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Abstract. We investigate global solvability, in the framework of smooth
functions and Schwartz distributions, of certain sums of squares of vector fields
defined on a product of compact Riemannian manifolds 7" x G, where G is further
assumed to be a Lie group. As in a recent article due to the authors, our analysis
is carried out in terms of a system of left-invariant vector fields on G naturally
associated with the operator under study, a simpler object which nevertheless
conveys enough information about the original operator so as to fully encode its
solvability. As a welcome side effect of the tools developed for our main purpose,
we easily prove a general result on propagation of regularity for such operators.

1 Introduction

In this work we present some results concerning the global solvability of linear
differential operators on compact manifolds. Inspired by previous investigations of
similar questions on tori [15], our main result here characterizes global solvability
for a class of sums of squares of vector fields in a product manifold 7" x G, where T
will be assumed a Riemannian manifold and G a Lie group, both compact, con-
nected and oriented. More precisely, we consider operators of the following sort:

N m 2
(1.1) P=Ar—>)_ (Zafj(z)xﬁwf)

=1 N j=1
where A7 is the Laplace—Beltrami operator associated with the underlying metric
on T (acting on functions); a,; are smooth, real-valued functions on T'; W, are skew-
symmetric real vector fields in 7; and X, ..., X,, € g is a basis of left-invariant
vector fields in G (as usual g denotes the Lie algebra of G, and corresponds to the
space of real vector fields with constant coefficients when G is the m-dimensional
torus T7).
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The present article is thus a natural continuation of [2], in which the authors
classified the global hypoellipticity of P in T x G in terms of the global hypoellip-
ticity of a system of left-invariant vector fields £ in G. Namely, an L € g belongs
to £ if and only if there are £ € {1, ..., N} and ¢t € T such that

m
L=)"a;0X;.
j=1
Here, the connection between global properties of the operator with variable co-
efficients P on T x G with those of the system of vector fields with “constant
coefficients” £ on G—a somewhat simpler object—is further explored. Our The-
orem 5.1 relates their global solvability properties, and generalizes previous re-
sults [15, Theorem 1.1] in which the global solvability of

n m 2
pP=- Z &, — (Zaj(f)ax_f)
k=1 =1

is fully characterized on T} x T7' by means of Diophantine conditions. The
relationship between Petronilho’s conditions and ours is made explicit in Section 6,
where we specialize our discussion to the commutative case.

It should be pointed out that in order to attain all the equivalences in Theorem 5.1
we require £ to satisfy an extra, technical condition (5.1), which already appeared
in [2]: roughly speaking, it says that the linear span of £ can be decomposed
into some commutative “blocks” in a precise manner. While such a property
automatically holds on a torus, it is still flexible enough in the non-commutative
setting so as to allow us to exhibit a myriad of positive examples. The necessity of
this assumption, either here or in [2], is still an open problem though.

Although Definition 3.1 brings in three different notions of global solvability,
Theorem 5.1 ensures that they are all equivalent for our P. We go further and give
one more: a weakened version of global hypoellipticity (“modulo ker P”’) which
we call, in a non-standard fashion, almost global hypoellipticity—(AGH) for
short; see Definition 3.4. The idea of quotienting out the kernel of P is very natural
and not entirely new, and seems to date back in some form or another at least to the
works of Hormander on operators of simple real characteristics. We then take the
opportunity to develop this notion and its relations to global solvability in a much
broader context.

It is proverbial that global hypoellipticity of a LPDO Q on a compact mani-
fold M implies global solvability of its transpose 'Q (see [18] for the classical local
analogue). But there are examples in the literature that show classes of operators
whose global hypoellipticity imply their own global solvability, e.g., for certain
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vector fields on a torus [10, Corollary 3.1] [16, Theorem 3.1], and when there
exists a suitable elliptic operator that commutes with Q [6, Theorem 13], to name
a few. Here, by using the notion of almost global hypoellipticity, we prove in The-
orem 3.5 that in particular this fact holds true in general, i.e., that every globally
hypoelliptic operator in M is globally solvable (meaning here that it has closed
range in ¥°°(M)). Actually, the operator Q does not even need to be a differen-
tial one, as only mild continuity properties are required in that proof. Of course
the converse is false in general since there are globally solvable operators whose
kernel in 2’(M) is infinite dimensional (which cannot happen if the said kernel is
contained in a fixed Sobolev space), for instance P = D, + D, in T>—precisely the
phenomenon that almost global hypoellipticity aims to accommodate. Therefore,
this result shows another big difference when dealing with global notions instead
of local ones, since the Kannai operator [11] is locally hypoelliptic operator yet
not locally solvable.

While the general converse to Theorem 3.5 is false (Example 3.6), in Corol-
lary 3.7 we devise a partial one assuming an extra hypothesis about density in the
kernel of the transpose operator. Since our operator P (1.1) satisfies this additional
hypothesis, we were able to prove that its global solvability is in fact equivalent
to its almost global hypoellipticity. Another fascinating aspect of this notion in
connection with our main line of investigation is that although a non-Abelian
compact Lie group cannot carry real left-invariant vector fields which are globally
hypoelliptic [5] (in sharp contrast with the situation one finds in the torus [4]), one
does not have to dig too deep into the non-commutative realm to find left-invariant
vector fields that are (AGH) (Example 3.13).

As a second application of the theoretical framework developed here and in [2],
we easily prove a result (Theorem 7.1) on propagation of regularity for (1.1) in the
same vein as [8, Theorem 1], but much more general—it does not even require the
technical assumption (5.1).

This work is divided as follows. In Section 2 we introduce the machinery and
notation that will be used throughout the paper, eventually referring the reader to [2]
for more details. Our abstract results are proved in Section 3, and in Section 3.1 we
discuss some results about almost global hypoellipticity of systems of vector fields,
with particular emphasis on left-invariant vector fields on Lie groups. Sections 4
and 5 are then devoted to address the characterization of the global solvability of P,
and a wide class of examples is obtained through the results presented in Section 6,
where we translate the previous ones into Diophantine conditions on the torus. We
end this paper with a result about propagation of regularity in Section 7.
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2 Preliminaries

Let M be a compact, connected, oriented smooth manifold, for simplicity carrying
a Riemannian metric: its underlying volume form dV,, allows us to regard 2’'(M),
the space of Schwartz distributions on M, as the topological dual of €°°(M). We
denote by A, the Laplace—Beltrami operator associated with our metric, by (A )
its spectrum and by EY the eigenspace associated with 2 € o(Ay). We then define
the Fourier projection map F : /(M) — EY as follows: given f € 2'(M) take
FM(f) as the unique element in EY satisfying

(FHE), &) ey = #), Vo € EY.

One can then characterize smooth functions and distributions in terms of the decay
of their projections:

Proposition 2.1. For a sequence a = (a(1)))es(n,) Where a(l) € Eﬁ” for all
A € o(Ay) the following characterizations hold:
(1) a = FM(f) for some f € €°(M) if and only if for every s > O there exists
C > 0 such that
lallzen < CA+A)7, VA eo(Am).
(2) a = FM(f) for some f € D' (M) if and only if there exist C, s > 0 such that
la()llzan < CA+ 1), VA € o(Ay).

For more details see, e.g., [1]. We also recall how the standard topologies
on ¢>°(M) and 2'(M) may be given in terms of a suitable scale of Sobolev spaces

AM) = {f € X(M) ; I+ Ay)'f € LX(M)),  k € L.
Each #*(M) carries a natural Banach space topology with norm

2.1 Wl sexpny = I + AM)kf”LZ(M):

which turns the inclusion #7%*!(M) — #*(M) into a compact map: the topology
of ¥°°(M) is then precisely the locally convex projective limit topology induced by
the family {Z*(M )}kez,, and by further defining ¢ k(M) as the dual of #*(M)
for every k € Z, one can prove that the strong dual topology on 2'(M) = €*°(M)’
coincides with the injective limit topology induced by {.#~*(M)}icz,—and this
will always be the topology we shall endow 2’(M) with. In particular, €°°(M)
and 2’'(M) are a FS and a DFS space, respectively, each one the strong dual of the
other [13].
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2.1 Partial Fourier expansions. Following [2, Section 2], given 7, G
two compact, connected and oriented Riemannian manifolds, whose dimensions
will be denoted by n = dim7 and m = dim G, one may appeal to the product
structure of M = T x G (always endowed with the product metric) to give a
finer description of the constructions above. The proposition below summarizes
the main properties we will be implicitly using. On time, if f is a function or
distribution on G we will also regard it as an object defined on M which does
not depend on the first variable (and analogously for distributions on 7') without
further notice; when clarity demands we will explicitly write it as 17 ® f where 17
stands for the constant function on 7. Along the same lines a differential operator P
defined on either factor will be understood as an operator on M, lifted in the obvious
fashion.

Proposition 2.2.
(1) Ay = Ar+ Ag as differential operators on T x G.
(2) Foreach u € o(Ar)and A € o(Ag) let
o {yl;1<i< d;} be a basis for E/Tl, orthonormal w.r.t. the L*(T) inner
product, and
° {gbg“ 1l <j< df} be a basis for Ef, orthonormal w.r.t. the L2(G) inner
product.

Then the set
S={yl'®¢/; 1<i<d, 1<j<df, ueco(Ar), 1 €o(Ag)

is a Hilbert basis for L*(T x G).
(3) Everya € o(Ay)is ofthe forma = u+Aforsome u € o(Ar)and A € o(Ag).
(4) If for each o € R, we define the set

P(a) = {(1, 1) € 6(A7) x 0(Ag) s w+4=a)

(which is finite), then the eigenspace of Ay associated with o € a(Ayy) is

precisely
M _ T G
E; = @ E, ®E;
(u,)eP(a)

and an orthonormal basis for this space w.r.t. the L>(T x G) inner product is
Wleg¢l s 1<i<dl, 1<j<df, (u,))ePa).

Still following [2], we can consider “partial” Fourier expansions in 7 x G.
If f € 2/(T x G) and A € 6(Ag) then F(f) € P (TES) = 2/(T) ® ES is char-
acterized by the following property: given any orthonormal basis {¢7, ..., qﬁjlc}

A
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of E§ we can write
g

FIP =D Fii @],

i=1

where F¢(f); € 2'(T) is defined by

TS w) =y @¢H), Yye ().
The “total” Fourier projection of f can then be recovered from the partial ones as

(2.2) FhH =Y FLFIE)., aea(An),

u+i=a

thanks to Proposition 2.2—actually, any f € 2'(T x G) can be written in terms of
the orthonormal basis 8 as

dr df

(2.3) = > ¥ ZZQ‘ ‘@l © ¢

aco(Ay) u+i=a j=1 i=1

with convergence in 2'(T x G) (resp. in €°°(T x G), provided f is smooth).
Appealing to Weyl’s asymptotic estimates [3, p. 155] and Proposition 2.2 one then
translates Proposition 2.1 as follows:

Corollary 2.3. A formal series

dl d¢
Yo X XD ed fite

aca(Ay) pri=a j=1 i=1

represents, in the sense of (2.3):
(1) anf € (T x G) if and only if for every s > O there exists C > 0 such that

A4 < CU+p+ )70 Vijp, s
2) anf € 2(T x G) if and only if there exist C, s > 0 such that
A < CA+u+AY,  Viju, i
In both cases, the series (2.3) converges in the appropriate topology.

The digression above leads one to consider families of “mixed Sobolev norms”
on T x G, namely

Wl seirrxey = 1L+ ArY(1+ A Fll2arxo
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where j, k € Z,, which behave better with respect to the partial Fourier projections
while being equivalent, as far as the topology of ¥°°(T x G) is concerned, to those
determined by A, (2.1). To see that, recall that for every j, k € Z, we have for f a
smooth function

1A+ A forxey = Y A+ IFY Ol s
an‘(AM)
and
Q) NA+AYA+A) Flizax = D D A+ A+ ITLFI D)
aeo(Ay) u+i=o

where i € o(Ar), 4 € 6(Ag). Using the positivity of the eigenvalues and that the
terms in the finite sum (2.2) are orthogonal in L*(T x G) we conclude that

2.5) Wllswerarsey < Wllwkaxa Wllwicaxe < Wfllevaxe, Vik € Zs.

The next result characterizes those distributions on 7 x G which do not depend
on one of the factors.

Lemma 2.4. Let f € 2'(T x G). Then f does not depend on T if and only
if Arf =0.

Proof. One direction is clear: if f = 17 ® g for some g € 2'(G), then
Arf = (Arlr) ® g = 0. For the converse, suppose that Arf = 0 and write f as
in (2.3): we have the equality

T
dl o

0=Azf= > DS 3D ulfvi @)yl

aco(Ay) u+i=a j=1 i=1

and the uniqueness of the expansion in Fourier series yields

{f, W]H ®@H =0, Vu#0, 1ea(Ag)
thus implying that the remaining terms in (2.3) are precisely

d¢

f=> 2@ lr ®¢1)1r @ ¢

rea(Ag) i=1
It follows immediately from Corollary 2.3 that

a7

g= > D (L lr®¢h)dl € 7'(G)

rea(Ag) i=1

and clearly f equals 17 ® g. ([
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2.2 Spectral clusters. By a spectral cluster on M we mean a
family A = (A))1esa,,) such that A; is a linear subspace ofEf{” foreach A € o(Ay).
Each spectral cluster A determines an orthogonal cluster A1 = (Aj) Jea(An)
w.r.t. the L*(M) inner product on EY. We define %/(M) as the space of
all f € 2/(M) such that ?ﬁl(f) e A, for every 4 € o(Ay) and we also define
CP(M)=C°(M)N D, (M).

When M is a product T x G and A is a spectral cluster on G we use the direct
sum decomposition EY = A; & A; for each 4 € 6(Ag) to obtain

C(T;EY) = €(T) @ ES = (6°(T) @ A;) ® (€°°(T) @ AF)
= G°(T;A;) ®C™(T; AF)

in which the summands are orthogonal in L?>(T x G) thanks to Fubini’s Theorem.
We then define

CX(T x G)={f € €°(T x G); FI(f) € €°(T; A;), VA € 6(Ag))
which is a closed subspace of °°(T x G). By the same token
P(T5ED) = (2'(T) @ A) @ (7' (1) ® A}) = 7(T5.4,) @ 7'(T5 A7)
hence giving way to the definition
I x G)={f € (T x G); F¢(f) € Z'(T;A;), VI € 6(Ag))

which is closed in 2'(T x G). In fact, if for each A € o(Ag) we fix {X{‘, e, Xé} an

orthonormal basis for A; and {(pé

TR (pjg} an orthonormal basis for A} (where

c; =dimA,), then for any f € 2'(T x G) we may write

d¢

FEO =D _FEEi@xt+ > T @9l

i=1 i=c;+1

sof € 2(T x G) if and only if F¢(f); = 0 for every i € {c;, +1,...,d¢}. By
using the natural projection

Tas: P (TEY) —> 7'(T3A;)
we can define the Fourier projection on A, by
FN =7y, 098 (T x G) — D'(T;A))

which is clearly written, in terms of the adapted orthonormal bases above, as

(2.6) TN =T @ xt, fe DT xG.

i=1
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Proposition 2.5. [fA=(A,)iex(a,) is a spectral cluster on G andfe 2'(T x G),
then

i
2.7) A= Y D DD vl xhvl ®xt

aco(Ay) pt+i=a j=1 i=1
belongs to 9'(T x G) and satisfies

F@a) =F5"(), Vi€ a(Ag).

In particular, 7 4(f) € 2'4(T x G). Moreover, if f € €°(T x G), then we have
Ta(f) € €T x G).

Proof. It follows essentially by comparing terms in the formal Fourier se-
ries (2.7) and (2.3), the latter suitably adapted to A, AL, while taking into ac-
count (2.6): one sees at once that (2.7) is exactly the full “total” Fourier series of f
with many terms removed, hence questions of convergence are easily decided by
means of Corollary 2.3. O

Therefore, we have a well-defined linear map 74 : 2'(T x G) — 2,(T x G)
and it easily follows that

f=aa(N+mq.(f), VfePD'TxGqG)

since F9(f) = FOA () +F(f) for every A € o(Ag). Notice that f € 2, (T x G)
if and only if 7 4(f) = f, or, equivalently, 7 4. (f) = 0.

2.3 Invariant clusterson 7 x G. In this brief section we discuss a notion
of a spectral cluster A = (A;) es(a,) On G being invariant under the action of a
LPDO P on M =T x G, and how such a property can be used to study issues of
regularity of P.

We say that A is invariant under P if P(2,(T x G)) C 2,(T x G) and
P(@;H(T X G)) C 2/,.(T x G). This is equivalent to saying that Por 4 = w4 o P
and Pom g1 = myL o P as one easily checks. We introduce the following refined
notion of regularity of P; standard global hypoellipticity of P in T x G—(GH) for
short—corresponds to the full cluster (Ef) Jeo(A) 1N the definition below.

Definition 2.6. We say that P is (GH) 4 if
Vue 23T xG), Puect®(T xG) = uecE (T xG).

The following easy result, which will not be used elsewhere, illustrates the
relationship between these two concepts.

Proposition 2.7. Suppose that A is invariant under P. Then P is (GH) in
T x G if and only if P is both (GH) 4 and (GH) 4..



94 G. ARAUJO, I. A. FERRA AND L. F. RAGOGNETTE

3 Global solvability: general results

We start this section by discussing a few notions of global solvability of operators
in a general setting: given a compact, connected, oriented Riemannian manifold M,
let us consider P : 2'(M) — 2'(M) a continuous linear operator that maps (M)
into itself; consequently, P : €°°(M) — ¢ °°(M) is also continuous by the Closed
Graph Theorem. Its transpose 'P enjoys the same property by reflexivity.

Let us introduce the notions of solvability that will be considered in this work.

Definition 3.1. We say that P is:
(1) globally solvable in ¢ if for every f € ¢°°(M) satisfying

3.1 (v,f) = 0 for every v € 2'(M) such that 'Pv =0

there exists u € ¥°°(M) such that Pu = f;
(2) globally solvable in 2’ if for every f € 2'(M) satisfying

(3.2) (f, v) =0 for every v € €*°(M) such that Po =0

there exists u € 2'(M) such that Pu = f;
(3) weakly globally solvable if for every f € ¥°°(M) satisfying (3.2) there
exists u € 9'(M) such that Pu = f.

It is easy to check the necessity of the compatibility conditions (3.1) and (3.2)
for the existence of solutions. These definitions are not standard as in many works
“global solvability” refers to what we call weak global solvability here. The reason
behind this terminology is that the latter condition holds automatically if (2) is true,
yet its relationship with (1) is more delicate since for a smooth f the compatibility
conditions (3.1) certainly imply (3.2) but the converse is not true in general. We
explore this in Proposition 3.7 under additional assumptions.

It is common knowledge in this business that when dealing with weak global
solvability one may expect to find a necessary a priori inequality for it, whose
formulation requires us to consider the space

(3.3) E= {f € ECO(M) ; /ﬁ) dVy =0, Yo € €°(M), 'Po = 0}
M

of all f € €°°(M) satisfying the compatibility condition (3.2). Its proof is an
adaptation of [9, Lemma 6.1.2] and will be omitted.

Lemma 3.2. [f P is weakly globally solvable then there are ky, k, € 7, and
C > 0 such that

(3.4) ‘ /M fe dVyg

foreveryf € Eand g € €°(M).

< Cllf L sers any tPg”,}sz(M)
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We now recall an application of the Homomorphism Theorem for Fréchet—
Montel spaces. If we define

Al =P :6°M) — €M), Ar,=P:9'(M)— I'(M)
then
f € €°(M) satisfies (3.1) &= f € ker(‘A)°,
f € 9'(M) satisfies (3.2) &= f € ker(‘A,)°,
hence

P is globally solvable in > <= ran(A;) = ker('A;)° &= A, has closed range,

P is globally solvable in 2’ <= ran(A,) = ker(‘A,)° <= A, has closed range.

Our next proposition is then an immediate consequence of [14, p. 18], keeping in
mind that ¥°°(M) is a Montel space.

Proposition 3.3. The following properties are equivalent:
(1) P:6°(M) > €°(M) has closed range.
2) 'P: 2’ (M) — 2'(M) has closed range.
(3) Pis globally solvable in €.
(4) 'P is globally solvable in 7'
In particular, global solvability in € and in 9’ are equivalent if P = 'P.

Next we deduce a general sufficient condition for closedness of the range of
P : (M) — ¢°°(M) inspired by the notion of global hypoellipticity.

Definition 3.4. We say that P is:
(1) globally hypoelliptic in M—(GH) for short—if

Yue 2'(M), Pue €M)= u € €°(M);
(2) almost globally hypoelliptic in M—(AGH) for short—if
(3.5) Yue M), Puec €M)= Jv € €°°(M) such that Pv = Pu.
It is clear that
Pis (GH)in M &= Pis (AGH) in M and ker{P : ' (M) —> 2'(M)} C €*°(M)

thus justifying the nomenclature. The reader should not get too excited about this
analogy, however, as in extreme cases an operator may well be (AGH) for trivial
reasons while failing to be globally hypoelliptic by far (take the zero operator, for
instance). Yet, the former property alone is enough to ensure global solvability.



96 G. ARAUJO, I. A. FERRA AND L. F. RAGOGNETTE

Theorem 3.5. If P is (AGH) in M then P : €°(M) — €°°(M) has closed
range. In particular, if P is (GH) in M then it is globally solvable in €*°.

Proof. We denote
K =ker{P : €M) — €M)}, K= ker{P: 2’ (M) — 2'(M)}

which are closed subspaces of their respective ambient spaces by continuity. In
particular, K, = K* N L?>(M) is closed in L>(M) and therefore we may write
L*(M) = K> ® K> where K5 denotes the L*-orthogonal space to K». Since K
is closed in ¥°°(M) we have that ¥*°(M)/K is a Fréchet space: its topology is
given by the seminorms { g;};cz, defined by

gi([ul) = inf{ vl iy s © € €M), u—v €K}, ueC M), j€ L.
The map
(3.6) [u] € €°(M)/K —> Pu € €°(M)

is then well-defined, continuous and injective, and we have a continuous injection
€>°(M)/K — K5 given by [u] — n(u) where = : L>(M) — Kj denotes the
orthogonal projection. Indeed, given u, v € ¢°°(M) we have that

[ul=v]e=u—veKCc K, = n(u—0v)=0 7(u) = z(v).

In particular, z(u) = 0 implies [u#] = [0], hence the injectivity. As for continuity,
notice that for every v € ¥°°(M) such that u — v € K we have that
||7T(14)||L2(M) = ||7T(U)||L2(M) < ||U||L2(M) = ”U”ji”U(M)

so taking the infimum on the right-hand side yields ||z ()|l ;2 < go([u]) for every
u e EcxM).
Now consider the continuous linear map between Fréchet spaces
Yy i EM)/K —> K5 x €°(M)
[u] —>  (7(u), Pu)
which s clearly injective. We claim that its range (which is simply the graph of (3.6),

regarded as a subset of Kj X €°°(M)) is closed. Indeed, let {u, }yen C €°(M) and
(u,f) € K5 x €°°(M) be such that

() — win L>*(M) and  Pu, — f in €>°(M).

Since u, —7(u,) € K, we have that Pu,, = P(z(u,)) = Puin 2'(M); yet, Pu, — fin
2'(M)hence Pu=f € €°(M). By (3.5) there exists v € ¥°°(M) such that Pv = Pu,
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and thus v — u € K, as both u and v belong to L>(M). Since v = (v — u) +u we have
by uniqueness in the direct sum decomposition that z(v) = u, that is, u is precisely
the image of [v] under the injection €¥*°(M)/K — Kzl: in that sense, (u, f) belongs
to Y =ran(y).

Therefore Y is itself a Fréchet space, and the inverse y~' : ¥ — ¥°(M)/K
is continuous by the Open Mapping Theorem. The latter property can then be
quantified as follows: for each j € Z, there exist C > 0 and k € Z, such that

(3.7) qi([u]) < CUIZ@)l 2y + 1Pull spxary),  Yu € € (M).
We claim that there exists a constant C’ > 0 such that
(3.8) qi([u]) < C'||Pull serry,  Yu € €°(M).

There is no loss of generality in assuming that j > 1 since go([u]) < gqi([u]) for
every u € €°>°(M). So if there were no such constant C’, then for each v € N there
would be u, € ¥°°(M) such that

qi([u,]) > v|[Puy | sexary
and we may assume that g;([u,]) = 1. It follows that
Pu, —» 0

in s#%(M), and also that for each v € N there exists v, € €°°(M) such that u,, — v, € K
and ||, |l seiary < 2 (by definition of g;). Thus the sequence {v,},en is bounded
in .#/(M), and since the inclusion map .#%(M) — L*(M) is compact we conclude
that this sequence has a subsequence {v,},ey Which converges there, say, to
some v € L>(M). In particular, Pu,, = Pv, — Pv in 2'(M); but also Pu, — 0
in 2'(M), hence v € K;. By continuity of # we have that z(v,) — z(v) = 0
in L2 (M), i.e., |z () |l 201y — O, and since u, — v, € K we have that z(u,) = 7(v,)
s0 || (uy )|l 2y — O too. Plugging everything back into (3.7) yields

1 < CUlm) 2y + |Puv | serany) — 0 as v’ — oo

leading to a contradiction. Since the range of P : ¥°°(M) — ¥¢°°(M) is exactly the
range of (3.6), whose closedness in €°°(M) follows clearly from (3.8), our proof
is complete. ([

The converse of Theorem 3.5 is false in general, as the next simple example
shows. Yet, we have a useful partial converse, assuming an additional hypothesis
on ‘P—which will be satisfied by our classes of operators in the next sections —
that we prove in the sequence.
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Example 3.6. On M = S' consider the smooth function defined by
a(x) =1 — e~

which we regard as a zero order differential operator P. Since a has a single zero,
which is of order 1, it is easily seen that the only distributions in ker'P = ker P are
multiples of the Dirac mass concentrated at x = 0, hence a smooth f satisfies (3.1)
if and only if £(0) = 0; on the other hand, (3.2) imposes no constraints.

For f € €°°(S') vanishing at x = 0 by elementary calculus we may find a
smooth u such that au = f, i.e., P is globally solvable in ¥°°. Nevertheless, no
smooth v can satisfy av = 1 (as the left-hand side will always vanish at 0) but
it is classical that one can find a distribution v with such a property, hence P is
not (AGH) in S!. Similar arguments ensure that the vector field X = a(x)D; on S'
is globally solvable in ¥*°, but not (AGH) there.

Proposition 3.7. If the kernel of 'P : €°(M) — €*°(M) is dense in the
kernel of 'P : 9'(M) — 2’ (M), then for f € €>*°(M) condition (3.2) implies
condition (3.1). If, moreover, P : €*°(M) — €*°(M) has closed range then P
is (AGH) in M and weakly globally solvable.

Proof. Take f € ¢°°(M) satisfying (3.2). By hypothesis, any v € 2'(M)
annihilated by 'P may be approximated in 2'(M) by a net {v,}4ea in

ker{'P : €° (M) — €M)},

and we thus have
(v, f) = lim(v,, f) = lim{f, v,) =0
hence (3.1) holds.
Moreover, let u € 2'(M) be such that f = Pu € €°°(M). Then f satisfies (3.2),
hence also (3.1) by the previous arguments. If we further assume that

ran{P : €°(M) — € (M)}

is closed then f belongs there, so there exists v € €°°(M) such that Pv = f, and
therefore P is (AGH) in M. The conclusion that P is also weakly globally solvable
under such assumptions follows from a similar argument. (]

We can then restate our main conclusion as follows.

Corollary 3.8. Ifthe kernel of ‘P : €°(M) — €*(M) is dense in the kernel
of 'P: 9'(M) — 2'(M) then the following are equivalent:
(1) Pis globally solvable in €°°(M).
(2) ‘P is globally solvable in 9'(M).
(3) Pis (AGH) in M.
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3.1 Almost globally hypoelliptic systems of vector fields. Given a
family £ of smooth, real vector fields on M we define

kerC={ue 2’(M); Lu=0, VL € L}.

Definition 3.9. We say that £ is almost globally hypoelliptic in M—
(AGH) for short—if for every u € 2'(M) we have

Lue M), VL e L= dv € (M) such that u — v € ker L.

Lemma 3.10. The following are equivalent:
(1) £is (AGH) in M.
(2) spang £ is (AGH) in M.
(3) Lie L, the Lie algebra generated by L, is (AGH) in M.

Proof. Given £ C L’ two families of vector fields on M such that
ker L = ker L/,

it is immediate to check that if £ is (AGH) in M then so is £’. Now, since
L C spanp £ C Lie £ we have that ker Lie £ C kerspang £ C ker £, but the latter
inclusions are equalities since

Lie £ = spang | J{[X1, [+~ [Xo-1, X1+ 1]: X; € £, 1 <j < v)
veN

hence a distribution annihilated by every vector in £ is clearly annihilated by those
in Lie £. We conclude that (1) = (2) = (3).

Ifu € 2'(M)is such that Lu € €°°(M) forevery L € £, then also L'u € €°°(M)
forevery L € Lie £, again due to the characterization of Lie £ above; assuming (3)
we conclude that there exists v € ¥°°(M) such that u — v € kerLie £ = ker L,
so (1) holds too. ]

Now we turn our attention to the case when M is a compact Lie group G,
which we will always endow with a Riemannian metric that is ad-invariant, i.e.,
it is left-invariant and the inner product induced on the Lie algebra g turns the
linear endomorphism Y € g — [X, Y] € g into a skew-symmetric map for every
X e g: the main advantage of this assumption is to make every element of g into
a skew-symmetric operator w.r.t. the L>(G) inner product; and these vector fields,
moreover, commute with the associated Laplace—Beltrami operator As. Metrics
with this property always exist [12, Proposition 4.24].



100 G. ARAUJO, I. A. FERRA AND L. F. RAGOGNETTE

Given £ = {Ly, ..., L,} a finite family of left-invariant vector fields on G, we
proceed to show a few equivalent characterizations for its almost global hypoellip-
ticity in G. First, it is clear that if we define the vector-valued differential operator
Dy : €°(G) = €*°(G)" by

Dﬂi(Lla---aLr)

then £ is (AGH) in G if and only if the same property holds for Dz (with the obvious
meaning). By results in [1] the latter is equivalent to D : €°(G) —» €*°(G)"
having closed range, which is further characterized by the existence of constants
C, p > 0 such that

1

r 2
> ||L,¢||gz(G)) > C(L+ D)l

J=1

(3.9) (
V¢ € ES N (ker L)1, V1 € 6(Ag).

Now to £ we may also associate a sublaplacian

Ap = —zr:sz
=1

which is a second-order scalar LPDO on G, and also left-invariant: by the very
same results in [1], Az is (AGH) in G if and only if Az : €°(G) —» €*°(G) has
closed range, also equivalent to the inequality

IA £l = CAL+ D) Nl Vo€ EF N(ker Ag)t, VA € a(Ag)

for some constants C, p > 0. Notice however that while it is certainly true that
ker L C ker A ; we also have

r

(Agu,u)2G = — Z(szu, U)r2G) = Z ||Lju||12‘2(G), u € €°(G),
=1 =1

ensuring that ker £ N ¢*°(G) = ker A ; N ¥*°(G) and leading to the validity of the
reverse inclusion by a density argument.

Also, itis certain thatif Lju € ¢°°(G) foreveryje {1, ..., r}then A ;ue € (G),
hence by the previous observation regarding the kernels we have that

A is (AGH) in G = £ is (AGH) in G.
Conversely, if £ is (AGH) in G then there exist C, p > 0 such that, for every
A € 0(Ag) and every ¢ € E;G N (ker £)* = E;G N (ker A 2)*,

Bl 1 Acdllizg = (Ach, B = Y ILidl g = CC(+ ) [Ill7 )
j=1



SUMS OF SQUARES 101

hence

1A clliz = CCA+ D™ 1llz0),
that is, A is (AGH) in G: these considerations are summarized in the next
statement.

Proposition 3.11. For £L = {L4,...,L,} C g the following properties are
equivalent:
(1) £ is (AGH) in G.
(2) Dg : €°(G) > E€>°(G)" has closed range.
(3) Dy is (AGH) in G.
4) Ag : €°(G) = €°°(G) has closed range.
(5) Az is (AGH) in G.

For an arbitrary £ C g, if Lo = {Ly,...,L,} and £; = {L/,..., L.} are two
bases of spany £ C g it follows from Lemma 3.10 that £y is (AGH) in G if and
only if the same property holds for £;. Now, by Proposition 3.11, £; is (AGH)
in G if and only if the associated operator D, : €°(G) = €¢°°(G)" has closed
range. This remark motivates the following:

Definition 3.12. Let £ be an arbitrary system of left-invariant vector fields
in G. We say that £ is globally solvable in ¢ if there exists a basis
Lo ={Ly,...,L,} of spany £ such that the associated operator

D¢, : €°(G) — €°(G)"
has closed range.

While it is well known that tori may carry real, left-invariant vector fields
which are globally hypoelliptic [4], the circumstances are not so favorable for
non-Abelian compact Lie groups G [5]; actually, no commutative subalgebra of
g enjoys that property [2, Corollary 8.9]. As for almost global hypoellipticity,
the situation is radically different as the next simple example shows; the reader is
referred to, e.g., [17, Chapter 11] for omitted details and computations.

Example 3.13 (An (AGH) vector field on SU(2)). On the special unitary
group G = SU(2), the real left-invariant vector field X corresponding to the matrix

; <(l) Bz) € su(2)

(hence X = —idy, where ¢ is the so-called neutral operator of SU(2)) enjoys
the following property. For each 1 € o(Ag) there exists an orthonormal basis
of E,G (w.r.t. a suitable ad-invariant metric)

A A ) A
X]""’XC;L’CDC;L+1""’¢dAG
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(with ¢; > 1 for 1 # 0) formed by eigenvectors of X [17, Proposition 11.9.2]:

Xpi =0, jell,....cl,
Xol =yief, jelci+1,....d7},

with nyl > 1/2foreveryj e {c,+1,...,d¢}. Inparticular, for ¢ € E¢ N (ker X)*
we have
dg
X¢ = Z <¢, ¢f>L2(G)V}¢f
j=C,’L+1
ds 1
= I1X¢lliey = D b 0))2oP1nj 1P 2 1l
j=C/1+1

from which it follows that an inequality like (3.9) holds for X, which is then (AGH)
in G. Notice that X’f, R Xé € kerX and ¢, > 1 for every 4 € g(Ag), hence the
kernel of X is infinite dimensional: in particular, X is not (GH) in G.

4 Sums of squares of tube type

Let T, G be two compact manifolds as in Section 2.1. Here, however, we shall
assume that G is a Lie group (whose Lie algebra we still denote by g), and while
we impose no extra condition on the Riemannian metric on 7 the one on G will be
assumed ad-invariant. On time, we will assume by simplicity that both T and G
have total measure equal to 1.

As in [2] we will consider differential operators on M = T x G of the form

N m 2
4.1) P=Ar—>)_ <Zafj(r)xj + wf)
=1 j=1
where X;,...,X,, € g form a basis of left-invariant vector fields in G,

agg € €°(T;R) and W, are skew-symmetric real vector fields in 7. In order
to shorten the notation let a;, ..., ay : T — g be smooth applications defined by

m
a ) =Y at)X;, teT,
Jj=1
which we will denote by a,(z, X) when we want to stress their interpretation as
differential operators on T x G. We will denote by £ the system of vector fields
on G defined as follows:

N
(4.2) L=|Jrana; C g
t=1
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where a left-invariant vector field L belongs to rana, if and only if there exists
t € T such that L = a,(¢). Foreach £ € {1, ..., N} we also set

4.3) L, =spangrana, C g.

Recall that by restriction to functions on 7 x G that do not depend on the second
variable, P induces an elliptic operator in T (see [2, Section 4])

N
(4.4) P=Ar—) W;

=1
and thanks to [2, Corollary 4.2] we know that if u € 2'(T x G) is such that
Pu € (T x G) the ellipticity of P implies that F(u) € €°°(T;EY) for every
A€ o(Ag).

The first step to characterize the global solvability of P is to describe ker 'P. In
our case, the operator P is self-adjoint therefore ker'P = ker P. For the next result
we also recall that since P commutes with A it also commutes with the partial
Fourier projections F¢ [2, Proposition 2.11]. Here and below ¢7, ..., ¢jzf will

denote any orthonormal basis of EY.

Proposition 4.1. For P as in (4.1), a distribution u € 2'(T x G) belongs to
ker P if and only if u does not depend on T and u € ker a,(¢t) for everyt € T and
te{l,...,N}.

Proof. It is immediate from its definition (4.1) that P annihilates any dis-
tribution that does not depend on 7 and belongs to kera,(¢) for every t € T
and ¢ € {1,...,N}. Conversely, if Pu = 0 we have that ?f(u) € € (T; Ef) for
every 1 € o(Ag), and it follows from [2, Lemma 3.1] that

<P??(u)9??(u)>L2(TxG)

4.5) N
= (ArFTW), FTW) 12irxay + O I FE@ | ar
=1

equals zero, where

4.6) Ye=a,t, X)+W,, (e{l,...,N}

Notice that all the terms in the right-hand side of (4.5) are non-negative, hence
equal to zero. If we write

ds
Fiw) => FTw); @¢;,  Fiwu) e ¢(T),

i=1
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then

d9

(4.7) (ArFEW), FTW) 12rxy = > 1drFF Wil Forr

i=1

is also zero. Since T is connected it follows that ?f(u)i is constant for every
ief{l,..., df} hence Aru =0, that is, u does not depend on T—see Lemma 2.4.
In particular, Wyu = 0 forevery € € {1, ..., N} so it easily follows from (4.5) that

N N
0= IYFZW e = D Naet, X)FF W Farwc)
(=1 =1

i.e., F¥(u) € EY is such that a,(NF¢(u) = 0 for every A € 6(Ag) and every t € T,
from where our conclusion follows. O

4.1 The cluster associated with P. Motivated by Proposition 4.1 we
start this section studying the set of distributions on G which are annihilated by
as(t) € g foreveryt € T, where £ € {1,...,N} is fixed: we may rewrite our
conclusion as

kerP={1rQv;ve 2(G), v ekera/(t)VteT, ¢ {l,...,N}}.

From here on we denote m’ = dim £, and fix L{, e, Lﬁif a basis of £, (4.3): it
allows us to write

(4.8) a() = ag (DL,
p=1
where a¢y, ..., ag,c are R-linearly independent elements of €°°(7; R). Making

use of the notation introduced in Section 3.1 we have

Lemma 4.2. Given { € {1, ..., N} we have the following equality of sets:

mt

ﬂ ker ay(¢) = ker(rana;) = ker Ly = ﬂ ker L;.
teT p=1

Proof. The first identity follows by definition; the second one, since every
vector field in Ly is a linear combination of elements in ran a, while containing the
latter; and the third one follows by similar arguments. O
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We will consider A = (A}),ex(a,) the spectral cluster on G given by

N
(4.9) A; = ESN (ﬂ ker(ran ag)), )€ a(Ag).
=1

The main reason to introduce it is that now we may rewrite the conclusions of

Proposition 4.1 and Lemma 4.2 as

ker{P: €°(T x G) — €°(T x G)} = {17 ®v ; v € €X(G)},
ker{P: 2'(T x G) — 2" (T x GO} ={1r®v ; v € Z,4(G)}.

It follows that our operator P satisfies the hypothesis of Proposition 3.7 and Corol-
lary 3.8:

Proposition 4.3. The kernel of P : €°°(T x G) —> €*°(T x G) is dense in the
kernel of P : 2'(T x G) > 2'(T x G).

Proof. Any u € 2'(T x G) such that Pu = 0 is of the form u = 17 ® v for
some v € 7 (G). The latter can be written as

0= Z F9w), I§w)e A,

Jea(Ag)

with convergence in 2'(G), hence

o= Y F)

reo(Ag)
A<v

defines a sequence {v,},eny C €7°(G) such that v, — v in 2'(G). Therefore
u,=1lr v, € €(T x G)

is annihilated by P and converges to u in 2'(T x G). (]

Whenever it helps in the computations below we shall employ orthonormal
bases adapted to A: for each 1 € o(Ag) we will denote by X{‘, e, Xé an or-
thonormal basis of A, and by q)é o goi}f an orthonormal basis of Aj. Then we
have the following:

Proposition 4.4. The cluster A defined above is invariant under the action
of P.
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Proof. Rewriting P using (4.8), one checks that its action on a tensor product
is given by the formula

mt

N
Py @¢p)=Py)@p— Z < Z (agpogpy) ® (L;/Lf;qﬁ)

(4.10) =t

m(’

+ 3 (QagWe + Weag)p) @ (L,‘;qs))

p=1

where P was defined in (4.4). Let us prove that 2',(T x G) is invariant by P: if
ue 2,(T x G) then

Few) => FFw);i® x}

i=1

where F%(u); € Z'(T) is uniquely determined. Using that y; € kerL{ for every
iefl,....,c;},pefl,...,m}and € € {1,..., N} thanks to Lemma 4.2, and
making use of (4.10) as well as the fact that P commutes with 3'"? [2, Proposi-
tion 2.11] we have

FF(Pu) = PF(u) =Y PFTw)i ® x1) =Y _(PIFSwiD) ® 1) € 7'(T; Ay).

i=1 i=1

Thus we have proved that P(Z2(T x G)) C 2(T x G) (see Remark 4.5 below).

In order to prove the invariance of 2/, (T x G) we take u there and, as before,
we have to prove that

FG(Pu) = PFS(u) € 2'(T; A7), Y4 € a(Ag).

To do so, recall that every X € g is skew-symmetric w.r.t. the L?>(G) inner product,
hence given ¢ € A} we have

(Lip. Oz = =0, Lo X)) =0, Yy e Ay,
ie., Lf;(p e A foreveryp e {1,...,m‘}and ¢ € {1, ..., N}. Therefore, writing
dg

Fwy= > Fiu);®0p}

i=c;+1



SUMS OF SQUARES 107

we obtain from (4.10) the following expression for Pff"?(u):

d9

PFCu)= > (PIFTw)]) ® ¢}

i=c;+1
N m’

af
-y (Z(aep/aep%‘?(u»)®(L,‘;/L,‘;co?>
i=c;+1 (=1 “p,p'=1
m[

+ 3 (Qan W + Wear,) F9w)) @ (Lf,qoﬁ))

p=1

which certainly belongs to 2'(T; A7) = 2/(T) ® A; thanks to our previous
argument. (|

Remark 4.5. Now we take advantage of the last proof to obtain an equality
that will be important for us afterwards:

(4.11) Pu=Pu, Vue 2,(T xG).

Indeed, for every A € (As) we have that

FIPuy =Y (PIFSw)]) ® xf = PFS(u) = FG(Pu).

i=1
S A characterization of the global solvability of P

Our main result concerns the differential operator P defined by (4.1)on 7 x G. In
order to proceed we shall make use of the following additional hypothesis:

foreach€ € {1, ..., N},

(5.1
as(t1) and a,(¢;) commute as vector fields in G, forany 1,1, € T.

Also, recall that by £ we denote the system of vector fields defined in (4.2). Here
is our statement.

Theorem 5.1. Let P be as in (4.1) and assume property (5.1). The following

are equivalent:

(1) Pis globally solvable in €°°;

(2) P is globally solvable in 9';

(3) P is weakly globally solvable;

@) Pis(AGH) in T x G;

(5) L is (AGH) in G;

(6) L is globally solvable in €*°.
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Note that Proposition 3.3 yields equivalence between (1) and (2), which in turn
imply (3). Thanks to Corollary 3.8 and Proposition 4.3, we have that (1) and (4)
are equivalent, while Proposition 3.11 shows the equivalence between (5) and (6):
the only implications left to prove are (3) = (5) and (5) = (4), to which we turn
our attention in the next couple of sections.

Necessity of £ to be (AGH) for weak global solvability of P. Recall
that A stands for the spectral cluster given by (4.9).

Proposition 5.2. If P is weakly globally solvable then L is (AGH) in G.

Proof. First notice that since
(L:pe{l,....,m}, te{l,...,N}}

generates spanyp £, Lemma 3.10 says that it is enough to check that the former
is (AGH). We then proceed to check almost global hypoellipticity of this system,
which is characterized—see (3.9) and Lemma 4.2—by the existence of constants
C, p > 0 such that

N 4

(5.2) <ZZ ||L,§¢||iz(c)> > CA+ )Pl Vo € Ar, 4 € o(Ag).

(=1 p=1

In order to do so we start with some preliminary computations. Let ¢ € EY for
some A € 0(Ag). Then

N
Pr®@¢)=—> Yilr @¢)
=1

where Y, is given by (4.6). Explicitly,

¢ ¢

Yilr®@¢) = > (agan) @ LILIG) +Y (Weag) LEg.

p.p'=1 p=1

Let us compute their mixed Sobolev norms: for j, k € Z,, since Ag commutes
with each LI‘; we have that

I+ ArYT + A Y1 ® $)

¢ ¢

=(1+ z)"{ > U+ ArY(agyap)] ® (LELIG) + > [U+ArY (Weag,)] @ Lf;qs}

p.p'=1 p=1
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from where one easily infers that

1YZ(17 ® )l wicrxa)

}’ﬂ[ m ¢

<(1+ i)k< > lagyaellem Ly LidliaG + Y ||weagp||M(T>||L,€¢||Lz<c))

p.p'=1 p=1
14 14

m m
k+ ) ¢
< Co(1+ )2 (Z latepauep | ir) + ||Wfagp||,,xm>) IL Al 126
p=1 ‘p=1

thanks to a simple application of [2, Lemma 6.6]: the constant C, > 0 depends
only on L, ..., L! . Therefore

N

I1Pr @ Dl seicrxcy < Z 1Y7(17 ® &)l wicrxc)
(5.3) =

1

< C(1 + 1)k*2 (Z Z IL, ¢||L2(G)>

=1 p=1

where C > 0 depends on j, the vector fields Y, and several dimensional constants,
but not on &, A or ¢.

By Lemma 3.2 there are j, k € Z, and C’ > 0 with the property that (recall
that P in (4.1) equals its own transpose)
5.4

f8dV| < C'fllrirxa) 1PEIl vt xc)

‘ TxG

forevery g € ¥°°(T x G) andevery f € E, see (3.3). Now if, foragiven 4 € a(Ag),
we take ¢ € A7, then for a smooth v € ker P we use Proposition 4.1 to obtain
x € A, such that F¢(v) = 17 ® y, and thus

(11 ® b, 0) 127x) = (11 ® ¢, ??(U»LZ(TXG) =(l7 ® ¢, 17 ® x)12rx6)
= (¢, X)12) = 0,

thatis, f = 17 ®¢; € E. Taking g = 17 ® ¢ in (5.4) together with (5.3) yields

||¢||%2(G) < Clllr @ Pl wirxe) |1P(Lr @ Pl sevrxa)
< C'117 @ @l swisrsy IP(11 & P vk (rx )

1

N mf 5
< C'(1+ Y || pll 2y C(1 + )2 (ZZ IIL£¢II%2(G>>

=1 p=1

(where we used (2.4)—(2.5) in the second inequality) which proves (5.2). ]
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Sufficiency of £ to be (AGH) for almost global hypoellipticity of P.
The proof of this part will be done in several steps. We first observe that almost
global hypoellipticity of £ yields an a priori inequality.

Theorem 5.3. [If L is (AGH), then there exist C, p > 0 such that

1Pwli2rxey = CA+D)Pllvlzaxe

for every w € €>°(T; A+) and every A € a(Ag).

Proof. Under our hypothesis (5.1), for each € € {1, ..., N} the set £, (4.3)
is an Abelian subalgebra of g, with basis L‘;, R Lf;l[. Given 1 € o(Ag), these
vector fields act as a family of commuting, skew-symmetric—hence normal—
linear endomorphisms of E¢; all of them are zero on A; (by definition) and
preserve A; (as we have seen in the proof of Proposition 4.4). We can then
simultaneously diagonalize them on Ef as follows: we select

A . .o
ol x&! an orthonormal basis of A, (where ¢; = dim A, could be even
zero) and
e ¢ . 1 .
® Plats s Py An orthonormal basis of Aj that are common eigenvectors
¢ ¢
toLy, ..., L ..

Their eigenvalues are purely imaginary, i.e.,

Al Al AL Al .
Lioht =vV=1ylolt, yihleR pell,....m'}, ie{c,+1,...,d7}

and also satisfy yi’; = O(v/2) [2, Lemma 6.6]. The proof then proceeds exactly as
in [2, Proposition 6.5], but focusing the estimates exclusively on A+, and making
use of estimate (5.2) in place of [2, eqn. (6.7)]. ]

Remark 5.4. Theorem 5.3 is the only place where property (5.1) is used in
our arguments.

For our next proposition we need to combine two estimates on the Fourier
projections of a distribution to conclude its smoothness. First we recall [2, Corol-
lary 2.10], whose statement we transcribe below.

Proposition 5.5. Iff € 2'(T x G) is such that
(1) for every s > O there exists C > 0 such that

1T 2rxey) < CL+A)75, Ve a(Ag)

holds and
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(2) for every s’ > O there exist C' > 0 and 8 € (0, 1) such that
IFLFS O Narxey < CA+u+0)7, V(u,2) € Ag,
where
55 Ae={(uw, M) ea(Ap) x a(Ag); (1+4) < (1+w)),
then f € €°(T x G).
Proposition 5.6. If £ is (AGH) in G then P is (GH) 4..

Proof. Let us consider u € 2, (T x G) such that Pu € €33 (T x G). Since
Pu € €>(T x G) and P is elliptic we have, thanks to [2, Corollary 4.2], that F§ (u) is
smooth—hence actually belongs to €°°(T; Af)—for every A € o(Ag). Moreover,
from [2, Corollary 4.4] we have that for every s > O there are C; > O and 8 € (0, 1)
such that

IFLFF W 2rwey < Co(l+p+ )7

for every (u, A1) € Ay. It follows from Theorem 5.3 applied to y = ?f(u) that
15 @l 2irxay < C7H L+ AP IFF Pl 2
Now [2, Corollary 2.9] ensures that for every s > 0 there exists C, > 0 such that
IFE Pl 26y < Cy(1+2)7"77
for every 4 € o(Ag) and therefore
1T 2rxe) < €A+

It follows from Proposition 5.5 that u is smooth. (]

Before we can finally conclude the proof of Theorem 5.1 let us recall an
application of a classical result on elliptic operators. Consider an elliptic LPDO Q
of order my > 1 on T. It is well known (see, e.g., [19, Theorem 6.29]) that given
k € Z, there exists C > 0 such that

(5.6) o1l seremory < CUIQV | serry + 0l sev(ry), Vo € AT,

We can obtain a more precise inequality in the L2-orthogonal of L*>(T) Nker Q—the
latter is a closed subspace of L?(T). The proof is standard.

Lemma 5.7. Given k € 7Z, there exists C > 0 such that

(5.7) 01l sty < CIQUI iy, Vo € (LX(T) Nker Q) N #7*4"™(T).



112 G. ARAUJO, I. A. FERRA AND L. F. RAGOGNETTE

Theorem 5.8. IfPis (GH) 4. then Pis (AGH) in T x G.

Proof. Consider u € 2'(T x G) such that f = Pu € €°°(T x G): by Proposi-
tion 4.4 we are allowed to write

Pﬂﬂ(u)=ﬂﬂv)€<gzo(TX G), PﬂAL(u)=7TAL(f)€<5;ﬁ(TX G)

so by assumption we have 7 4. (1) € €71 (T x G), thus reducing our problem to
finding v € ¥°°(T x G) such that Pv = Pz 4(u) = T 4(f).

Expanding the partial Fourier coefficients of u in terms of orthonormal bases
adapted to A, A+ as we did in Section 4.1 we have

¢ dg
5w =Y T @ xi+ Y. Ty ® g} = T )+ T (w),

i=1 i=c;+1
and recalling that P = P on 2, (T x G) (see (4.11)) we have that
> PFFw)) ® xf = PFI" ) = PFF ) = FPH() =D FI(Ei @ 17,
i=1 i=1

from which we obtain, by uniqueness of the coefficients, that

PFC () = F¢(f)i € €°(T), Vie{l,...,c;}.

Since P is elliptic it follows that ?f(u)i € ¢°(T) foreveryi e {1,...,c,}. Also,
ker P is closed in L*(T), thus inducing a decomposition into the orthogonal direct
sum

F9(u); = w} +v/, where w} € ker P and v/* € (ker P)*
where v;* is smooth and satisfies

=39, Viell,...,c;).

We claim that

ar ., .
Z Z ZZ bis l//] LZ(T)WJ ®Xz (: Z ZU,'}L ®X,)L)
=1

aco(Ay) u+i=a j=1 rea(Ag) i=1

converges in €°°(T x G), in which case we certainly have v € €;°(T x G) hence

FEPo)=PIF)=PY of @yt =) TP ® 1t =T (@a())

i=1 i=1
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for every 1 € o(Ag), and therefore Pv = 7 4(f)—thus concluding our proof. In
order to prove the claim, we will appeal to Corollary 2.3: thanks to Lemma 5.7,
for each k € Z, there exists C; > 0 such that

||Ui/1”32”k+2(T) < Ck”?}(?(f)injﬂ(ﬂa Vie{l,...,c1}, A €o(Ag)
where
d;
o ey = D A+ 3 10l v el
uea(Ar) J=1
and
d;
Gl = D, A+ TSP v o
uea(Ar) =1
d;
= Z (1+u)™* Z 1 v @ 1) x|
uea(Ar) J=1

and since f is smooth we have by Corollary 2.3 that there exists C} > 0 such that

1w @ xf ) iparxe] < G+ o+ )77, Vi j, e, 2

hence
IFEEiN5pn ey < (CPA+DTF D di(1+ )™ < (CHO* A+~
uea(Ar)

thanks to Weyl’s asymptotic formula. Therefore

/s i ea| < A+ )™ 20/ gy < CCLA+ )™ 21+ )7
< CClA+u+)7*

for every i, j, u, A, so by Corollary 2.3 we conclude that v € €>°(T x G). (]

6 Example: characterization of globally solvable oper-
ators on the torus

Notwithstanding the applicability of our results to general compact Lie groups, on
which one may hope to find many families of (AGH) vector fields satisfying the
hypotheses of Theorem 5.1 (even single ones, as we have seen in Example 3.13),
the special case G = T™ is of particular interest. While in this case hypothesis (5.1)
is clearly superfluous, historically this kind of problem is studied on tori: in the
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work [15], which inspired the questions we investigated in the present paper, the
author analyzes global solvability of the following differential operator defined

in T x T
n m 2
== - (L awa,)
k=1 =1

where ay, ..., a, € €°(T";R), and then characterizes that property in terms of
Diophantine conditions.
Let us consider the more general operator

N m 2
(6.1) P=Ar—>)_ <Z ag(t)oy, + wg)
t=1 > j=1

defined in 7 x T where T will remain a compact Riemannian manifold enjoying
our usual assumptions. We recall that ¢(Ap») = {n? ; n € Z,} and an orthonormal
basis for E5,' is given by the exponentials x € T" > ¢* e C for & € Z"
with |&)? = n?.

Below, for each £ € {1, ..., N} we will assume for simplicity that

mt =dimL, e {1,...,m—1}.

The extreme cases m’ = 0 and m! = m—which correspond, as we will see, to all
the coefficients asy, . . ., apy, being zero, or linearly independent, respectively—are
treated analogously provided one interprets the notation carefully. A basis for £,
is given by

a”+21 o pefl,....m'),

where the coefficients lf;p € R are obtained as follows: leta, ..., a, ¢ be abasis

of spang{as, ..., ary} and write, for the remaining indices

£ .
1<ij<---<iy<m,

where df = m — m?,

aie = Zigpa%, gell,...,d}.

Our spectral cluster (4.9) adapted to P is then given by

Ap = ETm (ﬂ ﬂ kerL‘)) nezs.

=1 p=1
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On time, recall that for & = (&4, ..., &,) € Z™ we have that

d[
(62) Lie™ = i<5jﬁ + Zigp§i3>e’xg, veefl,...,N}, pe(l,...,m'}

g=1
which in turn naturally leads one to consider the following set that will be important
for us:

d[
r= {é:@l,...,fm) e &+ Abg =0,

q=1

vee{l,...,N}, pe {1,...,m"}}.
A simple computation shows that for n € Z, we have

A, = spang{e™ ; || =nand & € T},
Ai‘z = span(c{e"xgv s [l=nand & ¢ T},

The almost global hypoellipticity of £ in G is characterized by (5.2), a condition
that, in the torus, may be expressed in terms of traditional Diophantine inequalities.
The proof relies on standard computations.

Proposition 6.1. Inequality (5.2) is equivalent to the existence of C,p > 0
such that

N m d’ !
(6.3) <Z TS /lgpfiz\2> TS 1A, VEZM\T.
=1 p=1 g=1
In particular, Theorem 5.1 generalizes condition (III), in [15, Theorem 1.1]—
so, together with the results in [2], we have given a complete characterization of
global solvability of the more general operator P in (6.1), much in the same lines
as in Petronilho’s work.

7 Propagation of regularity

In this final section we take advantage of the machinery developed so far to prove a
result on propagation of regularity for P given by (4.1). We will continue to assume
that G is a Lie group and T is a smooth manifold enjoying the properties stated at
the beginning of Section 2.1, and also carrying Riemannian metrics satisfying the
assumptions in Section 4. We stress that hypothesis (5.1) is not required here.

Recall that P = A — Z][v=1 W? is an elliptic operator in 7 so [2, Corollary 4.2]
ensures that ?f(u) € (T, Ef) whenu € 2'(T x G) is such that Pu € €°°(T x G).
In this section we shall consider the following type of “local condition” in 7"
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There is an open subset U C T such that for every p € R we can find
C, > 0 such that

(7.1) 1FS @l 2wxe) < Co(L+A)F, Vi€ a(Ag).

In order to prove our main result of this section we need an inequality that is a
consequence of [2, Proposition 6.2] (a convenient replacement of [7, eqn. (2.10)]
for arbitrary compact Riemannian manifolds): given a non-empty opensetU C 7T,
there exists C > 0 such that

(7.2) Il < CUAVIEw + 1drwlitagy), Yy e €°(T).
Now we can state and prove our main result of this section.

Theorem 7.1. Ifu € 9'(T x G) satisfies Pu € €°°(T x G) and there exists a
non-empty open set U C T on which condition (7.1) holds, then u € €*°(T x G).

Proof. By [2, Corollary 4.4] for every s > O there are C; > 0 and 6 € (0, 1)
such that

(7.3) IFLFE @ 2rx) < Coll+u+2)7°

for every (u, 1) € Ay, where Ay is given by (5.5). It follows from (4.5), (4.7) and
the Cauchy—Schwarz inequality that

ds
(7.4) > AP FE @iy < NFSPW 2 x| FE @ 27 x6)-

j=1
By (7.2) applied to w = F¥(u); we have

1FE @illfairy < CUTE @il 20, + 1ArITF @l 727
hence summing both sides over i and also using (7.4) yields

(1.5 1FS W rwe < CUFS@ITuxo) + 1FS PO 2axe |FF @ 2rxa)-

Indeed, recall that T and G have total measure equal to 1 and the following equality
for an arbitrary open set V C T:

2

d9
2
= Z Ilgf(u)iHLZ(V)-

L2(VxG) i

g
IFE N aney = || D FF Wi @ ¢f
i=1




SUMS OF SQUARES 117

Now we use (7.1) and (7.5) to conclude that for every p € R we canfind C, > 0
such that

G 2
”9:1 (u)”Lz(TxG)

< C,%(l + )7 + C”g:?(Pu)”LZ(TxG)”9:?(”)”L2(T><G)
L, C? 1
<CA+)*+ 5 IF P F2rxc) + 2||3"f(u)||iz(TxG), Vi € o(Ag).

Since Pu € €°°(T x G) we may use [2, Corollary 2.9] to infer a similar decay in
the second term above and conclude that given p > 0, there exists C;) > 0 such
that

(7.6) IFF @l 2rxe) < Cp(1+ )77, VA € a(Ag)

and now (7.3) and (7.6) allow us to apply Proposition 5.5 and conclude that

u e ¢>(T x G). [
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