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Abstract. This paper is concerned with the nonlocal dispersal equation
/ J(x — y)u(y) dy — u(x) + Au(x) — [c(x) + dg(x)]u’ (x) = 0 in é,
Q

where J is a nonnegative kernel function, the constants 2 > 0, > Oand p > 1,
the coefficients c(x), g(x) are nonnegative. We investigate the sharp patterns of
positive solutions when 6 — 0. Our study reveals how the existence of sharp
profiles is determined by the behavior of ¢(x) and g(x). We find that sharp profiles
are quite different to the results of classical reaction-diffusion equations.

1 Introduction and main results

Let J : RY — R be a nonnegative continuous function. It is known that the
nonlocal dispersal equation

(1.1) u(x, 1) =J *u(x,t) — u(x, t) + f(x, u)

and its various forms arise in the study of different dispersal processes in material
science, neurology and genetics (e.g., [3, 21, 22, 28]). As stated in [14], let u(y, 1)
be the density of population at location y at time #, and J(x — y) be the probability
distribution of the population jumping from y to x; then [y J(x—y)u(y, 1) dy denotes
the rate at which individuals are arriving at location x from all other places and
u(x, t) = fRN J(y — x)u(x, t) dy is the rate at which they are leaving location x to all
other places. Thus

Du(x,t)=J =u(x,t) —u(x,t) = / Jx —y)u(y, t)dy — u(x, t)
RN

is the dispersal of population and equation (1.1) describes the change of the popu-
lation density u(x, ¢) with the nonlinearity reaction function f(x, u). The operator D
is a nonlocal operator since the dispersal of u(x, ) at location x and time ¢ does not
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only depend on u(x, t), but on all the values of u in a fixed spatial neighborhood
of x through the term J * u(x, t). There is quite an extensive literature for the study
of nonlocal problems recently, among others, the papers [4, 5, 6, 37, 38, 19, 35]
and references therein.

In this paper, we consider the nonlocal dispersal equation

(1.2) /QJ(x —Yu@)dy — u(x) + u(x) — c(x)u’(x) =0 in Q,

where Q ¢ RY (N > 1) is a bounded domain, p > 1 and A is a real parameter. The
coefficient ¢ € C(£_2) is nonnegative and nontrivial. Problem (1.2) has been widely
investigated; see, e.g., Bates and Zhao [1], Garcia-Melidn and Rossi [17]. On the
other hand, the nonlocal dispersal equation (1.2) shares many properties with the
following classical reaction-diffusion equation:

Au+du—cx)uy =0 in Q,
u=0 on 0Q),

(1.3)

which has attracted much attention; see del Pino [9], Lépez-Gomez and Rabinowitz
[27] and Ouyang [29]. If the coefficient c(x) has a spatial degeneracy, i.e., it
vanishes in some subdomain, both the nonlocal dispersal equation and reaction-
diffusion equation shall make a fundamental change [15, 16, 12, 20, 31, 34, 30, 24,
10, 11, 13]. Throughout this paper, we make the following assumptions on J(x),
and c(x).
(A1) J € C(RY) is nonnegative, symmetric with unit integral and J(0) > 0.
(A2) c € C(S_l) and there exists a non-empty property subdomain Qy C € such

that

c(x) > Oif and only if x € Q \ £_20.

Let Ap(Q) be the unique principle eigenvalue of the nonlocal problem

/Q J(x— 9O dy — p(x) = —Ap(x) in Q.

We then have 0 < Ap(Q) < 1 and 1p(€2) is monotone with respect to domain Q; see
[18, 21]. The principal eigenvalue 1p(€2) is very important in the study of positive
solutions of (1.2). By (A2), we know that the coefficient c(x) is degenerate in €.
In this case, the nonlocal equation (1.2) is quite different than the case when c(x)
is positive in £_2; see [33, 8, 36]. In order to find the sharp influence of a complex
environment on the nonlocal dispersal equation (1.2), we consider the asymptotic
profile of positive solutions to the nonlocal dispersal problem

(1.4) /QJ(x —Yu(y)dy — u(x) + Au(x) — [c(x) + og(x) |’ (x) =0 in Q,
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where g € C(§_2) is nonnegative and nontrivial and J > 0 is a parameter. The aim
of this paper is to investigate the sharp patterns of positive solutions to (1.4). In
fact, we find that the degenerate set Q0 = {xe Q: q(x) = 0} will play a great role
on the patterns. Thus we distinguish between the following different situations:

(HI) Q. =QoNQ°=0.
(H2) Q. =QyNQ°=Q.
(H3) Q, = Qo N Q" is a proper subdomain of €.
We first give the asymptotic profiles of positive solutions when the coeffi-

cient g(x) satisfies (H1).

Theorem 1.1. Assume that (HI) holds. Then there exists a unique positive
solution 05 € C(Q) to (1.4) if and only if 2 > Ap(Q). Meanwhile, the following
hold:

1) If Ap(Q) < 4 < Ap(Q), then

lim O5(x) = 0(x) uniformly in f_l,
0—0+

where 0(x) is the unique positive solution to (1.2).
(i) If A = Ap(Qy), then

lim O5(x) = oo uniformly in Q.
0—0+

Remark 1.2. Note that cx)=0 for x € Qy. We know that (1.2) admits a
unique positive solution 8 € C(Q) if and only if A1p(Q) < 4 < 1p(Qy); see [17].

Now we are ready to study the sharp patterns of positive solutions. We find that
the existence of sharp profiles is determined by the nonlocal dispersal equation

(1.5) /Q Jx — yu@y)dy — u(x) = —Au(x) + gx)u’(x) in f_lo.

Letting

D5(x) = 6r1605(x) and  55(x) = S0 Bs(x),

we can establish the sharp profiles of 05(x) as follows.
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Theorem 1.3. Assume that (H1) holds.
() If 2p(Q) < A < Ap(Qp), then

lim Y5(x) = lim 75(x) =0 uniformly in Q.
0—0+ 0—0+
(i1) Ifﬂ > Ap(Q), then
lim ds5(x) = a(x) wuniformly in f_lo,
0—0+
5lirg P¥s(x) =0 uniformly in any compact subset of Q \ Qo,
—0+

and

Ja, 7Gx = Y)a) dy1»
c(x)

uniformly in any compact subset of Q \ £_20,

()‘ll>r8+ 1’]5()6) -

where o € C(S_lo) is the unique positive solution of (1.5).

The conclusions in Theorems 1.1 and 1.3 give the sharp patterns of positive
solutions to (1.4) under the assumptions (H1). If g(x) > O for x € §_2, we can see
that (H1) still holds. If g(x) = 0 for x € Q° and Q° is a proper subset of Q, then
the degeneracy also appears. Thus we know that if Q, = (), the degeneracy of g(x)
does not change the sharp profiles of positive solutions to (1.4).

The profiles for positive solutions of the reaction-diffusion equation

= — D .
(1.6) {Au Au+[c(x) +0g()lu?in Q

u=0 on 0Q

have been well investigated; see the works of Du and Li [12], Lépez-Gémez [25],
Li, Lopez-Gomez and Sun [23]. Let A.(Q) be the principal eigenvalue of

Au=—iu inQ,
u=0 on 0Q.

Then we know from [26, 27] that (1.6) admits a unique positive solution us(x)
for 2 > A;(Q) and the asymptotic profiles of us(x) with respect to J are well
established. If (H1) holds and 4 € (1.(QQ), A1.(£2p)), then

lim us(x) = u(x) uniformly in £_2,
0—0+
where u(x) is the unique positive solution of (1.3), and

lim us5(x) = oo uniformly in Sio
0—0+
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forany 4 > 1.(€). In the latter case, we know that u;s(x) is still bounded as & — 0+
in any compact subset of Q \ f_lo. However, from (ii) of Theorem 1.1 we obtain that
the profiles of nonlocal dispersal equation (1.4) are unbounded in Qas 6 — 0+.
It follows from [25, 23] that the asymptotic profiles and sharp patterns of positive
solutions for (1.6) are quite different than the cases of (1.4).

Now let us consider the asymptotic profiles when the coefficients c(x) and g(x)
are all degenerate in Q,. The first case is that g(x) vanishes in Q.

Theorem 1.4. Assume that (H2) holds. Then there exists a unique positive
solution 5 € C(Q) to (1.4) if and only if

}.p(Q) <A< j,p(Qo)

Moreover,
lim O5(x) = 0(x) uniformly in Q;
0—0+

here 0(x) is the unique positive solution of (1.5).
Remark 1.5. Note that
c(x)+0g(x)=0 forxe Q, andd > 0;

we know that (1.5) admits a unique positive solution € € C(f_l) if and only if
lP(Q) <A< lp(Qo)

If the degenerate domain of g(x) is a proper subset of €2y, we can prove that the
sharp patterns of (1.4) change drastically. If (H3) holds, we have the following
result.

Thegrem 1.6. Assume that (H3) holds. Then there exists a unique solution
05 € C(Q) to (1.4) if and only if Ap(Q) < A < Ap(L,).
) If 1p(Q) < 1 < Ap(Qy), then

lim O5(x) = 0(x) uniformly in £_2,
0—0+

where 0(x) is the unique positive solution of (1.2).
(i) If Ap(Q0) < A < Ap(Q,), then

lim O5(x) = co uniformly in Q.
0—0+

Letting Js(x) = 5ﬂ£16(5(x) and 75(x) = 51’(1’1*”6(5(x), we can obtain the sharp
profiles of (1.4) as follows.
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Theorem 1.7. Assume that (H3) holds.
() If 2p(Q) < A < Ap(Qp), then

lim Y5(x) = lim 75(x) =0 uniformly in Q.
0—0+ 0—0+

(i1) Ifﬂp(go) < A < 1p(Q,), then

lim Y95(x) = a.(x) uniformly in §_20,
0—0+
5lirg Js(x) =0 uniformly in any compact subset of 2\ €y,
—0+

and
Ja, J& = Ya. () dy]s
c(x)

uniformly in any compact subset of Q \ £_20,

511%1+ o (x) =

where o, € C(g_lo) is the unique positive solution to the nonlocal dispersal
equation (1.5).

The sharp asymptotic profile of positive solutions to (1.4) is given by Theorems
1.4-1.7 if the degenerate domains of c(x) and g(x) are mixed. We find that if (H2)
holds, i.e., both c(x) and g(x) are degenerate in the same domain g, the positive
solution will converge to the unique positive solution of the initial equation without
perturbation. In this case, no sharp pattern appears. However, if (H3) holds, we
can see that asymptotic behavior changes a lot and there exist sharp profiles for the
positive solutions of (1.4). Thus we know that the degenerate domain Q° of g(x)
plays a great role in the sharp patterns of positive solutions to nonlocal dispersal
equation (1.4).

In the present paper, we establish that the asymptotic profiles in the degeneracy
domain are different than the domain without degeneracy for nonlocal dispersal
equation (1.4). We prove that the nonlocal effect and the degenerate heterogenous
nonlinearities c(x), g(x) make the positive solutions of (1.4) blow up, but the blow-
up speeds are determined by g(x). The similar problem for the general semilinear
elliptic equation is studied in the author’s recent joint paper with Li and Lépez-
Go6mez [23]. The profiles for two kinds of equations are quite different. In fact,
the sharp patterns only appear in the degenerate domain for the elliptic problem,
where the singular boundary problem is very important. However, we know that
sharp patterns appear in the whole domain Q with two different speeds for the
nonlocal dispersal problem.

The rest of this paper is organized as follows. In Section 2, we investigate the
asymptotic profiles if (H1) holds. The behavior of the principal eigenfunction with
respect to the parameter is also obtained. Section 3 is devoted to the proof of sharp
profiles if (H2) or (H3) holds.
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2 Asymptotic profiles with different degenerate domains

In this section, we investigate the asymptotic profiles of positive solutions to (1.4)
when the coefficients c(x) and g(x) are degenerate in different domains. To do this,
we first give the existence and uniqueness of positive solutions. Throughout this
section, we assume that g(x) satisfies (H1).

Lemma 2.1. Assume that 6 > 0. Then there exists a unique positive solu-
tion 5 € C(Q) to (1.4) for every A > Ap(Q) and no bounded positive solution
for A < Ap(Q).

Proof. The proof follows a similar argument as in [18]; we omit the details
here. =

2.1 The nonlocal eigenvalue problem. In order to investigate the lim-
iting behavior of positive solutions to (1.4), we consider the nonlocal eigenvalue
problem

2.1 /QJ(x —nu(y)dy — u(x) — uc(x)u(x) = —ou(x) in Q,

where u > 0. It follows form [33, 7] that (2.1) admits a unique principal eigen-
value op(u, Q) for u > 0 if c(x) has a spatial degeneracy. We first recall a basic
result of the eigenvalue problem (2.3) [33].

Lemma 2.2. Problem (2.1) admits a unique principal eigenvalue op(u, )
for every u > 0. Moreover, op(u, Q) is increasing with respect to y and

lim op(u, Q)= Ap(Q).
14— 00
We shall investigate the asymptotic behavior of positive eigenfunctions to (2.1).

Lemma 2.3. Let ¢,(x) and w(x) be the positive eigenfunctions associated
with op(u, Q) for u > 0 and 1p(Q) such that

max ¢, (x) = max y(x) =1,
Q Q
respectively. Then we have
lim ¢,(x) = w(x) uniformlyin f_lo,
U—> 00

and

li_>m ¢.(x) =0 uniformly in any compact subset off_l \ f_lo.
H—>00
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Proof. Take x{,x, € §_20. ‘We know from (2.1) that
(1 —op(u, DIPu(x1) — Pu(x2)] = /Q[J(m =) = J(2 = ]pu(y) dy.

Since Ap(Q2) < op(u, Q) < Ap(€p) < 1 for u > 0 and ¢, (x) < 1 forx e S_Z, we
get
Jo @1 —y) = J(x2 — y)| dy

| (x1) = ¢ (x2)| < 1 — 2p(Q)

Then, subject to a subsequence, we know that there exists (ﬁ € C(S_lo) such
that 0 < $(x) < 1in Qo and

(2.2) lim ¢, (x) = $(x) uniformly in Q.
HU—> 00
Using (2.1) we get
J(x = y)dy
¢,u (x) < @
1 — 1p(Qo) + pc(x)
for x € Q. Thus we know that
(2.3) lim ¢,(x)=0

HU—>00
for any x € Q \ §_20 and

ILm ¢,(x) =0 uniformly in any compact subset of Q \ f_lo.
U—> 00
Now we show that qAﬁ(x) = y(x)forx e §_20. In view of (2.2) and (2.3), we get
2.4) [ 96 =9d0)y = 00+ 20 =0 in By
Qo

by the dominated convergence theorem. Note that maxg ¢, (x) = 1. We can find
x, € Q such that ¢,(x,) =1 for 4 > 0. Then we have

2.5) /Q J0t = Wy — 1 — pe(x,) = —op(yt, ).

Since € is bounded, without loss of generality, we may assume that x, — xo
as u — oo for some xy € Q. We know from (2.5) that

c(xo) = lim c(x,) = lim fQ Jxy — )P ()dy — 1+ op(u, Q) _
H—> 00

U—>00 u

0;

this also gives that xy € £_20.
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It follows from (2.1) that

/Q J(x0 = by — bu(xo) = —ap(st, Dbu(xo),

and by (2.2)—(2.3) we obtain

/ J(x0 = YF0)dy = [1 — 2p(Q0)1Px0).

Qo

Then we get from (2.5) that

lim pe(x,) = / J (o = )y — 1+ 1x(Qp)
U—> 00 Q()
=[1 — An(Qo)]1[P(xo) — 11 < 0.
Since pc(x,) > 0 for u > 0, we must have é(xo) = 1. In view of (2.4), we know
d)>0 in Qo

from the maximum principle. Since y/(x) is a positive eigenfunction of (2.4), we
obtain

Bx) = cy(x) in Qo

for some constant ¢ > 0. However, we get from maxg y(x) = 1 that ¢ = 1; this
also shows that (2.2) holds for the entire sequences. ]

2.2 Asymptotic profile for positive solutions. In this subsection, we
investigate the asymptotic behavior of positive solutions to (1.4). To this end, we
show that the positive solution is monotone with respect to d.

Lemma 2.4. Assume that 1 > Ap(Q) and 6 > 0. Let O5(x) be the unique
positive solution to (1.4). Then we know that

(26) 9(52 (x) < (951 ()C)
for x € Q, provided & > &, > 0. Meanwhile, if 2p(Q) < A < Ap(Q), then
2.7) lim 05(x) = 0(x) uniformly in Q;
0—0+
here O(x) is the unique positive solution of (1.2).

Proof. Since d, > J; > 0, we can see that 65,(x) is a lower-solution to (1.4)
with 6 = ;. But we know that &, (x) is the unique solution of (1.4) with J = J,
then (2.6) is followed by an upper-lower solutions argument.
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If Ap(Q) < 4 < Ap(Qp), since O5(x) < O(x) forx € §_2, we know that there exists
a positive function 6y(x) such that
(515& 05(x) = Oo(x)
for x € Q. Applying the dominated convergence theorem we have
2.8) 76 = )00ty = o) = =100+ )

Since (2.8) admits a uniqge positive solution for 1p(Q) < 4 < Ap(£)y), we must
have y(x) = 0(x) for x € Q. It follows from Dini’s theorem that (2.7) holds. O

Lemma 2.5. Assume that 6 > 0 and . > ip(Qq). Let 6; € C(Q) be the
unique positive solution to (1.4). Then

lim f5(x) = oo uniformly in Q.
0—0+
Proof. Let op(u, Q) be the unique principal eigenvalue to (2.1) for 4 > 0

associated with a positive eigenfunction ¢, (x) such that maxg ¢,(x) = 1. Since
op(u, Q) < Ap(Qo) for u > 0and 4 > Ap(€)y), we can take J small such that

A —op(u, Q) > uog(x)

for x € Q. Then we can check that ,ul’i' ¢, (x) is a lower-solution to (1.4). Note
that 95(x) is monotone with respect to J. By the uniqueness of positive solutions,
we get
1
-1 < lim 6,
prt () < lim Gs(x)

forx € Q. Letting 4 — oo, we get from Lemma 2.3 that
lim f5(x) = oo uniformly in Sio.
0—0+

Meanwhile, we can see that

/Q Jx = )05y = [1 = 4+ (c(x) + 3g(0))05 " (0)16:(x),

and

/ G — V)0s()dy > / J(x— V)0s()dy,
Q Qo

so we have that 3
lim f5(x) = oo uniformly in Q. 0
0—0+

The proof of Theorem 1.1 is followed by Lemmas 2.4-2.5.
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2.3 Sharp profile for positive solutions. In this subsection, we establish
1
the sharp profile for positive solutions of (1.4). Set ¥s5(x) = 07-16;5(x). Then J5(x)
satisfies

@9 [ S =0y = 0500 = =200+ [ 4 a0 in

In order to give some estimate to vs(x), we first consider the nonlocal dispersal
equation

(2.10) /Q.I(x —Yu(y)dy — u(x) = —Au(x) + g(x)u” (x) in Q.

If g(x) > Oforx e Q, then no spatial degeneracy appears in (2.10) and it admits a
unique continuous positive solution ¢ (x) for A > Ap(Q). Inspired by the works of
Du and Li [12], Lopez-Gémez [25], we then have the following estimate.

Lem_lna 2.6. Assume that A > Ap(Q)and d > 0. Assume further that g(x) > 0
for x € Q. Let ii(x) be the positive solution of (2.10). Then we have

(2.11) Vs(x) < U (x)
forx e Q.

Proof. Since
/Q J(x — y)0s(0)dy — 9s(x) + 295(x) — g(x)P5(x) = C(;)ﬂf;(X) >0

for x € £_2 we get that J5(x) is a lower-solution of (2.10). By the uniqueness of
positive solutions and an upper-lower solutions argument we obtain (2.11). (]

If Q0 is a proper subset, we shall consider the nonlocal dispersal equation

(2.12) /Q.I(x —Yu(y)dy — u(x) = —Au(x) + [c(x) + g(x)]u(x) in Q.

We can see that c(x) + g(x) > O for x € Q and there exists a unique continuous
positive solution #(x) to (2.12) for A > Ap(€2). Similar to Lemma 2.6 we have the
following result.

Lemma 2.7. Assume that ). > Ap(Q) and 0 < & < 1. Assume further that Q°
is a proper subset of Q. Let ii(x) be the positive solution of (2.10). Then we have

(2.13) Ps(x) < h(x)

forx e Q.
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Remark 2.8. In fact we can see that (2.13) still holds if g(x) > O for x € Q.
However, if QU is a proper subset of Q, we can see that (2.11) is not valid since
there is no positive solution to (2.10) for 2 > A(QY).

Now let us consider the nonlocal dispersal equation

(2.14) / J(x — Yu(y)dy — u(x) = —Au(x) + g(x)u’(x) in £_20.

Qo

We know that (2.14) admits a unique continuous positive solution u(x) for
A > Ap(€p). Then by the method of upper-lower solutions, we obtain the lower
bound for Js(x).

Lemma 2.9. Assume that ) > ip(Q) and § > 0. Let u(x) be the positive
solution of (2.14). Then we have

Is(x) > u(x)
forx e £_20.
In order to establish the sharp profiles, we need the following technical lemma.

Lemma 2.10. Assume that 2 > Ap(o) and 6 > 0. Then there exists © > 0
which is independent of 6 such that

1= 2+q0)d ') > 7
forx e £_20.

Proof. We only prove the case 1 > Ap(€)p), since 0 < Ap(2) < Ap(Qp) < 1.
It follows from (2.9) that

J(x— y)ds)dy < /Q 0= 905()dy = [1 — 4 + g2~ (0)195(x)

Qo

and so
1—2+g)% ') >0 inQ

forx e £_20. But we know from Lemmas 2.7-2.9 that
/Q TG, yyuy)dy < [1— 4+ g5~ (0)]ax)
0

forx € §_20. Since #i(x) > 0 and u(x) > O for x §_20, we complete the proof. ]
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At the end of this section, we prove the main theorem.

Proof of Theorem 1.3. We first prove the second claim. Set
1) =1 — 2+ g% ' (x).

We know from Lemma 2.7 that [(x) > 7 forx € §_20 and 0 > 0.
For any x;, x, € Qq, without loss of generality, we assume that 95(x1) > Js5(x2).
A direct computation from (2.9) gives

/Q V(1 — ) — Iz — W 1050)dy

=[1 — 2+ pg(x)s P~ 1[050x01) — Is(x2)] + [q(x1) — g(x2)195(x1)
[1— 2+ q(e2)95 o)1 [95(x1) — Ps(x)] + [g(x1) — q(e) 195 (x1)
> 7[05(x1) — Ds(x2)] + [q(x1) — g(x2)195(x1),

Y

\

where ¥ is between Y5(x;) and J5(x;). Thus by Lemma 2.10,
1
[95(x1) — Fs(x2)| < . {/Q [V (x1, ) — J(x2, WIay)dy + [q(x1) — q(x2)18” (x1)

for any x;, x, € Qp. Subject to a subsequence, a simple compactness argument
gives that there exists w € C(€2) such that w(x) > 0 for x € Q¢ and

(2.15) lim Y5(x) = o(x) uniformly in Qo.
0—0+

On the other hand, since

c(x) .=

96 =002y = 950+ 20,0 = [ + a0 in @

by (2.11) we obtain

[c(x)

s aw] i < [ 0=y + e + 2o
Q

< (2+ A) max ii(x)
Q
and
(2 + 1) maxg ﬁ(x)} .

Vs(x) <
@ [

for Q \ §_20. Hence

(2.16) 6lir51 Ys(x) =0 uniformly in any compact subset of Q \ f_lo.
— 0+
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In view of (2.15) and (2.16), by the dominated convergence theorem, we know that
(2.17) / J(x, YYo()dy — o(x) = —Aox) + gx)a’(x) in Q.
Qo

As (2.17) admits a unique continuous positive solution for 1 > Ap(£), we must
have w(x) = a(x) forx € §_20; here a(x) is the unique positive solution of (1.5). This
also implies that (2.15) holds for the entire original sequences.

At last, we can see that 75(x) = 517071*'>95(x) satisfies

/Q S = VIns)dy — 15(x) = —275(x) + [c(x) + 0g(x)] ’ﬁ(j;) in Q

and so
/Q J(x — )Is(dy — 95(x) = =A05(x) + [c(x) + dg(x0)]#75(x) in Q.

A simple computation yields

Jo J(x = Is)dy — D5(x) + /w(;(x)} ,

1500 = [ c(x) + og(x)
Using (2.15)—(2.16), we get

Joo, T = Va(y)dly
c(x)

Now we prove the first claim. If Ap(Q) < 4 < Ap(Qyp), the conclusion is

1 — —
5lir61 ns(x) = [ } " uniformly in any compact subset of Q \ Q.
— 0+

followed by Lemma 2.4. If 1 = Ap(L)y), since the only nonnegative solution
to (2.17) is the trivial solution, a similar argument as above gives that

lim Y5(x) =0 uniformly in Q.
0—0+

3 Asymptotic profiles with mixed degenerate domain

In this section, we investigate the profiles of positive solutions to (1.4) when the
coefficients c(x) and g(x) are degenerate in a common domain. To do this, we first
give the existence and uniqueness of positive solutions; one can see [18, 33] for a
similar proof.

Lem_ma 3.1. Assume that (H2) holds. Then there exists a unique solution
05 € C(Q) to (1.4) for Ap(Q) < 1 < Ap(Ly). Meanwhile, there exists no bounded
positive solution for A < Ap(Q) and A > 2p(Qy).
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Lemma 3.2. Assume that (H2)Potext holds. Let 65(x) be the unique positive
solution of (1.4) for 1p(Q) < 1 < Ap(Qg) and 6 > 0. Then we know that

6’(;2(x) < 951 (x)
forx e Q and & > 01 > 0. Meanwhile, we have
lim O5(x) = 0(x) uniformly in £_2,
0—0+
here O(x) = Oy(x) is the unique positive solution of (1.5).

Proof. Since d, > J; > 0 and g(x) is nonnegative, we know that 6;,(x) is a
lower-solution of (1.4) with 6 = ;. Using the fact that the positive solution is
unique, we obtain 65, (x) < 8, (x) forx € Q.

On the other hand, we know that

Os5(x) < 6(x)
for x € Q and there exists a positive function dy(x) such that
(515& 05(x) = Oo(x)
and Gy(x) satisfies
[ 6= 90051y = 00(2) = =26003) + OB

This also shows that Gy(x) = 0(x) for x € Q and O5(x) — 6(x) uniformly in Q
as o — 0+. O

At the end of this section, we consider the case that g(x) satisfies (H3). Then
we know that c(x) + dg(x) = O for x € Q, and 6 > 0. We have the following result.

Lem_ma 3.3. Assume that (H3) holds. Then there exists a unique solution
05 € C(Q) to (1.4) for Ap(Q) < 1 < Ap(Q.). Meanwhile, there exists no bounded
positive solution for A < Ap(Q) and 4 > 1p(Q.,).

Lemma 3.4. Assume that (H3) holds. Let O5(x) be the unique positive solution
of (1.4) for 2p(Q) < A < Ap(Q.) and 6 > 0. Then we know that

6’(;2(x) < 951 (x)
forx e Q and & > 01 > 0. Meanwhile, we have
3.1) lim 05(x) = 6(x) uniformly in Q,
0—0+

for Ap(Q) < A < Ap(Qy); here O(x) = By(x) is the unique positive solution of (1.5).
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Proof. Note that (H3) holds. We know that 1p(€y) < Ap(Q.,); see [18]. Then
we can establish that (3.1) holds by an upper-lower solutions argument, since (1.5)
admits a unique positive solution for Ap(Q) < 4 < Ap(Qy). ]

If 2p(Qp) < 1 < Ap(Q.), a similar argument as in the proof of Lemma 2.5 gives
that the unique positive solution blows up in Q as 6 — 0+; we omit the details.

Lemma 3.5. Let 05 € C(£_2) be the unique positive solution to (1.4)
for 2p(Qp) < A < Ap(Q,). Then

lim O5(x) = oo uniformly in Q.
0—0+

In order to analyze the sharp profiles, we consider the nonlocal dispersal equa-
tions

3.2) /Q.I(x —Vu(y)dy — u(x) = —Au(x) + [c(x) + g(x)]u’(x) in Q
and
(3.3) /Q J(x — yu(y)dy — u(x) = —Au(x) + gx)u’(x) in §_20.

If (H3) holds, then c(x) + g(x) = 0 for x € Q, and there exists a unique continuous
positive solution #(x) to (3.2) for Ap(QQ) < 4 < Ap(Q,). Meanwhile, we know
that (3.3) admits a unique continuous positive solution u(x) for Ap(Qg) < A< Ap(Q,).
Since Ys(x) = S O5(x) satisfies

c(x) .=

/Q T = )05y = Ds(x) = =)+ | 5+ (0|00 in €,

by the method of upper-lower solutions, we obtain the following lemmas.

Lemma 3.6. Assume that (H3) holds. Assume further that Ap(Q) < A< Ap(Q,)
and 6 > 0. Let ii(x) be the positive solution of (3.2). Then we have

s(x) < a(x)
forx e Q.

Lemma 3.7. Assume that (H3) holds. Assume further that 1p(£y) <A <Ap(Q,)
and 6 > 0. Let u(x) be the positive solution of (3.3). Then we have

V5(x) > u(x)

forx e 5_20.
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In order to establish the sharp profiles, we need the following technical lemma.

Corollary 3.8. Assume that (H3) holds. Assume furtherthat 1p(Qo)<A<Ap(Q,)
and 6 > 0. Then there exists © > 0, which is independent of 6, such that

1= 2 +q0)d ') > 7
forx e £_20.

The conclusion of Theorem 1.7 can be proved by a similar argument as in the
proof of Theorem 1.3 with the help of Lemmas 3.6-3.7 and Corollary 3.8.
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