ON THE SUPERCRITICAL FRACTIONAL DIFFUSION
EQUATION WITH HARDY-TYPE DRIFT

By

DAMIR KINZEBULATOV KODJO RAPHAEL MADOU AND YULIY A. SEMENOV

Abstract. We study the heat kernel of the supercritical fractional diffusion
equation with the drift in the critical Holder space. We show that such a drift can
have point irregularities strong enough to make the heat kernel vanish at a point
forall 7 > 0.

1 Introduction and main result
1. The present paper concerns the fractional diffusion equation
(1) ou+(—=A)2u—f1-Vu=0, f:R{>RY, d>3

in the critical (o = 1) and the supercritical regimes (0 < a < 1). The terminology
“critical” and “supercritical” refers to the fact that when o = 1 the drift term f - V
is of the same weight as the diffusion term (—A)2, while if @ < 1 then, formally,
f. V dominates (—A)2, so the standard perturbation-theoretic techniques are not
applicable.

This equation continues to attract interest, motivated, in particular, by applica-
tions in hydrodynamics. In the supercritical regime, it was studied by Constantin—
Wu [6] who established Holder continuity of solution u# assuming that the vector
field f is in C%!'=* and divf = 0. Later the Holder continuity of solution without
the divergence-free assumption on the drift was established by Silvestre [23]. The
Holder continuity exponent 1 — o arises in both papers from the scaling arguments
(in a variant of the De Giorgi method and a comparison principle, respectively).
Maekawa—Miura [17] considered (1), in particular in the supercritical regime,
and established an upper bound on the heat kernel when f € C%!=%, divf = 0.
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Zhao [25] established weak well-posedness for the SDE associated with (1) as-
suming that ||f||coi-« is sufficiently small. Regarding the two-sided heat kernel
bound for (1), see Menozzi—Zhang [18] where such bounds were established in
the “sub”-supercritical case |f| € C%7, y > 1 — a; see also [15, 24, 26] and refer-
ences therein. ([17, 18] allow time-dependent coefficients that can grow at infinity,
[15, 18, 24, 25, 26] deal with the more general than (—A)? diffusion term.)
Below we show that the class C%!~* contains vector fields that have point
irregularities strong enough to make the heat kernel of (1) vanish (in the y variable,
for all + > 0). More precisely, we consider as the drift f a bounded, infinitely
differentiable outside of the origin vector field b : RY — R such that

2) b(x) =k|x|"%x in{|x] < 1}

where « > 0. The vector field b is, in a sense, a prototypical representative of
the class C%!~%. We establish a vanishing upper bound on the heat kernel; see
Theorem 1.

In order to keep the paper short, we will be assuming that on {|x| > 1}
the derivatives of the vector field » are uniformly bounded, and |divb| is less
than C|x|™* for some constant C > 0 (e.g., b can have compact support). The
method of the paper can handle b(x) = x|x| ~%x, x € R9.

The critical regime a = 1, with f in BMO and divergence-free, was studied by
Caffarelli—Vasseur [4] and, later, by Kiselev—Nazarov [14]. The critical regime
without the divergence-free condition but assuming that |f| € L was considered
by Silvestre [23]. Our result includes o = 1 as well.

Set
_2°mir(3)
= I g B ;).

Theorem 1. Letd > 3,0 < a < 1. Let b be defined by (2) with k > 0. Then
the heat kernel of the operator A = (—A)> — b - V, constructed in Proposition 1

y(s):

below, determines a Cy semigroup in L = L'(R?) for all r € [1, oo[, and satisfies
forall0 <t < l,x,ye]Rd

3) 0<e™x,y) < Crafl At «|ylf]

(possibly after a modification on a measure zero set in R? x R?), where the order
of vanishing f €]0, o[ is determined from the equation

d+p—-2yd+p—-2)

“ ﬂd+ﬂ—ay(d+ﬂ—a)

=k (see Figure I).
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Figure 1. The graph of f as a function of the coefficient x for d = 3 and a = é

The equation (4) is the condition that |x|# is the Lyapunov function of the formal
(adjoint) operator A* = (—=A)2 + V - x|x|~%x, i.e., [(—=A)2 + V - x|x|~*x]|x|# = 0.

Theorem 1 is proved by considering operator A, in the weighted space
L'(R4, wdx), with appropriate vanishing weight w(x) ~ (1 A |x|)?, where the
operator is “desingularized”, and the semigroup e~ is L'(R?, wdx) — L
ultracontractive. The desingularization procedure was introduced by Milman—
Seménov to establish two-sided heat kernel bounds for the Schrodinger opera-
tor —A + x|x|~2 [19, 20, 21]. The non-symmetric, non-local desingularization
for A = (=A)2 — k|x|~“x - V in the subcritical case 1 < a < 2 was developed in
Kinzebulatov—Seménov—Szczypkowski [13] (k¥ < 0) and Kinzebulatov—Seménov
[10] (# > 0). (Regarding similar weighted heat kernel bounds in the non-local
symmetric case (—A)? + x|x| ™%, see [2, 5, 8].) The desingularization procedure
also works in the critical a = 1 and the supercritical a < 1 regimes, as we show
in this paper. This is rather notable, since, generally speaking, o < 1 is known to
present its own set of difficulties compared to 1 < o < 2. See Remark 1 below for
comments regarding the difference between the cases 0 <a < land 1 < a < 2
in the context of the present paper.

It should be noted that in [10] (1 < a < 2) the authors proved, using
perturbation-theoretic arguments, the following two-sided heat kernel bound:

(5) e M, y) A e TN (LA L |y|)
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for B €]0, a[ determined by (4). The bound (3) describes the behaviour of the
heat kernel around the singularity of the drift, but it leaves open the question of
the two-sided bound for (1) with f := b in the critical and the supercritical regimes.
We plan to address it in the future.

The case of b with k < 0, which corresponds to the attracting drift, can be
treated by modifying the argument in [13]:

e (x,y) < Cra[l Aru|yl’] for f €] —d+a, 0] such that A*[x|? = 0.

We will not be proving this bound here (in fact, to make this result complete one
has to prove the lower bound). Let us only mention that the construction of the heat
kernel requires an energy inequality in some L, r > 2 (see [13]), which imposes
a constraint from below on the admissible values of ¥ < 0 (cf.[25]). Namely,
multiplying the equation by u|u|"~2 and integrating, we have

2 a _ d_a —a r
COlul”) = A(jul") + Re((=A)2u, ulul™2) = Jxel = (x 7, Jul") <0,

for some A > 0.

Now, applying the fractional Hardy inequality
Re((—=A)2u, ulul™2) = caar(IxI™% |ul’)

with the sharp constant ¢, (see [3]), we arrive at the condition |K|d:" < Cd,a,rs
which yields a constrainton x < 0 from below. In fact, in the local case a = 2, some
aspects of the regularity theory of the corresponding parabolic equation depend
on this constraint; see [11]. We note that, for a < 2, for every ¥ < O there exists
a f €] —d, 0[ such that A*|x|# = 0. (In principle, this opens up a possibility to
verify accretivity of A in the weighed space L'(RY, wdx), w(x) ~ (1 A |x])?, for
any ¥ < 0, and hence to construct a Cyp semigroup there. We plan to address this
matter in detail elsewhere.)

It is interesting to note that in the subcritical regime 1 < a < 2 there is a
greater variety of classes of admissible drifts having critical-order singularities.
In particular, Bogdan—Jakubowski [1] established two-sided heat kernel bounds
for (1) with f in the Kato class. Regarding the case divf = 0, see Jakubowski
[7], Maekawa—Miura [17] who considered f in the Campanato—Morrey class. The
(unique) weak solvability and the Feller property for the corresponding SDE with
drift f in an even larger class of weakly form-bounded vector fields were proved in
Kinzebulatov—Madou [9].
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2. Let us describe the construction of the heat kernel in Theorem 1. Put
lx| == \/|x|2 + &. Let us fix smooth vector fields b € C,(RY) N C®(RY), ¢ > 0such
that

“%x, x| < 1.

In {1 < |x] < 2}, we require uniform convergence

b. = b, Vyb;— Vb, Vi b.— Vi.b
and |V.b,| <o (i=1,...,d), |divb,| < o5 on {|x| > 1} with constants o}, o>
independent of ¢.

For r € [1, oo[ put
(6) Af=—eA+ (=A): —b, -V, D(A%) = W2 (Bessel space),

the generator of a positivity preserving L* contraction quasi contraction holomor-
phic semigroup (e.g., by the Hille Perturbation Theorem, cf.[10, Sect. 8]).

Proposition 1. Letd > 3,0 < a < 1. Let b be defined by (2) with k > 0. For
everyr € [1, oo, the limit

"Ar - (loc. uniformly in t € [0, 0o[)

s-L"-lime™
el0
exists and determines a L™ contraction positivity preserving quasi-contraction
semigroup on L, say, e~ Its generator A\, is an appropriate operator realization
of the formal operator (—A)> —b -V in L.
The Sobolev embedding property and the ultracontractivity property hold:

(Ao, u) > csllull . u € D(Ay),

— _dgl_1
e ||,y < ene®'t <), te[0,00[, 1 <r<gq< oo,
where cs, cy are generic constants.

e~!N is a semigroup of integral operators.
By construction, the integral kernel e~ (x, y) of e~**r does not depend on r.
It is defined to be the heat kernel of (—A)2 — b - V. One can easily see that

u(t) = e7"f with f € L? is a weak solution to (1).
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Notations. We write

(u,v) = (uv) := | wuvdx.
RA

The fractional Laplacian (—A)? is defined in L, r € [1, oo or C, (bounded
uniformly continuous functions with the sup-norm) in the sense of Balakrishnan.
(Here —A is defined in L” or C, as the generator of the heat semigroup in these
spaces.)

We denote by B(X, Y) the space of bounded linear operators between Banach
spaces X — Y, endowed with the operator norm || - ||x_y. Set B(X) := B(X, X).

We write T = s-X-1im, T,, for T, T,, € B(X) if Tf = lim, T,,f in X for every
f € X. We also write T}, S Tifx =12

Denote || - flpsq = Il - llrosis.
We say that a constant is generic if it only depends on d, x, «, o1, 05.

2 Proof of Proposition 1

The proof is essentially contained in the next three claims.

Claim 1. Foreveryr e [l,o00[ andall € > 0,

le™™ s < €.
There exists constant cy independent of € such that, forall 1 < r < g < 0o,
e g < cne™teG=0, t> 0.
There exists constant cs independent of € such that
(ASu, u) > cS||u||iz_da, u € D(AS) = W2,
Although the proof of Claim 1 is standard, we included it in Appendix A for

the sake of completeness.

To prove that s-L"-lim, e~!r exists and determines a Cy semigroup, we will
show that {e™""f} is a Cauchy sequence in L>([0, 1], L"), for any f € C>° and
any {&,} | 0. For that, we will need a uniform bound on the L? norm of the

gradient of u?(f) := e "N'f.
Claim 2. There exists a constant w3 independent of & such that

IV @ll2 < e IVfll2, > 0.
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Proof of Claim 2. Denote u = u®, w = Vu, w; := V,u. Since f € C°
and V?’big € C* (n =0,1) are bounded and continuous, we can differentiate the
equation d;u + A°u = 0 in x;, obtaining

w; — eAw; + (—AN)2w; — b, - Vw; — (Vib,) - w = 0.

Multiplying the latter by w;, integrating by parts and summing upini=1,...,d,
we obtain

d d
1 a
Sallwld+e I Vwill3+ 11— A)5 w3
i=1 i=1

d d
—Re Z(bg -Vw;, w;) — Rez«vibs) - w, w;) = 0.

i=1 i=1
Here, using the integration by parts, we obtain
1
—Re (b, - Vw;, w;) = _{((div b w;, w;)
(7 2

K —u e o
> 5 (Ly<1(@dlxl; = alxd; 2xPHw;, w;) — 22 (w;, w;).
Also,

—((Vib.) - w, w;)

_ Can — 2
> —ic(Ly <1 Ixl7 “wi, wi) + k(L1 |x17* " “xwix - w)) — o1 (Ls1|wl]),

and so
d
—Re > ((Vib,) - w, w;) > k(L1 |x|7%w]*) — o1d(|w]?).
i=1
Thus,
1 d d
SOllwl3+2 Y IVwill3 + 3 (= A)iwil3
i=1 i=1
x0T 2 b o) + 5 (bl ) — (v + T )l < 0
K P xl<11X]g W P x| <11X]¢ w (231 5 wi; =0,

and so, since k¥ > 0,

d—oa _ o
® Al T DT tga k) < (ad+ 7 ) lwl

Sinced > 3, a < 1, we have d — o« — 2 > 0. Thus, integrating in ¢, we obtain
o2

lw@I3 < e IVFIB 120, w3:=ad+ . .
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Next, set u, = u®", b, := b,,, where ¢, | 0, and put
g(t) = (1) —up(1), t>0.
Claim 3. ||g(?)|l2 = O uniformlyint € [0, 1] as n,m — oo.

Proof of Claim 3. We subtract the equations for u,, and u,, and obtain
atg - gnAg - (Sn - gm)Aum + (_A)gg - bn : Vg - (bn - bm) : vMm = 0:

so, after multiplying by g and integrating, we have

1
© 26,||g||%+en||Vg||%+<sn—em><wm,Vg>
+[I(—=A)igll3 — Re(b, - Vg, g) — Re((b, — bw) - Vi, g) = 0.

Concerning the last two terms, we have (uniformly in ¢ € [0, 1])

o
—Re(b, - Vg.8) > = lgll3

(arguing as in the proof of Claim 2), and

[{(bn — D) - Vi, )|
= |(Lj<2(by — b)) - Vi, 8)1
(we use [[glloo < 2[[fllo0)
< 1pg<2(bn — ) 121 Vit 12211 1l 00
(we are using Claim 2)

< 2e” |1y <2(by — )21V I2lfllc = O asn,m — oo.
Using again Claim 2, we have
[(en — €m)(Vitm, V)| < len — emllIVunll2IVglla = 0 asn,m — oo.

Thus, integrating (9) in ¢ and using the last three observations, we have for all
O0<t<1

sup g3 = o2 / lg(s)13ds < o(e),
te[0,7] 0

where o(¢) — 0 as ¢ |, 0. It follows that

(1 —027) sup llg®l3 < o(e),

tel0,7]

where 7 > Ois fixed so that 6,7 < 1. This yields the required convergence on [0, 7].
Now, the latter and the reproduction property of the approximating semigroups end
the proof of Claim 3. O
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We can now end the proof of Proposition 1. By Claim 3, {e=A"f . fecCr
is a Cauchy sequence in L*=([0, 1], L?). Set

Tsf = s-L*-lime™""f uniformly in 0 < 7 < 1.
n

(Clearly, the limit does not depend on the choice of {&,} | 0.) Extending T} by

continuity to L2, and then to all # > 0 by postulating the reproduction property, we

obtain a Cy semigroup on L?. Pute™"*? := T}, t > 0. Now Claim 1 and the standard

density argument yield convergence in all L,, 1 < r < oco. The ultracontractivity

property follows. The fact that the resulting semigroups are integral operators is an

immediate consequence of the ultracontractivity and the Dunford—Pettis Theorem.
Let us prove the Sobolev embedding property. By Claim 1 (A% = Aj),

Re(A*(1+ A" 7lg, (1+ A 7'g) > csll(1+ A) g% . g € L2, s es(e),
ie.,
Re(g — (1+ A g, (1+ A ™) = cll(1+ A" g% .
Using the convergence (1 + A?)™! N (1+A) linL? as ¢ | 0, we obtain
Re(A(1+A) g, (1+A)""g) > csll(1+ A)_lgllizqa forall g € L2,

and so the Sobolev embedding follows.

—*A2 is positivity preserving (so the heat kernel e (x, y)

tA*®

Finally, we note that e

is non-negative) since the approximating semigroups e~ are (see, if needed,

Appendix B).

3 Proof of Theorem 1

3.1 Desingularization theorem. We first state an abstract desingular-
ization theorem from [10]. We will apply it in the next section to the operator

(=A): —b-V.
Let X be a locally compact topological space, and u a o-finite Borel measure
onX. Set I =LP(X, ), p € [1, o], a (complex) Banach space. Let

I llpsg =1l - lr—ra-

Let —A be the generator of a contraction Cy semigroup e~'*, t > 0, in L?.
Assume that, for some constants M > 1,¢g > 0,j > 1,¢ > 0,

(Bu) le= 1 < Mfllh, 120, fel'nl?
(B12) Sobolev embedding property: Re(Au, u) > cS||u||§j, u € D(A);
(B13) leMlamoe < ct™>, >0, j= 7

=1
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Assume also that there exists a family of real-valued weights v = { yg}s=0 on X
such that, for all s > O,
(B21) 0 < ys, %—1 € LIIOC(X — N, 1), where N is a closed null set,

and there exist constants 8 €]0, 1[, 8 # 0(s), ¢; # ¢;(s) (i = 2, 3) and a measurable
set QQ° C X such that

(B22) w07 < ) for all x € X — Q°,

ey’ 1 where ¢’ =

IN

(B23) Il l//S_HHLq/(Q:) 1-6

Theorem 2 ([10, Theorem 1]). In addition to (By1)—(B23) assume that there
exists a constant ¢y # c\(s) such that, for any s > O and all 5 <t <5,

(B3) lwse ™ w < ellflli, f el

Then there is a constant C such that, forall t > 0 and u a.e. x,y € X,

le™™ M x, W) < C yn(y).

Theorem 2 is a weighted Nash initial estimate [22].

3.2 Proof of Theorem 1. Define weights v, € C>(R? — {0}) N C,(RY) by

1
w(y) =0t «lyl), yeR,

where
, 0<7<l1,
) =< pr2—-H+1—38 1<t<2,
1+§, T>2

(the constant f is determined from the equation (4)).

Theorem 1 will follow from Theorem 2 applied to the semigroup e~ = e~A2,
A D (—=A)2 —b-V, which was constructed in Proposition 1. Thus, we will prove
that for all 7 € [0, 1], for a.e. x, y € RY,

e=Mx,y) < Crip(y),

which yields Theorem 1.

In Proposition 1 we proved that e~'* satisfies conditions (B1;), (B») and (B13)
with j/ = Z . The condition (B,)) is evident. It is easily seen that (B;;), (B»3) hold
with

s _ (i _ (Z—a)d
Q° = B(0, s7), 9_(2_a)d+8ﬁ.
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It remains to verify (B3). This step presents the main difficulty. We will show
that w,e "y ! is a quasi contraction semigroup in L!, i.e., there exists & > 0 such

that for any s > 0
(10) lyse M w fll < eC 2 f, 1> 0.

Then, taking ; <t <sandt e [0, 1], we obtain (B3).

Intuitively, the generator of wse™"» ! should be w,Ajw;!. Thus, it would
suffice to show that 1 + yw,A ;! is accretive in L! for some 2 > 0, i.e. formally,
for all admissible f,

(Gt yemy; O, §|> > 0.

However, a direct calculation is problematic: A is not an algebraic sum of (—A) 21
and (b- V)1, there is no explicit description of the domain D(A ) and, furthermore,
w; ! is unbounded. Instead, we will carry out an approximation argument, replac-
ing A by the approximating operators A®, ¢ > 0 introduced in Section 1, and then
replacing the weight w; by its smooth approximations ¢; . bounded away from O
and so that ¢;81 is bounded. Now, however, if we define ¢; . by applying a standard
(e.g., Friedrichs) mollifier to vy, the task of evaluating ¢S,SAS¢;§ f remains quite
non-trivial. We overcome this difficulty by considering a mollifier defined in terms
of A%; see (12) below. This choice of the mollification is a key step in the proof.

In addition to the approximating operators A%, ¢ > 0in L", r € [1, oo[, we
define in C,

Afi=—eA+(—=A): —b, -V, D(AL)=D((—A)c).

Similarly to A7, for every & > 0 the operator Ag, is the generator of a positivity
preserving contraction holomorphic semigroup (cf. [10, Sect. 8]).
We will also need

(A®)! = —eA +(=AN)2 +V -b,, DA%)=W*", rell,oof
(Mg, == —eA+(—=A)2+V b, D(AL)=D(—A)c,).
These are also generators of positivity preserving L* contraction quasi-contraction

holomorphic semigroups. Moreover, there exists a constant ¢y independent of &
such that, forall 1 <r < g < oo,

£\* _ds1_1
(11) le™™ A |,y < ent™20 74, 1> 0.

Indeed, for 1 < r < g < oo the ultracontractivity estimate follows from Claim 1
by duality, and for all 1 < r < g < oo upon taking limits » | 1, g T co.
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In what follows, s is fixed (since ; <t < s,we have s < 2). We introduce the
following two-parameter approximation of y = w:

(A®

(12) Pn.e =n"'+e” nyg// e>0,n=1,2,...).
In L!, define operators

0 =¢u:Aid;  D(Q) = hu:D(A)
and strongly continuous semigroups

e—tG = ¢n,se_tAi¢;’i~-

—tG

Our goal is to show that e~ satisfies

_ Ac—1 -1
(13) le™Cf Il < e 2 flly, > 0,

so that we can pass to the limit (first in ¢ and then in n) to establish (10). The
difficulty is that a priori we have little information about G to conclude (13). On
the other hand, we have detailed information about Q and, moreover, intuitively Q
should coincide with G. We prove this in Steps 1-3 below.

Step 1. Set

M :=¢, (1 — AL ' NC,l.
This is a dense subspace of L! such that
M c D(Q), M c D(G)

and, furthermore,
OIMcaG.

(Indeed, for f = ¢, ;.u € M,
Gf = s—Ll—ltiirél 11— e f = ¢n,8s-L‘-1ti¢%1 11— e ™ Yu = ¢ Afu=0Of)
Thus Q | M is closable and
0 :=(Q | M)™ CG.

A standard argument shows that the range 4, + Q is dense in L! (see [10, Proof of
Prop. 1] for details).
Step 2. There are constants ¢ > 0 and €, > 0 such that, for every n and all

1

0 < & < g, the operator A + Q is accretive whenever 1. > és+a,+n7L ie.,

f
1

where s > 0 is from the definition of the weight ¢, ..

(14) Re<(/1 + O, > >0 foralf e D),



SUPERCRITICAL FRACTIONAL DIFFUSION EQUATION 413

Proof of (14). We can represent iy = y, as

v =wa+Wu, where0 <y € D(=A)), O0<wyueD(—A)¢,)

(e.gww =1+ g S0 () has compact support and coincides with sh |x|# around
the origin). Therefore,

(A y = (A)Lwa) + (A)e, v

is well defined and belongsto L' + C, = {w+v | w e L', v € C,}.
By the construction of 0, it suffices to prove that

f
1

In what follows, we use the fact that both e="A", e=A)" are holomorphic in L
and C,. We have, foraf = ¢, .u,u € (1 — A)~[L' N C,],

(15) Re<(/l + O, > >0 forallf e M.

tA®

(0 ) = (nate ) =time (1 =, 1),
SO
Re(Qf ) = lim~! (1 = el )

= lim (1 — e ul, n™") +1im (1 — e )™ |ul, y)
tl0 tl0

— lim ! 1 — =™ A"y~ 1y 4 Tim 1L - | — 1A

im (lul, (1 —e m >+3f61 (e ul,(1—e W)
— _Aé S

= (Jul, (A9 0™ + (e Jul, (A9 y) = J) + .

A simple calculation shows that div b, > —o» on R? (cf. the proof of Claim 2) and

so, since ¢;, |

’gSn7

J1 = —oslflh.

We estimate J, using the next lemma. (It is in its proof that we use the fact that
|x|# is a Lyapunov function of the formal operator (—A)2 + V - x|x|~*x.)

Lemma 1.
Ay >—es"'y—V, onR’

where V., = ecol v x|+ <ie(d+B—a) (317 — x| =) elP+cLy <y <21bs b
for generic constants ¢, c, C.
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We will show below that the auxiliary potential V, becomes negligible as ¢ | 0.
Lemma 1 yields

e .
o> —cs e lul, w) — (e [ul, Vo).

Hence, taking into account the estimate on Ji,

f

1

() (recall that |u]| = 925;,3:V| and ¢, . =n""' + e W)
— _ (a5

> —(es™ +o)llf I — (lul, e (V).

By the ultracontractivity of e A", see (11), and the fact that ||V,||; L Oase | 0,
we have for everyn > 1

(A%)*

A — — _ (a5
Re(0f, /) = —aallfll = 5™ (ul, e ) = (e Jul, Vi)

_ (A5 d
lem » Velloo < enne||Velly

d
(we choose ¢, > O such that forall ¢ < ¢, |V, |1 < n"*(cyn<)"h)

< n2.

Thus, since ¢, . > n~!, we have, foreveryn=1,2,... andall 0 < ¢ < ¢,,

_ (a5 _
(lul,e™ » (Vew)) < n”MIflh-

Applying the latter in (x), we obtain (15) = (14).

Step 3. Since O is closed and the range of 1+ is dense in L!, the accretivitiy of
J+Qin L' implies that the range of 1.+ Qs in fact L! (see, e.g., [10, Appendix C]).
Hence, by the Lumer—Phillips Theorem, 4 + O is the generator of a contraction
semigroup, and, since O c G, we have

0=0G.
As a consequence of Steps 1-3, we obtain: foralle < ¢,,n=1,2,...,
_ _ e ,_ Ac—1 -1
(%) le™ M1 = ldnee™ dpilling < €@,

We pass to the limit in (%) in ¢ |, O using Proposition 1, and then take n — oo. (See
the detailed argumentin [10].) This yields (B3) and ends the proof of Theorem 1. [

4 Proof of Lemma 1

Recall v = y,, s < 2. We estimate the right-hand side of
(16) (A y = —eAy +(=D)y +div (bew)

in the next three claims. The first claim is straightforward:
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Claim 4. —¢Ay > —P;, where P, = ecol|y<41/e |x|=2*# for a generic con-

stant c.
To estimate the second term in (16), we introduce
F(x) = s~ |x|P.
Clearly, y and  coincide in B(0, s«), however, in contrast to v, the Lyapunov

function ¥ grows at infinity.

Claim 5. (=A)2y > —B(B—2+d) |G~ D x|~

Proof. We represent (=A)2h=—=AL_yh=—I,_,Ah, where I, = (—A)™2 is
the Riesz potential. Then
(=N y=—h Ay =—DL oAj — L o A(y — i)

(all identities are in the sense of distributions). We evaluate the first term in the
right-hand side as

L gAY = —s~ 1 B+ f — DIr—g|x]P>
_s yd+p—2) f—
=—s «f(d+p—2) [x]”~*
pa+p yd+p—a)
and drop the second term since —A(y — ) > 0 (see [10, Remark 4] for the
calculations). ]
Claim 6.
div (byy) > div (bip) — s~ 'y — U, — W,

where Ugy(x) = 1y <1k(d + p — a)(|x|;% — lx|=)|x|# and W, = cli<y<2|b. — b| for
constants ¢ and c.

Proof. We represent
div (b w) = div (by) + [div (b y) — div (b)].

It is the difference div (b.y) — div (b¥) that we need to estimate from below in
terms of U, and cs~'y. We represent

[div (bey) — div (by)] = hy +div [(b, — D)y],

where h; = div [b(y — )] is zero in B(0, Sol.), continuous and vanishes at in-
finity. (Indeed, on {|x| > 2}, h; = k|x|7*xV(y — @) + (divb)(y — ), where
IV(y — @)| < Ci|x|#~1, B < a, while |div b| < C|x|~* by our assumption. Hence
hi(x) = 0 as x — 00.) Moreover, a straightforward calculation shows that

hy > —ésty.
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In turn, we bound div [(b, — b)w] from below as follows:
(1) On {|x| > 2} we have b, = b, so div [(b, — b)y] = 0.
(2) On {|x| <1},
div [(b, — D)y
=0b;—b)-Vy+(divb, —divb)y
> L <are(lxl; = el ™x - Vixl? + Lg<iw(d = a)(x]7% =[x~ 1x)”
= Lyg<ir(d + B — a)(Ixl;* =[x~ 9l
(3) On {1 < |x] <2},
div[(b, — D)y] > —cli<y<2]|b: — D|

for generic c.
Thus, everywhere on R?

div [(b; — DY)yl = 1y ar(d + B — a) (x| — x| ) xl” — clicpy<albe — b,

as needed. O

Applying Claims 46 in (16) and taking into account that, by our choice of S,

yd+B=2) a
—B(f—2+d) |x|™ %y +div(by) =0,
0 o(d+ f— a) % ¥
we obtain the assertion of the lemma with V, := P, + U, + W,. [

Remark 1. There is a number of notable differences between the proof of
the bound of type (3) in [10] (case 1 < a < 2) and the present paper (dealing
with 0 < a < 1). Having o < 1 essentially forces us to work with the vanishing
viscosity regularization of A = (—A)> — b -V in order to construct the semigroup
(and hence the heat kernel) in Theorem 1; cf.(6). This changes, in comparison
with [10], the proof of the key Lemma 1, i.e., the verification of the accretivity
of the “weighted” A. In particular, we now have an additional singular “virtual
potential” P,; see Claim 4. At the same time, surprisingly, having a < 1 simplifies
the construction of the semigroup (irrespective of adding the vanishing viscosity
term —g A in (6)). Indeed, in [10], in order to construct the semigroup in dimension

d = 3 the authors had to develop some vector inequalities for symmetric Markov
d—o—2
2

of Claim 2: if & > 1, d = 3, then the coefficient is negative, and so the proof of

generators. The reason is the sign of the coefficient x in (8) in the proof
Claim 2 does not work. Another, more sophisticated method had to be used in [10].
Interestingly, having a < 1, one does not encounter this problem (in any dimension
d > 3). We do not have an intuitive explanation for this phenomenon yet.
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The proofs in [10] and in the present paper are different realizations of the same
method that, as it turns out, is quite flexible and, we believe, can be applied to other
operators.

Appendix A Proof of Claim 1

The proof below follows closely, e.g., [10, Proof of Proposition 8] or [12, Proof of
Theorem 4.2].
Fix &£ > 0 and put
wn)=e""Nf, feC,

where A° = —sA+A —b -V, A :=(—=A):. First, let 1 < r < co. Multiplying
the equation &,u + Aéu = 0 by u|u|"~? and integrating in the spatial variables, we
obtain

1 r 4 T—1\112 r—2 r—2
A7) aluly+e IV Gululi ™13 + Re{Au, ulul ) = Re(b - Vu, ulul ) = 0.

Since —A is a Markov generator, we have using [16, Theorem 2.1]
Re(Au, ulu|™2) > }i, A2 2, u? = ujul2™t
Next, the integration by parts yields
—Re(b, - Vu, ulu| %) = i(div by, |ul"),
where on {|x| < 1} we have
div b, = x(d|x|7* — alx|7*72|x|*) > k(d — a)|x|7* > 0,
and on { |x| > 1}, |divb,| < o, by our assumption. Therefore,
—Re(b, - Vut,ulul ) = = (jul").
Thus, we obtain from (17)
(18) ~alul; 2 1A 13~ oallul,

From (18) we obtain ||u(?)||, < €"r||f]|, for appropriate w, > 0. Hence taking r | 1
and r 7 0o, we obtain the first assertion of Claim 1, i.e., the quasi-contractivitiy of
e~ in L”, r € [1, oo[ and its L™ contractivity.
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Let us prove the ultracontractivity of e 7"+, By (18),

4 1
2 2 2
—alluly; =, WA = oollulz, 157 < oo

2a _ 2a
Using the Nash inequality ||A5h||% > CN||h||§+‘1 kll, ¢ and [lu@®|, < e |fll,,
integrating the previous inequality (see details, e.g., in [10, Proposition 8], [12,
Theorem 4.2]), we obtain

Y _dgl_ 1
lle tAr”r—)Zr < C3€wrtt «G=a , t>0.

Now, using either the reproduction property or the Coulhon—Raynaud extrapolation
(see, e.g., [12, Theorem F.1]), we obtain the required ultracontractivity bound.
The previous argument yields: for u € D(AS) = W22, Re(Adu, u) > [|A2ul3,
so the fractional Sobolev Embedding Theorem now yields the required Sobolev
embedding property. (|

Appendix B ¢ preserve positivity

t

The fact that semigroups e A" preserve positivity follows, e.g., from the Phillips

—IA®

criterion. Namely, e is a quasi contraction in L2, so it is positivity preserving

if and only if it maps ReL? to ReL? (real-valued functions in L?), and
(Afu,uy) > —cluy)?), ue W2 NRel?,

where u, := uVvO0, for some fixed ¢ > 0. Recalling that A§ := —eA+(—A)2—b,-V,
we have ((—A)u, uy) > 0, ((—A)>u, u,) > 0 (indeed, the semigroups generated by
—A, (—=A)?2 in L? are positivity preserving, so the Phillips criterion itself, applied
in the other direction, yields the result). Also, repeating calculation (7), we have

K —u —o— o o
(=be Vitue) = 4 (L @l = alal 7 P, ) = 7)== (),

so we can take c = 7.
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