1 and λ2τ
2 belong to a small

left neighborhood of 8π. In case of a flat two-torus S = T, K = 0, so that for
V1 = V2 ≡ 1 and any τ > 0, τ �= 1, Corollary 2.1 then provides the existence of
blow-up solutions uλ1,λ2 concentrating at two points as λ1 → 8π and λ2τ

2 → 8π,
where λ1 belongs to a small right (left resp.) neighborhood of 8π if τ > 1
(< 1 resp.) and λ2τ

2 belongs to a small left (right resp.) neighborhood of 8π.
However, the case S = T, V1 = V2 ≡ 1, m1 = m2 = 1 and τ = 1 is an example for
which A∗

1 and A∗
2 vanish in T

2 \� and in particular at c.p.’s.
Let us mention some examples where V1 and V2 vanish at some points of S.

Precisely, assume that

V1(x) = e−4π
∑l1

i=1 n1,iG(x,p1,i) and V2(x) = e−4π
∑l2

i=1 n2,iG(x,p2,i),

with n1,i, n2,i > 0 and p1,i, p2,j ∈ S, i = 1, . . . , l1 and j = 1, . . . , l2 respectively.
The zero sets are {p1,1, . . . , p1,l1} for V1 and {p2,1, . . . , p2,l2} for V2. So, for
m1 = m2 = 1, m = 2 we have that

ϕ∗
2(ξ) = −

l1∑
i=1

n1,iG(ξ1, p1,i) − 1
τ2

l2∑
j=1

n2,jG(ξ2, p2,j) − 2
τ
G(ξ1, ξ2),

and if ξ is a c.p. of ϕ∗
2 then

A∗
k(ξ) = 4πρk(ξk)

[
− 4π

|S|
lk∑

i=1

nk,i +
8π
|S|

(
1 − τ2k−3

)
− 2K(ξk)

]
, k = 1, 2.

In particular, if S = S
2 then Corollary 2.1 provides the existence of blow-up

solutions uλ1,λ2 concentrating at two points as λ1 → 8π and λ2τ
2 → 8π when∑l1

i=1 n1,i �= 1− 2
τ
and

∑l2
j=1 n2,j �= 1−2τ. We deduce the same conclusionwhen S = T

and
∑l1

i=1 n1,i �= 2− 2
τ
and

∑l2
j=1 n2,j �= 2−2τ. Let us stress that there is no restriction

on n1,i, n2,j’s if τ = 1.
Now, consider the case m1 = m ≥ 2 and m2 = 1, namely, λ1 close to 8πm

and λ2τ
2 close to 8π. Roughly speaking, if uλ1,λ2 concentrates negatively at q then

λ2τ
( V2e−τuλ1,λ2∫

S V2e−τuλ1,λ2 dvg
− 1

|S|
)

behaves like 4π · 2
τ

(
δq − 1

|S|
)

as λ2τ
2 → 8π

and equation (1.1) resembles the singular mean field equation

−�gv = λ
( hev∫

S hev dvg
− 1

|S|
)

− 4πα
(
δq − 1

|S|
)

in S,
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with α = 2
τ
. According to a result of D’Aprile and Esposito [17, Theorem 1.4], it

follows that the functional

ϕ∗
m+1(ξ) =

1
4π

m∑
j=1

log V1(ξj) +
1

4πτ2
log V2(ξm+1)

+
m1∑
j=1

H(ξj, ξj) +
1
τ2

H(ξm+1, ξm+1)

+
m∑
j=1

m∑
i=1
i �=j

G(ξi, ξj) − 2
τ

m∑
j=1

G(ξj, ξm+1),

has a C1-stable critical value for ξm+1 ∈ S fixed under the assumptions S �= S
2,RP2

and 2
τ

�= 1, . . . ,m − 1. Thus, we deduce the next result.

Corollary 2.2. Assume that Vi > 0 in S for i = 1, 2, S �= S
2,RP2 and

2
τ

�= 1, . . . ,m − 1. If either

sup
S

[2K −�g logV1] <
8π
|S|

(
m − 1

τ

)
or inf

S
[2K −�g logV1] >

8π
|S|

(
m − 1

τ

)

and either supS[2K−�g logV2] < 8π
|S| (1−mτ) or infS[2K−�g log V2] > 8π

|S| (1−mτ),
then there exist solutions uλ1,λ2 to (1.1) which concentrate at m+1 points, positively
at q1, . . . , qm and negatively at qm+1, in the sense of (1.14) as λ1 → 8πm and

λ2τ
2 → 8π, where (q1, . . . , qm+1) is a max-min critical point of ϕ∗

m+1 in Sm+1 \�.

When S =T and V1 = V2 ≡ 1, for any τ> 0, mτ �= 1 and τ /∈ {2, 1, 2
3 , . . . ,

2
m−1 },

Corollary 2.1 then provides the existence of blow-up solutions uλ1,λ2 concentrating
at m + 1 points as λ1 → 8πm and λ2τ

2 → 8π, where λ1 belongs to a small right
(left resp.) neighborhood of 8πm if mτ > 1 (< 1 resp.) and λ2τ

2 belongs to a small
left (right resp.) neighborhood of 8π. Notice that a similar result can be obtained
in case m1 = 1 and m2 = m, namely, λ1 close to 8π and λ2τ

2 close to 8πm.
Observe that, on one hand, we generalize existence results of blowing-up

solutions for mean field equations (1.3) in [23] to an asymmetric problem (1.1).
And, on the other hand, we perform, in a compact Riemann surface S, a similar
construction done for a sinh-Poisson equation in bounded domains with Dirichlet
boundary conditions by [3] and extended to an asymmetric case in [50]. Both
problems in [3, 50] do not contain any potential Vk and the existence of C1-
stable critical points of the corresponding ϕ∗

m implies the existence of blowing-up
solutions. However, to prove our results is not enough to assume the existence
of C1-stable critical points of ϕ∗

m in (1.7). Admissibility conditions in terms of
quantities either A∗

k’s or B∗
k ’s have to be used, in the same spirit of [23]. After
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completion of this work, we have learned that in [1] the existence of C1-stable
critical points of vortex type Hamiltonians, including ϕ∗

m in (1.7), has been proved
for a surface S which is not homeomorphic to the sphere nor the projective plane.

Finally, we point out that the type of arguments used to obtain our results have
been also developed in several previous works by various authors. Let us quote a
few papers from the vast literature concerning singular perturbation problems with
nonlinearities of exponential type [8, 21, 26, 27, 31].

3 Approximation of the solution

The main idea to construct approximating solutions of (1.1), as in [23], is to use
as “basic cells” the functions

uδ,ξ(x) = u0

( |x − ξ|
δ

)
− 2 log δ, δ > 0, ξ ∈ IR2,

where u0(r) = log 8
(1+r2)2 . They are all the solutions of

⎧⎨
⎩
�u + eu = 0 in IR2

∫
IR2 eu < ∞,

and do satisfy the following concentration property: euδ,ξ ⇀ 8πδξ in measure sense
as δ → 0. We will use now isothermal coordinates to pull-back uδ,ξ in S. Let us
recall that every Riemann surface (S, g) is locally conformally flat, and the local
coordinates in which g is conformal to the Euclidean metric are referred to as
isothermal coordinates (see, for example, the simple existence proof provided by
Chern [16]). For every ξ ∈ S it amounts to finding a local chart yξ , with yξ(ξ) = 0,
from a neighborhood of ξ onto B2r0 (0) (the choice of r0 is independent of ξ) in
which g = eϕ̂ξ (yξ (x))dx, where ϕ̂ξ ∈ C∞(B2r0 (0),R). In particular, ϕ̂ξ relates with the
Gaussian curvature K of (S, g) through the relation

(3.1) �ϕ̂ξ(y) = −2K(y−1
ξ (y))eϕ̂ξ(y) for y ∈ B2r0 (0).

We can also assume that yξ , ϕ̂ξ depends smoothly on ξ and that ϕ̂ξ(0) = 0,
∇ϕ̂ξ(0) = 0. We now pull-back uδ,0 in ξ ∈ S, for δ > 0, by simply setting

Uδ,ξ(x) = uδ,0(yξ(x)) = log
8δ2

(δ2 + |yξ(x)|2)2

for x ∈ y−1
ξ (B2r0(0)). Letting χ ∈ C∞

0 (B2r0 (0)) be a radial cut-off function so that
0 ≤ χ ≤ 1, χ ≡ 1 in Br0 (0), we introduce the function PUδ,ξ as the unique solution
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of

(3.2)

⎧⎨
⎩

−�gPUδ,ξ(x) = χξ(x)e−ϕξ (x)eUδ,ξ (x) − 1
|S|

∫
S χξe

−ϕξeUδ,ξdvg in S,∫
S PUδ,ξdvg = 0,

where χξ(x) = χ(|yξ(x)|) and ϕξ(x) = ϕ̂ξ(yξ(x)). Notice that the R.H.S. in (3.2) has
zero average and depends smoothly on x, and then (3.2) is uniquely solvable by a
smooth solution PUδ,ξ .

Let us recall the transformation law for�g under conformal changes: if g̃ = eϕg,
then

(3.3) �g̃ = e−ϕ�g.

Decompose now the Green function G(x, ξ), ξ ∈ S, as

G(x, ξ) = − 1
2π
χξ(x) log |yξ(x)| + H(x, ξ),

and by (1.6) then deduce that
⎧⎨
⎩

−�gH = − 1
2π�gχξ log |yξ(x)| − 1

π
〈∇χξ,∇ log |yξ(x)|〉g − 1

|S| in S,∫
S H(·, ξ) dvg = 1

2π

∫
S χξ log |yξ(·)|dvg.

We have used that�g log |yξ(x)| = e−ϕ̂ξ (y)� log |y|∣∣y=yξ (x)
= 2πδξ in viewof (3.3).

For r ≤ 2r0 define Br(ξ) = y−1
ξ (Br(0)), Ar(ξ) = Br(ξ) \ Br/2(ξ), and set

fξ =
�gχξ

|yξ(x)|2 + 2〈∇χξ,∇|yξ(x)|−2〉g +
2
|S|

∫
R2

χ′(|y|)
|y|3 dy.

Setting

δ,ξ(x) = PUδ,ξ(x) − χξ[Uδ,ξ − log(8δ2)] − 8πH(x, ξ),

by the definition of fξ we then have that −�g
δ,ξ = −2δ2fξ + O(δ4) in S so that

∫
S
fξdvg =

1
2δ2

∫
S
�g
δ,ξdvg + O(δ2) = O(δ2)

for all δ > 0, and hence
∫
S fξdvg = 0. Therefore, Fξ is well defined as the unique

solution of

(3.4)

⎧⎨
⎩

−�gFξ = fξ in S,∫
S Fξdvg = 0.

We have the following asymptotic expansion of PUδ,ξ as δ → 0, as shown in [23]:
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Lemma 3.1. The function PUδ,ξ satisfies

PUδ,ξ = χξ[Uδ,ξ − log(8δ2)] + 8πH(x, ξ) + αδ,ξ − 2δ2Fξ + O(δ4| log δ|)

uniformly in S, where Fξ is given in (3.4) and

αδ,ξ = −4π
|S|δ

2 log δ + 2
δ2

|S|
(∫

R2
χ(|y|)e

ϕ̂ξ(y) − 1
|y|2 dy + π−

∫
R2

χ′(|y|) log |y|
|y| dy

)
.

In particular, holds

PUδ,ξ = 8πG(x, ξ) − 2
δ2χξ

|yξ(x)|2 + αδ,ξ − 2δ2Fξ + O(δ4| log δ|)

holds locally uniformly in S \ {ξ}.
The ansatz will be constructed as follows. Given m ∈ N, let us consider distinct

points ξj ∈ S and δj > 0, j = 1, . . . ,m. In order to have a good approximation, we
will assume that ∃C0 > 1:

δ2j =

⎧⎨
⎩
μ2

1δ
2ρj(ξj) for j ∈ {1, . . . ,m1},

μ2
2δ

2ρj(ξj) for j ∈ {m1 + 1, . . . ,m}, ,(3.5)

with 0 < μi ≤ C0, i = 1, 2,

|λ1 − 8πm1| ≤ C0δ
2| log δ| and |λ2τ

2 − 8πm2| ≤ C0δ
2| log δ|,(3.6)

where δ > 0, m1 ∈ {1, . . . ,m−1}, m2 = m−m1 and ρj is given by (1.8)–(1.9). Up
to taking r0 smaller, we assume that the points ξj’s are well separated and V1(ξj),
V2(ξj) are uniformly away from zero, namely, we choose ξ = (ξ1, . . . , ξm) ∈ �,
where

� = {(ξ1, . . . , ξm) ∈ Sm | dg(ξi, ξj) ≥ 4r0

and V1(ξj), V2(ξj) ≥ r0 ∀ i, j = 1, . . . ,m, i �= j}.

Denote Uj := Uδj,ξj and Wj = PUj, j = 1, . . . ,m, where P is the projection
operator defined by (3.2). Thus, our approximating solution is

W(x) =
m1∑
j=1

Wj(x) − 1
τ

m∑
j=m1+1

Wj(x),

parametrized by (μ, ξ) ∈ M × �, with μ = (μ1, μ2) and M = (0,C0] × (0,C0].
Notice that for r0 small enough we have that D ⊂ � ⊂ S̃m \�. We will look for
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a solution u of (1.1) in the form u = W + φ, for some small remainder term φ. In
terms of φ, the problem (1.1) is equivalent to finding φ ∈ H̄ so that

(3.7) L(φ) = −[R + N(φ)] in S,

where the linear operator L is defined as

(3.8) L(φ) = �gφ +
2∑

i=1

λiτ
2(i−1) Vi(x)e(−τ)i−1W∫

S Vie(−τ)i−1Wdvg

(
φ−

∫
S Vie(−τ)i−1Wφdvg∫
S Vie(−τ)i−1Wdvg

)
,

the nonlinear part N is given by

(3.9) N(φ) = N1(φ) − N2(φ)

with

Ni(φ) =λiτ
i−1

(
Vie(−τ)i−1(W+φ)∫

S Vie(−τ)i−1(W+φ)dvg

− (−τ)i−1Vie(−τ)i−1W∫
S Vie(−τ)i−1Wdvg

[
φ−

∫
S Vie(−τ)i−1Wφdvg∫
S Vie(−τ)i−1Wdvg

]

− Vie(−τ)i−1W∫
S Vie(−τ)i−1Wdvg

)
(3.10)

for i = 1, 2 and the approximation rate of W is encoded in

(3.11) R = �gW + λ1

( V1(x)eW∫
S V1eWdvg

− 1
|S|

)
− λ2τ

( V2(x)e−τW∫
S V2e−τWdvg

− 1
|S|

)
.

Notice that for all φ ∈ H̄∫
S
L(φ)dvg =

∫
S
N(φ)dvg =

∫
S
Rdvg = 0.

In order to get the invertibility of L, let us introduce the weighted norm for any
h ∈ L∞(S)

‖h‖∗ = sup
x∈S

[ m∑
j=1

δσj

(δ2j + χBr0 (ξj)(x)|yξj(x)|2 + r2
0χS\Br0 (ξj)(x))1+σ/2

]−1

|h(x)|,

where 0 < σ < 1 is a small fixed constant and χA denotes the characteristic
function of the set A. Let us evaluate the approximation rate of W in ‖ · ‖∗ and
recall that m = m1 + m2:

Lemma 3.2. Assume (3.5)–(3.6). There exists a constant C > 0, independent

of δ > 0 small, such that

(3.12) ‖R‖∗ ≤ C(δ |∇ϕ∗
m(ξ)|g + δ2−σ| log δ|)

for all ξ ∈ �, where |∇ϕ∗
m(ξ)|2g stands for

∑m
j=1 |∇ξjϕ

∗
m(ξ)|2g.
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Proof. We shall argue in the same way as in [23, Lemma 2.1]. First, from
Lemma 3.1 we note that for any j ∈ {1, . . . ,m},

Wj(x) = Uj(x) − log(8δ2j ) + 8πH(x, ξj) + O(δ2| log δ|)
uniformly for x ∈ Br0 (ξj) and

Wj(x) = 8πG(x, ξj) + O(δ2| log δ|)
uniformly for x on compact subsets of S \ {ξj}. Since by symmetry and ϕ̂ξj(0) = 0
we have that ∫

Br0 (ξj)
ρj(x)e

Ujdvg = 8πρj(ξj) + O(δ2| log δ|),
we then get that for j ∈ {1, . . . ,m1}

(3.13)

∫
Br0 (ξj)

V1e
Wdvg

=
1

8δ2j

∫
Br0 (ξj)

V1e
Uj+8πH(x,ξj)+8π

∑m1
l=1,l �=j G(x,ξl)− 8π

τ

∑m
l=m1+1 G(x,ξl)+O(δ2| log δ|)dvg

=
1
δ2j

[πρj(ξj) + O(δ2| log δ|)] =
π

μ2
1δ

2
+ O(| log δ|)

and for j ∈ {m1 + 1, . . . ,m}
(3.14)∫

Br0 (ξj)
V1e

Wdvg

=
∫

Br0 (ξj)
V1e

− 1
τ [Uj−log(8δ2

j )+8πH(x,ξj)]+8π
∑m1

l=1 G(x,ξl)− 8π
τ

∑m
l=m1+1,l �=j G(x,ξl)+O(δ2| log δ|)dvg

=
∫

Br0 (ξj)
V1(x)

[ ρj(x)
V2(x)

]−1/τ
(δ2j + |yξj(x)|2)2/τ(1 + O(δ2| log δ|))dvg

= O(1).

So, by using (3.13)–(3.14) we have that

(3.15)
∫

S
V1e

Wdvg =
m1∑
j=1

∫
Br0 (ξj)

V1e
Wdvg + O(1) =

πm1

μ2
1δ

2
+ O(| log δ|).

Similarly, for j ∈ {1, . . . ,m1} we get that

(3.16)
∫

Br0 (ξj)
V2e

−τWdvg = O(1),

and for j ∈ {m1 + 1, . . . ,m}

(3.17)
∫

Br0 (ξj)
V2e

−τWdvg =
1
δ2j

[πρj(ξj) + O(δ2| log δ|)] =
π

μ2
2δ

2
+ O(| log δ|).
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So, by using (3.16)–(3.17) we have that

(3.18)
∫

S
V2e

−τWdvg =
m∑

j=m1+1

∫
Br0 (ξj)

V2e
Wdvg + O(1) =

πm2

μ2
2δ

2
+ O(| log δ|).

By Lemma 3.1 and (3.5), (3.15), (3.18) we have that
• in S \ ⋃m

j=1 Br0 (ξj), λ1
V1eW

∫
S V1eWdvg

= O(δ2) holds in view of W(x) = O(1);
• in Br0 (ξj), j ∈ {1, . . . ,m1}, we have

V1eW∫
S V1eWdvg

=
V1e

− log(8δ2
j )+8πH(x,ξj)+8π

∑m1
l=1,l �=j G(x,ξl)− 8π

τ

∑m
l=m1+1 G(x,ξl)+O(δ2| log δ|)

πm1μ
−2
1 δ−2 + O(| log δ|) eUj

=
1

8πm1

[
1 +

〈∇(ρj ◦ y−1
ξj

)(0)

ρj(ξj)
, yξj(x)

〉
+ O(|yξj(x)|2 + δ2| log δ|)

]
eUj ;

• in Br0 (ξj), j ∈ {m1 + 1, . . . ,m}, there holds

V1eW∫
S V1eWdvg

=
V1(x)[ρj(x)/V2(x)]−1/τ + O(δ2| log δ|)

πm1μ
−2
1 δ−2 + O(| log δ|) (δ2j + |yξj(x)|2)2/τ = O(δ2).

Similarly as above, we have that
• in S \ ⋃m

j=1 Br0 (ξj), λ2τ
V2e−τW

∫
S V2e−τWdvg

= O(δ2) holds in view of W(x) = O(1);
• in Br0 (ξj), j ∈ {1, . . . ,m1}, we have

V2e−τW∫
S V2e−τWdvg

=
V2(x)[ρj(x)/V1(x)]−τ + O(δ2| log δ|)

πm2μ
−2
2 δ−2 + O(| log δ|) (δ2j + |yξj(x)|2)2τ = O(δ2),

• in Br0 (ξj), j ∈ {m1 + 1, . . . ,m}, we have

V2e−τW∫
S V2e−τWdvg

=
1

8πm2

[
1 +

〈∇(ρj ◦ y−1
ξj

)(0)

ρj(ξj)
, yξj(x)

〉
+ O(|yξj(x)|2 + δ2

Since as before
∫

S
χje

−ϕj eUjdvg =
∫

Br0 (0)

8δ2j
(δ2j + |y|2)2 dy + O(δ2) = 8π + O(δ2)
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with ϕj = ϕξj , for R given by (3.11) we then have that

R = −
m1∑
j=1

χje
−ϕj eUj +

λ1V1eW∫
S V1eWdvg

+
8πm1 − λ1

|S| + O(δ2)

+
1
τ

m∑
j=m1+1

χje
−ϕj eUj − λ2τV2e−τW∫

S V2e−τWdvg
+
λ2τ

2 − 8πm2

|S|τ + O(δ2),

where χj = χξj . By previous computations we now deduce that R(x) = O(δ2)
in S \ ⋃m

j=1 Br0 (ξj),

R =
[
− e−ϕj +

λ1

8πm1
+ O(|∇ log(ρj ◦ y−1

ξj
)(0)||yξj(x)| + |yξj(x)|2 + δ2| log δ|)

]
eUj

+ O(|λ1 − 8πm1| + |λ2τ
2 − 8πm2| + δ2)

= eUjO(|∇ log(ρj ◦ y−1
ξj

)(0)||yξj(x)| + |yξj(x)|2 + |λ1 − 8πm1| + δ2| log δ|)
+ O(|λ1 − 8πm1| + |λ2τ

2 − 8πm2| + δ2)

in Br0 (ξj), j ∈ {1, . . . ,m1} and similarly,

R = eUjO(|∇ log(ρj ◦ y−1
ξj

)(0)||yξj(x)| + |yξj(x)|2 + |λ2τ
2 − 8πm2| + δ2| log δ|)

+ O(|λ1 − 8πm1| + |λ2τ
2 − 8πm2| + δ2)

inBr0 (ξj), j∈{m1+1, . . . ,m}, in viewofϕj(ξj)=0 and∇ϕj(ξj)=0. From the definition
of ‖·‖∗ and (3.6) we deduce the validity of (3.12). This finishes the proof. �

4 Variational reduction and proof of main results

The solvability theory for the linear operator L given in (3.8), obtained as the
linearization of (1.1) at the approximating solution W, is a key step in the so-
called nonlinear Lyapunov–Schimdt reduction. Notice that formally the operator L

approaches L̂ defined in R
2 as

L̂(φ) = �φ +
8

(1 + |y|2)2
(
φ− 1

π

∫
IR2

φ(z)
(1 + |z|2)2 dz

)
,

by setting y = yξj(x)/δj as δ → 0. Due to the intrinsic invariances, the kernel
of L̂ in L∞(IR2) is non-empty and is spanned by 1 and Yj, j = 0, 1, 2, where
Yi(y) = 4yi

1+|y|2 , i = 1, 2, and Y0(y) = 2 1−|y|2
1+|y|2 . Since publications [20, 23, 25] it is by

now rather standard to show the invertibility of L in a suitable “orthogonal" space,
and a sketched proof of it will be given in Appendix A. However, as observed
in [23], for Dirichlet Liouville-type equations on bounded domains as in [20, 25],
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the corresponding limiting operator L̃ takes the form L̃(φ) = �φ+ 8
(1+|y|2)2φ and the

function 1 does not belong to its kernel, making it possible to disregard the “dilation
parameters" δi in the reduction. As we will see, two additional parameters μ1

and μ2 are needed in the reduction (one associated to all “positive bubbles” and
the other one to all “negative bubbles”) and in this respect our problem displays
a new feature w.r.t. Dirichlet Liouville-type equations, making our situation very
similar to the one arising in the study of critical problems in higher dimension.
Roughly speaking, L resemble a “direct sum” of linear operators for mean field
type equations.

To be more precise, for i = 0, 1, 2 and j = 1, . . . ,m introduce the functions

Zij(x) = Yi

(yξj(x)

δj

)
=

⎧⎪⎨
⎪⎩

2
δ2
j −|yξj (x)|2
δ2
j +|yξj (x)|2 for i = 0,

4δj(yξj (x))i
δ2
j +|yξj (x)|2 for i = 1, 2,

and set Z1 =
∑m1

l=1 Z0l and Z2 =
∑m

l=m1+1 Z0l. For i = 1, 2 and j = 1, . . . ,m, let PZi

and PZij be the projections of Zi, Zij as the solutions in H̄ of

(4.1)
�gPZi = χj�gZi − 1

|S|
∫

S
χj�gZidvg,

�gPZij = χj�gZij − 1
|S|

∫
S
χj�gZijdvg.

In Appendix A we prove the following result:

Proposition 4.1. There exists δ0 > 0 so that for all 0 < δ ≤ δ0, h ∈ C(S)
with

∫
S h dvg = 0, μ ∈ M, ξ ∈ � there is a unique solution φ ∈ H̄ ∩ W2,2(S) and

c0i, cij ∈ R of

(4.2)

⎧⎪⎪⎨
⎪⎪⎩

L(φ) = h +
∑2

i=1[c0i�gPZi +
∑m

j=1 cij�gPZij] in S,∫
S φ�gPZidvg =

∫
S φ�gPZijdvg = 0

∀ i = 1, 2, j = 1, . . . ,m.

Moreover, the map (μ, ξ) �→ (φ, c0i, cij) is twice-differentiable in μ and once-
differentiable in ξ with

‖φ‖∞ ≤ C| log δ|‖h‖∗,
2∑

i=1

[
|c0i| +

m∑
j=1

|cij|
]

≤ C‖h‖∗,(4.3)

2∑
i=1

[
‖∂μiφ‖∞ +

2∑
k=1

1
| log δ| ‖∂μiμkφ‖∞ +

m∑
j=1

δ‖∂(ξj)iφ‖∞
]

≤ C| log δ|2‖h‖∗

(4.4)

for some C > 0.
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Let us recall that u = W + φ solves (1.1) if φ ∈ H̄ does satisfy (3.7). Since
the operator L is not fully invertible, in view of Proposition 4.1 one can solve
the nonlinear problem (3.7) just up to a linear combination of �gPZ1, �gPZ2

and �gPZij, as explained in the following (see Appendix B for the proof):

Proposition 4.2. There exists δ0 > 0 so that for all 0 < δ ≤ δ0, μ ∈ M,

ξ ∈ � the problem

(4.5)

⎧⎪⎪⎨
⎪⎪⎩

L(φ) = −[R + N(φ)] +
∑2

i=1[c0i�gPZi +
∑m

j=1 cij�gPZij] in S,∫
S φ�gPZidvg =

∫
S φ�gPZijdvg = 0

∀ i = 1, 2, j = 1, . . . ,m

admits a unique solution φ(μ, ξ) ∈ H̄ ∩ W2,2(S) and c0i(μ, ξ), cij(μ, ξ) ∈ IR,
i = 1, 2 and j = 1, . . . ,m, where δj > 0 are as in (3.5) and N, R are given by (3.9),
(3.11), respectively. Moreover, the map (μ, ξ) �→ (φ(μ, ξ), c0i(μ, ξ), cij(μ, ξ)) is
twice-differentiable in μ and once-differentiable in ξ with

‖φ‖∞ ≤ C(δ| log δ| |∇ϕm(ξ)|g + δ2−σ| log δ|2),(4.6)
2∑

i=1

[
‖∂μiφ‖∞ +

m∑
j=1

δ‖∂(ξj)iφ‖∞ +
2∑

k=1

‖∂μiμkφ‖∞
| log δ|

]
(4.7)

≤ C(δ| log δ|2|∇ϕm(ξ)|g + δ2−σ| log δ|3).

The function [W + φ](μ, ξ) will be a true solution of (3.7) if μ ∈ M and ξ ∈ �
are such that c0i(μ, ξ) = cij(μ, ξ) = 0 for all i = 1, 2, and j = 1, . . . ,m. This
problem is equivalent to finding critical points of the reduced energy

Eλ1,λ2 (μ, ξ) = Jλ1,λ2 ([W + φ](μ, ξ)),

where Jλ1,λ2 is given by (1.4), as stated in (we omit its proof):

Lemma 4.1. There exists δ0 such that, if (μ, ξ) ∈ M × � is a critical point
of Eλ1,λ2 for 0 < δ ≤ δ0, then u = W(μ, ξ) + φ(μ, ξ) is a solution to (1.1), where δi
are given by (3.5).

Once equation (1.1) has been reduced to the searchof c.p.’s forEλ1,λ2 , it becomes
crucial to show that the main asymptotic term of Eλ1,λ2 is given by Jλ1,λ2 (W), for
which an expansion has been given in Theorem 5.1. More precisely, by estimates
in Appendix B we have
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Theorem 4.1. Assume (3.5)–(3.6). The following expansion does hold:

(4.8)

Eλ1,λ2 (μ, ξ)

= −8π
(
m1 +

m2

τ2

)
− λ1 log(πm1) − λ2 log(πm2) + 2(λ1 − 8πm1) log δ

+
2
τ2

(λ2τ
2 − 8πm2) log δ − 32π2ϕ∗

m(ξ) + 2(λ1 − 8πm1) logμ1

+ A∗
1(ξ)μ

2
1δ

2 log δ + [A∗
1(ξ)μ

2
1 logμ1 − B∗

1(ξ)μ
2
1]δ

2

+
1
τ2

{2(λ2τ
2 − 8πm2) logμ2

+ A∗
2(ξ)μ

2
2δ

2 log δ + [A∗
2(ξ)μ

2
2 logμ2 − B∗

2(ξ)μ
2
2]δ

2}
+ o(δ2) + rλ1,λ2 (μ, ξ)

in C2(R2) and C1(�) as δ → 0+, where ϕ∗
m(ξ), A∗

k (ξ) and B∗
k(ξ), k = 1, 2 are given

by (1.7), (1.10) and (1.11), k = 1, 2, respectively. The term rλ1,λ2 (μ, ξ) satisfies

(4.9)

|rλ1,λ2 (μ, ξ)| +
δ|∇ξrλ1,λ2 (μ, ξ)|

| log δ| +
|∇μrλ1,λ2 (μ, ξ)|

| log δ|
+

|D2
μrλ1,λ2 (μ, ξ)|
| log δ|2 ≤ C(δ2| log δ| |∇ϕ∗

m(ξ)|2g + δ3−σ| log δ|2)

for some C > 0 independent of (μ, ξ) ∈ M ×�.

We are now in position to establish the main result stated in the Introduction.
We shall argue similarly to [23, Theorem 1.5].

Proof of Theorem 1.1. According to Lemma 4.1, we just need to find a
critical point of E = Eλ1,λ2 (μ, ξ) with μ = (μ1, μ2). Recall that τ > 0 is fixed.
Assumptions (1.12) and (1.13) allow us to choose μk = μk(λk, ξ) for λkτ

2(k−1)

close to 8πmk, k = 1, 2, respectively. Precisely, fixing k ∈ {1, 2} we choose
λkτ

2(k−1) − 8πmk = δ2 (−δ2 resp.) if either A∗
k(ξ) > 0 (< 0 resp.) or A∗(ξ) = 0,

B∗
k(ξ) > 0 (< 0 resp.) in U. Thus, we deduce the expansions

τ2(k−1)∂μkE(μ, ξ)
λkτ2(k−1) − 8πmk

=
2
μk

+ 2A∗
k(ξ)μk log δ + A∗

k(ξ)(2μk logμk + μk) − 2B∗
k (ξ)μk

+ o(1) + O(| log δ|2 |∇ϕ∗
m(ξ)|2g)

and

τ2(k−1)∂μkμkE(μ, ξ)
λkτ2(k−1) − 8πmk

= − 2
μ2

k

+ 2A∗
k(ξ) log δ + A∗

k (ξ)(2 logμk + 3) − 2B∗
k(ξ)

+ o(1) + O(| log δ|3 |∇ϕ∗
m(ξ)|2g),
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as δ → 0+. Arguing in the same way as in the proof of Theorem 3.2 in [23], we
conclude the existence of a C1 map μk = μk(λk, ξ) satisfying

∂μkE(μ(λ, ξ), ξ) = 0,

with λ = (λ1, λ2) and μ = (μ1, μ2) for all ξ ∈ U. Now, considering

Ẽ(ξ) = Eλ(μ1(λ1, ξ), μ2(λ2, ξ), ξ)

and again arguing in the same way as in the proof of Theorem 3.2 in [23] it follows
that Ẽ(ξ) = −32π2ϕ∗

m(ξ) + O(δ2| log δ|),

∇ξẼ(ξ) = ∇ξE(μ1(λ1, ξ), μ2(λ2, ξ), ξ)

+ ∇μE(μ1(λ1, ξ), μ2(λ2, ξ), ξ)∇ξμ(λ, ξ)

= −32π2∇ϕ∗
m(ξ) + O(δ| log δ|2)

uniformly in ξ ∈ U and there exists a critical point ξλ1,λ2 = ξδ ∈ U of Ẽ(ξ),
since D is a stable critical set of ϕ∗

m (see Definition 2.1). Up to taking U smaller so
that ∇ϕ∗

m(ξ) �= 0 for all ξ ∈ U \D, it can be deduced that the pair (μ(λ1, λ2, ξδ), ξδ)
is a c.p. of E(μ, ξ) and, along a sub-sequence, ξδ → q ∈ D as δ → 0, namely,
as λ1 → 8πm1 and λ2τ

2 → 8πm2. By construction, the corresponding solution
has the required asymptotic properties (1.14). See proof of Theorem 1.5 in [23]
for more details. This completes the proof. �

5 The reduced energy

The purpose of this section is to give an asymptotic expansion of the “reduced
energy" Jλ1,λ2 (W), where Jλ1,λ2 is the energy functional givenby (1.4). For technical
reasons, we will be concerned with establishing it in a C2-sense in μ and just in
a C1-sense in ξ. To this aim, the following result will be very useful; see [23,
Lemma 3.1] for a proof.
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Lemma 5.1. Letting f ∈ C2,γ(S) (possibly depending in ξ), 0 < γ < 1, denote

by P2(f ) the second-order Taylor expansion of f (x) at ξ:

P2f (x) = f (ξ) + 〈∇(f ◦ y−1
ξ )(0), yξ(x)〉 +

1
2
〈D2(f ◦ y−1

ξ )(0)yξ(x), yξ(x)〉.

The following expansions do hold as δ → 0:

∫
S
χξe

−ϕξ f (x)eUδ,ξdvg

= 8πf (ξ) − 2δ2�gf (ξ)
[
2π log δ +

∫
R2

χ′(|y|) log |y|
|y| dy + π

]

+ 8δ2
∫

S
χξe

−ϕξ f (x) − P2(f )(x)
|yξ(x)|4 dvg + 4δ2f (ξ)

∫
R2

χ′(|y|)
|y|3 dy + o(δ2),

∫
S
χξe

−ϕξ f (x)eUδ,ξ
dvg

δ2 + |yξ(x)|2 =
4π
δ2

f (ξ) + π�gf (ξ) + O(δγ)

and

∫
S
χξe

−ϕξ f (x)eUδ,ξ
aδ2 − |yξ(x)|2
(δ2 + |yξ(x)|2)2 dvg =

4π
3δ2

(2a − 1)f (ξ) + (a − 2)
π

3
�gf (ξ) + O(δγ)

for a ∈ R.

We are now ready to establish the expansion of Jλ1,λ2 (W):

Theorem 5.1. Assume (3.5)–(3.6). The following expansion does hold

(5.1)

Jλ1,λ2 (W)

= − 8π
(
m1 +

m2

τ2

)
− λ1 log(πm1) − λ2 log(πm2) + 2(λ1 − 8πm1) log δ

+
2
τ2

(λ2τ
2 − 8πm2) log δ − 32π2ϕ∗

m(ξ) + 2(λ1 − 8πm1) logμ1

+ A∗
1(ξ)μ

2
1δ

2 log δ + [A∗
1(ξ)μ

2
1 logμ1 − B∗

1(ξ)μ
2
1]δ

2

+
1
τ2

{2(λ2τ
2 − 8πm2) logμ2

+ A∗
2(ξ)μ

2
2δ

2 log δ + [A∗
2(ξ)μ

2
2 logμ2 − B∗

2(ξ)μ
2
2]δ

2} + o(δ2)

in C2(R2) and C1(�) as δ → 0+, where ϕ∗
m(ξ), A∗

1(ξ), A∗
2(ξ), B∗

1(ξ) and B∗
2(ξ) are

given by (1.7), (1.10) and (1.11), k = 1, 2, respectively.

As in [23, Theorem 3.2], the proof will be divided into several steps.
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Proof of 5.1 in C(R2 × �). First, let us consider the term. Integrating by
parts we have that

∫
S
|∇W|2gdvg =

m1∑
j,l=1

∫
S
χje

−ϕj eUjWldvg − 1
τ

m1∑
j=1

m∑
l=m1+1

∫
S
χje

−ϕj eUjWldvg

− 1
τ

m∑
j=m1+1

m1∑
l=1

∫
S
χje

−ϕj eUjWldvg

+
1
τ2

m∑
j,l=m1+1

∫
S
χje

−ϕj eUjWldvg

in view of
∫
S Wdvg = 0. Since by (1.6) and (3.2)

(5.2)
∫

S
χje

−ϕj eUjG(x, ξl)dvg =
∫

S
(−�gPUj)G(x, ξl)dvg = PUj(ξl)

for all j, l = 1, . . . ,m, by Lemmata 3.1, 5.1, (5.2) and computations done in the
proof of [23, Theorem 3.2], we have that for l = j∫

S
χje

−ϕj eUjWjdvg

= − 16π− 32π log δj + 64π2H(ξj, ξj) + 16παδj,ξj

− 32πδ2j Fξj(ξj) + O(δ4| log δ|2).
Similarly, by Lemmata 3.1, 5.1 and (5.2) we have that for l �= j∫

S
χje

−ϕj eUjWldvg

= 64π2G(ξl, ξj) + 8π(αδj,ξj + αδl,ξl)

− 16π(δ2j Fξj(ξl) + δ2l Fξl (ξj) + O(δ4| log δ|2).
Setting

α1,δ,ξ =
m1∑
j=1

αδj,ξj,

α2,δ,ξ =
m∑

j=m1+1

αδj,ξj ,

F1,δ,ξ(x) =
m1∑
j=1

δ2j Fξj(x)

and

F2,δ,ξ(x) =
m∑

j=m1+1

δ2j Fξj(x),
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we find that
m1∑

j,l=1

∫
S
χje

−ϕj eUjWldvg

= − 16πm1

+
m1∑
j=1

[
− 32π log(μ1δ) − 16π logV1(ξj) − 64π2H(ξj, ξj)

− 64π2
m1∑
i=1
i �=j

G(ξj, ξi) +
128π2

τ

m∑
i=m1+1

G(ξj, ξi)
]

+ 16πm1α1,δ,ξ − 32π
m1∑
j=1

F1,δ,ξ(ξj) + O(δ4| log δ|2),
m1∑
j=1

m∑
l=m1+1

∫
S
χje

−ϕj eUjWldvg

= 64π2
m1∑
j=1

m∑
l=m1+1

G(ξj, ξl) + 8πm2α1,δ,ξ + 8πm1α2,δ,ξ

− 16π
m∑

j=m1+1

F1,δ,ξ(ξj) − 16π
m1∑
j=1

F2,δ,ξ(ξj) + O(δ4| log δ|2),
m∑

j=m1+1

m1∑
l=1

∫
S
χje

−ϕj eUjWldvg

= 64π2
m∑

j=m1+1

m1∑
l=1

G(ξj, ξl) + 8πm2α1,δ,ξ + 8πm1α2,δ,ξ

− 16π
m∑

j=m1+1

F1,δ,ξ(ξj) − 16π
m1∑
j=1

F2,δ,ξ(ξj) + O(δ4| log δ|2),

and
m∑

j,l=m1+1

∫
S
χje

−ϕj eUjWldvg

= − 16πm2 +
m∑

j=m1+1

[
− 32π log(μ2δ) − 16π logV2(ξj) − 64π2H(ξj, ξj)

− 128π2τ

m1∑
i=1

G(ξj, ξi) − 64π2
m∑

i=m1+1
i �=j

G(ξj, ξi)
]

+ 16πm2α2,δ,ξ − 32π
m∑

j=m1+1

F2,δ,ξ(ξj) + O(δ4| log δ|2)
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in view of (3.5). Now, setting

αδ,ξ = α1,δj,ξj −
1
τ
α2,δ,ξ and Fδ,ξ(x) = F1,δ,ξ(x) − 1

τ
F2,δ,ξ(x),

summing up the four previous expansions, for the gradient term we get that

(5.3)

1
2

∫
S
|∇W|2gdvg

= −8π
(
m1 +

m2

τ2

)
− 16π

(
m1 log(μ1δ) +

m2

τ2
log(μ2δ)

)
− 32π2ϕ∗

m(ξ)

+ 8π
(
m1 − m2

τ

)
αδ,ξ − 16π

m1∑
j=1

Fδ,ξ(ξj) +
16π
τ

m∑
j=m1+1

Fδ,ξ(ξj) + o(δ2)

in view of (1.7).

Let us now expand the potential terms in Jλ1,λ2 (W), similarly to the proof of
[23, Theorem 3.2]. By Lemma 3.1 for any j = 1, . . . ,m1 we find that

∫
Br0 (ξj)

V1e
Wdvg

=
eαδ,ξ

8δ2j

[ ∫
S
χje

Ujρje
−2Fδ,ξdvg − 8δ2j

∫
A2r0 (ξj)

χjρj

|yξj(x)|4
dvg + O(δ4| log δ|)

]
.

By Lemma 5.1 (with f (x) = eϕjρjeαδ,ξ−2Fδ,ξ ) we can now deduce that

8δ2j e
−αδ,ξ

∫
Br0 (ξj)

V1e
Wdvg

= 8πρj(ξj)e
−2Fδ,ξ(ξj) − 4π(�gρj(ξj) − 2K(ξj)ρj(ξj))δ

2
j log δj

− 2(�gρj(ξj) − 2K(ξj)ρj(ξj))
(∫

R2

χ′(|y|) log |y|
|y| dy + π

)
δ2j

+ 4δ2j ρj(ξj)
∫
R2

χ′(|y|)
|y|3 dy

+ 8δ2j

∫
Br0 (ξj)

[
V1e

8π
∑m

j=1 G(x,ξj)− 8π
τ

∑m
i=m1+1 G(x,ξi) − e−ϕj

P2(eϕjρj)
|yξj(x)|4

]
dvg

− 8δ2j

∫
A2r0 (ξj)

χje
−ϕj

P2(eϕjρj)
|yξj(x)|4

dvg + o(δ2)

in view of ρj(x)
|yξj (x)|4 = V1e

8π
∑m1

j=1 G(x,ξj)− 8π
τ

∑m
i=m1+1 G(x,ξi) in Br0 (ξj) and by (3.1)

(5.4) �g[e
ϕjρj](ξj) = �gρj(ξj) − 2K(ξj)ρj(ξj).
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Now, by Lemma 3.1 for any j = m1 + 1, . . . ,m we find that

∫
Br0 (ξj)

V1e
Wdvg =

∫
Br0 (ξj)

V1

[ ρj

V2

]−1/τ
e− 1

τ [Uj−log(8δ2
j )]+αδ,ξ+O(δ2)dvg

= eαδ,ξ
[ ∫

Br0 (ξj)
V1e

8π
∑m1

j=1 G(x,ξj)− 8π
τ

∑m
i=m1+1 G(x,ξi)dvg + O(δ2)

]
.

On the other hand, we have that

∫
S\⋃m

j=1 Br0 (ξj)
V1e

Wdvg

= eαδ,ξ
[ ∫

S\⋃m
j=1 Br0 (ξj)

V1e
8π

∑m1
j=1 G(x,ξj)− 8π

τ

∑m
i=m1+1 G(x,ξi)dvg + O(δ2)

]
.

Since

(5.5)
m1∑
j=1

e−2Fδ,ξ(ξj) = m1 − 2
m1∑
j=1

Fδ,ξ(ξj) + O(δ4)

and by (3.5)

δ2j log δj = ρj(ξj)μ
2
i δ

2 log δ + ρj(ξj)μ
2
i δ

2 logμi +
1
2
ρj(ξj) logρj(ξj)μ

2
i δ

2

holds, we then we then obtain that

(5.6)

1
π

e−αδ,ξμ2
1δ

2
∫

S
V1e

Wdvg

= m1 − A∗
1(ξ)
8π

μ2
1δ

2 log(μ1δ) +
B1,χ(ξ)

8π
μ2

1δ
2 − 2

m1∑
j=1

Fδ,ξ(ξj) + o(δ2),

where

B1,χ(ξ) = − 2π
m1∑
j=1

[�gρj(ξj) − 2K(ξj)ρj(ξj)] logρj(ξj)

− A∗
1(ξ)
2π

(∫
R2

χ′(|y|) log |y|
|y| dy + π

)
+ 4

∫
R2

χ′(|y|)
|y|3 dy

m1∑
j=1

ρj(ξj)

+ 8
∫

S

[
V1e

8π
∑m1

j=1 G(x,ξj)− 8π
τ

∑m
l=m1+1 G(x,ξl) −

m1∑
j=1

χje
−ϕj

P2(eϕjρj)
|yξj(x)|4

]
dvg.

By integration by parts on integrals involving χ and the splitting of S as the union
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of
⋃m1

j=1 Br(ξj) and S \ ⋃m1
j=1 Br(ξj), r ≤ r0, we easily deduce that

B1,χ(ξ) = − 2π
m1∑
j=1

[�gρj(ξj) − 2K(ξj)ρj(ξj)] logρj(ξj) − A∗
1(ξ)
2

+ 8
∫

S\⋃m1
j=1 Br(ξj)

V1e
8π

∑m
j=1 G(x,ξj)− 8π

τ

∑m
l=m1+1 G(x,ξl)dvg − 8π

r2

m1∑
j=1

ρj(ξj)

− A∗
1(ξ) log

1
r

+ 8
m1∑
j=1

∫
Br(ξj)

eϕj(x)ρj(x) − P2(eϕjρj)(x)
|yξj(x)|4

e−ϕj(x)dvg

in view of (5.4) and the definitions of A∗
1(ξ), P2(eϕjρj). As a by-product we have

that B1,χ(ξ) does not depend on χ and r ≤ r0. Since

lim
r→0

∫
Br(ξj)

eϕj(x)ρj(x) − P2(eϕjρj)(x)
|yξj(x)|4

e−ϕj(x)dvg = 0

in view of eϕj(x)ρj(x) − P2(eϕjρj)(x) = o(|yξj(x)|2) as x → ξj, we have that B1,χ(ξ)
coincides with B∗

1(ξ) as defined in (1.11) with k = 1.
Similar to the above, by Lemmata 3.1, 5.1 (with f (x) = eϕjρje−ταδ,ξ+2τFδ,ξ ), (5.4),

(5.7)
m∑

j=m1+1

e2τFδ,ξ(ξj) = m2 + 2τ
m∑

j=m1+1

Fδ,ξ(ξj) + O(δ4)

and by (3.5), we then obtain that

(5.8)

1
π

eταδ,ξμ2
2δ

2
∫

S
V2e

−τWdvg = m2 − A∗
2(ξ)
8π

μ2
2δ

2 log(μ2δ) +
B2,χ(ξ)

8π
μ2

2δ
2

+ 2τ
m∑

j=m1+1

Fδ,ξ(ξj) + o(δ2),

where

B2,χ(ξ) = − 2π
m∑

j=m1+1

[�gρj(ξj) − 2K(ξj)ρj(ξj)] logρj(ξj) − A∗
2(ξ)
2

+ 8
∫

S\⋃m
j=m1+1 Br(ξj)

V2e
−8πτ

∑m
j=1 G(x,ξj)+8π

∑m
l=m1+1 G(x,ξl)dvg

− 8π
r2

m∑
j=m1+1

ρj(ξj)

− A∗
2(ξ) log

1
r

+ 8
m∑

j=m1+1

∫
Br(ξj)

eϕj(x)ρj(x) − P2(eϕjρj)(x)
|yξj(x)|4

e−ϕj(x)dvg,
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Now B2,χ(ξ) does not depend on χ and r ≤ r0, and coincides with B∗
2(ξ) as defined

in (1.11) with k = 2.
Finally, from (3.6), expansions (5.3), (5.6) and (5.8) and Taylor’s expansion for

a ≥ 1, log(a + t) = log a + t
a + O(t2) as t → 0, we get the expansion (5.1) as δ → 0

and the proof is complete. �
We establish now expansion (5.1) in a C1-sense in ξ, where the derivatives

in ξ are with respect to a given coordinate system. Recall we use ideas in [23,
Theorem 3.2].

Proof of (5.1) in C1(�). We just need to expand the derivatives of Jλ1,λ2 (W)
in ξ. Let us fix i ∈ {1, 2} and j ∈ {1, . . . ,m}. We have that

∂(ξj)i[Jλ1,λ2 (W)] = −
∫

S

[
�gW +

λ1V1eW∫
S V1eWdvg

− λ1τV2e−τW∫
S V2e−τWdvg

]
∂(ξj)iWdvg.

Notice that as in Lemma 3.1, it follows that

(5.9)
∂(ξj)iWq = −2

χq

δ2q + |yξq(x)|2
[
∂(ξj)i |yξq(x)|2 + δ2q∂(ξj)i (logρq(ξq))

]

− 4 log |yξq(x)|∂(ξj)iχq + 8π∂(ξj)iH(x, ξq) + O(δ2| log δ|)
does hold uniformly in S. Hence, by using (5.9) and expansions in the proof of (35)
in C1(�) in [23, Theorem 3.2], we deduce that

(5.10)

−
∫

S
�gW∂(ξj)iWdvg

=
m1∑
l=1

∫
S
χle

−ϕl eUl∂(ξj)iWdvg − 1
τ

m∑
l=m1+1

∫
S
χle

−ϕl eUl∂(ξj)iWdvg

= −32π2∂(ξj)iϕ
∗
m(ξ) + O(δ2| log δ|)

for j ∈ {1, . . . ,m1}. Similarly, for j ∈ {m1 + 1, . . . ,m} we compute

−
∫

S
�gW∂(ξj)iWdvg = −32π2∂(ξj)iϕm(ξ) + O(δ2| log δ|).

In order to give an expansion of the second term in ∂(ξj)i [Jλ(W)], first observe that
by Lemma 3.1 we have

(5.11)
V1e

W =
eαδ,ξ−2Fδ,ξ (x)

8δ2j
ρje

Uj[1 + O(δ4| log δ|)]

uniformly in Br0 (ξj), j = 1 . . . ,m1

(5.12) V1e
W = O(1) uniformly in S \

m1⋃
j=1

Br0 (ξj),
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(5.13)
V2e

−τW =
e−ταδ,ξ+2τFδ,ξ(x)

8δ2j
ρje

Uj[1 + O(δ4| log δ|)]

uniformly in Br0 (ξj), j = m1 + 1 . . . ,m

(5.14) and V2e
−τW = O(1) uniformly in S \

m⋃
j=m1+1

Br0 (ξj).

So, arguing in the same way as in the proof of (35) in C1(�) in [23, Theorem 3.2]
and taking into account that for k = 1, 2

∫
S
Vke

(−τ)k−1W∂(ξj)iWdvg

=
m1∑
l=1

∫
S
Vke

(−τ)k−1W∂(ξj)iWl − 1
τ

m∑
l=m1+1

∫
S
Vke

(−τ)k−1W∂(ξj)iWl,

we have that

(5.15)
∫

S

Vke(−τ)k−1W∫
S Vke(−τ)k−1Wdvg

∂(ξj)iWdvg = O(δ2| log δ|), k = 1, 2.

In conclusion, by (5.10)–(5.15) we can write

∂(ξj)i [Jλ1,λ2 (W)] = −32π2∂(ξj)iϕ
∗
m(ξ) + O(δ2| log δ|)

and the proof is complete. �
Finally, we address the expansions for the derivatives of Jλ1,λ2 (W) in μ. Recall

that we argue similarly to the proof of (35) in C2(R) in [23, Theorem 3.2].

Proof (of (5.1) in C2(R2)). We just focus on the first and second derivative

of Jλ1,λ2 (W) in μi, i = 1, 2. Since ∂μi = δρ
1
2
l (ξl)∂δl , i = 1 for l ∈ {1, . . . ,m1} and

i = 2 for l ∈ {m1 + 1, . . . ,m}, in view of (3.5), arguing as in Lemma 3.1, it is easy
to show that

δ−1ρ
− 1

2
l (ξl)∂μiWl = −χl

4δl
δ2l + |yξl(x)|2

+ βδl,ξl − 4δlFξl + O(δ3| log δ|),(5.16)

δ−2ρ−1
l (ξl)∂μiμiWl = 4χl

δ2l − |yξl(x)|2
(δ2l + |yξl(x)|2)2

+ γδl,ξl − 4Fξl + O(δ2| log δ|)(5.17)

do hold uniformly in S, where

βδl,ξl = −8π
|S|δl log δl +

4δl
|S|

(∫
R2
χ(|y|)e

ϕ̂ξ(y) − 1
|y|2 dy −

∫
R2

χ′(|y|) log |y|
|y| dy

)
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and

γδl,ξl = −8π
|S| log δl +

4
|S|

(∫
R2
χ(|y|)e

ϕ̂ξ(y) − 1
|y|2 dy − 2π−

∫
R2

χ′(|y|) log |y|
|y| dy

)
.

Note that ∂μiWl = 0 either if i = 1 and l ∈ {m1 + 1, . . . ,m} or i = 2 and
l ∈ {1, . . . ,m}. Let us stress that ∂μiμkWl = 0 for all l = 1, . . . ,m and i �= k,
so that ∂μiμkW = 0 for i �= k. By Lemma 5.1 we then have that either for i = 1,
l ∈ {1, . . . ,m1} or i = 2, l ∈ {m1 + 1, . . . ,m}

δ−1ρ
− 1

2
l (ξl)

∫
S
χje

−ϕj eUj∂μiWldvg

= −16π
δj
δjl + 8πβδl,ξl − 32πδlFξl(ξj) + O(δ3| log δ|2),

(5.18)

δ−2ρ−1
l (ξl)

∫
S
χje

−ϕj eUj∂μiμiWldvg

=
16π
3δ2j

δjl + 8πγδl,ξl − 32πFξl(ξj) + O(δ2| log δ|2)

and for either k = 1, j ∈ {1, . . . ,m1} or k = 2, l ∈ {m1 + 1, . . . ,m}

(5.19)

δ−1ρ
− 1

2
l (ξl)

∫
S
χje

−ϕj eUj∂μkUj∂μiWldvg

=
2
μk
δ−1ρ

− 1
2

l (ξl)
∫

S
χje

−ϕj eUj
|yξj(x)|2 − δ2j

δ2j + |yξj(x)|2
∂μiWldvg

=
32π
3δ2j

δρj(ξj)
1
2 δjl + O(δγ)

in view of
∫
R2

|y|2−1
(1+|y|2)3 dy = 0, where δjl denotes the Kronecker’s symbol. Note that

∂μkUj = 0 for either k = 1 and j ∈ {m1 + 1, . . . ,m} or k = 2 and j ∈ {1, . . . ,m1}.
Since

∫
S ∂μiWdvg =

∫
S ∂μiμkWdvg = 0, we then deduce the following expansions:

(5.20)

∫
S
(−�gW)∂μ1Wdvg

=
m1∑

j,l=1

∫
S
χje

−ϕj eUj∂μ1Wldvg − 1
τ

m∑
j=m1+1

m1∑
l=1

∫
S
χje

−ϕj eUj∂μ1Wldvg

= −16πm1

μ1
+ 8πm1δ

m1∑
l=1

ρ
1
2
l (ξl)βδl,ξl − 32πμ1δ

2
m1∑

j,l=1

ρl(ξl)Fξl(ξj)

− 8πm2

τ
δ

m1∑
l=1

ρ
1
2
l (ξl)βδl,ξl

+
32π
τ
μ1δ

2
m∑

j=m1+1

m1∑
l=1

ρl(ξl)Fξl(ξj) + O(δ4| log δ|2),
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and

(5.21)

∫
S
(−�gW)∂μ2Wdvg

= −1
τ

m1∑
j=1

m∑
l=m1+1

∫
S
χje

−ϕj eUj∂μ2Wldvg

+
1
τ2

m∑
j,l=m1+1

∫
S
χje

−ϕj eUj∂μ2Wldvg

= −16πm2

μ2τ2
− 8πm1

τ
δ

m1∑
l=1

ρ
1
2
l (ξl)βδl,ξl +

32π
τ
μ2δ

2
m1∑
j=1

m∑
l=m1+1

ρl(ξl)Fξl(ξj)

+
8πm2

τ2
δ

m∑
l=m1+1

ρ
1
2
l (ξl)βδl,ξl

− 32π
τ2
μ2δ

2
m∑

j,l=m1+1

ρl(ξl)Fξl(ξj) + O(δ4| log δ|2),

as δ → 0. Since by Lemma 3.1 (5.11) and (5.12) hold and ∂μ1W = O(δ2| log δ|)
uniformly in S \ ⋃m1

j=1 Br0 (ξj), by Lemma 5.1 we can write that

∫
S
V1e

W∂μ1Wdvg

=
m1∑

j,l=1

∫
Br0 (ξj)

V1e
W∂μ1Wldvg + O(δ2| log δ|)

= −
m1∑
j=1

eαδ,ξ

2μ1

∫
Br0 (ξj)

e−2Fδ,ξ(x) ρjeUj

δ2j + |yξj(x)|2
dvg

+ π
eαδ,ξ

μ2
1δ

(
m1

m∑
l=1

ρ
1
2
l (ξl)βδl,ξl − 4

m1∑
j,l=1

ρ
1
2
l (ξl)δlFξl(ξj)

)
+ O(δ| log δ|)

= π
eαδ,ξ

μ2
1δ

2

(
− 2m1

μ1
+ m1δ

m1∑
l=1

ρ
1
2
l (ξl)βδl,ξl −

μ1δ
2

8π
A∗

1(ξ)

− 4
μ1τ

m1∑
j=1

F2,δ,ξ(ξj) + O(δ2+γ)
)

in view of (5.4) and from (5.5)

m1∑
j=1

e−2Fδ,ξ(ξj) = m1 − 2
m1∑

j,l=1

δ2l Fξl(ξj) +
2
τ

m1∑
j=1

F2,δ,ξ(ξj) + O(δ4).
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Combining with (5.6) we then get that

(5.22)

∫
S V1eW∂μ1Wdvg∫

S V1eWdvg

= − 2
μ1

+ δ
m1∑
l=1

ρ
1
2
l (ξl)βδl,ξl −

δ2A∗
1(ξ)

8πm1
[μ1 + 2μ1 logμ1]

− A∗
1(ξ)

4πm1
μ1δ

2 log δ +
B∗

1(ξ)
4πm1

μ1δ
2 − 4

m1μ1

m1∑
j=1

F1,δ,ξ(ξj) + o(δ2).

Similarly as above, (5.13) and (5.14) hold and ∂μ1W = O(δ2| log δ|) uniformly in
S \ ⋃m1

j=1 Br0 (ξj), so that∫
S
V2e

−τW∂μ1Wdvg

=
m1∑

j,l=1

∫
Br0 (ξj)

V2e
−τW∂μ1Wldvg +

m∑
j=m1+1

m1∑
l=1

∫
Br0 (ξj)

V2e
−τW∂μ1Wldvg

+ O(δ2| log δ|)

= π
e−ταδ,ξ

μ2
2δ

2

(
m2δ

m1∑
l=1

ρ
1
2
l (ξl)βδl,ξl −

4
μ1

m∑
j=m1+1

F1,δ,ξ(ξj) + O(δ4| log δ|)
)

in view of τ > 0, (5.7) and∫
Br0 (ξj)

V2e−τW

δ2j + |yξj(x)|2
dvg = O

(∫
Br0 (ξj)

(δ2j + |yξj(x)|2)τ−1dvg

)
= O(1).

Combining with (5.8) we then get that

(5.23)

∫
S V2e−τW∂μ1Wdvg∫

S V2e−τWdvg
= δ

m1∑
l=1

ρ
1
2
l (ξl)βδl,ξl −

4
m2μ1

m1∑
j=1

F1,δ,ξ(ξj) + o(δ2),

which yields

(5.24)

∂μ1 [Jλ1,λ2 (W)]

=
∫

S
(−�gW)∂μ1Wdvg − λ1

∫
S V1eW∂μ1Wdvg∫

S V1eWdvg
+ λ2τ

∫
S V2e−τW∂μ1Wdvg∫

S V2e−τWdvg

=
2(λ1 − 8πm1)

μ1
+ 2A∗

1(ξ)μ1δ
2 log δ + [A∗

1(ξ){μ1 + 2μ1 logμ1}
− 2B∗

1(ξ)μ1]δ
2 + o(δ2)

in view of (5.20), so that we deduce the validity of (5.1) for the first derivative
in μ1. Now, for the first derivative in μ2, similarly as above we have that

(5.25)

∫
S V1eW∂μ2Wdvg∫

S V1eWdvg
= −δ

τ

m∑
l=m1+1

ρ
1
2
l (ξl)βδl,ξl +

4
m1μ2τ

m1∑
j=1

F2,δ,ξ(ξj) + o(δ2).
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in view of (5.6), and

(5.26)

∫
S V2e−τW∂μ2Wdvg∫

S V2e−τWdvg

=
2
μ2τ

− δ

τ

m∑
l=m1+1

ρ
1
2
l (ξl)βδl,ξl +

δ2A∗
2(ξ)

8πm2τ
[μ2 + 2μ2 logμ2]

+
A∗

2(ξ)
4πm2τ

μ2δ
2 log δ − B∗

2(ξ)
4πm2τ

μ2δ
2 +

4
m2μ2τ

m∑
j=m1+1

F2,δ,ξ(ξj) + o(δ2).

by using (5.7) and combining with (5.8). Thus, by using (5.21) we conclude the
validity of (5.1) for the first derivative in μ2:

(5.27)

∂μ2 [Jλ1,λ2 (W)] =
2(λ2τ

2 − 8πm2)
μ2τ2

+
2A∗

2(ξ)
τ2

μ2δ
2 log δ

+ [A∗
2(ξ){μ2 + 2μ2 logμ2} − 2B∗

2(ξ)μ2]
δ2

τ2

+ o(δ2)

Towards the expansion of the second derivatives in μ, we proceed in a similar
way to obtain (5.24) and (5.27) with the aid of the expansions (5.16) for ∂μiW
and (5.17) for ∂μiμiWl, (5.18) and (5.19) (see also the validity of expansion (35)
in C2(R) in [23, Theorem 3.2]). We omit the details, so we conclude the validity
of (5.1) also for the second derivatives in μ and the proof is complete. �

6 Proof of Theorem 1.2

In this section, we shall study the existence of blowing-up solutions as λ1 → 8πm1

and λ2τ
2 → 0, which resembles the equation (1.3). For simplicity, we shall denote

m1 = m so that our approximating solution is W(x) =
∑m

j=1 Wj(x), and we look for
solutions to (1.1) in the form u = W + φ. Assumptions (3.5)–(3.6) are replaced by

δ2j = μ2δ2ρj(ξj), j = 1, . . . ,m with 0 < μ ≤ C0,

|λ1 − 8πm| ≤ Cδ2| log δ| and 0 <λ2τ
2 ≤ Cδ2| log δ|.(6.1)

Notice that from similar computations above to obtain (5.8), we have that
∫

S
V2e

−τWdvg = e−ταδ,ξ
[ ∫

S
V2e

−8πτ
∑m

j=1 G(x,ξj)dvg + O(δ2)
]

≥ η0 > 0

for some η0 > 0. By conditions (6.1) we get that

(6.2)
λ2τV2e−τW∫

S V2e−τW = O(δ2| log δ|) uniformly in S.
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Hence, estimate (3.12) follows. Now, denote Z =
∑m

l=1 Z0l and PZ its projection
according to (4.1). By using (6.2) and similar arguments used in the proofs of [23,
Proposition 4.1] and Proposition 4.1, the invertibility of L in (3.8) follows in this
case (as λ1 → 8πm and λ2τ

2 → 0), and we have deduced the following fact.

Proposition 6.1. There exists δ0 > 0 so that for all 0 < δ ≤ δ0, μ ∈ (0,C0],
ξ ∈ �, the problem

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

L(φ) = −[R + N(φ)] + c0�gPZ +
∑2

i=1

∑m
j=1 cij�gPZij in S,

∫
S φ�gPZdvg =

∫
S φ�gPZijdvg = 0

∀ i = 1, 2, j = 1, . . . ,m

admits a unique solution φ(μ, ξ) ∈ H̄ ∩ W2,2(S) and c0(μ, ξ), cij(μ, ξ) ∈ IR,

i = 1, 2 and j = 1, . . . ,m, where δj > 0 are as in (6.1) and N, R are given by (3.9),
(3.11), respectively. Moreover, the map (μ, ξ) �→ (φ(μ, ξ), c0(μ, ξ), cij(μ, ξ)) is
twice-differentiable in μ and once-differentiable in ξ with

‖φ‖∞ +
‖∂μφ‖∞
| log δ| +

2∑
i=1

m∑
j=1

δ‖∂(ξj)iφ‖∞
| log δ| +

‖∂μμφ‖∞
| log δ|2

≤ C(δ| log δ||∇ϕ∗
m(ξ)|g + δ2−σ| log δ|2).

As in the case m2 ≥ 1, the function [W +φ](μ, ξ) will be a true solution of (3.7)
if μ ∈ [C−1

0 ,C0] and ξ ∈ � are such that c0(μ, ξ) = cij(μ, ξ) = 0 for all i = 1, 2,
and j = 1, . . . ,m. Similarly to Lemma 4.1, this problem is equivalent to finding
critical points of the reduced energy Eλ1,λ2 (μ, ξ) = Jλ1,λ2 ([W + φ](μ, ξ)), where
Jλ1,λ2 is given by (1.4). Notice that

λ2 log
(∫

S
V2e

−τWdvg

)

= −λ2ταδ,ξ + λ2 log
(∫

S
V2e

−8πτ
∑m

j=1 G(x,ξj)dvg

)
+ O(δ4| log δ|).

Let us stress that λ2 log(
∫
S V2e−8πτ

∑m
j=1 G(x,ξj)dvg) is independent of μ. Taking into

account computations in the proof of [23, Theorem 3.2] and similar ones in the
proof of Theorem 5.1, we have that

Jλ1,λ2 (W)

= −8πm − λ1 log(πm) + 2(λ1 − 8πm) log(μδ) − 32π2ϕ∗
m(ξ) + A(ξ)μ2δ2 log δ

+ [A(ξ)μ2 logμ− B(ξ)μ2]δ2 − λ2 log
(∫

S
V2e

−8πτ
∑m

j=1 G(x,ξj)dvg

)
+ o(δ2).

Consequently, from estimates in Appendix B we obtain
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Theorem 6.1. Assume (6.1). The following expansion holds:

Eλ1,λ2 (μ, ξ)

= − 8πm − λ1 log(πm) − 2(λ1 − 8πm) log δ − 32π2ϕ∗
m(ξ)

+ 2(λ1 − 8πm) logμ + A(ξ)μ2δ2 log δ + [A(ξ)μ2 logμ− B(ξ)μ2]δ2

− λ2 log
(∫

S
V2e

−8πτ
∑m

j=1 G(x,ξj)dvg

)
+ o(δ2) + rλ1,λ2 (μ, ξ)

in C2(R) and C1(�) as δ → 0+, where ϕ∗
m(ξ), A(ξ) and B(ξ) are given by (1.7),

(1.10) and (1.11) with k = 1, respectively. The term rλ1,λ2 (μ, ξ) satisfies (4.9) for

some C > 0 independent of (μ, ξ) ∈ (0,C0] ×�.

Proof (of Theorem 1.2). We argue in the same way as in the proof of
Theorem 1.1 with k = 1. �

7 Appendix A

We shall argue in the same way as in Appendix A in [23]. We first address a-priori
estimates for the operator L when all the cij’s vanish:

Proposition 7.1. There exist δ0 > 0 and C > 0 so that, for all 0 < δ ≤ δ0,

h ∈ C(S) with
∫
S hdvg = 0, ξ ∈ � and φ ∈ H1

0(S) ∩ W2,2(S) a solution of (4.2)
with c0i = cij = 0, i = 1, 2 and j = 1, . . . ,m, one has

‖φ‖∞ ≤ C| log δ|‖h‖∗.

Proof. By contradiction, assume the existence of sequences δ→0,μ=(μ1, μ2)
with μ → μ∗, points ξ ∈ � with ξ → ξ∗, functions h with | log δ|‖h‖∗ = o(1) and
solutions φ with ‖φ‖∞ = 1. Recall that δ2j = μiδ

2ρj(ξj). Setting

Ki =
λiτ

2(i−1)Vie(−τ)i−1W∫
S Vie(−τ)i−1Wdvg

, ψi = φ + c̃i(φ), c̃i(φ) = −
∫
S Vie(−τ)i−1Wφdvg∫
S Vie(−τ)i−1Wdvg

for i = 1, 2,

we have that

ψ1 − c̃1(φ) = ψ2 − c̃2(φ),

�gψ1 + K1ψ1 + K2[ψ1 − c̃1(φ) + c̃2(φ)] = h

and

�gψ2 + K1[ψ2 − c̃2(φ) + c̃1(φ)] + K2ψ2 = h

in S and ψi, i = 1, 2 does satisfy the same orthogonality conditions as φ.
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Since ‖ψi,n‖∞ ≤ 2‖φn‖∞ ≤ 2 and �gψi = o(1) in Cloc(S \ {ξ∗
1 , . . . , ξ

∗
m}), we

can assume that ψi,n → ψi,∞ in C1
loc(S \ {ξ∗

1 , . . . , ξ
∗
m}). Since ψi,∞ is bounded, it

extends to an harmonic function in S, and then

ψi,∞ = c̃i,0 := − lim

∫
S Vie(−τ)i−1Wφdvg∫
S Vie(−τ)i−1Wdvg

in view of 1
|S|

∫
S ψi,ndvg = c̃i,n(φ).

The function 
i,j = ψi(y−1
ξj

(δjy)) i = 1, for j = 1, . . . ,m1 and i = 2 for
j = m1 + 1, . . . ,m satisfy�
1,j + K̃1,j
1,j + K̃2,j[
1,j − c̃1 + c̃2] = h̃j and

�
2,j + K̃1,j[
2,j − c̃2 + c̃1] + K̃2,j
2,j = h̃j in B 2r0
δj

(0),

where K̃i,j = δ2j Ki(y−1
ξj

(δjy)) and h̃j(y) = δ2j h(y−1
ξj

(δjy)). Since |h̃j| ≤ C‖h‖∗,

K̃1,j =

⎧⎨
⎩

8
(1+|y|2)2 (1 + O(δ2| log δ|)) for j = 1, . . . ,m1,

O(δ2j ) for j = m1 + 1, . . . ,m,

and

K̃2,j =

⎧⎨
⎩

O(δ2j ) for j = 1, . . . ,m1,
8

(1+|y|2)2 (1 + O(δ2| log δ|)) for j = m1 + 1, . . . ,m,

uniformly in B 2r0
δ

(0), in view of Lemma 3.1, (5.6) and (5.8), up to a sub-sequence,
by elliptic estimates 
i,j → 
j,∞ with i = 1 if j = 1, . . . ,m1 and i = 2 if
j = m1 + 1, . . . ,m in C1

loc(R
2), where 
j,∞ is a bounded solution of

�
j,∞ +
8

(1 + |y|2)2
j,∞ = 0

of the form 
j,∞ =
∑2

i=0 aijYi (see for example [2]). Since

−�gPZij = χje
−ϕj eUjZij − 1

|S|
∫

S
χje

−ϕj eUjZijdvg

in view of (4.1) and �g = e−ϕj� in B2r0 (ξj) through yξj , we have that

0 = −
∫

S
ψl�gPZij

= 32
∫
R2

l,j

yi

(1 + |y|2)3 dy − 32
|S|

∫
R2

yi

(1 + |y|2)3 dy
∫

S
ψl,n + O(δ3),

with l = 1 if j = 1, . . . ,m1 and l = 2 if j = m1 + 1, . . . ,m. Since then
∫
R2

j,∞

yi

(1 + |y|2)3 dy = 0,
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we deduce that a1j = a2j = 0. By the orthogonality condition
∫
S φ�gPZ1 = 0,

similarly we deduce that

0 = −
m1∑
j=1

∫
S
ψ1�gPZ0jdvg

= 16
m1∑
j=1

∫
R2

j

1 − |y|2
(1 + |y|2)3 dy − 16

|S|m1

∫
R2

1 − |y|2
(1 + |y|2)3 dy

∫
S
ψ1,n + O(δ2),

which implies
∑m1

j=1 a0j = 0 in view of

∫
R2

1 − |y|2
(1 + |y|2)3 dy = 0.

By using the same argument, the orthogonality condition
∫
S φ�gPZ2 = 0 implies

that
∑m

j=m1+1 a0j = 0. By dominated convergence we have that

∫
S
G(y, ξj)K1ψ1dvg

= − 1
2π

log δ
∫

Br0 (ξj)
K1ψ1dvg +

∫
R2

[
− 1

2π
log |y| + H(ξj, ξj)

] 8
(1 + |y|2)2
j,∞dy

+
m1∑
i=1
i �=j

G(ξi, ξj)
∫
R2

8
(1 + |y|2)2
i,∞dy + o(1)

= − 1
2π

log δ
∫

Br0 (ξj)
K1ψ1dvg + 4a0j + o(1)

in view of
∫
R2 log |y| 1−|y|2

(1+|y|2)3 dy = −π
2 and

∫
S
G(y, ξj)K2ψ2dvg =

m∑
i=m1+1

G(ξi, ξj)
∫
R2

8
(1 + |y|2)2
i,∞(y) dy

+ O
(
δ2

∫
Br0 (ξj)

|G(y, ξj)|dvg
)

+ o(1) = o(1)

for j = 1, . . . ,m1. In view of
∫
S Klψl = 0, l = 1, 2 and

∣∣∣∣
∫

S
G(y, ξj)hdvg

∣∣∣∣ ≤ C| log δ|
∫

S
|h|dvg +

‖h‖∗
δ2

∣∣∣∣
∫

Bδ(ξj)
G(y, ξj)dvg

∣∣∣∣
≤ C′| log δ|‖h‖∗ = o(1),
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by the Green’s representation formula

m1∑
j=1


j(0) =
m1∑
j=1

ψ1(ξj) =
m1

|S|
∫

S
ψ1dvg +

m1∑
j=1

∫
S
G(y, ξj)[K1ψ1 + K2ψ2 − h]dvg

= m1c̃1,0 + 4
m1∑
j=1

a0j + o(1)

which gives

2
m1∑
j=1

a0j = m1c̃1,0 + 4
m1∑
j=1

a0j

as n → +∞. Since
∑m1

j=1 a0j = 0, we get that c̃1,0 = 0. By using a similar argument,
we obtain that ∫

S
G(y, ξj)K1ψ1dvg = o(1) for j = 1, . . . ,m1

and ∫
S
G(y, ξj)K2ψ2dvg = − 1

2π
log δ

∫
Br0 (ξj)

K2ψ2dvg + 4a0j + o(1)

for j = m1 + 1, . . . ,m, so that, from the Green’s representation formula for 
j(0)
for j = m1 + 1, . . . ,m we get that c̃2,0 = 0.

Following [25], let PẐj ∈ H1
0(S) be s.t.�gPẐj = χj�gẐj − 1

|S|
∫
S χj�gẐjdvg in S,

where

Ẑj(x) = βj

(yξj(x)

δj

)
, βj(y) =

4
3
[2 log δj + log(1 + |y|2)]1 − |y|2

1 + |y|2 +
8
3

1
1 + |y|2 ,

satisfies eϕj�gẐj + eUjẐj = eUjZ0j in B2r0 (ξj). Since it is easily seen that

PẐj = χjẐj +
16π
3

H(·, ξj) + O(δ2| log δ|2)

uniformly in S, we test the equation of ψ1 against PẐj, j = 1, . . . ,m1 to get:

o(1) =
∫

S
hPẐj =

∫
S
ψ1

[
χj�gẐj − 1

|S|
∫

S
χj�gẐjdvg

]
dvg

+
∫

S
[K1ψ1 + K2(ψ1 − c̃1 + c̃2)]PẐjdvg

=
∫

S
χjψ1[�gẐj + K1Ẑj]dvg + o(1) =

∫
S
χjψeUjZ0jdvg + o(1)

= 16
∫
R2

j

1 − |y|2
(1 + |y|2)3 dy + o(1)
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in view of ∫
S
K1ψ1dvg = 0,

∫
S
K2[ψ1 − c̃1 + c̃2]PẐjdvg = o(1),

∫
S
ψ1dvg = o(1),

∫
S
χj�gẐjdvg = O(1),

∫
S
χjψ1[K1 − eUj]Ẑjdvg = O(δ2| log δ|2)

and ∫
S
hPẐj = O(| log δ|‖h‖∗) = o(1), j = 1, . . . ,m1.

Since
∫
R2 
j

1−|y|2
(1+|y|2)3 dy = 0 we have that a0j = 0, j = 1, . . . ,m1. Now, testing the

equation of ψ2 against PẐj, j = m1 + 1, . . . ,m, leads us to deduce that a0j = 0,
j = m1 + 1, . . . ,m. So far, we have shown that ψi → 0 in Cloc(S\{ξ∗

1 , . . . , ξ
∗
m}) and

uniformly in
⋃m

j=1 BRδj(ξj), for allR > 0 for both i = 1, 2, in viewofψ1−c̃1 = ψ2−c̃2.
Setting ψ̂i,j(y) = ψi(y−1

ξj
(y)), K̂j(y) = [K1 + K2](y−1

ξj
(y)) and ĥj(y) = h(y−1

ξj
(y))

for y ∈ B2r0 (0), we have that eϕ̂j�ψ̂1,j + K̂jψ̂1,j = ĥj + K2(y−1
ξj

(y))[c̃1 − c̃2]. By

now it is rather standard to show that the operator L̂j = eϕj� + K̂j satisfies the
maximum principle in Br(0) \ BRδj(0) for R large and r > 0 small enough, see for
example [20]. As a consequence, we get that ψ1 → 0 in L∞(S). Similarly, we
also get that ψ2 → 0 in L∞(S). Since ψi = φ + c̃i(φ) and c̃i(φ) → c̃i,0 = 0 along a
sub-sequence, ‖ψi‖∞ → 0 implies φ → 0 in L∞(S), in contradiction to ‖φ‖∞ = 1.
This completes the proof. �

We are now ready for

Proof of Proposition 4.1. Since ‖�gPZij‖∗ ≤ C for all i = 0, 1, 2,
j = 1, . . . ,m, by Proposition 7.1 any solution of (4.2) satisfies

‖φ‖∞ ≤ C| log δ|
[
‖h‖∗ +

2∑
i=1

(
|c0i| +

m∑
j=1

|cij|
)]
.

To estimate the values of the cij’s, test equation (4.2) against PZij, i = 1, 2 and
j = 1, . . . ,m:∫

S
φL(PZij)dvg

=
∫

S
hPZijdvg +

2∑
k=1

[
c0k

m∑
l=0

∫
S
�gPZ0lPZijdvg +

m∑
l=1

ckl

∫
S
�gPZklPZijdvg

]
.
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Since for j = 1, . . . ,m we have the following estimates in C(S):

(7.1) PZij = χjZij + O(δ), i = 1, 2 PZ0j = χj(Z0j + 2) + O(δ2| log δ|),
it readily follows that

∫
S�gPZklPZijdvg = − 32π

3 δkiδlj + O(δ), where the δij’s are the
Kronecker’s symbols. By Lemma 3.1, (3.5), (5.6), (5.8) and (7.1) we have that for
i = 1, 2

L(PZij) = χj�gZij + eUjPZij + O
(
δ2 + δ

m∑
k=1

eUk

)

= eUj[PZij − e−ϕjχjZij] + O
(
δ2 + δ

m∑
k=1

eUk

)

in view of∫
S V1eWPZijdvg∫

S V1eWdvg
= O(δ) and

∫
S V2e−τWPZijdvg∫

S V2e−τWdvg
= O(δ) for all j = 1, . . . ,m,

leading to ‖L(PZij)‖∗ = O(δ). Similarly, we have that

L(PZ1) =
m1∑
j=1

eUj[PZ0j − χje
−ϕjZ0j − 2χj] + O(δ2) + O

(
δ

m∑
k=1

eUk

)

in view of
∫

S V1eWPZ0jdvg∫
S V1eWdvg

= 2
m1

+ O(δ2| log δ|) and
∫

S V2e−τWPZ0jdvg∫
S V2e−τWdvg

= O(δ2| log δ|) for
j = 1, . . . ,m1, leading to ‖L(PZ1)‖∗ = O(δ). Also, by using a similar argument for
j = m1 + 1, . . . ,m, we find that ‖L(PZ2)‖∗ = O(δ). Hence, we get that

2∑
i=1

[
|c0i| +

m∑
j=1

|cij|
]

≤ C′‖h‖∗ + δ| log δ|O
( 2∑

i=1

[
|c0i| +

m∑
j=1

|cij|
])
,

yielding the desired estimates ‖φ‖∞ = O(| log δ|‖h‖∗) and

2∑
i=1

[|c0i| +
m∑
j=1

|cij|] = O(‖h‖∗).

To prove the solvability assertion, problem (4.2) is equivalent to finding φ ∈ H
such that∫

S
〈∇φ,∇ψ〉gdvg

=
∫

S

[ λ1V1eW∫
S V1eWdvg

(
φ−

∫
S V1eWφdvg∫
S V1eWdvg

)

+
λ2τ

2V2e−τW∫
S V2e−τWdvg

(
φ−

∫
S V2e−τWφdvg∫
S V2e−τWdvg

)
− h

]
ψdvg ∀ψ ∈ H,
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where

H =
{
φ ∈ H1

0(S) :
∫

S
φ�gPZijdvg =

∫
S
φ�gPZidvg =0, i = 1, 2, j = 1, . . . ,m

}
.

With the aid of Riesz representation theorem, the Fredholm’s alternative guarantees
unique solvability for any h provided that the homogeneous equation has only the
trivial solution: for (4.2) with h = 0, the a-priori estimate (4.3) gives that φ = 0.

So far, we have seen that, if T(h) denotes the unique solution φ of (4.2), the
operator T is a continuous linear map from {h ∈ L∞(S) :

∫
S hdvg = 0}, endowed

with the ‖ · ‖∗-norm, into {φ ∈ L∞(S) :
∫
S φdvg = 0}, endowed with ‖ · ‖∞-

norm. The argument below is heuristic but can be made completely rigorous. The
operator T and the coefficients c0i, cij are differentiable w.r.t. ξl, l = 1, . . . ,m,
orμk, k = 1, 2. We shall argue in the same way to obtain (57) in [23, Appendix A];
differentiating equation (4.2), we formally get that X = ∂βφ, where β = ξl with
l = 1, . . . ,m or β = μk, k = 1, 2, satisfies

L(X) = h̃(φ) +
∑

i

d0i�gPZ +
∑
i,j

dij�gPZij,

for a suitable choice of h̃(φ), d0i = ∂βc0i, dij = ∂βcij, and the orthogonality conditions
become∫

S
X�gPZijdvg =−

∫
S
φ∂β(�gPZij)dvg,

∫
S
X�gPZidvg =−

∫
S
φ∂β(�gPZi)dvg.

Now, finding and estimating suitable coefficients b0i, bij so that

Y = X +
∑

k

b0kPZk +
∑
k,l

bklPZkl

satisfies the orthogonality conditions∫
S
Y�gPZidvg =

∫
S
Y�gPZijdvg = 0,

the function X can be uniquely expressed as

X = T(f ) − ∑
i

b0PZi −
∑
i,j

bijPZij,

where
f = h̃(φ) +

∑
i

b0iL(PZi) +
∑
i,j

bijL(PZij).

Moreover, we find that ‖f‖∗ ≤ C | log δ|
δ

‖h‖∗ for β = ξl and ‖f‖∗ ≤ C| log δ|‖h‖∗ for
β = μk. By (4.3) we deduce that for any first derivative

‖∂ξlφ‖∞ ≤ C
[
| log δ|‖f‖∗ +

‖φ‖∞
δ

]
≤ C′ | log δ|2

δ
‖h‖∗.
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and ‖∂μkφ‖∞ ≤ C| log δ|2‖h‖∗. Differentiating once more in μj the equation
satisfied by ∂μiφ and arguing as above, we finally obtain that

‖∂μiμjφ‖∞ ≤ C| log δ|3‖h‖∗,

and the proof is complete. �

8 Appendix B

We shall argue in the same way as [23, Proposition 4.2], so that by Proposition 4.1
we now deduce the following.

Proof of Proposition 6.1. In terms of the operator T , problem (4.5) takes
the form A(φ) = φ, where A(φ) := −T(R + N(φ)). After [20, 23, 24, 25, 28], a
standard fixed point argument can be used to obtain thatA is a contraction mapping
of Fν into itself, where

Fν =
{
φ ∈ C(S) : ‖φ‖∞ ≤ ν

[
δ| log δ|

m∑
j=1

|∇ log(ρj ◦ y−1
ξj

)(0)| + δ2−σ| log δ|2
]}
.

Therefore it has a unique fixed point φ ∈ Fν.
By the Implicit Function Theorem it follows that the map

(μ, ξ) → (φ(μ, ξ), c0i(μ, ξ), cij(μ, ξ))

is (at least) twice-differentiable in μ and once-differentiable in ξ. Differentiating
φ = −T(R + N(φ)) w.r.t. β = ξl, l = 1, . . . ,m, or β = μ, we get that

∂βφ = −∂βT(R + N(φ)) − T(∂βR + ∂βN(φ)).

By Lemma 3.2 and (4.4) we have that

‖∂ξlT(R + N(φ))‖∞ ≤ C
| log δ|2
δ

(‖R‖∗ + ‖N(φ)‖∗)

= O
(

| log δ|2
m∑
j=1

|∇ log(ρj ◦ y−1
ξj

)(0)| + δ1−σ| log δ|3
)
,

for l = 1, . . . ,m, in view of ‖∂ξlW‖∞ ≤ C
δ

and

‖∂μT(R + N(φ))‖∞ ≤ C| log δ|2(‖R‖∗ + ‖N(φ)‖∗)

= O
(
δ| log δ|2

m∑
j=1

|∇ log(ρj ◦ y−1
ξj

)(0)| + δ2−σ| log δ|3
)
,
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in view of ‖∂μW‖∞ ≤ C. So, differentiating ∂βNi(φ) as in [23, Appendix A] with
Ni(φ) in (3.10), we find that

(8.1) ‖∂βN(φ)‖∗ ≤ C[‖∂βW‖∞‖φ‖2
∞ + ‖φ‖∞‖∂βφ‖∞]

and

‖∂ξlN(φ)‖∗ = O
(
δ| log δ|2

m∑
j=1

|∇ log(ρj ◦ y−1
ξj

)(0)|2 + δ3−2σ| log δ|4
)

+ o
(‖∂ξlφ‖∞

| log δ|
)
,

‖∂μN(φ)‖∗ = O
(
δ2| log δ|2

m∑
j=1

|∇ log(ρj ◦ y−1
ξj

)(0)|2 + δ4−2σ| log δ|4
)

+ o
(‖∂μφ‖∞

| log δ|
)
.

Since ∫
S
χje

−ϕj eUjdvg =
∫
R2
χ(|y|) 8μ2

kδ
2ρj(ξj)

(μ2
kδ

2ρj(ξj) + |y|2)2 dy,

if either k = 1 for j = 1, . . . ,m1 or k = 2 for j = m1 + 1, . . . ,m, we have that

∂ξl

(∫
S
χje

−ϕj eUjdvg

)
= 8∂ξl log ρj(ξj)

∫
R2

1 − |y|2
(1 + |y|2)3 + O(δ2) = O(δ2)

and similarly,

∂μk

(∫
S
χje

−ϕj eUjdvg

)
=
∫
R2
χ(|y|)16μkδ

2ρj(ξj)(|y|2 − μ2
kδ

2ρj(ξj))
(μ2

kδ
2ρj(ξj) + |y|2)3 dy = O(δ2).

Since ϕj(ξj) = 0 and ∇ϕj(ξj) = 0, we have that e−ϕj = 1 + O(|yξj(x)|2) and
∂β(χje−ϕj(x)) = O(|yξj(x)|), and then

�g∂ξlW = −
m1∑
j=1

χje
Uj∂ξlUj +

1
τ

m∑
j=m1+1

χje
Uj∂ξlUj + O(δ1−σ),

in view of |∂ξlUj| = O( 1
δ
), l = 1, . . . ,m and

�g∂μW = −
m∑
j=1

χje
Uj∂μUj +

1
τ

m∑
j=m1+1

χje
Uj∂μUj + O(δ2−σ),

in view of |∂μUj| = O(1), where the big O is estimated in ‖ · ‖∗-norm. Note that
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in Br0 (ξj)

∂ξlW =

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

∂ξlUj + O(δ2| log δ| + |yξj(x)| + |∇ log(ρj ◦ y−1
ξj

)(0)|),
for j ∈ {1, . . . ,m1},

− 1
τ
[∂ξlUj + O(δ2| log δ| + |yξj(x)| + |∇ log(ρj ◦ y−1

ξj
)(0)|)],

for j ∈ {m1 + 1, . . . ,m},
and

∂μkW =

⎧⎨
⎩
∂μkUj − 2

μk
+ O(δ2| log δ|), for j ∈ {1, . . . ,m1},

− 1
τ
[∂μkUj − 2

μk
+ O(δ2| log δ|)], for j ∈ {m1 + 1, . . . ,m}.

Furthermore, ∂ξlW = O(1) and ∂μkW = O(δ2| log δ|) in S \ ⋃m
j=1 Br0 (ξj). From

computations in the proof of Lemma 3.1 we find that

(8.2)

λ1V1eW∫
S V1eWdvg

=
λ1

8πm1

m1∑
j=1

χj

×
[
1 +

〈∇(ρj ◦ y−1
ξj

)(0)

ρj(ξj)
, yξj(x)

〉
+ O(|yξj(x)|2 + δ2| log δ|)

]
eUj

+ O(δ2)χS\⋃m1
j=1 Br0 (ξj),

and

(8.3)

λ2τV2e−τW∫
S V2e−τWdvg

=
λ2τ

8πm2

m∑
j=m1+1

χj

×
[
1 +

〈∇(ρj ◦ y−1
ξj

)(0)

ρj(ξj)
, yξj(x)

〉
+ O(|yξj(x)|2 + δ2| log δ|)

]
eUj

+ O(δ2)χS\⋃m
j=m1+1 Br0 (ξj).

By (5.15), (5.22), (5.23), (5.25), (5.26), (8.2) and (8.3) we deduce for ∂βR the
estimate

|∂ξlR‖∗ +
1
δ
‖∂μkR‖∗ = O

( m∑
j=1

|∇ log(ρj ◦ y−1
ξj

)(0)| + δ1−σ| log δ|
)
,

l = 1, . . . ,m, k = 1, 2.
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Combining all the estimates, we then get that

‖∂ξlφ‖∞ = O
(

| log δ|2
m∑
j=1

|∇ log(ρj ◦ y−1
ξj

)(0)| + δ1−σ| log δ|3
)

+ o(‖∂ξlφ‖∞)

and

‖∂μkφ‖∞ = O
(
δ| log δ|2

m∑
j=1

|∇ log(ρj ◦ y−1
ξj

)(0)| + δ2−σ| log δ|3
)

+ o(‖∂μkφ‖∞),

which in turn provides the validity of (4.7). We proceed in the same way to obtain
the estimate (4.7) on ∂μiμjφ, and the proof is complete. �

Lemma 4.1 is rather standard and we will omit its proof. Since the problem has
been reduced to finding c.p.’s of the reduced energy

Eλ1,λ2 (μ, ξ) = Jλ1,λ2 (W + φ(μ, ξ)),

where Jλ1,λ2 is given by (1.4), the last key step is to show that the main asymptotic
term of Eλ1,λ2 is given by Jλ1,λ2 (W).

Proof of Theorem 4.1. We argue in the same way as in the proof of [23,
Theorem 4.4]. For simplicity we write J instead of Jλ1,λ2 . Thus, we get that

J(W + φ) − J(W)

= −1
2

∫
S
[Rφ− N(φ)φ]dvg +

∫ 1

0

∫ 1

0
[D2J(W + tsφ) − D2J(W)][φ, φ] t dsdt,

so that it is straighforward to deduce that

|J(W + φ) − J(W)| = O(‖R‖∗‖φ‖∞ + ‖φ‖3
∞)

= O(δ2| log δ| |∇ϕ∗
m(ξ)|2 + δ3−σ| log δ|2)

in view of (4.6),

4π∇ξjϕ
∗
m(ξ) = ∇ log(ρj ◦ y−1

ξj
)(0) for j = 1, . . . ,m1

and

4πτ2∇ξjϕ
∗
m(ξ) = ∇ log(ρj ◦ y−1

ξj
)(0) for j = m1 + 1, . . . ,m.

Now, differentiating w.r.t. β = ξl, l = 1, . . . ,m, or β = μk, k = 1, 2 we get that

|∂β[J(W + φ) − J(W)]|
= O(‖∂βR‖∗‖φ‖∞ + ‖R‖∗‖∂βφ‖∞ + ‖φ‖2

∞‖∂βφ‖∞ + ‖φ‖3
∞‖∂βW‖∞)
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by using (8.1), so that,

|∂ξl [J(W + φ) − J(W)]| = O
(
[δ2| log δ| |∇ϕ∗

m(ξ)|2 + δ3−σ| log δ|2] | log δ|
δ

)

and |∂μk[J(W+φ)−J(W)]| = O([δ2| log δ| |∇ϕ∗
m(ξ)|2+δ3−σ| log δ|2]| log δ|) in view

of (4.6)–(4.7), ‖∂ξlW‖∞ = O( 1
δ
) and ‖∂μkW‖∞ = O(1). Arguing similarly for the

second derivative in μ, we get that

|∂μiμk[J(W + φ) − J(W)]| = O([δ2| log δ| |∇ϕ∗
m(ξ)|2 + δ3−σ| log δ|2]| log δ|2).

Combining the previous estimates on the difference J(W + φ) − J(W) with the
expansion of J(W) = Jλ1,λ2 (W) contained in Theorem 5.1, we deduce the validity
of the expansion (4.8) with an error term which can be estimated (in C2(R2) and
C1(�)) like o(δ2) + rλ1,λ2 (μ, ξ) as δ → 0, where rλ1,λ2 (μ, ξ) does satisfy (4.9). �
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