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By
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Abstract. We use recent results about linking the number of zeros on al-
gebraic varieties over C, defined by polynomials with integer coefficients, and
on their reductions modulo sufficiently large primes to study congruences with
products and reciprocals of linear forms. This allows us to make some progress
towards a question of B. Murphy, G. Petridis, O. Roche-Newton, M. Rudnev and
I. D. Shkredov (2019) on an extreme case of the Erd6s—Szemerédi conjecture in
finite fields.

1 Introduction

1.1 Description of our results In this paper we give a new application
of a recent result due to D’Andrea, Ostafe, Shparlinski and Sombra [7, Theo-
rem 2.1], which establishes an effective link between the number of points on
zero-dimensional varieties considered over C and also considered in the field F;
see Lemma 3.1 below.

In particular, we give sharp upper bounds on the number of solutions to some
multiplicative and additive congruences modulo primes with variables from sets
with small doubling; see Section 2.1.

These results complement those of Grosu [10], who has previously applied a
similar principle which allows one to study arithmetic in subsets of a finite field by
lifting to zero characteristic. The results of Grosu [10] restrict one to consider sets
A C I, of triple logarithmic size; see (2.5) below. Our results (see Section 2.1)
extend the cardinality of the sets considered in some applications (see [10, Sec-
tion 4]) to the range |A| < p° for some fixed § > 0 which is given explicitly and
depends only on the size of |A + A|. We also obtain sharper quantitative bounds
for 6 which hold for almost all primes (in the sense of relative asymptotic density).
For example, we prove that if such a set has small doubling, then its product set is
of almost largest possible size, see Theorem 2.2 below. This provides some partial
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progress towards a question raised by Murphy, Petridis, Roche-Newton, Rudnev
and Shkredov [15, Question 2] which has also been considered by Shkredov [16,
Corollary 2] in a different context and can be considered a mod p variant of a few
sums, many products estimate due to Elekes and Ruzsa [8]; see Section 2.2 for
more details.

We note that some arithmetic applications of [7, Theorem 2.1] have already
been given in [4, 7] (to periods of orbits of some dynamical systems) as well as [17]
(to torsions of some points on elliptic curves).

1.2 General notation. Throughout this work N = {1,2, ...} is the set of
positive integers.

For a field K, we use K to denote the algebraic closure of K.

For a prime p, we use I, to denote the finite field of p elements and [, the
multiplicative subgroup of F,,.

We freely switch between equations in [F,, and congruences modulo p.

The letters &, £, m and n (with or without subscripts) are always used to denote
positive integers; the letter p (with or without subscripts) is always used to denote
a prime.

As usual, for given quantities U and V, the notations U < V, V > U and
U = O(V) are all equivalent to the statement that the inequality |U| < ¢V holds
with some constant ¢ > 0, which may depend on the integer parameter d.

Furthermore V = U°) means that log |V|/log U — 0 as U — oo.

We use || to denote the cardinality of a finite set S.

For a generic point x € R¥, we write x; for the i-th coordinate of x. For example,
if «, h € R? then

a=(,...,0q) and h=(hy,...,hy).

Let

<0(,h> =a1hy+---+ashy

denote the Euclidian inner product and |/h|| the Euclidean norm of h.

For a € R? and /1 € C we let Aa denote scalar multiplication
Aa = Aoy, ..., Aag).
Given a set D C R? and A > 0 we define

AD ={ix:x e D}.
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2 Main results

2.1 Multiplicative equations over sets with small sumsets. Letp be
prime and for subsets A, B C F,, and 4 € F, we define I,(A, B, 1) by

2.1) I,(A, B, ) ={(a,b) e A x B :ab=1}|,

where the equation ab = 4 is in IF,.
A generalised arithmetic progression A (defined in any group) is a set of the
form
A={ag+a1h1+---+oazhg: 1< h <A}

We define the rank of A to be d and say A is proper if

|A|=A1...Ad_
It is convenient to define
(2.2) = !
' 79T (11s + 15)235+5°
Since our bounds depend only on max{Ai,...,Ay, By, ..., B.}, without loss

of generality we now assume that
Alz"':Ad:Blz"'zBe:H'

We recall that an integer k # O is called y-smooth if all prime divisors of £ do
not exceed y.

Theorem 2.1. Let H, d, e be positive integers with e < d. There exists a
constant b, depending only on d, and an integer Z, which is O(H"7#+\)-smooth
and satisfies

logZ <« ldro)d+e+2) /4] og H,

such that for each prime number p 1 Z the following holds. For any generalised
arithmetic progressions A, B C I, of the form

.A={0!0+(11h1+--~+0!dhd21<l’l,’<
B:{,B0+ﬁljl+"’+ﬂeje:1<ji<Ha i:l,...,e},

and A € ]F; we have

I,(A, B, 1) < exp(bslog H/ loglog H).
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The integer Z in Theorem 2.1 is constructed explicitly in Lemma 4.1 below
and is divisible by all primes p < H?***() (note that o(1) here denotes a negative
quantity). This is established at the end of the proof of Lemma 4.1.

From Theorem 2.1 we may deduce an estimate which holds for all primes
provided our generalised arithmetic progressions are not too large. We also obtain
better results for almost all primes. In particular, using the fact that no primes
p = Z divide a Z-smooth integer, we obtain:

Corollary 2.1. Let notation be as in Theorem 2.1. For any prime p and
integer H satisfying
H < Co(d)pydwﬂ,

for some constant Cy(d) depending only on d, we have
I,(A, B, 2) < exp(bglog H/ loglog H).

As a second application, using the fact that any integer Z has at most
O(log Z/ log log Z) prime divisors, we obtain:

Corollary 2.2. Let notation be as in Theorem 2.1. For all but at most
O(H @' +d+)y primes p, we have

I,(A, B, 1) < exp(bslog H/ loglog H).

We note an important feature of Theorem 2.2: the set of primes is independent
of the generalized arithmetic progressions A, B.

Corollaries 2.1 and 2.2 immediately yield an estimate for equations with Kloost-
erman fractions and squares. Indeed using that over any field and 1 # 0, if

al+b =1

then
(a—2"Hb—-2""=2172,

and over any algebraically closed field, if 4 # 0 and a, b satisfy
a+b* =,

then
(a+ia)(a—ib) =1,

where i is a square root of —1, we obtain the following results.
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Corollary 2.3. With notation and conditions as in either Corollary 2.1 or

Corollary 2.2, the number of solutions to the equations
al+b'=2, aeA,beB,

and
a+b*=2, aecA,beB,

in IF, are bounded by HD,

We remark that our method, with minor changes, can allow us to extend our
results to equations

(23) al---auzl, a,~€A,~,i=1,...,v, aieﬂi,

with any v > 2 and generalised arithmetic progressions Aj,..., A, € F,. A
direct application of such techniques gives a poor dependence on the parameter v.
An interesting problem is to determine the largest real numbers y, 4 such that the
number of solutions to (2.3) is bounded by (|A;] - - - |A,[)°!) provided A4, ..., A,
are generalized arithmetic progressions of rank at most d satisfying

Ml < poe.

2.2 Applications to the Erdés—Szemerédi conjecture in finite fields.
As usual, given a set A C G with a group operation *, we write

AxA={axb:a,be A}

Clearly for sets in rings we can use * € {+, x}.
Here we also denote

Al ={a:ae A}, A*’={d*:aecA).

Combining the above results with some modern results [6, Theorem 4] of
additive combinatorics towards the celebrated theorem of Freiman [9], we, in
particular, verify the Erdés—Szemerédi conjecture for sets with small sumset and
small cardinality. This can be considered an extension of some ideas of Chang [3]
into the setting of prime finite fields.
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Theorem 2.2. For any fixed K > 2 and

S5 1
(44K +26)212K+8°

there exist some constants bo(K) and cy(K), depending only on K, such that for
each prime p, if A C I, satisfies

A+Al <K and  |A| < co(K)p’
then for any A € ¥ the number of solutions to each of the equations
ajax =14, ai'+as'=2, a+di=2
with variables a|, a; € A is exp(bo(K) log |A|/ loglog |Al).

An immediate consequence of Theorem 2.2 is an estimate for the cardinality
of sets related to the Erd6s—Szemerédi conjecture. Indeed, using Theorem 2.2 one
has that

AP = Y LAA D S2MA1+ D LA A, 4) < JAAAPD.
leAA leAA
A#0 mod p
A similar argument also works for the sets A~! + A~! and we obtain the following
result.

Corollary 2.4. With notation and conditions as in Theorem 2.2, for any
fixed K we have

JAA| > JAI2D and AT + AT > |APPD,

We note that Corollary 2.4 is a step towards a positive answer to a question
raised by Murphy, Petridis, Roche-Newton, Rudnev and Shkredov [15, Question 2]
whether for any ¢ > 0 there exists some 7(¢) depending only on ¢ with #(g) — 0
as ¢ — 0, such that if A C F, satisfies |A + A| < [A|'** then

LAAL > LA,

Theorem 2.2 confirms this in the extreme case of rapidly decaying (as |A| grows)
values of ¢. In other words instead of fixed K in Corollary 2.4 we can take K as a
very slowly growing function of [A|. We also recall that Shkredov [16, Corollary 2]
has shown that if

(2.4) A+ Al < A
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for a set A C F), of cardinality |A| < p'3/?3 then the number of solutions to
(11(12=l, al,QQEA,

is bounded by |A|!#%/156+0() - Clearly, this result and Theorem 2.2 are of similar
spirit, however they are incomparable. In particular, the cardinality of the sets
considered in [16, Corollary 2] is uniform with respect to the implied constant
in (2.4), which is a feature not present in our bound. We refer the reader to [14]
for various incidence results related to counting solutions to multiplicative equa-
tions with variables belonging to sets with small sumset. Our result does give a
direct improvement on Grosu [10, Section 4], who obtains similar estimates to
Theorem 2.2 with the condition, which we slightly simplify as

1
(2.5) [Al < logloglogp — 1 — ¢,
log2

for any ¢ > O provided that p is large enough. However, the paper of Grosu [10]
contains other interesting results which allow one to lift problems in [F, to C
while preserving more arithmetic information than counting solutions to equations
considered in Theorem 2.2.

We now obtain a version of Theorem 2.2 which holds for almost all primes.

Theorem 2.3. Let A > 3 be sufficiently large and let K > 2 be a fixed integer.
For all but at most O(A¥°+*K” Jog A/ loglog A) primes p with

p > co(K)AZK

for some sufficiently large constant cy(K) depending only on K, the following holds.
If A C T, satisfies
[A+A|l < KJ|A| and |A| <A

then for any 4 € ¥, the number of solutions to each of the equations
ajay =2 and ay'+ay' =2
with variables a,, a, € A is |A|°D.

As before, we obtain a result towards the Erd6s—Szemerédi conjecture modulo
almost all primes.

Corollary 2.5. With notation and conditions as in Theorem 2.3 we have

JAA| = JAIPY and |AT'+ A7 > |APOW.



116 B. KERR, J. MELLO AND I. E. SHPARLINSKI

2.3 Overview of our approach. We first illustrate the main ideas of our
paper in the setting of Corollary 2.1. With H as in Theorem 2.1, let A, B C IF,, be
generalised arithmetic progressions of rank d, e respectively and recall we aim to
show

I(A, B) = H*D.

Our main input is the following iterative 1nequahty, see Lemma 4.1, that there
exists generalised arithmetic progressions A, B ofrank d, e respectively, satisfying

I(A, B) < H'VL(A, B),

and
d+e <d+e, |A||B| <« |A|B].

Proceeding by induction on d + e, the above properties are sufficient to establish
the desired result. Suppose A, B C [, are given by

.A={0!0+(llh1+--~+0!dhd21<h,‘<H, i:1,...,d},
B={fo+pujr1+ -+ Peje:1<ji <H.

and for simplicity assume A, B are proper. Hence we aim to count the number of
solutions to the equation

(oo +aithy + - +aghg)ao+ fiji+ -+ Paje) = A

(2.6) . .
1 <hla---ahd3.]1:---a.]€ <H
Fix a pair
(h1,0, - hao) € [LHIY,  (Gro,-...jeo) € [1, HY,
satisfying
(ao +arhio+ - +aghao)(Po+ Pijro+ -+ Pajeo) = 4
and consider the variety V,, C F*? defined by the system of equations

(XO +X1]’L1 + .- +thd)(YO+ Yle B R Yeje)
—Xo+Xihio+---+Xghao)(Yo+Yijro+- -+ Yeje0)=0

such that hy, ..., hg,j1, ..., d, satisfy (2.6) and in variables Xy, ..., Y,. Let V
denote the corresponding variety over C. By assumption, we have

(ao,...,ad,ﬁo,...,ﬁe)eVp.
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Assuming H is sufficiently small in terms of p, a local-global result of D’ Andrea,
Ostafe, Shparlinski and Sombra [7], see Lemma 3.1 below, implies that there exists

(p()a""pday()a""ye)e‘/'

Hence any solution Ay, ..., j, to (2.6) also satisfies

(po+ prhy +- -+ paha)(yo+ yij1 + -+ - + Yeje) = Ao,

for some Ao € C. A result of Chang [3], see Lemma 3.4 below, implies that there
exist H°V possible values for either

(2.7) po+ prhy+- -+ pahg = p1,

or
Yo+ YL+ Vefe = U
Assuming (2.7), our set of solutions to (2.6) is restricted to the union of H°") cosets

of a lattice £ of rank smaller than d. After performing basis reduction to £ and
back-substitution, the desired iterative inequality follows.

3 Preliminaries

3.1 Tools from Diophantine geometry. Forapolynomial G with integer
coefficients, its height is defined as the logarithm of the maximum of the absolute
values of the coefficients of G. The height of an algebraic number « is defined as
the height of its minimal polynomial (we also set it to 1 for a = 0).

We now recall the statement of [7, Theorem 2.1] which underlies our approach.

Lemma 3.1. Let G; € Z[T,,...,T,), i =1,...,s, n > 1 be polynomials
of degree at most r > 2 and height at most h, whose zero set in C" has a finite

number k of distinct points. Then there is an integer 2 > 1 with
log? < (11n+4)r*™* h + (55r + 99) log((2n + 5)s)r*"*?

such that, if p is a prime not dividing 2, then the zero set in IF; of the polynomials G;
reduced modulop, i =1, ..., s, consists of exactly x distinct points.

Similar results have previously appeared. For example, Chang [3, Lemma 2.14]
has shown the following result. Let

V= () [F=0]
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be an affine variety in C" defined by polynomials F; € Z[Xy, ..., X,],j=1,...,5,
of height at most /2 and let F € Z[X4, ..., X,,] be a polynomial of height at most &
such that there is o € V with F(a) # 0. Then there is f € V with F(f) # 0 whose
coordinates are algebraic numbers of height O(h).

There are also modulo p analogues of [3, Lemma 2.14] which allow one to lift
solutions to C from a variety modulo p and we refer the reader to [10] for results
of this type. One may also use effective versions of the Bézout identity, and more
generally the Hilbert Nullstellensatz, to lift points on a variety modulo p to C, and
this idea has previously been used in [1, 2, 5, 13, 17].

3.2 Tools from geometry of numbers. Let {by,...,b,} be a set of
m < d linearly independent vectors in R?. The set of vectors

L:{zm:nibi:nieZ}
i=1

is called a d-dimensional lattice of rank m. The set {by, ..., b,,} is called a basis
of £. Each lattice has multiple sets of basis vectors, and we refer to any other set
{by,...,b,} of linearly independent vectors such that

L={Zni6ill’liEZ}

i=1

as a basis. We also define the determinant of £ as
det£ = +/|detB - B,

where B is the (m x d)-matrix with rows by, ..., b,,, and is independent of the
choice of basis. We refer to [11] for a background on lattices.
The following is [12, Lemma 1].

Lemma3.2. Let L C 79 be alattice of rankm. Then L has a basisby, ..., b,
such that, for each x € L, we may write

X = zm: ijb‘,
Jj=1

with

We also have

det £ < [T IIbill < det L.
j=1
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Lemma 3.3. Letay,...,oaq € Cand let £ denote the lattice
L={(n1,...,nd)EZd:a1n1+---+adnd=0}.
For integers Hy, . .., H; we consider the convex body

D={(x1,....xs) € R : |x;| < Hy).

If LN D contains d — 1 linearly independent points and there exists some 1 < € < d
such that o, # 0, then there exists some 1 < j < d such that for eachi=1,...,d
there exist integers a; and b; satisfying

a;  a
t=' ged(ab) =1, a, b < H,

a;j bi

where
H = max H;.
1<i<d
Proof. Choose d — 1 linearly independent points x(, . .., x~ satisfying
x = (i1, x) € LND, 1<i<d— 1

Let X denote the (d — 1) x d matrix whose i-th row is x? and let X\’ denote
the (d — 1) x (d — 1) matrix obtained from X by removing the j-th column. By
assumption, the rank of X equals d — 1. Hence there exists some 1 < j < d such
that

(3.1) detX? 0.

By symmetry we may suppose j = d. Since each x) € £ N D, we have

(23] X1,d
a2 X2.d
d £)
X( ) = —0yq
Od—1 Xd—1,d

Note that (3.1) and the assumption a; # O implies ay % 0. Let Y@ denote the
adjoint matrix of X?, thus

XDYyD = det X1,
where I;_ is the (d — 1) x (d — 1)-identity matrix. Hence, the above implies
a1 X1,d

[04 X
dotx@ | © | = gy | 24

Od—1 Xd—1,d
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By Hadamard’s inequality and the definition of H,

det X « HY,

and
X1,d Y1
7@ X2,d _ Y2 ’
Xd—1,d Ya—1
for some integers yy, . .., ys—1 << H?, from which the result follows. O

3.3 Tools from additive combinatorics. In our proof of Theorem 2.1
we use Lemma 3.1 to reduce to counting solutions to multiplicative equations
over C to which the following result of Chang [3, Proposition 2] may be applied;
see also [3, Remark 1].

Lemma 3.4. For each integer d > 1 there exists a constant By, depending
only on d, such that the following holds. Let yy, ..., v4 € C and define the set A
by

A={yo+yihi+---+yaha: |hil < Hi}.

For any /. € C* the number of solutions to
aia =2, aj,ar e A,

is bounded by exp(Bylog |A|/loglog |A]).

4 An iterative inequality

4.1 Formulation of the result. Our main input for the proof of The-
orem 2.1 is the following iterative inequality which combines some ideas of
Chang [3] with lattice basis reduction. Note that, as in [3], it is not necessary
to assume our generalised arithmetic progression is proper.

Recall that for A, B C F, and 4 € F, we define I,(A, B, 1) by (2.1).

We also recall that an integer » is called y-smooth if all prime divisors p of n
satisfy p < y.

Lemmad.1. LetH, d, e be positive integers with e < d and let H be sufficiently
large. There exists a constant B, depending only on d, and an integer Z; , which
(i) is O(HY 7 #e)-smooth with Y gees1 given by (2.2),
(ii) is divisible by all primes p < H*+oM),
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(iii) satisfies
IOg Zd . << H(d+€)(d+1)(€+1) log H,

such that for any prime p 1 Z, . the following holds. Let . € IF; and A, B C I, be
generalised arithmetic progressions of the form

“4.1) .A={0(0+0C1]’L1+ -+ oghg ;|| < i=1,...,d},
and
(42) B:{ﬁ0+ﬁ1]1+ +ﬁe]e l]l ~ 5 =15"'9€}9

withd, e > 2 and
al:---aadaﬁla---aﬂeE]F;-

There exists a constant 601 depending only on d and e, integers dand e satisfying
[ig d, e<e, c?+'é<d+e,
generalised arithmetic progressions fl, B of the form
A={Go+aih +--+azhs: || < CiH, i=1,...,d},
B={fo+ i+ +fae: il <CH, i=1,....2),
with
i i proe P €T,
and some u € F; such that
I,(A, B, ) < exp(Bylog H/ loglog H)I,(A, B, p).

We split the proof of Lemma 4.1 in a series of steps.

4.2 [Elimination undesired primes. We first denote
4.3) Zo= I »r
p<CyaH¢
for an appropriately large constant C,, which depends only on d. We now fix p 1 Zy,
thus
(4.4) p> C;H.
We first construct the integer Z;,. For h,hy € Z¢ and j, jo € Z° define the

polynomial

Phingjjo X, Y) = (Xo +Xiho1 + - -+ Xgho o) (Yo + Yijo1 + -+ Yejoe)
— (XO +X1]’L1 + .- +thd)(YO+ Yle B R Yeje)-

4.5)
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We may identify the polynomial Py n,j,j,(X, Y) with a point in the vector space cA
where
A={d+1)e+]1)—1=de+d+e,

which is formed by its coefficients. Suppose M C Z? x Z¢ satisfies |M| < A and
the set

{Phsh[)sjsj[)(X5 Y): (haj) € M}

is linearly independent over C.
Let M(hy, jo, X) denote the | M| x A matrix whose rows correspond to coeffi-
cients of the polynomials Py, p, j j, (X, Y) with (h, j) € M. Define

(4.6) Zi(hg, jo, M) = det My(hy, jo, M),

where My(hy, jo, M) is |M| x |M]| submatrix of M(hy, jo, M) with nonzero deter-
minant. If

ho € [-H,HIY, joel-H,HI°, MC[—H, H]" x [-H, H]*

then for each (h, j) € M the polynomial Py, y, j j, has height at most 2log H + O(1).
Clearly there are

r

A d+e
W=(2H+1)d-(2H+1)e-Z<(2H+1) )
@.7)

r=1

< ParerAldre) _ gyld+e)(A+)

choices for the above triple (hyg, jo, M).
By Hadamard’s inequality

(4.3) Zi(ho, jo, X) < H*M « H?.
Define
(4.9) Z = 1T Zy(ho, jo. M),
ho,e[—H,H]*
Joel—H,H]*
MC[—H,H]*x[-H,H]*
[MI<A

so, recalling (4.7) and (4.8), we see that
logZ, « WlogH « H@ A+ 109 H,

and that Z; is O(H*%)-smooth.
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For each hy, jo, M as above, let V(hg, jo, M) denote the variety

Viho, jo,M)= [ {(x,y) € C*' x C" : Py jjo(x,y) = 0)
(h,j)eM

N{x,y) e C*' x C* 1 x; =1, y; =1},

and let V,,(hy, jo, M) be the reduction of V(hy, jo, M) modulo p

. d+1 e+1
Vo(ho,jo, M) = [) {(x,¥) €F," xF," : Phn,jjo(X,y) =0}
(h,j)eM

N {(X, y) c Fd+l % Feﬂ

p lezl,ylzl}.

If |V(hg, jo, M)| = co then define
Z>(ho, jo, M) = 1.

Otherwise, that is, if |V (hy, jo, M)| < oo, by Lemma 3.1 there exists a positive
integer Z,(hy, jo, M) satisfying

Z>(ho, jo, M) < H'/7#e,
such that for each prime p not dividing Z,(ho, jo, M), we have

|V(h03 jOa M)I = |Vp(h0aj0a M)I

Denote
(4.10) Z = 1T Zy(hy, jo, M).
hy,e[—H,H]
Joel—H,H]*
MC[—H,H]! x[-H,HI
IMI<A

With Z; and Z; as in (4.9) and (4.10) we define
Zae = 2071 2.
Since Yyies1 < A1 we see that Zgeis OH 1/7ase1)_smooth and satisfies
log Zy., < HOA) 1og H.

From now on we only consider primes p { Z,,.
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4.3 Local to global lifting of rational points on some varieties. Fix
some prime p not dividing Z; .. With A, B as in (4.1) and (4.2), choose

H C[-H HI'NZ,
3 g [_Ha H]e ﬂ Ze:

such that the points

O(0+h10£1+---+hd0£d, (hl,..‘,hd)E:H,

Po+iifi+-+jefe, Gis---5Je) €4,

are distinct modulo p and for each a € A there exists some integer vector
(hy, ..., hy) € H such that

a=og+ho;+---+hgoy
and for each b € B there exists some (ji, ..., J.) € J such that
b=po+jp1+-+jPe.

Write
h:(hla---ahd) and j:(jla---aje‘)a

so that ,,(A, B, 1) is bounded by the number of solutions to
4.11) (ao+arhy+ - +asha)(fo+ Piji + -+ Bejo) =4 mod p,

with h € H and j € J. Dividing both sides of (4.11) by a;/; and modifying
00, - 04, Po, - - -, Be, A if necessary, we may assume

(412) 0!1=ﬁ1=1.

This reduction allows for a convenient application of Lemma 3.1. In what follows,
we will construct a variety over [F,, which contains the point (ao, . . ., @4, Bo, - . ., fa)
and the assumption that «; = f; = 1 allows us to obtain a nonzero point in the
corresponding variety over C after applying Lemma 3.1.

Let X C H x J denote the set

K={(h,j) € H x J: h,jsatisfy (4.11)},
so that

(4.13) I,(A, B, ) = |X].
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Since we may assume X0, fix some (hy, jo)e X and for each (h, j)e X consider
the polynomial Py, n, j.j, (X, Y), given by (4.5). Clearly for (hy, jo) #(h, j) the poly-
nomial Pp p, j.j, (X, Y) is not identical to zero over C. Indeed, it is enough to con-
sider the specialisations Py n,.jj,((1,0,...,0),Y) and Py, jj (X, (1,0,...,0))
to see this. Furthermore, if p > 2H (which is guaranteed by our assumption), then
(ho, jo) # (h, j) implies (hy, jo) # (h, j) mod p and we see that Py, n, j,j, (X, Y) is
also not identical to zero over IF,,.

d+e+2 .
LetV, C IFPM+ denote the variety

d+1 1
Vo= ﬂ {(x,y) e Fp+ X ]F;+ : Phng,jjo (X, y) = 0}
(h,j)eX

N{xy) e, x 7"

p lezl,y1=1}.

Let M C X be a maximal set of (h, j) € X, such that the polynomials Py, p,,j,j, (X, Y)
are linearly independent over C. With Z; (hy, jo, M) defined as in (4.6), with respect
to such X, since

p 1 Zi(hg, jo, M)

we conclude that M C X is also a maximal set such that the polynomials
Ph h.j.j, (X, Y) are linearly independent over F,,. Hence

d+1 e+l
Vo= () &y eF," xF : Pang (X, ) = 0)
(h,j)eM
Ny eFy" x B x =1, y=1)

and 1 < M| < A. By definition of X and (4.12), we have
(4.14) (0(0, cee, Oy, ﬁo, ey ﬁe) c Vp.
Let V C C%**? denote the variety

V=[] ((x,y) € C"" x C*" : Pyp,jjo(x, y) =0}
(4.15) (h.jeM

N{(x,y) e C*' x C*' :x; =1, y; =1}.
We next show there exists some
(9, T) = (D0, P1s -+ s Pd> T0s Ty - - ., Te) € CHL x Co*!
satisfying

4.16) P.DEV, (Proeerp)#0, (11.....7.) 70,
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Certainly it is enough to show that
(4.17) Vi =1,

as the non-vanishing conditions in (4.16) are obvious because any point (p, 7) € V
satisfies p; = 7; = 1.
We may assume

(4.18) V] < oo,

since otherwise (4.16) is trivial. We next apply Lemma 3.1. The assumption (4.18)
and that
P * ZZ(hOa jO: M)

implies
(4.19) [V =1V,l.

We see from (4.14) that
[Vol > 1.

Combining the above with (4.19), we obtain (4.17).
Hence there exists some (p, 7) € C™! x C**! satisfying (4.16). Note that
from (4.15) we have

(4.20) P1L=T1 = 1.

4.4 Reduction to counting solutions to a multiplicative congruence
on a complex line. We see that any solution to (4.11) satisfies

4.21) (po+ prhy+ -+ pahg)(to+ Tij1 + - - + Toje) =0,

where
V= (po+ pihoi+ -+ pahoa)(To+ Tijo,1 + - - + Tefo,e)-
Consider the following two cases
e If ¥ =0, then either
po+prhi+ -+ paha =0,

or
To+ T+ -+ 7. =0.
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e If ¥ #0, then by Lemma 3.4, there exists a set of
exp(B;log H/ loglog H)
pairs Q = {(w;, w,)} such that any solution to (4.21) satisfies
po+pihi+- -+ pahg=wi, To+T1+ -+ Tefe = W2,

for some (w, w») € Q.
Taking a maximum over the above two cases, we see that there exists some
¢ € Cand some i = 1, 2 such that

I,(A, B, 1) < exp(Bylog H/ loglog H)J;(A, B, 1),

where J; (A, B, A) counts the number of solutions to

(4.22) (ao+arhy+ - +asha)(fo+ Piji+- -+ Bejo) =4 mod p,
and
(4.23) prhi+ -+ pahg = ¢,

with variables h € H,j € J and J2(A, B, A) counts the number of solutions
to (4.22) and

T+ + Tfe = ¢,

with variables h € H, j € J.

Suppose first that
(4.24) I,(A, B, 1) < exp(Bylog H/ loglog H)J (A, B, 1);
the case
(4.25) I,(A, B, 1) < exp(Bglog H/ loglog H)J>(A, B, 1),

may be treated with a similar argument which we indicate at the end of the proof.

4.5 Application of geometry of numbers to derive the desired in-
equality. Let £ denote the lattice

L={(n1,...,nd)eZd:p1n1+---+pdnd=O},
and D the convex body

D={(ny,...,ng :|nij| < H}.
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Assuming J(A, B, 1) # 0, there exists some h* = (h], ..., h)) €e DN 74 such that
ifh=(hy,...,hy) satisfies (4.23) then
(4.26) h—h"*e £LN2D.

By (4.20) we have
dim£{ < d.

Hence we may consider two cases: either

(4.27) dim(£L N2D) <d—1,
or
(4.28) dim(£L N2D)=d — 1.

Suppose that we have (4.27). Let £* denote the lattice generated by £ N 2D, so
that dim £* = r for some r < d — 1. By Lemma 3.2 there exists a basis Ay, ..., 4,,
for £* such that each h satisfying (4.26) may be expressed in the form

(4.29) h—h" =kl +---+k4,,
where from (4.26)
h —h*
ki,.... kL < I I < H
Il 41l
Substituting (4.29) into (4.22), there exist ay, ..., a, € [, such that for any
h € H, j € J satisfying (4.22) and (4.23) there exist £, . .., £, such that

(ag+oly+---+a.l)(fo+ prhi+---+Bh.)y=21 mod p,

and
og+arly1+---+al,=ap+athy+---+aghy.

Letd = r and let A denote the generalized arithmetic progression
A={Go+aih +-+azhy: || < CqH, i=1,...,d).
From construction of J, for each a € A there exists a unique h € H such that

a=ag+oihy+---+ozhy.

For each h € H, there exists some h satisfying
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such that
0!0+(11h1 +”’+adhd :Zio+&1h1 ++&ghg

The above implies we may choose a set
H C [-C.4H, C,HY,
such that the points
&0+&1ﬁ1 +~~-+&JEJ, he Ho,

are distinct and for each h € I satisfying (4.22) and (4.23) there exists some
he Hy such that

ap+arh +---+adhd:&0+&1ﬁ1 ++ag;lg
The above combined with (4.13) implies that
Ji(A, B, ) < I(A, B, J).

Hence, recalling (4.24), we obtain the desired result provided (4.27) holds.
If we are in the case of (4.28), then by Lemma 3.3 there exist integers a; and b;
satisfying

£i=zi, ged(a, by =1, a;,b; < HY, 1<i<d,
d i

where by symmetry we assume j = 1 and also use that p; = 1 in our application of
Lemma 3.3. By (4.4), provided that Cy is large enough, we see that

if a;, bi #O then a;, b,‘ 7_é 0 mod D-
By (4.23) and (4.26)
* a * a - *
ha—hy="thy=h)+ o+ T G = has),
og Od
which combined with the above implies
(430) hd = h; - albl(hl — hT) — = ad_lbd_l(hd_l - hji—l) mod P

where x denotes the multiplicative inverse of x modulo p. As before, substitut-
ing (4.30) into (4.22), there exists a generalized arithmetic progression

A={Go+aili+---+al;: 161 < CH, i=1,...,d},

with d < d such that ~
Jl(‘Aa B: j*) < Ip(‘A’a Ba l)a

and the result follows combining this with (4.24).
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In the case of (4.25), we apply a similar argument as before, except with the
lattice
L={(ny,...,n)eZ:tyng+---+1.n, =0},

and convex body
D:{(nla---ane): |ni| <H3 i= l:---ae}a

to obtain
Jz(‘Aa Ba /1) g Ip(Aa Ba i)a

for some generalized arithmetic progression B of the form
@ = {E0+Elhl +"'+EEhEI |hl| < édHa i= 1) ---:g}:

with ¢ < e. Combining this with (4.25) we obtain the desired inequality under
the assumption (4.4). To conclude that proof it remains to verify (ii), about the
divisibility of Z,.

4.6 PrimedivisorsofZ;,. Wenow show thatZ,, isdivisible by all primes
p < H¥*)_ Fix some small ¢ > 0 and consider generalised arithmetic progres-
sions of the form (4.1) and (4.2).

We next use the Dirichlet pigeon-hole principle to show the statement of
Lemma 4.1 fails for any prime H? < p < H%*~¢ provided that H is large enough.
This is sufficient from (4.3) and the fact that Zy|Z; ., (provided C; > 1).

Indeed, since the value of Z;, does not depend on the generalised arithmetic
progressions Ag and By, we can choose

ap=0 and a;=QH+1D"', i=1,...,d,

and
Bo=0 and Bi=QH+1Y"', j=1,...,e.

Hence A, and B are proper and in fact contain (2H + 1)? and (2H + 1)° distinct
residues modulo p, respectively. Next, there are (2H + 1)4*¢ products in F,

(a0 + athy + -+ aghy)(Po+ Bij1 + - - + Beje)

over all choices of |h;| < H,i=1,...,dand |j;| < H,i=1,...,e, except for
at most O(H**~1) choices for which this product is divisible by p. Hence, there
exists a non-zero residue class 1o modulo p into which at least

H + D™+ O(H™ ")) /p > H*
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of such products fall, thus giving
1,(Ao, Bo, 40) > H*

contradicting the assumed bound.
Hence we have p | Z;, for such primes. This also implies that the assump-
tion (4.4) holds for any prime p { Z,.

S Proofs of results on factorisation in generalised arith-
metic progressions

5.1 Proof of Theorem 2.1. We proceed by induction on d + ¢ with base
case
d+e=1.

In this case, there exists some A¢ € F, such that
Ip(‘AalBai)zl{l gthh:iO}la

for which there is at most 1 solution provided H < p. Hence the result follows by

taking
Z= H p-
p<H
Let C.(¢) be sufficiently large depending only on the implied constants in
Lemma4.1.
We next set up some notation related to our induction hypothesis. Let H > 1,
¢ > 2 and for each pair of positive integers d, e satisfying

e<d and d+e<¢,

let Z; . be as in Lemma 4.1. Define

Ze= | Zies

0<e<d
d+e<tl

so that Z; is O(H'/7*)-smooth and satisfies

logZ < logH Y S H@DED o gUDE /4160 g
3Kl 0<ed
d+e=j

where we have used
_ sd+e+2\2 (€ +2)?
< <
jd+ e+ ) <j(TITT) <t
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We formulate our induction hypothesis as follows. There exists a constant by_;
such that for any positive integers e < d satisfying d + ¢ < £ — 1 and prime

(5.1) p = C(OH™!

not dividing Z,_; (which by Lemma 4.1 (ii) holds for any p { Z;_), forany 1 € [F,,
and generalized arithmetic progressions

.A={0!0+(llh1+--~+0!dhd21<h,‘<
B:{,B0+ﬂljl+”’+,3e;je:1<ji<Ha i=1,...,e},

we have
I,(A, B, 1) < exp(be—1 log (|A]|B])/ log log (|A|IBI)).

Let e < d be positive integers satisfying
d+e="¢

and H > 1.
By Lemma 4.1, for any prime p 1 Z;, and thus satisfying

p >> Hd+e ,

the following holds.
Let 1 € ]F; and A, B C F, be generalised arithmetic progressions as in (4.1)
and satisfying (4.2) with d, e > 2 and

al,...,ad,ﬁl,...,ﬂee]F;.
There exists a constant Cy depending only on d, e, integers dand & satisfying
[ig d, e<e, c?+'é<d+e,
generalised arithmetic progressions f[, B of the form

A={Go+aih +--+azhs: |kl < CiH, i=1,...,d},
B ={Bo+puji ++ -+ faje : liil < Call, i=1,...,8),

with
~ ~ - -~ *
al,...,ad,ﬁl,...,ﬁeer,

*
and some p € F, such that

I,(A, B, 2) < exp(Bylog H/ loglog H)I,(A, B, ).
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If p 1 Z;, then we obviously have p { Z,_; (since Z,—; | Z;) and also p satis-
fies (5.1). Therefore, by our induction hypothesis (where we can also assume that
CazCild+e—1))

I,(A, B, 1) < exp((By+b¢—1)log H/ loglog H).
The result now follows by taking

bg=made+bg_1, Z=17Z
d<st

and noting that Z, is O(H'/7#1)-smooth and satisfies

log Z; <« H/“» *10g H.

6 Proofs of results towards the Erdos—Szemerédi con-
jecture

6.1 Proof of Theorem 2.2. The celebrated theorem of Freiman [9] states
that if A C Z is a finite set satisfying

A+ Al < KIA

then there exist constants b(K) and d(K) depending only on K, and some generalised
arithmetic progression B of rank d(K) and size

IBI < bK)IAL

such that
A C B.

The theorem of Freiman [9] has gone through a number of improvements and
generalisations to sets from arbitrary abelian groups.

A version of this result convenient for our application is due to Cwalina and
Schoen [6, Theorem 4], which states that we may take B proper,

b(K) < exp(cK*(logK +2)) and d(K) < 2K,

for some absolute constant ¢ (note the additive group of I, has no proper subgroups,
so only the first alternative of [6, Theorem 4] applies).
Thus, using Corollaries 2.1 and 2.3 with H = |A|, d = ¢ = d(K),
1

0= V2d(K)+1 = (44K+ 26)212K+8 and C‘o(K) = C0(2K),
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where Cy(d) is as in Corollary 2.1 (which we can assume to be monotonically
increasing with respect to both d and ¢), we obtain that for each 1 € F}, the
number of solutions to each of the equations

ajax = A, al_l+az_l =, a%+a§=i,

over F,, with variables a, a» € A is [A|°! since we assume that K is fixed, from
which the desired result follows.

6.2 Proof of Theorem 2.3. We follow the proof of Theorem 2.2, however
apply Corollary 2.2 instead of Corollary 2.1.
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