tP(ZP)-IMPROVING PROPERTIES AND SPARSE BOUNDS FOR
DISCRETE SPHERICAL MAXIMAL AVERAGES

By

ROBERT KESLER

Abstract. We exhibit a range of £7(Z¢)-improving properties for the discrete
spherical maximal average in every dimension d > 5. These improving proper-
ties are then used to establish sparse bounds, which extend the discrete maximal
theorem of Magyar, Stein, and Wainger to weighted spaces. In particular, the
sparse bounds imply that in every dimension d > 5 the discrete spherical maximal

average is a bounded map from £Z(w) into £%(w) provided wdﬁ4 belongs to the
Muckenhoupt class A,.

1 Introduction

Let A¢ denote the continuous spherical averaging operator on R? at radius 4, i.e.,

Adf(x) = / Flx = Ay)do(y),
§d—1

d

where d > 2, S%~! denotes the unit d — 1 dimensional sphere in R? and o is the
unit surface measure on S¢~!. Stein establishes the spherical maximal theorem
for d > 3 in [19], which states that || sup, |Aj{| : IP(RY) —» IP(RY| < oo
for all di |, < p < oo. Bourgain examines the d = 2 case in [1] and shows
that || sup, |A%| : P(R?) —» IP(R?)| < oo forall 2 < p < co. The sharp
LP(R?)-LY(R?) result for sup, _, _, |A9| is shown by Schlag in [18]:

Theorem 1. Letd > 2. Define T(d) to be the interior convex hull of { Td’j}‘}:l,
where J—1 1
Ty =1(0,1), Typ = ( J d)’
d—1 d—1 d>—d d*>—d+2
T = =
43 ( d ’ d ) a4 (d2+1’ &2 +1 )
Then for all (117, i) € J(d) there exists a constant A = A(d, p, r) such that

sup |AY] : IP(RY) — L"(Rd)H < A.
1<i<2
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By rescaling, for all (;, ) e T(d), and A € 27,

< AAd(l/'/—l/P)'

H sup |AY): P(RY) — L7 (RY)
A<A<2A

L7 (R)

Lacey obtains a sparse extension of the continuous spherical maximal
theorem in [11]. To state his result properly, we first need to set some nota-
tion for sparse bounds. Recall that a collection of cubes 8 in R? is called p-sparse
if for each Q € 8, there is a subset Ep C Q such that (a) |Ep| > p|Q|, and
(b) || ZQE& Lgyllooray < p~!. For a sparse collection 8, a sparse bilinear (p, r)-
form A is defined by

Aspr(8) = (Fop(8orlQl

Qe8

where (h)g, = (Iél > oveo FINY! forany £ : 1 < ¢ < o0, cube Q C Z¢ and
h: 7Z¢ — C. Each p-sparse collection § can be split into O(p~2) many %—sparse

collections. As long as p~!

= 0O(1), its exact value is not relevant. To simplify
some of the arguments, we use the following definition introduced in [4]: for an
operator T acting on measurable, bounded, and compactly supported functions
f:R" > Cand 1 < p,r < oo, define its sparse norm ||T : (p, r)| to be
the infimum over all C > 0 such that for all pairs of measurable, bounded and

compactly supported functions f, g : R* — C,
(T, g)1 < Csup Aspr(fs 8,

where the supremum is taken over all é—sparse forms. A collection C of “cubes”
in Z4 is p-sparse provided there is a collection § of p-sparse cubes in R with the
property that {RNZ : R € 8} = €. For a discrete operator T, define the sparse
norm ||T : (p, r)|| to be the infimum over all C > 0 such that for all pairs of bounded
and finitely supported functions f, g : Z¢ — C,

(Tf, g)| < ngp Aspr (o 8),

where the supremum is taken over all ;—sparse collections & consisting of discrete
“cubes.” The sparse bounds obtained for continuous spherical maximal averages
by Lacey in [11] are given by

Theorem 2. Let d > 2 and define Ry(d) as in Theorem 1. Then for all
(1. 1) e Re(@)
H sup |Aj’| 2 (p, r)H < 00.
A>0
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Figure 1. The green region (lighter triangle in left diagram) R(d) represents
the range of uniform improving properties for sup,_; _,, | and sparse bounds
for sup,_x |7, | that we are able to prove. The teal region (darker triangle in
left diagram) adjacent to R(d) represents the range of improving properties for
SUpa<; <24 || and sparse bounds for sup;, x || that we cannot prove or dis-
prove. The yellow region (triangel in right diagram) S(d) represents the range
of improving properties for sup,_; o5 |4;| and sup,_; o, |%;| as well as sparse
bounds for sup,_x |%3| and sup,_x |#,| that we are able to prove, where ¢ is the
“major arc” piece of &7, and %, = «f) — %) is the residual.

Magyar, Stein, and Wainger prove their discrete spherical maximal theorem in
[14]:

Theorem 3. Foreach ) € A :={] > 0: 1% € N} define the discrete spherical

average

1
o, = —y).
0= gy 2 SEY

yezi:|yl=2
Then forall d > 5 and diz <p <00
H sup || : €°(Z4) — fP(Zd)H < .
leA

Our first theorem establishes a discrete analogue of Theorem 1:

Theorem 4. Let d > 5. Define R(d) to be the interior convex hull of

Ra1=(0,1). Rgp= (d;Z, 2): Ras = (d;Z, d;2>.
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Then for all (11), i) € R(d) there exists A = A(d, p, r) such that, for every f € €P(Z%)
and A € 2V,

(D H sup || : (2 — f’“(zd)H < ANIA/T=1/p).
A<A<2A

A necessary condition for (1) to hold for all A € 2N is max{; + 5, i + pzd} <L
Our second theorem establishes the following discrete analogue of Theorem 2:

Theorem 5. Let d > 5 and define R(d) as in Theorem 4. Then for all
(\.1) e R

2 H sup || : (p, r)H < 0.
Jeh

A necessary condition for (2) to hold is max{; + 5, i + pzd} <1

2 Discussion of Results

While the study of improving properties for discrete maximal averages is new,
much effort has focused on obtaining £7(Z%)-estimates for discrete operators in
harmonic analysis since the foundational work of Bourgain on ergodic theorems
concerning polynomial averages. For instance, a number of delicate £7(Z%)-bounds
are obtained in the setting of radon transforms in [16, 5, 15], fractional variants
in [21, 17], and Carleson operators in [9]. A well-known technique in this setting
is the circle method of Hardy, Littlewood, and Ramanujan, which Magyar, Stein,
and Wainger apply for the discrete spherical maximal averages in [14] to prove
Theorem 3 by decomposing «7) = €, +%,, where €, is the “major arcs” consisting
of a sum of modulated and fourier-localized copies of the continuous spherical
averaging operator and %, is the residual term. We shall define %, in §2.

In the case where the supremum is taken only over discrete spherical averages
with radii belonging to a thin set, for example a lacunary sequence, one can
expand the range of sparse and ¢”-£9 improving estimate beyond R(d) by using
Kloosterman and Ramanujan sum refinements, and a good L>°(T%) estimate on the
symbol of #,, namely 06(/1_‘153“) from [14]. However, if the radii appearing in
the supremum cluster too closely together, then one cannot reduce the argument to
an estimate that is uniform in A. It is for this reason that our analysis of the residual
term %, in this paper is substantially more involved than in the lacunary case
[12]. Moreover, as this paper only considers the full set of radii, Kloosterman and
Ramanujan sums along with a good L>°(T¢) bound on the symbol of the residual
operator %, are not able to improve our results and are therefore omitted from the
analysis.
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More than half of the paper is devoted to obtaining sparse bounds for discrete
maximal spherical averages in the full supremum case. Pointwise sparse domina-
tion for Calderén—Zygmund operators is obtained by Conde—Alonso and Rey in [3]
and is recently obtained as a consequence of work by Lacey in [10] on martingale
transforms using a stopping time argument. Sparse form domination is a relaxation
of the pointwise approach and holds in many settings, including Bochner—Riesz
operators in [6] and oscillatory integrals in [13] to name but a few.

Recent work of Lacey establishes sparse form domination for the continuous
spherical maximal averages using the improving estimates in Theorem 1 and
thereby shows a variety of weighted inequalities. The underlying method of proof
relies on Theorem 1, a certain continuity property derived by interpolating against
a favorable £2(Z%) — €*(Z%) estimate, and a carefully applied Calderén—Zygmund
decomposition in a manner related to Christ and Stein’s analysis in [2]. Moreover,
there are several recent sparse results in the discrete setting involving random
Carleson operators in [8], the cubic Hilbert transform in [4], and a family of
quadratically modulated Hilbert transforms in [7].

The proof of Theorem 4 reduces to showing that for all (117, i) € 8(d) there
exists A = A(d, p, r) such that for every f € £7(Z%) and A € 2N

3) | sup 170 @ > '@ < andar -,
A<A<2A

) | sup 11 0@ > @) < AP,
A<A<2A

where 8(d) is the interior convex hull of
2 d-2 d—2 2 d—2 d-2
S”“:(d’ d ). Siz=( d ’d)’ Sa3 = ( d > d ):

Indeed, estimate (1) is an immediate consequence of interpolating estimates close to
(df, df) with the trivial endpoint estimate at (0, 1). Furthermore, the arguments
for (3) and (4) rely on interpolating between favorable > — ¢? bounds and
boundary estimates arising from pointwise control of various kernels. See Figure 1
for a depiction of 8(d).

The proof of Theorem 5 is reduced to showing that for all (;, 1) € 8(d),

5) [sup11: .0 < oo,
(©) R CARORIEES

in conjunction with a restricted weak-type interpolation argument from [12]. The
arguments for (6) and (5) rely on the improving properties in (4) and (3) respec-
tively.
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Once we obtain sparse bounds for sup, .z |6, | and sup, . 5 |%; | throughout 8(d),
we extend these estimates to (p, r)-sparse bounds for (117 s i) arbitrarily close to
(0, 1) by reducing the problem to obtaining restricted weak-type sparse bounds via
Theorem 16 and then applying a localized variant of Theorem 5 near (df, dgz) as
described in Theorem 22.

A weighted consequence of the sparse bounds in Theorem 5 is
Corollary 6. Letd > 5 and w : 7% — [0, 00) satisfy w«s € A,. Then

H ju/E\)l,Qﬁl L () = fz(w)H < 0.

As we may choose r < 2 so that w € A, "RH, = wits e Ay, it suffices for
the weight w to be in the intersection of the Muckenhoupt class A, and the reverse
Holder class RH,.

To the author’s knowledge, no £7(Z%)-improving properties, sparse bounds, or
weighted inequalities were previously known for the discrete spherical maximal
averages in the full supremum case. We leave open the question of whether
the ranges for £”(Z%)-improving properties in Theorem 4 and sparse bounds in
Theorem 5 are sharp.

This paper is structured as follows: §3 introduces relevant background from
the proof of the discrete spherical maximal theorem in [14], §4 contains the proof
of estimate (3), §5 contains the proof of estimate (4), §6 contains the proof of esti-
mate (5), §7 contains the proof of estimate (6), §8 contains the proof of estimate (2),
and §9 contains the counterexamples for the negative content of Theorems 4 and 5.

The letter A is always used in the mathematical expressions of this paper to
denote a positive constant, which depends only on inessential parameters and
whose precise value is allowed to change from line to line.

3 Decomposition and transference of discrete spherical
averages

We now introduce the decomposition of the discrete spherical average <7 = €, +%;,
and a transference lemma, both from [14]. The symbol of the multiplier <7, for
A < 1 <2A and A € 2N can be written as

A
(7 a@O=>" > o,

q=1 (a,@)=1;1<a<q
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where
(8) ai/q(é:) = o 2mitalq Z Gla/q, O (a/q, & — £/q),
tezd
1 ; )
9) G(a/q, ) = 4 Z e2ﬂl|n|2a/qe—27rm~l/q,
neZd /qZ4
J(a/q, &) e / e—27rilzr(2(6 . ))_d/ze;(”l:'lid . 1
= — 1T €—it, T =
) q, id—z laq) 5 ),2’
and

Ia, q)=la/q, —p/(gN),a/q+ a/(gN\)]

fora = a(a/q, A) = 1, = fla/q, A) = 1. An important fact is the Gauss sum
estimate

(10) |G(a/q, O)| < Aq~"?,

which holds uniformly in a, ¢, and ¢; this is well-known in the d=1 case from which
the d > 2 case immediately follows. Next, we shall pick ® € €>°([—1/4, 1/4]9)
such that ® = 1 on [—1/8, 1/8]¢ and for g € N, set

(&) = qldcb(g),

and define

A
b=, > b,
q=1 1<a<q:(a,q)=1

(1D

bY1(&) = e N Gla/q, OOE — /) ia/q. & — /g,
tezd /q7d

along with
B f s fx b and By i f = fxb;.

Therefore, ¥/ is constructed from a%/¢ by inserting cutoff factors into each sum-
mand of ai/ 7 at length scale (1;' We subsume the difference b, — a; into the residual
term %,. Lastly, it is convenient to extend the domain of integration in the defini-
tion of J, to all of R and subsume this difference as part of the residual term %, .
To this end, we introduce

62” * —27iA%t . —d)2 —ﬂlsz
IX(a/Qa é) = id_z e (2(6 —_ l‘[)) exe—indrt
—0Q
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and let
A
a@=>" > o,
(12) g=1 1<a<q:(a,q)=1
c§/9(E) =~ N Gla/q, D& — E/LE — /q),
tezd /q7d
along with

G s fx & and G f o f * &

Since I, = c4do;, where c; is a dimensional constant and do; is the unit surface
measure of the sphere in R? of radius 4,

(13) /U&= cae™™ U N7 Gla/q, ODE — L/q)dos(E — €/q).
tezd /qzd
It follows that

A
a@=Y > 1

g=1 (a,q)=1;1<a<q
A o —
=cqy, Y, eYIN"Gla/q, O)Dy(E — E/q)doi(E — €/q),
q=1 (a,q)=1;1<a<q tezd

G f > fx&,and 69 f > f &9 We now recall two estimates:

| sup 1%
A<A<2A

| sup 121

A<A<2A

—d/2
iy S AT W e,

2—d)2
< ANT|[fl 2z

£2(24)

which are Propositions 3.1 and 4.1 from [14] respectively. These favorable £>
bounds are intimately related to the decay of the Gauss sum in (10). Furthermore,
from the fact that ford > 5and 1 € A

1
Azd—z <HxeZ:|x|=2} <AL,

the basic pointwise estimate
1
|, f(0)] < AA? [ aa D = y>|]
IyIsA

holds and so

(14) | sup 1l < ANF o
A<A<2A £1(2)

The transference lemma from [14] can be stated as follows:
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Lemma7. Ford > 1 andanintegerq > 1 supposethatm : [—1/2,1/2)? - B
is supported on [—1/(2q), 1/(2q))?, where B is any Banach space. Set

mi, (&)=Y mE—1t/q)

te7d

and let T be the convolution operator on 74 with mp,,. as its multiplier, i.e., for
allf € £"(29)

T9f() = ml, (@) VE e [—1/2,1/2)".

Moreover, let T be the convolution operator on RY with m as its multiplier. Then
there is a constant A such that for any 1 < p < oo

(15) I Tl e zty enzay < ANT Nl ey 1@y -

As an application of Lemma 7, we shall show the following estimate, which
will be used in §4 to obtain the sparse bound (5). First, we need to set a bit
more notation. Let { o« }rez be a standard Littlewood—Paley decomposition where
each y; is supported in {28! < |&| < 21}, Forall ¢ € N and N, A € 2%+ such
that N < /q\ define PZ,/ A forallf et 1(Z%) according to

P/z"v;f(fﬁ > wwaE—t/f(©) VEe[—1/2,1/2)"

ez jq7d

Moreover, for any # € R let Py be the operator defined by

@F)(é) = Y D wmE— /D& —E/f () VEe[—1/2,1/2)

€74 /q74 2k <#

where Cf)q is given in (18). For convenience, we will just write Py/s and P_y
instead of P,'{,/ A and P‘é#; the dependence on g will be implicit and always clear
from the context.

Lemma 8. For everyd > 5, ¢ > 0, * <p <2,Ne2VqgeN, and

a:1<a<gqgand(a,q)=1, there exists A = A(d, p, €) such that

(16) H sup  sup |<€f/qPN/A|:é’p(Zd)e{”’(Zd)H
A>Ng A<I<2A

< AN'=A0=1/pre g=d(1=1/pyve.
(17) H sup sup |€V9P_y | P(Z0) — €P(Zd)H
A>q A<)<2A A
< Ag—da-Vpre,
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We shall need (17) for the proof of Theorem 17.

Proof. We first choose ®e >°([—3/8, 3/8]¢) satisfying d=1on [—1/4,1/41¢
so that

G E [ 3" Gla/q, OB, — f/qﬂ

tezd
(18) x [ > & — £/g)dos(E — f/q)}
tezd

—27ir2
= e AN - Q).

For m € L®(T¢), let T,, denote the convolution operator with symbol 7. Now
take B = £>°(A), and apply Lemma 7 to the family of symbols

¢ N© = A Dy(Odoi(E),
where N € 2N is arbitrary and A € 2N satisfies A < A < 2A, to deduce

| sup  sup 1€ (Pyaf)l
A>Ng A<i<2A

ez
(19)
<A

sup sup [Ty | PRY = PR - I Tl e,
A>Ng A<I<2A ’ A1

By Plancherel and the Gauss sum estimate (10),

(20) ”Tca/t/ : fz(Zd) —> fz(Zd)” < Aq_dﬂ.
Al
Moreover,
21 H sup sup |TCZN| 3L2(Rd)% Lz(Rd)H SANl_d/z.

A>Ng A<I<2A

Indeed, for fixed 4, | : L*(RY) — L*(RY)|| < AN'Y?74/2 on account of the
decay of do; on the support of wy/x. The additional factor of N'/2 appearing on
the right side of (21) arises from the supremum over 4 and can be justified using
standard techniques. See, for example, [20] for details. Combining (19), (20) and
(21) yields

@ | s sup 1Py, = AN

A>Ng A<A<2A

KZ(ZZI)
Moreover, from the pointwise estimate

(23) Ty fl < ANMpsf,
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it again follows from Lemma 7 that for every € > 0

| sup sup [/ “Pyap
A>Ng A<i<2A

€l+e(Zd)
< AN T : €74ZD = L@ - f levecaa)-
1
We may use the easily checked fact that

(24) > Gla/q, e e = 2mM ey e 74 /g7
teZd /q7

to obtain the pointwise estimate |éi{ 7 < Alcf)ql and

(25) 1T - 'z — 4ZY) < A.
Interpolating between (20) and (25) yields, forevery 1 < p < 2,
(26) 1T 2 €7(Z) — (L)) < Ag= 71D,
Plugging (26) into (19) gives, forevery 0 < € < 1,

@) | s sup 167 UPyAD|
A>Ng A<l<2A

__ de
< ANq I+e Ilf”gl-hf(Ztl).

€1+E(Zd)
Interpolating between (22) and (27) shows estimate (16). Using the facts that

(28) Hsup sup | €9Py A C2(ZY > fz(Zd)H <Aq?
A A<A<2A

and sup, Supp ;o 1P<1/a(f * (i)q * doy)| < AMpyf, estimate (17) is similarly
obtained, and so the details are omitted. O

4 Improving properties for sup,_; ,, [%]

Our goal in this section is to obtain estimate (3), which is the improving property for
the “major arc” term. The argument relies on interpolating between the £ — £
bound (22) and straightforward boundary estimates related to (23). We begin
with an elementary lemma, which will also be used later in showing estimates (5)
and (6).
Lemma 9. Fixd > 1. Forevery A € 2" let ¢\ be given by

1 1 q2d

(29) A=l
A

Then for everyll7 +!1>1,

(30) If * @il zay < AN VP £ oay.
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Proof. Estimate (30) is trivial when r = p as the kernel belongs to
£Y(Z%) uniformly in A. The estimate when ' = oo follows immediately from
Holder’s inequality. Interpolating between these two cases yields the conclusion
of Lemma 9. O

We now use Lemma 9 to deduce the following improving property.
Lemma 10. Letd > 5 and (117, 1) € 8(d). Then there exists A = A(d, p, r) and

0 =9d(d,p,r) > 0 such that, for every f e (P(Z?) together with A, N € 2N such
that1 <N < 7,

ey || s 6P|, < AN AN T
<
(32) H AfllpzA |<€ /qp<l/Af| e (Z4) = Aq_z_éAd(l/r_l/p)”f”f"(z")'
<A<

Proof. The proof is by interpolation. Estimates (22) and (28) immediately

yield

(33) H sup €Y 9Pysal : €2(ZY) — 52(Zd)H < AN'-424=d2,
A<I<2A

(34) H sup  [GYIP_y nl (T — 52(Zd)H < Ag~?
A<A<2A

We next invoke the pointwise estimates valid for all M > 1,

a A
(35) sup 47y afl < NI+ [AYgLTY,
A<A<2A
a A
(36) sup 67 Poyafl <y ]+ IAYPLIM,
A<I<2A

and Lemma 9 to deduce that for all( , r)eB —{( )E[O, l]zzmax{;, 1} =1}

(37) | sup 1€ Pyrl], SANATTTYf g,
A<I<2A e @z
(38) | sup 16 P, AN,
A<I<2A ¢ (z4)
Interpolating (33) and (37) yields (31), while interpolating (34) and (38) yields
(32). O

A direct consequence of Lemma 10 is estimate (3), which we record separately
as

Proposition 11. Letrd > 5 and (1‘7, ') € 8(d). Then there exists A = A(d, p, r)
such that for all A € 2N and f € €7(Z9),

| sup 1%1

A<A<2A

d(l/r—1
< ANMTZUP | F|] oy

gr Zzl )
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Proof. Sum estimate (31) over all N € 2V, (a¢,g) = 1 suchthat 1 < a < ¢
and 1 < g < A. Sum estimate (31) over all (a,q) = 1 suchthat 1 < a < g and
1<g<A. O

S Improving properties for sup,_; ,, |%,|

In this section we obtain estimate (4) by showing improving properties for
SUPA < <on |90 — %, and supp _; o4 | %) — €| separately. Recall that

oAy fr> fxd;, Biigr>gxb,, € ihe hxl,
where the symbols a;, b;, and ¢, are defined in (7), (11), and (12), respectively. The
following result is needed to obtain improving properties for sup, < ; .o |9 — %, |.

Lemma 12. Fixd > 5,qe€ N, (a,q) =1 suchthat 1 < a < q. For t € R let
1& = 3" Glajq, (1 — Dy(& — £/q)e /P20
te7d
Then for all (;, l) € 8(d), there exists A = A(d, p,r) and 6 = o(d, p, r) > 0 such
that for all k € Zo, A € 2V,7 € I(a,q) == {r e R: 25" < |7 < 2,), and
et
(39) |V‘* [“L’”f’/(Zd) < Azdk/zA_z_éAd(l/rl_l/p)Hf”[p(zd)-

Proof. First observe that ||zl zoo(pa) < A[fzzrz]d/ 4 so that

[62+T2}d

. /4
(40) f * ftellppzey < A f Nl e2zay-

Consequently, estimate (39) holds at (p, r) = (2,2). We may also observe the
kernel bound
. €+ 2d/4
(1) ol <A | L0 |7 Ighl” M = 1
where gb}\ is given by (29). By Lemma 9, it follows that for all (;, i) eB

2, 2
. €+ 177d/4 \_
42) lf =* Lol g zay < A[ 5 } Addyr Up)”f”fp(zd)-

Interpolating (40) and (42) yields for all (;}, i) € 3(d),

2 2 2 2
“ -5 €E+7T €E+ 7T d/4_1 d(l /1
W * dellerzey = AN [ € ] [ e } AT oz,

Using € = Alz and |7] = /2\2 then yields (39). (]
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The next result is used to obtain improving properties for sup,_; o5 %, —%|:

Lemma 13. Fixd > 5,q € N, (a, q) suchthat 1 < a < q. For 7 € R let

7e(&) = Z G(a/q, )Py (& — f/q)e—ﬂlf—l’/‘Ilz/Z(e—ir).
ez /g7l
Then for all (11,, ') € 8(d), there exist A = A(d, p,r) and 6 = 8(d, p,r) > O such
that, forall k > 0, A € ZN, 1€ Ia, q), andf € fp(Zd),

~ —2—0A~dk(1/2-2/d d(l/r—1
(43) I Pellpr ey < Ag 2722822/ D NSV £ 7.
Proof. First note that ||y, || ¢ < Ag~%? so that

(44) I * Vel 2y < AG?IF 1l 220y

We also have the kernel bound

2 2 d/4 Ad 1 M
€ +T} [A%p A (x)] WM > 1

(45) 7l < Au|© o

where ¢} is again given by (29). Estimate (45) and Lemma 9 imply that, for all
(,» ) € B,

e+ 72

5 /4 .
(46) W * Fellgrzay < A{ } ANTZUPNE N oy

€2

Interpolating estimates (44) and (46) gives that, for all (117, 1) € 3(d),

2 4 729d/4—-1
~ —2-odpnr[€ T T / AL —1
I * Fellorzny < Ag2724r0 € 00 [T A TPy,

Using € = Alz and |7] = /2\2 quickly yields (43). (|

We now prove estimate (4) in the following result:

Proposition 14. Let d > 5 and (;, ') € 8(d). Then there is A = A(d, p, r)
such that, for all A € 2V and f e €P(Z%),

(47) H sup | Zf] < AN U |F | .

A<A<2A

7 (Z4)
Proof. To verify (47), it is enough to show that

| sup 1t =2l 2@ - 0@ < o,

H sup  |(%; —%)fIH < ARCTTIDf .
A<A<2A ez
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To this end we observe that, for every ( 117 s i ) € 8(d),

| sup It =1

A<i<2A o (@
logy (A/q)+A
<ANH? Z / (€ + )N * el o gaydr.
k=0 Ii(a,q)

By Lemma 12, the last line of the above display can be bounded by

log,(A/@)+A ok 1 1-d/2
AN ST L] 2P AT AN T )
k=0

A /
< AN 42 pd—4 [Ad(l/r —l/p)”f”mzd)]
q

1 ,
=A Ad(l/r_l/p)”fllgp(zd)-

g/
Summing on a and then ¢ then yields
A
H Agsllsz 16 = %Dﬂ‘ ¢z = Z Z H sup |(%“/q _ %j/q)fl ¢ (2

g=1 1<a<g(a,q)=1 NSA<2A
d(l/r—1
< ANTZUP N o .

It remains to handle the estimate for %4, — %,. To this end, observe that

| sup 11—y

A<A<2A

o (Z4)

(e}
—d+2 2 2\—d/4 N
< AN / (€ + )N * Pell e gyt
k:logz(A/q)—A Ik(a,fi)

By Lemma 13, the last line of the above display can be bounded by
o0
B 2k q1-das2 _ _
AA—d2 Z [ 2] g 25 dk(1/2 2/d)[Ad(1// 1/p) Nl zn]
k=log, (A /q)—A

o0

=A > 275 AP ]
k=logy(A/q)—A

A ,
< gA [AYYZYP £ o]

Summingona:1 <a<gand(a,qg)=1aswellasg: 1 < g < A yields an upper
bound O A" =VP) (I || g zay ). O
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Proposition 15. Letd > 5 and (11), i) € R(d). Then there is A = A(d, p, 1)
such that, for all A € oN andf € fp(Zd),

<ANYTZYD\F Nl o -

| sup 1ai

A<i<2A e (@)

Proof. By Propositions 11 and 14, it follows that for all d > 5, (l‘,, 1) e 8(d)
there is A = A(d, p, r) such that, for all A € 2% and f € £(Z4),

(48) | sup tansl]| . <ANCTTI L,

A<A<2A

e (@)

Interpolating estimate (48) with the trivial £° — ¢°° bound for sup,.; o5 ||
yields the Proposition. O

6 Sparse domination for sup, |7 |

Our goal in this section is to prove estimate (5), where
%ﬁ:fﬁh9jﬁ*éi

and c, is given in (12). To this end, we need to state a restricted weak-type sparse
result, which first appears in [12]. We include an original, self-contained proof for
convenience.

Theorem 16. Let T be an operator on 7% satisfying the property that for

11) + i > 1 there is an A such that, for all finite sets E\, E; C 7% and

Ifl < 1k, gl < 1g,, there is a sparse collection & such that

some p,r :

(Tf, &)l < AAs (15, 1E,).

Then for every p > p, ¥ > r such that 113 + ; > 1 there is A such that for all finitely
supportedf, g : 74 — C there is a sparse collection 8 such that

KTf, g)| < AAs (. 8).

The assumption of Theorem 16 is referred to as a restricted weak-type sparse
bound on 7. The conclusion allows us to upgrade the restricted weak-type bound
to a standard sparse bound, at the cost of raising the averaging exponents p, r by
an arbitrarily small amount.

Proof. Fixf, g :Z? — C supported on a cube 3E where E is dyadic. Without
loss of generality, suppose |[f], |g| < 1 and decompose

f=Y 2", g=> 27,

k>0 >0
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where
fk = 2kfl{2—k+1 <|f1<2-%}> 81 = 21g1{2—1+1<|g|52—1}.

Then by assumption

(Th g)l < Y 275 IT g1 cpniy |, Ljammt cgeny)
k,1>0

S A Z 2_k_lA5k’[,p’r(1{2—k+l<f§2—k}, 1{2—[+1<g§2—[}).
k>0

For w1, up > 0,1et Q,, 4, (k, 1) =9, (k, )N 92 ,(k, 1), where

/11

00 <1120y

0l RS

0027 <1127 5oy
0l -

It suffices to produce a sparse collection S(f, g) such that, for every u, (> > 0 and

Ql, (kD ={0es 27 <

Qiz(k, D= {Q € 8k 2Hal o

p>p,iF>r,
> ool <A D (oslg)oQl.
0€Qy 1, 0e3(f.9)

The first generation is denoted by 8,(f, g) and is set equal to the maximal shifted
dyadic cubes Q C 3E such that

(Flos =Aolf)se; or (8)or > Ao(g)ser

For large enough constant Ay, | Us(ﬁ 90l < For each QO € §;(f, g), we choose

100
R € 8,(f, g) provided it is a maximal shifted dyadic cube inside Q such that

ey = Aolf)oy or (8rr=Ao(g)or
For large enough constant Ay, | UReSz(fg)CQRl < 'lg(l) for all Q € §,(f, g). Iterating

this procedure a finite number of times yields the desired sparse collection of cubes

ko(E)

8(f,8) = (3E} U ] 8u(f: 9

m=1

Next, we may suppose without loss of generality that the cubes Q,, ,, are dyadic
and set, foreachm > 1,

Quipom =10 € Qy, 4, :min{l: AR € §(f, g) : R D Q} = m}.
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If there is no R € §(f, g) for which R O Q, then assign Q € 9Q,, 0.

construction,

> (Mol

QeQH[vﬂz

ko
=3 3 (Poslhedol

m=0 QEQMI.MZ.M

k
< Az—m/ﬁz—ﬂz/fzo: Z Z ko=l

m=0 ReS§,,(f,g) k,[>0
1 2
QL (kDNQ2, (kDD iy D

x > 101

QOCR

1 2
QeQM(k,l)ﬁQﬂz(k,l)

Note that because 8y is a sparse collection for each k, [ > 0,

> 10| < A|R|.
QCR

Q€9 (k,DNQ;, (kD)

M1
If Q,l,l(k, hn Qiz(k, DN Q. usm 7 0 for some m > 1, then any cube
Q € Q,}ll(k’ l) n letz(k’ l) n Q/ll’ﬂz,m

such that O C R for R € §,,(f, g) satisfies

27427 < Alfi)o < Alf)
27274 < Algi)or < A

It Q,l,l(k, hn Qiz(ka )N Qu, 0 # 0, then any cube
Q€9 (k,DNQ, K DN 0
satisfies

—ky—ui/p < Alf)os <
271277 < Algi)or <

By
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Therefore,

> (Noilge0l

QeQH[vﬂz

ko
SAz—ﬂl/ﬁz—uz/fz Z Z 2—k2—l[ Z |Q|}

m=0 Re8,(f,g) kI>0 QCR
2-k<A2m1/P 0€Qu 1ip.m
2-l<A2m2/"

<A Y (Nrilg)rARI.

ReS(f,g)

We now restate estimate (5) as a stand-alone result and then prove it.

Theorem 17. Letd > 5and (,, ,) € 8(d). Then

H sup |6, : (p, r)H < 00.
el

Proof. It suffices to prove the Theorem under the additional restriction
di , < p < 2. In particular, it is enough to prove the conclusion of Theorem 17 for
11 d—2 d-2
(L, 1) near (472, 45

that for any # € 27, the operator P is defined by

) because the result is strongest there. To proceed, we recall

PN = > 3w —/a)dy & — /a)f©) V¢ e [—1/2,1/2)

€74 /g7 2 <#
where &)q is given in (18). Then we obtain by the triangle inequality

sup sup |Ff]
AN A<i<2A

< sup sup [GP<yafl+ Y sup sup [|€.Pyafl.
Ae2V A<AI<2A Neat A=Ng A<i<2A

We first focus our attention on obtaining 6 = d(d, p, r) > 0 such that, for all
geN,a:(a,qg)=1and 1 <a < g,

(49) H sup sup |<€f/qP51/A| : (p, r)H < Ag~*°.
A A<i<2A

By Theorem 16, it suffices to obtain for all (117, i) satisfying max{ 117, zlz} < df and

arbitrarily close to (df, dgz) some d = d(d, p, r) > 0 such that

<Aq~7,

restricted ~

(50) H sup sup |%f/qP§1/A| 2 (p, 1)
A A<i<2A
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where the sparse restricted norm ||T : (p, @)l restricrea 1S defined to be the infi-
mum over all C > 0 such that Vf,g : Z¢ — C s.t. |f| < 1g, lgl < g,
max{|E;[, |E>2|} < oo, the estimate |[(Tf, g)| < Csupg As, ,(1g,, 1g,) holds. To
this end, let f, g : Z? — C be finitely supported on 3E where E is a dyadic cube.
Now let Q(E) be the maximal dyadic cubes satisfying the condition

(f)301 = Ao(f)3E.1

<sup sup ‘Cgf/ngl//\fD > Aog™ > )3,
A A<I<2A 30.p

so that | Uycqg) /I < {g(') for a large enough constant Ag. We first majorize

(sup sup 167/"P<iafl. 8)
A A<A<2A

< Z <1Q sup  sup I%f/ng1/A(13Qf)|,g>

0<0(E) A<(Q) A<A<2A

+ Z lop sup sup |<gf/qP§1/A(1(3Q)"f)|ag>
0<0E) A<UQ) A<L<2A

+ > (lg sup sup I‘ff/ngl/Afl,g>
0<0E) A>L(Q) A<A<2A

+ <1(UQ(E)Q)C sup sup |(gf/qPS1//\f|3 g>

A A<i<2A
= > Ip+ Y Hg+ > Hig+IV
0eQ(E) 0eQ(E) 0eQ(E)

and proceed to obtain satisfactory bounds for each of the above terms separately.
First note the pointwise bound

—2—0
LUpy 0 SUP SUp |61/ 9P_1afl < Ag™2(f)e,p
A A<i<2A

by construction of the stopping time. Therefore, IV < Ag*7°(f)3£,,(g)3E.11El.
Next, we may observe from (36) and the stopping conditions the pointwise bound

(51) Z lop sup sup |<gf/qu1/Af| 5A612(f>35,1.
0eQ@E) AFUQD A<A<2A

From estimate (28), it follows that

(52) < Z lp sup sup |<gf/4p51/Af|> SAC]_d/2<f>3E’2,
0eQE) AFUQD AsA<2A 3E2

From (51) and (52), we may observe that

(53) < > lg sup  sup |<gf/‘fp<lmf|> < Ag*(1E, )38 p-
0<0(E) A>L(Q) A<)<2A 3E,r



DISCRETE SPHERICAL MAXIMAL AVERAGES 171

Estimate (53) combined with Holder’s inequality implies

> Mg < Aq>7(1g,)36,(8)3e.|El.
0eQUE)

As we shall be able to recurse on ZQEQ(E) Ip by letting each Q € Q(E) play the
role that E played in the initial stage, it suffices to obtain

(54) > g < Aq(1g)3ep(8) 36| E).
QeQ(E)

To this end, we observe from the pointwise bound (32) and stopping conditions
that

(55) Z lp sup sup Wf/qpsl//\(l(SQ)‘f)lSqu(f>3E’1_
0eQE) AU A=I<2A

Furthermore, estimate (28) ensures

< Z 1Q sup sup |%f/qP<I/A(1(3Q)pf)|>
0eQE) NUQ) A=A<2A sE2

§< > 1o sup sup |‘ff/qP<1/A(1<3Q)f)|>
3E,2

(56) ocawr)  ASUQASI<2A

+< > 1p sup  sup |<éf/qP51/Af|>
3E,2

osar  ASUQ) A<i<2A
< Aq " (f)sE2.

From (55) and (56), it follows that

oD < > lo swp  sup "ff/"PSI/Af'> < A7 (1, )3
0cQ(E) ASUQ) AA<2A 3E

Estimate (57) combined with Holder’s inequality implies (54). Recursing on
>_oco Lo then yields (50). That

< AN—(Sq—2—(5’

restricted

(58) Hsup sup [GYIP_y nl: (b, 1)
A A<A<2A

forall N € 2, g € N, and (117, i) satisfying max{ 11), 511} < df and arbitrarily close
to (df, dgz) and some 0 = d(d, p, r) > 0, follows a very similar argument, and so
the details are omitted. Summing (54) on a, g and (58) on a, ¢, and N concludes
the proof of Theorem 17. O
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7 Sparse Domination for sup, | %, |

Our goal is now to obtain estimate (6), which is the sparse bound for sup, |Z;|.
We proceed by first proving

Lemma 18. Let ) ¥, < |t| < A},. Thenforalld > 5and (), !) € S(d) there
exist A =A(d, p,r) and 5 = 5(d, p, r) > 0 such that, for all A € 2V,

(59) T, : (p, )|l <A2%ZA20
(60) T3, : (p, )|l <Ag=2~024K1/2=2/d)

Here, as elsewhere, Ty, : f — f = m for all symbols m € L*(T¢).

Proof. Fix f,g : Z¢ — C finitely supported. Letting D, denote the dyadic
cubes with £(Q) = A, observe that

I(f * dies @)l < D I = e, glo)

QeDy

<> [|<(1Qf> x Jio, glo) |+ > W(Lyignam1gpf) * lies glo)|
QeDp >1

= Z AQ+BQ.
QeDy

By Lemma 12, Ag < A2%/2A=279@r0(f) ) (g)0.,|0|. Moreover, by estimate
(41) and Lemma 9, it holds that for all (117, i) eBand M > 1

2, 2
5 I Y
61)  N(zi0na-101f) * fellpr o) < Am3 MZ{ ) } AP L gy

Interpolating between estimates (40) and (61) ensures that for all (;}, 1) € 8(d)
”(13’Qﬁ(3’*1Q)‘f) * ,i:t‘[”{’/(Q) < A3—20d12dk/2A—Z—J(d,p,r)Ad(l/r'—l/p)”f‘”fp(yQ)
provided we choose M > My(d). From this estimate, it follows that

By < A2* A2 & f 30, (8)0.410l.

Moreover, there is a sparse collection § for which

> K>y (800l SAD (F)sp(g)s ISl

QeDp Se8

The proof of the estimate involving f = J. is very similar, except that Lemma 13
and estimate (44) are used in place of Lemma 12 and estimate (40). O
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‘We now use Lemma 18 to deduce

Lemma 19. Forall d > 5 and (;, ') € 8(d), there exist A = A(d, p, r) and
0 =0d(d, p,r) > 0 such that, for all A e 2N,

(62) | sup 1 =21 0| < AA7,
(63) | sup 1=l .0 <an

Proof. Begin by using (59) to observe that for every f, g : Z¢ — C finitely
supported

( sup 1 = 2 g)|

A<A<2A
log, (A/q)+A
< AN YT / (€ + )™ * e, g)ldr
=0 Ik(a,q)
logy (A/@+A — op
2k 2 1-d/2
<AATHE N z} 242 N2 sup As /(s 9)-
A 8
k=0
However,
log,(A/q)+A k
2k 11-d2 ;1
—d+2 dk/2 A —2—¢ —0
AN ] A AN

k=0 q

Summingona : 1 < a < g and (a,q) =1 followed by g : 1 < g < A yields an
upper bound O(A™° supg As p.r(f, g)). To finish, it suffices to note using (60) that
for every f, g : Z¢ — C finitely supported

[ sup 17 =€)l 8))

A<A<2A

oo
<AATHE / (€ + )"V 7., g)ldr
k=log,(A/q)—A 7 1k(@:q)

—dw2 > 2Kz s a2
< AA > [ A2} q 72 sup As . (f, 8)-
k=log,(A/q)—A 8

However,

o) k11—
2 i|l d/2q_2_52dk(1/2—2/d) <A

A—d+2 Z [ -

A 140"
k=log, (A /q)—A 9

Summing on a and ¢ yields an upper bound O(A~° supg Asp.r(f, 8))- (]
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Summing (62) and (63) over A e 2" gives

Proposition 20. Foralld >5and (,, ,) € 8(d),

H sup 2%, : (p, r)H < 00.
lei

Theorem 21. Foralld > 5and (,, }) € 8(d),

H sup || : (p, r)H < 00.
LeA

Proof. Combine Theorem 17 and Proposition 20. (|

8 Sparse domination for sup, |.<7 |

In addition to Theorem 16, we shall need a localized variant of Theorem 21:

Theorem 22. Letd > 5 and (1, ;) € 8(d). For any collection of cubes C and
f. g : Z¢ — C finitely supported, there is a sparse collection of cubes $ such that

(suplfl, lgl) < As n(f, 9,
Soe
where the supremum is restricted to those spheres S = {y € Z¢ : |x — y| = A} for
which the corresponding ball Bs = {y € 7Z¢ : |x — y| < A} satisfies Bs D Q for
some cube Q € C, and the sparse collection S satisfies the property that for every
cube Q € 8 there is a cube Q, € C such that Q D Q..

Proof. Retrace the arguments used to show Theorem 21. O

The rest of this section is dedicated to showing estimate (2), which we rewrite
as

Theorem 23. Letd > 5and (,, ,) € R(d). Then

H sup |7 | : (p, r)H < 00.
AEN

There are two difficulties in the sparse setting that complicate the proof of
Theorem 23. The first is that there is no general sparse interpolation machinery.
The second is that there is no sparse bound at (0, 1), as this point does not break the
duality condition. Any successful argument that extends sparse bounds from 8(d)
to R(d) must work with localized sparse bounds for sup,_j || near (df, df
and appropriately leverage the trivial £ — £*° estimate.
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Proof of Theorem 23. By Theorem 16, it suffices to prove a restricted
weak-type sparse bound in a small neighborhood of the line connecting (0, 1)
with (d 2,4 2) intersected with R(d). In particular, we shall fix ( b1 ) close
to (d 2, a- 2) and prove sparse esitmates along the line connectlng (d 2 4= d2
to (0, 1). So fix (11), ') € R(d) on this line and f, g : Z¢ — C, |f] < 1, Ig| 5 lg,
and supported in 3E for some dyadic cube E. Let the first sparse generation of
cubes Q(E) be those maximal dyadic cubes with respect to the properties

(Faop = Ao )3ep>  (€)30. = A0(8)3E.r> <SuPIJ&ﬁf|> o > Ao(f)3Ep, -
AeA 1

For large enough constant Ay, | UQEQ(E) 0| < 100 The restricted weak-type sparse
bound is therefore reduced to dominating

< Z leuplsaf;fI,g>=< Z Lo sup |2sf], g>

0eQ(E)  4EA 0eQE)  S#30
+< > g sup I%sfl,g>
ocoE)  SC3Q
=1+l

Since we are able to recurse on the term /I, it suffices to bound term [/ by
A(lg,)3Ep(1E,)3e,|El. To this end, estimate using Corollary 22 with B=Q(FE) that

< > g sup |a%fl, Igl> < sup |«Q/sf|,|g|>

ocoE) 5730 SOQ(E)
<Az<f Qpl erlQl
Qe8
where the supremum is restricted to those discrete spheres S = {y = |[x —y| = 1}
for which the corresponding ball Bs = {y : [x — y| < A} satisfies Bg D R for some
ball R € Q(F), and the sparse collection § satisfies the property that for all Q € 8
there is R € Q(F) such that Q D R. So, for each Q € 8,

<f>Qsl7| = <f>3E,P|’ <g>Q,V| = <g>3E,V|

and
S o (@omlQ <A D Flom@omlCl+ D (Nop (8 onlQl
Q€8 Qe8:|Q|<I|E| Qe8:|0|>|E|

= A<f>3E,p1 <g>3E,p2 Z 10l

Qe8:|Q|<|E|,ONEHAD

=11
+ > U llers iy N gllern iy Q1 ™
Qe8:|0|> |E|,QNEFAD

< A(f)3£p, (8)3E.r |E|.
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However, we have the following trivial estimate:
< > g sup |#fl, |g|> < (f)3e.00(Ig)3E1 L.
ocoE)  SC30
The restricted weak-type estimate is finally obtained by noting that

< > 1o SupIdJI,IgI>

ocow  SS30
<min{ (1g,)3£,00(1£,)36,1, A(LE, )36, (1E,)3E,1 }El

<A(lg)3ep(1E )36, El

9 Counterexamples

We finish by showing the necessary statements at the ends of Theorems 4 and 5.
Proposition 24. Let d > 5. A necessary condition for the estimate

< AN/ =1/p)

sup |
H p v o

A<A<2A

f Wl oz

to hold for all A € 2N is max{;, +2.1 +p2d} <1

Proof. The necessity of 117 + 3 < 1 follows by taking f = 1¢;. Indeed, it is
straightforward to see that for d > 5 and this choice of f,

sup  f(n) = AN 1 =n(n),
A<i<2A

and the uniform estimate

AT sup | f]

A<A<2A

< AA_d/p
o zdy = Wl vz
implies A>~¢ < AA~%P, That the condition !1) +2 < 1 musthold follows by taking
A e 2V arbitrarily large.

The necessity of 1 + pzd < 1 follows from setting fo = 1,=a(n). Then it is

immediate that sup, _; o4 #fA(0) = 1 and

A~ < AU

sup A fa
A<i<2A

< AA_d/PllfA ||€P(Zd) < AA~—YP A@=D/p

[r/ (Zd )

2
pd

Theorem 4 follows from Propositions 15 and 24. Lastly, we record

The necessity of 1 + 2 < 1 follows by again taking A € 2" arbitrarily large. [
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Proposition 25. A necessary condition for

| sup Lefl: .0 < andr-u
A<A<2A

to hold for all A € 2N is max{ll) + 2, ! +p2d} <1

r

Proof. Fix A € 2N andsetf(n) = 110y and ga (1) = 1 A<jyj<2a(n). Then observe
that
A2

< sup rQ{A5/1<2Af,gA>2 A
A<i<2A

However, supg As . (fa, 8) < AAY1=1/P) Indeed, for any sparse collection 8,

> Foplga)ordOl= D (Fopiga)osl0l < ANCTIP,

Qes 0e8:0(0)= ),
02(0)

The claim that 1l7+021 < 1 then follows by taking A € 2" arbitrarily large. Moreover,
for a given A € 2N, set fo(n) = 1jp=a(n) and g(n) = 1¢y(n). Then

< sup 42{A§/1<2/\fA:g>> !

A<i<2A T A
However, supg As . (fa, g) < AA™2PAY1=1/") The necessity of | + p2d < 1 then
follows from taking A e 2N arbitrarily large. (]

Theorem 5 follows from Theorem 23 and Proposition 25.
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