A BLOW-UP PHENOMENON FOR A NON-LOCAL
LIOUVILLE-TYPE EQUATION

By

LUCA BATTAGLIA, MARTA MEDINA* AND ANGELA PISTOIAT

Abstract. We consider the non-local Liouville equation
(=A)2u=hee* —1 inS!,

corresponding to the prescription of the geodesic curvature on the circle. We build
a family of solutions which blow up, when %, approaches a function # as ¢ — 0, at
a critical point of the harmonic extension of 4 provided some generic assumptions
are satisfied.

1 Introduction

The classical Nirenberg problem consists in finding positive functions # on the
standard sphere (5", go) for which there exists a metric g conformally equivalent
to go whose scalar curvature is equal to /4. In dimension n = 2, the Nirenberg
problem asks what functions can be the gaussian curvature of a conformal metric
on S%. It can also be rephrased in terms of solutions of a partial differential equation
on the sphere. More precisely, one looks for functions 4 on S? for which there
exists a solution u : S> — R of the Liouville equation

(1) —Agu=he® —1 inS>.

Indeed a straightforward computation shows that the gaussian curvature of the
conformal metric g = e?gq is nothing but the prescribed function /. Recently,
Da Lio, Martinazzi and Riviere in [3] investigated the case n = 1. They parametrize
a planar Jordan curve (i.e., a continuous closed and simple curve) through the trace
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of the Riemann mapping between the disk D and the simply connected domain
enclosed by the curve and find an equation similar to (1),

2) (=A)u=he"—1 inS!,

whose solutions give the curvature density he*df of the curve in this parametriza-
tion. Here (—A)é is the é—fractional Laplacian in S!, i.e.,

(—A)éu(z) = ;p.v./ wz) = M(w)dw.

s Jz—wl?

Problem (2) is equivalent, up to a constant factor 2, to

—Au=0 inD,

(3) ‘
Su+2=2hez ondD=S§',

where v is the outward-pointing normal derivative at the boundary. Problem (3)
corresponds to the geometric problem of finding a flat metric g on the disk (D, go)
such that /4 is the geodesic curvature of S! with respect to the metric g = g
which is pointwise conformal to g.

Necessary conditions on £ to solve (2) or (3) are easily obtained. Indeed
integrating (3) we get

4) ; he*do,, = 2m, which implies max /i > 0.
As far as we know there are few results about existence and multiplicity of solutions
of (2) or (3). The first one seems due to Chang and Liu [2], who proved the existence
of a solution to (3) provided 4 is positive, has only isolated critical points, W (2) #0
whenever h(z) = 0 where h denotes the complex conjugate function of 4, and a
further relation between local maxima and local minima of % holds true. Later, Liu
and Huang in [6] considered the case where & possesses symmetry and they found
a solution to (3) if 4 has a minimum point zo which satisfies 6,H(zg) > 0, where H
is the harmonic extension of A to all of D, i.e.,

—AH=0 inD,

)
H=h onS'.

Finally, Zhang [8] employed a negative gradient flow method to build a solution
to (3) when the necessary condition in (4) is satisfied. The existence issue is
strictly related to the study of the blow-up phenomenon. Recently Jevnikar, Lépez-
Soriano, Medina and Ruiz in [5] proved that if u,, is a sequence of blow-up solutions
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of (2) or (3) with & replaced by h,,, h, is uniformly bounded in C?(S!) and e* is
uniformly bounded in L'(S'), then u, blows-up at a unique point p € S! such
that A(p) > 0 and VH(p) = 0 where H is the harmonic extension of & (see (5)).
See also [4] for results concerning the blow-up analysis for problem (2).

The goal of this article is to provide the first example of the blow-up phe-
nomenon for the problems (2) and (3). To do so we will construct a family of
solutions to some approximated problems, with & perturbed as a function 2, — h
in C!(S!) as ¢ — 0, which concentrate at one point as ¢ — 0. In particular, our
result also gives the first multiplicity result to (2)/(3). More precisely, consider

(6) h.(2) = h(z) + ek(2),

with ¢ > 0 a small parameter, h € C>%(S!) for some o > 0 and k € C'(S"), and
the problem

7 (=A)u=hyz)e" —1 inS!,

or equivalently

—Au=0 inD,
(8) {

oyu+2=2h.(z): onS'.

We will build a family of solutions to (7) or (8) which blow-up at any point & € S!
around which £ satisfies suitable conditions. For the sake of simplicity, we will
assume that £ = 1. According to the blow-up analysis performed in [5] we need
to assume

) h(l)> 0 and h’(1)=(—A)5h(1)=O,

where 4’ stands for the tangential derivative of 4.
In fact, Theorem 1.1 from [5] proves that any blowing-up sequence of

—Au=K.(2)e" inD,
oyu+2=2h.(z)2 onS!,

with Ky = K, must blow at a boundary point &, satisfying:

h* (&) + K (&) > 0,

, 05K (%)
h(é:):_ P}
O R + V(G + K(&)

l 0:K (%)
_Azhé = — ol ;
(AP0 = = ey ) + K )

that is, since & = 1 and K = 0, equation (9).
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We also require the following non-degeneracy condition at the point 1,

" Q(h) " é / 2
(10) (F D = Sy F D+ (A3 WY 0,
where
3 1 h(z) — h(1) h(w) — k(1)
(11) O(h) = /Slxsl log i—wl |z— 1P w— 112 dwdz.

This condition is not restrictive since, if the equality holds, we can replace /(z)
with A(z) + ¢, ¢ being a small constant, and (10) holds provided c is small enough.
We need /4" to be Holder continuous in order for Q(h) to appear in the main term
in the energy expansion (see Propositions 4.1, 4.2).

Equation (10) involves not only the second derivatives of /i, but also the
quadratic form Q(/) defined in (11), which has an interesting interpretation. First,
we notice that the function
_ h(2) — h(1)

S lz=1p

is bounded and has zero average, due to (9); therefore, we may consider the

ﬁ(z) :

(zero-average) solution hto
(—A)h=h inS'.

Using Green’s representation, we can write

. 1 -
Q(h) = /S | h(z)( /S oz h(u))du)> dz
= [ (=8 R @rh):

:2n/ (= A) i)z
Sl
> 0.

For the sake of simplicity, we can assume the perturbative term k to vanish at
the point 1, i.e., k(1) = 0. Finally, we assume the transversality condition

(12) ') (=A)2k(1) — K(1)(— A)2 1/ (1) #0.

This is a rather natural requirement for the perturbation. In fact, after a simple
computation, one can see that (12) is equivalent to requiring that the matrix

Go(H+eK)&) 0%, (H +eK)(©)
0% o (H+eK)&) % (H+eK)(&) 0.t

is nonsingular, with H and K being the harmonic extensions of / and k, respectively.
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In other words, the curve y(¢) of critical points to H + ¢K crosses the boundary
in £ = 1 at & = 0 not vertically but rather crossing the boundary.
Our main result reads as

Theorem 1.1. Assumeh € C>*(SY) andk € C'(S!). Supposethat&y=1 e S!
satisfies (9) and (10). If (12) holds true, then there exists &y > 0 such that, for
every ¢ € (0, gg) or for every € € (—&g, 0), there exists a solution u, of

(—=A)u=hy(z)e" —1 inS',

blowing-up at &y = 1 as ¢ — 0, with h, defined at (6).
Furthermore, there exist 6, > 0 and &, € S' with 6, = O(¢) and &, = 1 + O(¢)
such that

w(fi . () + log Ify, - ()] +log h(1) = O(e) in L"(S')  Vp € [1, +00),

where f5 = is the conformal map

72+ (1 —0)¢
13 = f5:(2) = .
(13) ffic@i= ST
This theorem completes our previous work [1], where we studied the problem
of prescribing the gaussian and geodesic curvatures for a conformal metric on the
unit disk, which turns out to be equivalent to solving the problem

—Au =2K(z)e" in D,

(14) .
oou+2=2h(z)ez onS',

where K, h are the prescribed curvatures. The reader can find an exhaustive list of
references concerning this problem in [1]. In particular, there we built a family
of conformal metrics with curvatures K., h, converging to K, h respectively as ¢
goes to 0, which blows up at one boundary point under some generic assumptions.
The strategy we follow in the present paper is similar, but it requires some careful
estimates of the error term.

Briefly, we consider the conformal map given in (13) and we take

(15) 5=0, > 0, n=ng, >0, E=&=e" - 18!
e—0 e—0 e—0

so that (1 — 0)¢ € D. Thus, letting v(z) := u(f(z)) + 2log|f'(z)|, we rewrite
problem (7) as

(16) (—A)20 = hy(f@)e"— 1 inS',
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and using a Ljapunov—Schmidt procedure we find a solution of (16) as
(17) ()~ V(@ + W)+,

where the first order term is just a constant

(18) V(z) := Ve(z) = —log h(%),
solving
(19) (=AY V =h(&)e —1 onS.

Non-trivial solutions to (19) have been classified by Ou [7] and Zhang [9]. The
second-order term, which is the key of the ansatz, is defined as

1 1
(20) W) =We@) = /S log 12— w] (h(f(w)) = h(©))e" dw,

solving

| 1
(=AW = (h(f(2)) — h(&))e" — 5 / (h(f(w)) — h(E)e¥dw  in S
T Jst

finally, 7 is a small constant.
Regarding the case considered in [1], the construction of the solutions needs
to be more careful. Actually, the non-degeneracy condition corresponding to (10)
for problem (14) involves the second-order derivatives of the interior curvature K
(see (7) and (8) in [1]), excluding the case K = 0 considered here.
In fact, in order to find concentrating solutions to (14) with K, = K + ¢G,
h. = h + ¢l, we need to find solutions (s, d, 7) to a system of the form: (see [1],
Section 6)
apn s+ Cl]zd + bl + 0(1) = 0,
a1 s+ b2 + 0(1) =0
apd+aszt+o(1)=0,
withaj, = AK(1)+4|VH(1)|%; since now K = 0 and we need to assume VH(1) = 0,
then as; = 0, hence the first two equations of the system may be incompatible and
more careful estimates are needed.

Quite surprisingly, assumptions in Theorem 1.1 look simpler and more natural
compared to [1, Theorem 1.1].

Example 1.2. Let us consider

h(e') = (1 — cosf) cos(NO) + h(1), with N € N, k(1) > 0.
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One easily sees that #/(1) = (—A)éh(l) = 0, hence (9) is satisfied. Moreover, by
explicit computations one gets A”/(1) =1, (—A)%h’(l) =0 and, since
e = h(e”) = h(1) _ cos(N6)
le? — 1|2 2

then

cos(NO) cos(NO) 72
h = 2 dH =
Qh) = 2m /Sl 2 2N 2N’

therefore (10)reads 1—, N}l(l) # 0 andis satisfied if ~(1) # 2}v . Finally, transversality

condition (12) is satisfied as long as (—A)ék(l) # 0, which means we can choose
a generic perturbation vanishing at 1, namely

+00 +00 +00
k() = (aycos(nd) + b, sin(nd)), with > a,=0%> na,
n=0 n=0 n=0

and a,, b, decaying fast enough in order for k to be in C>“.
Any of these choices of h, k satisfies the assumptions of Theorem 1.1 and
therefore gives rise to a blowing-up family of solutions to the problem (7).

The plan of the paper is as follows: in Section 2 we provide crucial estimates for
the main term W in the ansatz; in Section 3 we develop the linear theory and solve
the auxiliary fixed-point problem for ¢; in Section 4 we evaluate the projections on
the kernels of the linearized operator and we conclude the proof of Theorem 1.1.

2 Ansatz and error estimates

We look for a solution of (16) as v(z) = V(z) + W(z) + 7+ ¢(z), where V and W are
defined in (18) and (20), 7 = 7, = 0 (¢ — 0) is a constant and ¢(z) = ¢¢,.(2) is a
small function to be found.

In fact, we want to find &, J, 7 such that ¢ solves

(A (V+W+7+¢) = h(f@)e"™V* ™ _ 1 inS!,
that is
| 1
(=A)2p = h&)e'p = (h(f @)™ = h(fe" + /S (h(f(w)) = h&)e"dw

+ (he(f(2))e"* — h(&))e" ¢
+h(f(2)e" " (e? —1—¢) inS.

This can be rewritten as

21) Lop=E+Lp+N(p) inS!,
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with
Logp = (—A)2p — h(&)e" ¢,
1
& = (ha(f )" — hf@e + / (h(F(w)) — h(E)e" dw,
T Jst

L = (h(f(2))e"* — h(&))e' ¢,
N(@) = ho(f(2))e" ™" (e? — 1 — ¢).

The following two auxiliary results will be useful along the paper, and can be

(22)

found at [1, Proposition 7.1] and [1, Proposition 7.2] respectively.

Proposition 2.1. Let & € S'. Forany z € S' one has

r@-c=0(y, 0 )

and in particular

O(log ! =1,
) =&l ={ ©les) P
O(0r) p> 1.
Moreover; if z € S' and h € C*(SY), then
2
M) = HE) = OO +0( 5 7 o),
with
2(z, &%)

0@ =05 =1 | (| 520 -0z &)

Sketch of the proof. From the definition of f(z), we have

dz—<¢ o
(1 —0d)z+<] _O(l(l —5)Z+5|)'

Moreover, since z, & € dD?, then

[fz) =<1 =

0+ |z +&D)?
4 )
hence d + |z + &| = O(|(1 — d)z + £|), which proves the first statement.
Now, by the chain rule, one has

h(f(2)) — h(&) = W(E){f(2) — & &) + O(f (2) — €17,

and simple computations show that

(1 =3z +EP =6+ (1 =)z +<P° >

(f@)—& &ty = 5(1 - j)G(Z),

which proves the Lemma. (]
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Proposition 2.2. Given & € S/,
/Sl(h(f(z)) — h(&))dz = —275(—A)2 h(E) + O(S).

We can now give estimates on the correction term W given in (20).

Lemma 2.3. The function W satisfies

23) W)= 0(5|;7|(1 +tlogle+&h+ o |5Z2+ ) (1 N ‘ - Iz;fl D)

with 6, n, & as in (15), and
1
Wiy = 06" +3lnD),  lle” Iy = 0(D),
foreveryp € [1, +00).

Proof. Estimate (23) follows by [1, Lemma 2.1] noticing that, as a conse-
quence of (9),

1 (&) + (= A)2h&)| = O(|5)).

The L? estimates are straightforward. (|

Proposition 2.4. The correction term W satisfies

2 0 =&l h(w) = hE) — (@), &)
W)= nh(é)é/SI 98 1 12) = wl o — &2 dw

@4 1 1
-+0(5mg5@&+mp(1+kg25+|Z+5J).

Proof. We split the function into three parts,

1
W) = = 1y B = D24 [ reeon - HEo
=:‘7VT(Z)
! (A =0 &l o 2= Do, &5
oo 8 O T )
=:‘?V;(z)
(1= 9+
@ P o -l
o (2= 00w, &)
(26) x (W) —hO =1 57 (T )dw,
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and we denote (25) and (26) by W3(z). By Proposition 2.2 the first one can be
estimated as

Wi(z) = — 1 log /0 + (1 — d)|z + ER(H(— A)2 h(&) + O(3))
mh(<)

:0((1+1og5+|i+§|)5(5+|;7|)).

Furthermore, defining
_ 2 arctan 1=z )
1-0 L+(1=9)(z¢)
we get that k, is harmonic, hence by an explicit computation we get
2r{w, &L)
2+ —0)|w+?
therefore, by Green’s representation formula,

o2 — oW

) 6 ~
W= e /Slloglz ©l s (= o)w+ep®™

2 1 — ) (w, &t
= O(5|77|)( 1 _7'[5 arctan 1(+ a z%))é é>f>)
= 0(@In)).

To estimate W5 we write, thanks to (13),

(1=09z+<& _ (1 —-0d)f(w)—¢

kz(Z) =
inS';

(—A)2ky = —

(w, &)

z—w  fw—f)
and thus
1 (1= & —¢&| , .
1% = 1 h(v) —h(&) —h ,
D= e b 108 iy @) = HO = K@ )
02 —9) J
a1 =0 -
2 o =& h®) = h(&) — K(E) (b, &)
= o 1 d
7h(@° Jo 8 v — £(2)| b — &2 v
27) +”M@5§myzfgmmw—M@—W@@¢ﬂ>
2 2—90
(28) o O L
1 a=opw—e .
(29) L R (OB O R IC I S)
(30) 02 — 9)

2= -
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and we denote (27) and (28) by W3 1(z) and (29) and (30) by W31(z). To ana-
lyze W3, we use that, since |o | = [£] = 1, then

(1 =)o — &P = (1 =)o — &> + 6%,

and moreover
O(logt) t>1
log(1 + %) = { 21087 ,
o) r<1

therefore

(1 —dp—¢] _ 1

lo =
& w-g 2

<1og(1 —J) +log (1 Ta- 531 _§|2))

_Joa+iog 0y =&l <,
00+, %) o —=&>
in addition,

52 — 0) :0(5 lo —¢&J? )

(h(©) =h@ = HDEED 5 51 _ep 5+ (1— o — &

Jo T w-e<a
0(5) lo—¢&| > 6.

From this we obtain

0 lo — & / & >
Wi, =0 / 1+1o dv + o+ odv
2 < [o—&|<o ( & [o — fl) 0 [o—&|> 8 ( [o — f|2)

! 1 o) 1
— 2 2 2
_0<5 /0 (1+10g )rdi+o /1 (5+t2)dt>
= 0(°).
To estimate W3 ; we observe first that

2—9
o= 2+ —5)|v—é|2)

_(h() = k(&) — H(O) (v, &) 28% = dlo — &P
B lo — &2 2+ (1 —d)p — &2

0
:0(5+|v—§|)’

(h(®) = h&—H o, &N

(3D
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and we will divide the integral in three regions, depending on whether v is closer
to & than to f(z), further, or at a comparable distance. Notice that if

p—¢ _1
o —f@I = 2°
then
o = ¢l < 2If(2) — ¢
and

o=l | _ o 10— F@I _

lf(z) =<l
log v — @) = log b — | —O(1+10g )

lo =<l

On the contrary, if

) < |v|u—_ffz|>| =2

then

@ — & <3l — £
and

log Ivlv—_f(il)l =0 |v|v—}fz|>| - 1)) = O(K(i)f_(j:)'
Finally, if
|v|v—}fz|>| -

then

o —f(@| < |f(2) =<
and

b — ¢ o — & f@) —él
:1 = 0 1 1
o=l = % —f2) (1+10g o —f(z)l)’
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and, putting all this information together, we conclude that

o—¢l | o
1% =0 1 d
s ( /lgv;(')lq‘ %o —r@lls+o-a®
=& | o

0 d
* / e o1 o — o+ 1o — "
o —¢| 5 >
0 d
" / e T LR R

lo=f@)I

ol Leieg V@ =2y v
< /Iv—c“|<lf(z)—il( T8 g )5+|U—5|

5 lf (=) =<l 2dv
" A)—f(z)|> v o — £ o — £

7 L iog F@ =€ v >
* /Iv—f<Z)|SV(z)—§I< T8, —f(Z)I)5+Iv — ()|

- 2
52/I|<lf() / (l +log e 5I)5d+uu +Pf@ =&l dt)

|l/[| f@—¢l [2
3

1 dt 2
0<5V(Z) f|/ 1+10g )5+V(z) fll‘+5>

d 1\d
=0|(Jd|f(z) — f|/w) 1+log )dt+52/_ <1+logt) tt+52>

F@—¢l

:0(52(1_'_1 » If(2) — f|)) -

Proposition 2.5. Foranyl <p <2,
1€l = O + Sl + 622 + Inle + Iz,
Proof. Recalling the definition of 4., we split the error term in three parts,

Wz 1 W+t
€= h(é) h(f(z))(e z+ h(f) ek(f(2))e )

~ ~
=& =&,

/ M) = W

~
=&,

(32)
2 h(é )

For the first one, by the inequality ¢’ — 1| < (1 + ¢")|¢| we obtain
€11y = O™ = 1llp) = O + ™|l 2o [ W + 2l 120)

(33) o
=05 "> + 05| + |7|).
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Since k(1) = 0, one has k(f(z)) = O(|f(z) — <&| + |#]), and hence, using Proposition
2.1 and Lemma 2.3,

(34) €211 = OF) — &1+ nlll €™l 20) = Oe(@ + 1)

Finally, applying Proposition 2.2 we conclude that

1
h(S)

and the result follows. (]

€5 = (6(—A) (&) + O(8%) = OS> + dln)),

3 The projected problem

The results contained in this section follow from [1, Section 3 and Section 4] by
simplifying to the case K = 0. We enunciate here the statements traslated to this
context.

Define

¢ = {fe oD : h(é)#O}.

Notice that, since we are assuming 4(1) > 0, we will have & € € for any ¢ close
enough to 1 (that is, for 6 small enough). We consider the Hilbert space

H:= {q&eH](}D)): / ¢:0},
Sl
equipped with the scalar product and the corresponding norm

1
2

(u,v) :=/vuvv and lul = |Vul2m) = (/ |Vu|2>
D D

We start by stating a linear invertibility result. Consider the functions

(z¢) (@ &%)
35 Z = Z = :
(35) 1(2) Ah(E? 2(2) Ah(E?
since they are harmonic, by computing their normal derivatives we show that they
satisfy
(36) (—=A)2Z; = h(&e"2; inS', i=1,2.

Thus, we can state the following linear invertibility result.
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Theorem 3.1 (see Theorem 3.3 in [1]). Fixp > 1l and ¢ € €. Forany ¢ € &
and ¢ € LP(S") such that

/C= (Z2;=0, i=12,
st st
there exists a unique solution ¢ € H' (D) to the problem

(=A) g =h(©ep+¢ inS',
Joi b= Js $Z:i =0, i=1,2.

Furthermore

el < CpliCllzr,

where the constant C,, only depends on p and the compact set €.

In order to find a solution of (21), we will solve first the associated projected

problem

(37) Lop=E+Ld+N(@) +co+h(Ee? (c121 +c222) inS,

with Lo, €, £, N defined in (22), Z;, Z, given by (35) and ¢y, c1, ¢; € R.
Lemma 3.2. Let ¢ € H. Then, forany 1 <p < 3,

1Ll = O3 + Oyl + e + yle + | B]).

Proof. By (22) and (32) we can write £ = &; + £; and then

L&l = OI€19llr + 1€2011 1)
= O(IE1ll 3, 1Pl + 1211, 3, 11l 3v)

= O((5* + 6|yl + 4 + nle + 12D IBI),

3
L27

where in the last step we have used (33) and (34). ]
Lemma 3.3. Let ¢, ¢’ € H. Foranyp > 1,

IN(@) = N@)llr = OClp — P IIClpll + Nl 1NN,

In particular

IN@ I = Ol gl
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Proof. Using the estimate
e —t—e'+s=0(s—t|(Is| + D1 + &),
Lemma 2.3 and the Moser-Trudinger type inequality in [1, Lemma 3.2] we get

IN@) — Nl
= lh(F(@)e" ™ (e — ¢ — e + )1
= 0(le™**(1p — (1Bl + | D(L + ™ N]1)
= 01" Izl — & Nl (Il zor + 19 1) 1L+ €7 || 1)
= Ol = ¢l (I pll 2o + 11 [l 20 )ePN#+#1)
= 0(llgp — N UIBll + ¢/ 1N+,

The second identity follows by just replacing ¢’ = 0. (|

Proposition 3.4. Assume 0, ||, |z], ¢ < g9 K 1. Then, there exists a unique
(@, co, c1, c2) € H x R3 such that (37) has a solution, which additionally satisfies

(38) Il = OS% + 65l +64e + |nle + |z).

Proof. The proof follows replicating the strategy of [1, Proposition 4.3] so we
will only highlight the differences. These come from the fact that here the error
term € has smaller size, which allows us to perform the fixed point argument in a
smaller ball.

In particular, following their notation, by Proposition 2.5, Lemmas 3.2 and 3.3
we will have

ITAA = OUEN + 1 £l + IN@)II1)
= 05 + 3|y +Sie+nle + 1|
+ (01 +0lnl + 0% + Inle + [Tl + 1417191
= O(5% + 0|yl + 342 + |nle + 7] + [|p]2e?191),

(39)

and
1To($) = Te(@)ll = OUIL( — Pl + IN(B) = N(@)l1»)
= O(lp — /(0% + Iyl ++e + |nle + ||
+ (1] + 1 e IA171),

Choosing R large enough, from (39) we have

Bl < R(S:+S|pl+die+Inle+lzl) = TP < RGST +8ln|+5e+|nle+]z]);
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proceeding as in [1, Proposition 4.3] we conclude that J is a contraction on a
suitable ball and it has a unique fixed point that satisfies (38). (|

4 Estimates on the projections

Let ¢ be the solution to the problem (37) provided by Proposition 3.4. Thus, if we
prove

Co=Cl=C2=O,

then ¢ will be a solution of (21). The goal of this section will be to identify the
exact expression of these constants.
We begin with multiplying (37) by 2, and integrating. Since

/h@e?zlzz:/ WS 2i=0, i=1,2,
St St

we deduce that

¢ /S h(f)eZZ%=/Sl LodZ —/Slezl —/Sl L2y —/Sl N2

Integrating by parts and using (36),

[ @oprzi = [ cazg=o.

and hence

(40) o [ moezi=- [ ezi- [ zozi- [ N
St st st st

We proceed analogously with Z, to obtain

@1 e [ meizi=— [ en- [ Lora- [ Nz
s! s! st st

Notice that, since ¢ € H,
Logp =0,
Sl

and integrating (37) gives

(42) 27rco:—/SlE—/SlL¢—/SIN(¢).

Let us compute the terms involved.
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Proposition 4.1.

n /(1) _ Q) )52+n<—A>%h'<1> 5

_ 7 (—A)2k(1)
L ER= (2 h(1)  27h(1)* > w1y Mo pay

+ O™ + 3e(d + |n]) + Slnl* + |1,

with

_ 1 h(z) — h(1) h(w) — k(1)
O(h) = /Slxsl log i—wl |z— 1P o — 1P dwdz.

Proof. Proceeding as in [1, Proposition 5.2] we obtain

1

EZy =
s T a1

(1 +0(n+ ITI))/SI(h(f(Z)) — h(&)Zy

1
T o)

" / O] + [21(1 + ")
Sl

7 (—=A)2 k(1)
2 R(1)?

1+ 0D | (@) = hE)DW,
(43) ’

oe + O(0e(0 + |n])).

To estimate the first term we notice that, due to the assumption 7 € C>%(S!), the
ratio

h(y) — h(&) — K (&) (y, &)
ly — <12

will be of class C%* on the whole S! x S', hence

h(y) = h(&) = H(E)(y, &) _ h(y) — h(1) = K(1){y, 1)

o(& —1]*
Iy — &P y— 19 +ole=1h
h(y) — h(1
(44) =TI o

5, TOUy = 1"+ 101"
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Therefore, by making the change of variable y = f(z) we get

[ @ = (e ez

02 —9) 52(1 + (w, f))
+<1—5>|y—§|2(_“52+<1—5>|y—f|2)
)= h(E) =R (E)y, &L (~1s (1 + (w, &) )
P+ (1 =)y — &P 2+ (1= o)y —ep)?
h(y) —h —n L
- 0w - [ "0
N / ( (h(y) — h(&) — H(E)(y, EL))?
s V(1= )y — ER@ + (1 — )|y — &P)
, (HO) = H(&) = K@ (3 ENF(L+ §>)) y )
y
@+ (1= )y — &P

=26(1 + 0(9)) (ﬂ(—A)éh(f)(l + 0(9))

h(y) — h(&) — K (E){y, &L)
52
" /s y— &P
1 v — &P+ (1, &)
X (52+(1—5>|y — T @+ =0y —5|2>2)d )

=206(1+0(9)) (ﬂ(—A)éh’(l)fl +O((0 + [nDInD)

L [ BRI - A S
o /s( o TOW =1+l ))(52+(1—5)|y—§|2)2dy>

= [ —non,,

=25(1+0(5)) / (h
Sl

(45)

=206(1 +0(9)) (ﬂ(—A)éh’(l)fl +O((0 + [nD1nD)

LR R edly—P y— 11"
+orCy Ol ))/81((52+|y—5|2>2(1+0(5)>+0(52+|y—§|2))dy>

=26(1+0(9)) (ﬂ(—A)éh’(l)n +O((0 + [nD1nD)

oo [ (4 rvomso( 72 )

= 20(1 + 0() (wn(=2)HH (1) + 0@+ Dl

n'(1
+o(" 3V oan) @x + 06t + 101
=27(—A)2H (1)on + 22" (1) + O™ + |7]2)).

To see the second term we use the expression of W given by (24). Notice first that,
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by Proposition 2.1, the lower term can be estimated as

Lyﬁ&»—m@>
:c(amg;w+¢m(1+k%25+é+50)%

0(s10g ;(5+ |f1|)/81 S+ |j+§| (1410 5 |i+él)dz)
0(510g;(5+ Inl)(/mél@ (1+1°g2 ;)dz

0 1
+ 1 +log? dz))
/|z+¢f|>5 |Z+f|( £ |Z+f|)

=0(5210g4 ;(5+|;7|)).

(46)

On the other hand, we can approximate (z, ¢) with —1 since

2
|z +<]

»)

l@mvw»#&mwuwa@+u&=owwmz
= 0| W 2)
= 0(5* + &|nl);

o
o+ |z+ <]

therefore the main order term will be given by

2 o= & ) — h(&) — K& (0, &)

h —h o 1 dv )d
LKUQ” (amﬂMO.L(%w—f@I o — &2 v )z
= 2 5[ e —h@—HOW S oy -y, CF O
T ah@C Jaws Y P ny P+ =)y — &P

— _ I 1
o 17~ ETHO) = HO =K@t
o =yl o — &2
4 o = &| (h(y) — h&) — K(E), &) Inlly — &l
= o 1 0]
Th(&) Lu@o w—w( ly — &P *'($+w—aﬁ
5 h(v) — h(&) — K(&)(v, &)
*0(5, pra)) o — P dody
— 4 2
= oy (10U

/ o — & h(y) — h(1) h(v) — h(1)
X lo
Stxs! o=yl ly=17 Jo—1J?

2 v — ] 0 [71ly — £l
+OCSLwy’bgw—yJOM+é+W+a+5%Hy—aJ)

(1+O(In*)*dvdy
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and to continue, we have that

ol 2 o =&l h)—h@ =K@ (0 )
JLr@=he (0 [oe "0 o—cp )

4 o — & h(v) — h(1) h(y) — h(1)
1 *))§> 1
() F 0D /Ss ooyl o—1P  |y—1p

, b — ¢l 5 nlly — &l
+0<5 /ss rog S (5, g +52+|y—é|2)>
4 1 h(v) — h(1) h(y) — h(1)
= 1+0(n|* 52/ 1
ey O [ o8 w—1p y—1p

h(v) — h(1) h(y) — h(1)
w—1p /s ly— 112

dody

dvdy

(1400156 | 1oglo—¢] dy

4
+
zh(1)
(47) + 0(52/ (2+10g ! +log ! )
SIxS! lo — <l o=yl

5 nlly — &
S CE 52+Iy—é|2)>

4 1 h(v) — h(1) h(y) — h(1)
= 1+ O(|n]*“))o?
ey F 0D /Ss Syl 1P |y—1p

1 1 o
+0 52< +|n|lo +/ 1+1lo )dud)
( il Inltog s+ | (Lwlog | T ) s Jdudy

4 1 h(v) — h(1) h(y) — k(1)
52/ 1
ah(D Joxs Clo—y lo—12 |y—1p2

dody

dvdy

1 1
+ 0(52|;7|“ + %[5 log 5 + 6% log 5),

where we have used estimate (31) and the fact that 4'(1) = (— A)é h(1) = 0. Finally,
by Lemma 2.3,

/Sl OWI+12D)*(1+ ™) = OUIAW| + )2 11+ ™7 12)
(48) = O(|WI|7: + I71*)
- 0(53 + 2| + |r|2).
Substituting (45)—(48) into (43) the result follows. ]

Proposition 4.2.

62, = — n(=A2H () o ah (D) wKA)

< 100 Y T Y 160
+ 032 +3e(d + |y + Ol + 7).
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Proof. Following [1, Proposition 5.4] we can write the integral as
€2y = (I+0(n| + ITI))/ (h(f(2)) — h(E)Z2
5! h(l)
T K'(1)

2 n(1)3%

49) _
oty 1+ 0D [ (@) = HW2s +

+ 0(52 + (5 + |n])de + |7]%).
To estimate the first term we make the change of variable y = f(z) and we integrate
by parts to obtain

[ 0@ = (e, £y

52— 6) 32 = )y, &)
= h _h
/sl( =MD 1= sy —cr e+ -y - 2P
1 /
— 452 - -
=46*(1 + 0(9)) /Sl(h(y) h(f))( 2(1 — 8)( 3 + (1 = d)y —ﬁlz)) “

1
2(1=9)(* + (1 =I)ly—<1P)

o5 W)~ @) : 4 )

= —406°(1+00)) | Wy - d
(+())/81 o )y

— 2 _ 2 ’
=20 (1+0(5))< m(—A) h(f)+0(5)+h(f)/ &+ |y P )(1+O(5))>
=252(l+0(5))(—n(—A)Zh/(1)+O(5+|7]|a)
/7 1+a
+ (gl (1) + O] >>/ (52+|y glz)mow)))

=20%(1 + 0(5))< - 71'(—A)2h’(1) + O+ |7

" 1+a l dt
+(nh"(1) + O(|n| ))5 och 1+t2(1 +0(5))>
=28%(1 + O(9))
x (= w(=8)HH 1)+ 06 + 1) + (" (1) + O ) (7 + OD)))
= — 27(=A)2 B (1)* + 2k (1)n + O(S(3* + ] %)),

where we applied that h € C>%(S!), and hence (—A)2h € CH(Sh).
Using Lemma 2.3 and Proposition 2.1 we can estimate the second integral as

L\ g _ 0 _ 3 2
| @ —nenwe e az= o(iwis| , ° e+l ) = 06 + &,

where we have used the fact (z, &) = O(|z + &]).
Replacing in (49) we conclude. (]
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Proposition 4.3.
1 1
/ & = o(zh(1) + O(n| + 7)) + 0(52 log? ' + ||+ dlog e).
5 P P

Proof. The result follows from [1, Proposition 5.6] by fixing K = 0. (]

We can finally write the exact expressions of the constants ¢y, ¢; and c¢;.

Corollary 4.4. The constants cy, c1, c3 in problem (37) satisfy:

h i !
c1= — 16h(1)5<5(h”(1) - ng]i(i))+77£—A)2h/(12+8£—A)2k(12>
~ ~ - =ap =:b;

=iajg

+ 00" + 5e(5 + |n)) + 0lnl* + |71,

2= — 16R(1)3( (—(—A)2 B (1)) +n 1 (1) +e K (1))
e —t —tn
+0(8° + 060+ |]) + 3|+ + |,
1 1
co= —h(D)z+ O(lnllrl +[7° + 6 log?  +0ly] + Slog 58)
where Q is defined in (11).
Proof. By [1, Proposition 7.9] with K = 0 we know that

{g2o ®
(50) [ 1@ = (0.

Furthermore, by Lemmas 3.2 and 3.3, for 1 <p < ‘3‘,

/ LpZ +/ N(@)Z1 = O(ILPllr + IN(D)Ir)
St St

= O((3* + Il + 6% + Ile + [Tl + ¢l %e”191)
=05 + Pyl + 626> + |nl*e® + %),
where in the last step we have used Proposition 3.4. Applying (50), (51) and
Proposition 4.1 in (40) we obtain the expression for c;.

The identities for ¢, and ¢ similarly follow from (41) and (42) using Proposi-
tions 4.2 and 4.3 respectively. (]

5 The finite dimensional reduction: Proof of Theo-
rem 1.1

Let 9, 7], |z], ¢ be small enough so that Proposition 3.4 can be applied to find a
solution to (37). If we choose 6, #, 7 in such a way that ¢y = ¢; = ¢; = 0, then ¢
also solves (21), and hence we get a solution to the problem (8).
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We study first the cases of ¢; and ¢;. From Corollary 4.4 and the estimates
on ||¢||, assuming that

n=se¢ and Jd=de withd> 0ife >0ord <0ife <0,

we have that ¢; = ¢, =0 if

a11d+ apps + b] + 03(1) = O,
arid+ axs+ by +0.(1)=0.

This system can be rewritten as §.(d, s) = So(d, s) +0.(1) = 0 where Fo : R> — R?
is defined by

Fo(d, 5) =2 <d> +9B, with 2 := (““ “12> and B = <[’1> _
s ax a2 by

Therefore, if

apip a2

det 2 = det
az; a2

) #0, 1ie., ajaxn —aap #0 (see (10)),
there exists a unique (dp, so) € R? such that Fo(do, so) = 0 with dy # 0 if

det <b1 a12> #0, e, axnb, —a;nb, #0 (see (12)).
by axn

Moreover, the Brouwer degree of §. is not zero and since §, — o uniformly
on compact sets of R x R \ {0}, there exists (d;,s.) € R x R\ {0} such that
Fe(d;, s.) =0 with (d;, s.) = (dp, s¢) as € — 0.
Once d,, s, are fixed, the existence of a 7 = 7, so that
2, o2l 1
—h(D)z+ O(lr]llrl +[2l? + 67 log” | +dln] +0log 58) -0

is immediate, and we conclude that ¢y = 0. Notice that 7, = 0.(¢). This finishes
the proof of the existence of a solution.
Thanks to the estimates on &, £, N and ||¢||, from (21) we get

(=A)2llr = 0,(1) for some p > 1,

and therefore ||@||;~ = 0.(1). Moreover, since V(f~'(z)) and W(f~'(z)) both
concentrate at & = 1, we conclude that the solution

u= VI @)+ Wi @) + 1+ (' (2)

concentrates at £ = 1. This ends the proof of Theorem 1.1.
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