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Abstract. Let P be a second-order, symmetric, and nonnegative elliptic
operator with real coefficients defined on noncompact Riemannian manifold M,
and let V be a real valued function which belongs to the class of small perturbation
potentials with respect to the heat kernel of P in M. We prove that under some
further assumptions (satisfied by large classes of P and M) the positive minimal heat
kernels of P — V and of P on M are equivalent. Moreover, the parabolic Martin
boundary is stable under such perturbations, and the cones of all nonnegative
solutions of the corresponding parabolic equations are affine homeomorphic.

1 Introduction

Let M be a smooth, noncompact, connected Riemannian manifold of dimension N.
Let P be a second-order elliptic linear operator defined on M, and let V be a real
valued potential. Denote the cone of all positive solutions of the equation Pu = 0
in M by Cp(M). The generalized principal eigenvalue of the operator P and a
potential V is defined by

20(P, V. M) == sup{ 2 € R | Cp_;y(M) # ).

We say that P is nonnegative in M (and denote it by P > 0) if 19:=4¢(P, 1, M) >0,
where 1 is the constant function on M taking at any point x € M the value 1.
Throughout the paper we always assume that 1o > 0, thatis, P > 0 in M. So, let
P > 0in M, and consider the parabolic operator

(1.1) Lu(x, t) := ou(x, t)+ Pu(x,t), (x,t) e M x (0, 00).

Let k¥ (x,y,t) be the positive minimal (Dirichlet) heat kernel of the parabolic
operator L on the manifold M. By definition, for a fixed y € M, the function
(x, 1) — kf‘;’ (x, v, t) is the minimal positive solution of the equation

(1.2) Lu=0 inM x (0, co),
subject to the initial data J,, the Dirac distribution at y € M.
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Let g1, g» be two positive functions defined in a domain D. We say that g; is
equivalent to g, in D (and use the notation g; =< g, in D) if there exists a positive
constant C such that

Clgr(x) < g1(x) < Cga(x) forallx € D.

The main aim of this article is to study the equivalence of two heat kernels
associated with two parabolic operators in M. We are motivated by the following
conjecture raised in [15].

Conjecture 1.1 (cf. [15]). Let P, and P, be two subcritical elliptic opera-
tors of the form either (2.1) or (2.2) which are defined on a Riemannian man-
ifold M such that both P; and P, have the same principal part. Assume that
P, = P, outside a compact set in M and that the generalized principal eigenvalues
Ao(P1,1, M), Ao(P2, 1, M) of P, and P, respectively in M are equal. Then kpl =< kp!
inM x M x (0, c0).

An important aspect of Conjecture 1.1 is towards understanding the stability
of the large time behaviour of heat kernels, and of the parabolic Martin boundary
under perturbations. We also remark that Conjecture 1.1 is related to strong ratio
limit properties of the quotients of heat kernels of subcritical and critical operators,
and to Davies’ Conjecture (see [15]).

In the past four decades there has been extensive research in obtaining optimal
sufficient conditions under which two second-order elliptic operators have equiv-
alent positive minimal Green functions, and the elliptic case is pretty much well
understood (see, for example, [2, 28, 32, 33, 34], and references therein). On
the other hand, in spite of the huge literature dealing with two-sided heat kernel
estimates, the question of the equivalence of heat kernels is far from being under-
stood. In fact, there are only very few papers dealing with sufficient conditions
that guarantee the equivalence of the heat kernels; see [7, 8, 15, 24, 26, 42, 43].
Moreover, most of these works study the particular case of a perturbation of the
Laplace operator on RY by a potential V that is either a signed potential, or satisfies
additional smoothness assumptions.

Note that the explicit form of the heat kernel of the Laplacian on RY is given
by the Gauss—Weierstrass heat kernel

Ix — yI?

b RN’t 05
47 ) X,y € >

(1.3) kHEIVA(x, V1) = (4;) gexp( —

and this explicit formula plays a crucial role in almost all the aforementioned
papers (except [15]). Unfortunately, for general operators and manifolds such
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an expression is not available, despite the fact that in many cases the short and
large time behaviour of the heat kernel is known. However, we should mention
the recent paper by Chen and Hassell [10], where it is proved that under natural
assumptions, the heat kernel of an asymptotically hyperbolic Cartan—-Hadamard
manifold is equivalent to the heat kernel of the hyperbolic space.

We provide a positive answer to Conjecture 1.1 in the case where P is symmetric
and satisfies some further assumptions. We prove in Theorem 2.5 the equivalence
of two heat kernels of two parabolic operators that differ by a compactly supported
potential. This result is extended in Theorem 2.6 to a larger class of potentials
known as the class of small perturbations with respect to the given heat kernel (see
Definition 5.1). As an application we prove that the parabolic Martin boundary is
stable under such perturbations, and the cones of all nonnegative solutions of the
corresponding parabolic equations are affine homeomorphic.

Our study is based on the method used by M. Murata and Y. Pinchover in
the study of the equivalence of the Green functions of elliptic operators (see
[28, 32, 33]). In this approach one should obtain pointwise estimates for the
iterated Green kernel, called the 3G-inequality which implies sharp two-sided
estimates for the corresponding Neumann series. To understand the difficulty in
applying this method to the parabolic case, assume for simplicity that V has a
compact support in M. In contrast to the elliptic case [28, 32], where the iterated
kernel is given by integrations over a fixed compact set (supp V), in the parabolic
case the domain of integration is supp[V x (0, )] which grows as t — co. Hence,
the parabolic case requires a new and a different technique in order to prove the
so-called 3k-inequality. We refer to Section 3 for the definition of the 3k-inequality.

The paper is organized as follows. In Section 2 we briefly review the theory
of positive solutions of elliptic and parabolic equations and state our main results.
Section 3 is devoted to several preparatory lemmas and propositions. In Section 4
we prove the aforementioned Theorem 2.5 concerning compactly supported per-
turbations, while in Section 5 we introduce the notion of small perturbations with
respect to the given heat kernel and prove the aforementioned Theorem 2.6. Sec-
tion 6 is devoted to the stability of the Martin boundary under small perturbations.
We conclude our paper in Section 7 which is divided into three short subsections.
In the first subsection we briefly extend our results to the class of quasi-symmetric
heat kernels, in the second part we present some examples of manifolds and op-
erators for which our results applies, and finally, a subsection devoted to a short
discussion of some open problems ends the paper.
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2 The setting and statements of the main results

The present section is devoted to the statements of our main theorems. Before going
further we must introduce some notations, technical assumptions and definitions.

Let M be a smooth, noncompact, connected manifold of dimension N. We
consider a second-order elliptic operator P with real coefficients which (in any
coordinate system (U; x1, ..., xy)) is either of the form

N
2.1 Pu=— Z a’j(x)aiaju +b(x) - Vu+ c(x)u,

ij=1
or in the divergence form
2.2) Pu = —div[(A(xX)Vu + ub(x))] + b(x) - Vu + c(x)u.

We assume that for every x € Q the matrix A(x) := [a”(x)] is symmetric and that
the real quadratic form

N
EAWE =) &Gdlwg, EeRY

ij=1

is positive definite. Moreover, it is assumed that P is locally uniformly elliptic.
Hence, the principal part of the operator P induces a Riemannian metric g on M.
Throughout the paper we consider the Riemannian manifold (M, g). In particular,
when P = — Ay is the Laplace—Beltrami on a given Riemannian manifold (44, b),
then the induced metric g on M coincides with the given metric . We assume
that dx is a given positive measure on M, satisfying dx = f vol, where f is a positive
function, and vol is the Riemannian volume form of M with respect to the metric g
(which is just the Lebesgue measure in the case of a domain of RV and the operator
P = — A, Euclidean Laplacian). Further, the minus divergence is the formal adjoint
of the gradient with respect to the measure dx.

Throughout the paper we assume that the coefficients of P are either C*°-smooth
or locally sufficiently regular in M such that the standard parabolic regularity theory
holds true. For example, such sufficient conditions for P of the form (2.2) are: f
and A are locally Holder continuous, the vector fields b and b are Borel measurable
in M of class L (M), and ¢ € Lfo/cz(M) for some p > N. We denote by P* the
formal adjoint operator of P on its natural space L*(M, dx).

When P is in divergence form (2.2) and b = b, the operator

(2.3) Pu=—div[(AVu+ub)]+b - Vu+cu
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is symmetric in the space L?(M, dx). Throughout the paper, we call this setting
the symmetric case. We note that if P is symmetric and b is smooth enough,
then P is in fact a Schrodinger-type operator of the form

Pu = —div(AVu) + (¢ — divb)u.

Assume that 1o > 0, and let k}‘,” (x, v, t) be the positive (minimal) heat kernel
of the parabolic operator L on the manifold M. It can be easily checked that for
A < Ao, the heat kernel kj‘f_ , of the operator P — A on M satisfies the identity

(2.4) K (x,y,0) = kM (x,y,1) on M x M x (0, c0).

Definition 2.1. Suppose that 1o = A9(P, 1, M) > 0, and let kﬁ‘f be the cor-
responding heat kernel. We say that the operator P is subcritical (respectively,
critical) in M if for some x # y (and therefore for any x #y), x, y € M, we have

(2.5) / k,M(x, v, 7)dt < 00 (respectively, / kPM(x, y, 7)dr = oo)
0 0
If P is subcritical in M, then
(2.6) Glg(x, V) = / kpM(x, y,7)dr, x,yeM
0

is called the positive minimal Green function of the operator P in M.

Clearly, P is critical in M if and only if P* is critical in M. Moreover, it is known
that P is critical in M if and only if the equation Pu = 0 in M admits a unique (up
to a multiplicative constant) positive supersolution [28, 32, 37]. In this case the
corresponding unique (super)solution of the equation Pu = 0 in M is called the
(Agmon) ground state.

Suppose that P is a critical operator in M and let ¢ and ¢* be the ground states
of P and P*, respectively. Then P is said to be positive-critical (null-critical)
in M with respect to the measure dx if ¢*¢ € L'(M, dx) (resp., ¢*¢ & L' (M, dx)).

Remark 2.2. We recall some general results concerning the large time be-
haviour of the heat kernel.

Let P be an elliptic operator of the form either (2.1) or (2.2), and assume that
Ao = /10(P, 1, M) > 0. Then

log kY t
@7 — lim O8O

—00 t

Ao
(see [15, Remark 4] and references therein). Moreover,

tl_i)m e’ kM(x,y,1)=0 locally uniformly in M x M,
o0
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unless P — Ay is positive-critical, and in this case,

P(0)P*(y)
Ju ¢ (@d(2)dz
locally uniformly in M x M, where ¢ and ¢* are the ground states of P — 4¢ and
P* — Ao, respectively (see [36, Theorem 1.2], and references therein).

lim ek (x, y, 1) =

Definition 2.3. Let P;, i = 1,2, be two elliptic operators of the form ei-
ther (2.1) or (2.2) that are defined on M, and suppose that 1o(P;, 1, M) > O for
i=1,2. We say that the corresponding heat kernels kﬁ‘{’l (x,y,t) and k% (x,y,t) are
equivalent (respectively, semi-equivalent) if

kf},”l xk,j‘f2 onM x M x (0, c0)
(resp., k%(-, Yo, *) =< k%(-, ¥o, -) on M x (0, co) for some fixed yg € M).

Similarly, we define the equivalence and the semi-equivalence of the Green
functions G}/ (x, y), where i = 1, 2.

Remark 2.4. It follows that if k) < k}, then P; is subcritical in M if
and only if P, is subcritical in M, and in this case, (2.4) and (2.6) imply that

GY _, =< GM_, for any A < Ao with the same equivalence constant. Moreover,
1 2
Ao(Pr, 1, M) = Ao(P2, 1, M).

Throughout the paper we consider a perturbation of an elliptic operator P by
a real valued potential V. We introduce the following one-parameter family of
operators:

(2.8) P..=P—¢V, &eeR,

where P is a given elliptic operator of the form either (2.1) or (2.2) , and Vis a
given potential satisfying the above regularity assumption.

Now we are in a situation to state the main results of the paper. In fact, we
provide a positive answer to Conjecture 1.1 under further assumptions.

Theorem 2.5. Let (M, g) be a connected and noncompact Riemannian mani-
fold of dimension N. Let P be a symmetric subcritical operator with C™-
coefficients, such that the induced Riemannian metric by P is equal to g. Let
V € LIIJOC
p> N

Assume that for some xo € M and T > 0 there exists C := C(T, xg) > 0 such

(M) be a nonzero real valued potential with compact support, where

that the following doubling condition holds:

2.9) K (x0. %0, ) < Ch¥ o, x0,0) forallt > T

2
Then:
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(1) There exists &g > O such that kp_; < ky _, for all |g| < &9 and all 1 < 0.

(2) Suppose further that V > 0. Then ki, < kﬁ/‘l_/1 forall —oo < & < gy and
all 2 < 0.

(3) Suppose further that P — V is subcritical in M and satisfies (2.9). Then
KM =< kM,

(4) Assume that P is a symmetric subcritical operator with locally regular coef-
ficients, and that (2.9) is satisfied. Then assertions (1)—(3) hold true (with-
out the C*®-assumption and the assumption on the metric) provided V is a
bounded measurable potential with compact support.

The following theorem extends Theorem 2.5 from the class of compactly sup-
ported potentials to the class of small perturbations (see Definition 5.1).

Theorem 2.6. Suppose that the Riemannian manifold (M, g), the operator P,
and its kernel k¥ satisfy the assumptions of Theorem 2.5. Let V € Ly (M) be a
small perturbation with respect to k¥ in M, where p > N/2.

(1) Then there exists €9 > 0 such that k]}‘;[—z = k%_ifor all le| < ggandall A < 0.
(2) Suppose further that V > 0. Then ki, =<k} _, for all —oo < & < &y and
all 2 < 0.

(3) Suppose further that P — V is subcritical in M and satisfies the doubling
condition (2.9) (without any sign assumption on V). Then kﬁ‘g” = kﬁ‘f_v.
Moreover, if V is only a semismall perturbation, then (1) and (2) hold true with the

semi-equivalence replacing the equivalence assertion.

Remark 2.7. Assumption (2.9) necessarily implies that A1¢(P, 1, M) = 0. In-
deed, if A9 > 0, then (2.7) implies that k¥ decays exponentially as ¢ — oo, and
this contradicts (2.9).

On the other hand, if P > 0 in M, and k3’ =< kp' for all |¢| < &, then (2.4)
implies that k', =< ky_, forall 1 < A and |¢| < &o (and in particular, P, — A is
subcritical in M, see Proposition 2.10 below).

Remark 2.8. If 1o > 0 and P — J satisfies the assumptions of Theorem 2.5
or Theorem 2.6, then the conclusions of these theorems hold true for P — A for all
A < Ao (see, e.g., Example 7.12).

Remark 2.9. The doubling condition (2.9) is not very restrictive. Clearly,
the positive minimal heat kernels of the Laplacian on RY with N > 3, and on the
upper half-space RY with N > 1 satisfy (2.9) (see [20, 39]). In Subsection 7.2 we
provide further examples of manifolds M and operators P satisfying (2.9).
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On the other hand, A. Grigor’yan kindly pointed out to us that for some
model subcritical manifolds M with 1y = O and with exponential volume growth
V(r) = exp(r*), where 0 < o < 1, the heatkernel satisfies the on-diagonal estimates

kyA(x()a X0, t) = eXp(—cta/(2—lZ))‘
So, the doubling condition (2.9) is not satisfied (see Example 5.36 and Theo-
rem 5.42 in [16]).

In the critical case we have the following result.

Proposition 2.10. Assume that P is critical in M, and let V be a nonzero
potential.

Then for any . < O there does not exist any &y > 0 such that kM_, =< k% )
for all |¢| < 9. Moreover, the corresponding heat kernel k¥ does not satisfy the
3k-inequality (3.2) with respect to any nonzero potential V.

Proof. It follow from [33, Theorem 3.1], that if P is critical, then there exists
at most one &; # 0 such that P, is also critical in M. Hence, kY % k} for all
¢ # ¢1. In light of (2.4), we conclude the result for all A < 0. The last part of the
proposition follows from the proof of the first part and Theorem 3.5. (|

Remark 2.11. Proposition 2.10 is counter intuitive, since in the context of
the Green function, even if P — A is critical in M, yet for any nonzero potential V
with a compact support, and any 4 < Ao, there exists &g = 9(V, 1) > 0 such that
Gy_, =< Gy _, forany |¢| < &.

Remark 2.12. Let P be a subcritical operator in M and V a nonzero potential.
Then P — A is subcritical if there exists o such that k), =< k% _, forall |e| < &g
and for some A < .

The proof of Theorem 2.5 relies on a suitable 3k-inequality (see Definition 3.3
below). We note that an analogous 3G-inequality is used frequently for proving
the equivalence of Green functions (see, for example, [28, 33, 34]).

3 Preparatory results

In the present section we recall some basic properties of the heat kernel, define
the notion of 3k-inequality, and prove some basic general results concerning the
equivalence of heat kernels. The lemma below summarizes some fundamental
properties of the heat kernel.
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Lemma 3.1. Let P be an elliptic operator of the form either (2.1) or (2.2),
which is nonnegative in M. Then the positive minimal heat kernel kM (x,y, t)
satisfies the following properties:

(1) k¥ (x,y, t) satisfies the Chapman—Kolmogorov equation (the semigroup prop-

erty)

kg(x,y,s+t):/ kPM(x,z,s)kg(z,y,t)dz Vs,t> 0andV x,y € M.
M

Q2) K, y,0) >0, KL,y t)=kM@y,x,t) Vi>0andVx,y e M.

(3) The heat kernel is monotone increasing as a function of the domain.

4) IfV >0, then kM., < kY.
Suppose further that P is symmetric. Then:

5) kﬁ,/’(x, v, 1) < kﬁ,/’(x, X, t)zlkf[‘,”(y, v, t)zi Vt>0andV x,y e M.

(6) The function t — kM (x, x, t) is positive, monotone decreasing and log-convex
forall x e M.

(7) Assume that P is a nonnegative selfadjoint operator on L*(M, dx), then

e~PIf(x) = / K4 (x, y, Df ()dy
M

forallt > 0andf € L>(M, dx).

For the proof of the above lemma we refer to [13, Lemma 1].

In the sequel we need the following log-convexity property of the heat kernels
with respect to a perturbation by a potential W (see, for example, [40, Lemma
B.7.73)).

Proposition 3.2. Suppose that the elliptic operators Py and P, .= Po+ W
both admit positive minimal heat kernels ky and k,, respectively, in M. Then for
any 0 < a < 1, the operator P, .= (1 — a)Py + aP admits a positive minimal heat
kernel k, in M, and k, satisfies

(3.1) ka(x,y, 1) < (ko(x, y, )~ (ki(x, y, 1)* Vx,y € M, and t > 0.

Definition 3.3. Let P be a subcritical operator defined on M. We say that
the heat kernel k¥ satisfies the 3k-inequality with respect to V if there exists a
constant C > 0 such that the following inequality holds true:

32) /0 /M KM (x, z,t — $)|V(@2)IkM (z, y, s)dzds < CkM (x, y, 1)

Vx,y e M, andt > 0.
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We say that the heat kernel k¥ satisfies the restricted 3k-inequality with respect
to V if for any 7 > O there exists a constant C(T) > O such that the following
inequality holds true:

t
(3.3) / / K (x, 21— V@I v, s)dzds < CDKY(x, v, 1)
0 M
forallx,ye MandO <t < T.

If V is a bounded potential, then the heat kernel satisfies the restricted
3k-inequality. Indeed, the Chapman—Kolmogorov equation clearly implies:

Proposition 3.4. Let P be an elliptic operator of the form either (2.1) or (2.2),
which is nonnegative in M, and let V be a bounded potential. Then the following
restricted 3k-inequality holds true:

t
/ / K (x, 2, 1 — V@K, v, 5)dzds < TV k¥ (x, v, 1)
0 JM
forallx,ye M and0 <t <T.

The next theorem asserts that if k¥ satisfies the 3k-inequality, then for small |,
we have ky < k' (cf. [15, Theorem 5.3]).

Theorem 3.5. (1) Let V be a potential such that k¥ satisfies the 3k-inequa-
lity (3.2). Then there exists o > 0 such that k) < ki for all |¢| < &o.
(2) If k¥ satisfies the restricted 3k-inequality (3.3), then for any T > 0 there
exists positive go(T) such that for all ¢ < &(T)

(3.4) ky =< ky onM x M x (0,T].

(3) Under the assumptions of either (1) or (2), let & be such that (3.4) holds true
with 0 < T < oo. Then the heat kernel k% satisfies the resolvent equations

t
Ky ey, ) =k (x,y, D +e / / ky'(x, z, t — )V()kp (z, y, s)dzds
(3.5) 0 IM

t
ke [ [ Kz — V@R . dzds
0 JM
forall (x,y,t) e M x M x (0, T).

Proof of (1) and (2). Fix0 < T < co and y € M. Consider the iterated
kernel

i kM(xa Y, t): i= 09
K0y, 0= 0 N .
Jo Jukp (x, 2, t = )V()kp'(z, y, s)dzds, i > 1.
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It follows from the 3k-inequality (3.2) (or the restricted 3k-inequality (3.3)) that
forall 0 <t < T we have

(3.6) KD (x,y, 1) < C'kM(x, y, 7).
Hence,

e’} ) ; 1
3.7 DIl 0oyl < | Koy,

i=0

provided |e| < CL.
Fix such ¢. Using a standard parabolic regularity argument, it follows that the

Neumann series

o0

Hi(x,y,1) = Z eikg)(x, »t)

i=0
converges locally uniformly in M x (0, T) to a positive fundamental solution of
the equation (i, + P.)u = 0. Hence, k% (x, y, t) exists, and by the minimality of the
heat kernel and (3.7) we obtain

(3.8) ke, 1) < Hy(x, p,1) < K (x, v, 1).

1
1 —Cle|

Let M; be an exhaustion of M, i.e., a sequence of smooth, relatively compact
subdomains of M such thaty € My, M; € Mj,; and |2, M; = M.
Using the resolvent equation (Duhamel’s principle) in M;

t
(3.9)  kpe,y, ) =kp (X, y, 1) +& / / k' (x, 2, 1 — )V (Dkp (2, y, $)dzds,

and by the dominated convergence theorem we obtain that kﬁ‘{ satisfies the resolvent
equation

G0 =kl nve [ [ Koz - 9VER! Gy, s,
0 JM

Moreover, by the resolvent equation and inequality (3.2), we have

B e =K+ [ [ Ko ze— VR G s
0 JM

R / Kk (x, 2, 1 = 9)|V(@)Ikp (2, y, s)dzds
1—Clel Jo Ju
C 1-2C
> ey — (| _'Z'lgl)kpf”u,y, n=("" lej')k%oc,y, 1.



560 D. GANGULY AND Y. PINCHOVER

Hence, for |¢| < 1/(2C) we have k' < k}', which in turn implies that H} =< kp'.

The minimality of k% implies now that
o0 ) .
kY G, y, ) = Hy(x, y, 1) = Y e'kp(x,y, 1)
i=0

for any |e| < 1/(2C). This proves parts (1) and (2) of the theorem.
Part (3) of the theorem follows from the resolvent equation (3.9) in M;, the
3k-inequality, and the dominated convergence theorem. O

Remark 3.6. It is evident from Theorem 3.5 that in order to prove Theo-
rems 2.5 and 2.6, it is enough to establish the 3k-inequality (3.2).

For a perturbation by a nonnegative potential V, we have

Lemma 3.7 ([15, Corollary 2]). Let P be a subcritical operator, and let V be
a nonnegative potential. Suppose that k% .= kM for some ey > 0. Then k”i = k¥
for any ¢ < &.

We provide here a detailed proof of the above lemma.
Proof. By the generalized maximum principle, if ¢; < &, then
(3.10) kp, < kp, .
So, by our assumption, there exists C > 0 such that
KM < k%o < CkY.

Let O < ¢ < gg. Then, by (3.10) and Proposition 3.2 with 0 < a := ;0 <1, we
have

k% < (kg)l_a(k%[))a < C“kﬁ‘;’ = Ce/sokﬁl;l.
On the other hand, if ¢ < 0, then by (3.10) and Proposition 3.2 we have with

a=—¢/(e0 — &)
kp < k' < (k! )*(kpD)' ™" < CH (k)" (k)™

and hence,
M M l—a) M —&/g0 LM
kpl < kpl < CYUT kg = CT g

So,
Cg/gl)kg S k% S kPM,

and this completes the proof of the lemma. (]
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Remark 3.8. In [7, 8, 43], the authors consider the special case of the Lapla-
cian on R and signed potential perturbations. It is proved there that for V > 0
which is in a certain L subspace, kﬂfNA = kDENA_gV for any ¢ < 0. Our Lemma 3.7
and Theorem 2.6, applied to this particular case, extend these results even for
signed potentials V, since in this case, by our results, the interval of equivalence is
(—00, €p), where ¢y > 0 (and not only R_).

Recall that by [33], the set
S=SP,V,M)={¢eR| P, >0in M}
is a closed convex set, which contains the convex set
S, =8P, V,M) :={e € R| P, is subcritical},

and
{e € R | P, is critical} C &S.

Moreover, if V is a small perturbation of P in the sense of Green functions, then
S, =intS, and GY =< G} for any ¢ € S, (see [33]).
We note that, in general, the convexity of the set

{(A, &) eR?| A < Ao, € € Se(P— A, V,M))}
implies that for any 4 < 4¢, we have
(3.11) {eeR|ky_; < kpl;} C Su(P— Ao, V, M).
The following lemma shows that under some conditions we have
(3.12) {e e R|ky < kp'}=S.(P— o, V,M).

Lemma 3.9. Let P and P — V be two subcritical elliptic operators such that
forsome 0 <a < f <1, k%, = kM andk% = k¥ . Then

kp =< kp_y.

Proof. By (3.11), we may assume that A¢(P, 1, M) = 0. Proposition 3.2 and
the lemma’s hypothesis k' = k¢ imply that

kpt = K, < (kp)' = (kply )
This implies C1kY¥ < k¥_,. Similarly,
kply = kg, < (D' Py

implies k¥, < CokM. Hence, the lemma is proved. O
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In the study of equivalence of heat kernels, one would expect that as in the
elliptic case (see, for example, [33, 34]), the local Harnack inequality should play
a pivotal role. Unfortunately, the parabolic Harnack inequality for nonnegative so-
lutions is weaker than the elliptic one. Nevertheless, in the symmetric case, the heat
kernel satisfies the following elliptic-type Harnack inequality due to E. B. Davies
[13, Theorem 10].

Lemma 3.10 (Davies—Harnack inequality for the heat kernel). Fix a compact
subset A of M, and T > 0. Then there exists a positive constant C := C(T, A, P)
such that

(3.13) sup kM (x,y, 1) < C inf kM(x,y,0) Vt>T
x,yeA x,yeA

4 Proof of Theorem 2.5

The proof of Theorem 2.5 hinges on the following key proposition.

Proposition 4.1. Assume that P, V and kY satisfy the assumptions of the first
part of Theorem 2.5. In addition, assume that the diameter of suppV is small
enough. Then the corresponding heat kernel k¥ satisfies the 3k-inequality (3.2).
Consequently, there exists ey > 0 such that k% = k¥ for all |¢| < .

4.1 Short time asymptotic. One of the key steps of the proof of the
3k-inequality of Proposition 4.1 relies on the local short time asymptotic of the
heat kernel k¥ (x, y, 1). Recall that two-sided short time estimates of the heat kernel
have been extensively studied in the past forty years. However, for our purpose,
we need the local short time asymptotic of the heat kernel which is given by the
following theorem of Y. Kannai [21] (see also [27] for the result in the compact
case). For the global analogue result see Section 4 of [21, Theorem 4.1], and for
subsequent developments of these results see [6, 9, 41].

Lemma 4.2 ([21]). Assume that an elliptic operator P of the form either (2.1)
or (2.2) with C*®-coefficients is defined on a smooth noncompact manifold M. Let
d(x, y) be the Riemannian distance induced by the principal part of the operator P.

For any relatively compact set K C M x M, there is a 6 > 0 and smooth
functions H,(x,y), n =0, 1, ..., defined on K such that the following asymptotic
expansion

N o

@.1) oown~ () e =7 ) a e

n=0



EQUIVALENCE OF HEAT KERNELS 563

holds locally uniformly as t — 0 in K, whenever d(x,y) < 0. Moreover,
Ho(x,y) >0 and Hyx,x)=1.

In particular, for small enought > 0, and for x, y in a small compact setin M x M,

we have Loy (. )
K (x,y, 1) = (4m) 2exp( - 4;1 )

Next, we state and prove another key ingredient for the proof of the 3k-
inequality.

Lemma 4.3. LetV € [’(M),p > 1;/ be a potential with compact support K,
and let A be a bounded domain with a smooth boundary such that K € A. Assume
that there exists a constant C > 0 such that

t
4.2) / / K (x, 21— ) V@I, v, s)dzds < CRY(x, v, 1),
0 JK
foranyx,y € A, andt > 0. Then
t
4.3) / / K (x, 2,1 — IV Gy, s)dzds < CRY(x, y, 1),
0 K

foranyx,y e M, and t > 0.

Proof. Following common practice, in the sequel, the letter C will denote an
irrelevant positive constant, the value of which might change from line to line, and
even in the same line.

Fix y € A, and define

(4.4) Uy(x, 1) := /O /K KM (x, z, t — $)|V()IkH(z, v, s)dzds.

By (4.2),
Uy(x, 1) < CkY(x,y,t) VYxe dAandt > 0.

Moreover, U, is a solution of the equation

d
o Uy + PU, = [V@)IkY (x,y,1), xeMandt> 0.

In particular, gth + PU, = 0 for all x outside K and ¢ > 0.

Let {M,};2, be an exhaustion of M such that A C My, and set
t
Uity i= [ [ Gz, = IV G s)deds,
0 JA

where kff” (x, y, t) is the Dirichlet heat kernel of P on M,,.
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Recall that as a function of x, the heat kernel kg[” (x, y, t) satisfies the equation
gtkg” + Pkﬁ‘;’” =0in M, x (0, co). Moreover, since Uy, and kﬁ‘f” converge locally
uniformly to Uy and k), respectively, it follows that for any & > O there is N,, such
that for any n > N,

Uyn(x) < (C+e)kp"(x,y,0) VYxe dAandt> 0.
Therefore, for such n, we have

2Uyn+PUy, =0 in (M, \A) x (0, 00),
Uy < (C+e)kp"  on dA x (0, 00),
U,,=0 on oM,, x (0, co),
Uy,n=0 on (M, \ A) x {0}.

The generalized maximum principle implies that
Uyn < (C+ o)k on (M, \ A) x (0, 00).

Letting n — oo we arrive at
4.5) Uy(x, ) < Ckpl(x,y,t) YxeM,yeAandt> 0.
Next, we fix x € M and define fory e M

Uiy, 1) = /Ot /A kPM(x, Z,t— s)|V(z)|kPM(z, v, s)dzds.
Then as a function of y, Uy is a solution of the equation

0 x

atU; + P U = |[VO)|k(x,y, ), yeMandt> 0.

In particular, { U} + P*U; = 0 for all y outside A.
Since Ui(y, 1) = U,(x, 1), estimate (4.5) implies

Uy, 1) < Ck¥(x,y,©) Vye Aandxe M.
Hence, the above exhaustion and comparison arguments finally imply
t
@6 [ [ K= 9V Gy sdzds < Oy,
0 J4a

forany x,y € M, and ¢ > 0. ([
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Having proven Lemma 4.3, we turn to the proof of the 3k-inequality.

Proof of Proposition 4.1. By Lemma 4.3, it is sufficient to prove the
3k-inequality for all x,y € A and all # > 0. So, it is enough to prove the existence
of a constant C > 0 such that

! kM D 9t_ kM s Vs
@n  sxnn=[ [ Pt G Dy ylazas <
0 JM kP(xaya t)

forall x,y € Aandall r > 0.

The proof is divided into several steps. We fix an arbitrary small dy > O (to be
chosen later), and prove the boundedness of S(V, x, y, #) in two separate regions;
t>0pand 0 <t < Jy.

Step 1. In this step we estimate (4.7) when ¢t > Jp and x,y € A, where A is
a smooth compact subset of M containing K = supp V. Fix 0 < ¢ < %’ Fubini’s
theorem yields

/0 t /M kp (x, 2, 1 = 9)kp' (2, ¥, )|V (2)|dzds
(4.8) = /A ( /0 ’ Ky (x, z,t — $)k¥ (2, y, s)ds>|V(z)|dz
+ /A ( /a Wz — G, s)ds) |V(2)|dz.
Consider the first term of (4.8), namely,

) 5
I’ :=/A (/0 kﬁ‘f(x, z,t—s)kﬁf’(z, y, s)ds)lV(z)Idz.

Since ¢t > Jy, we have for0 < s < o
1
5<2<t—5<t—s<L

Hence, in light of parts (5) and (6) of Lemma 3.1, and Davies—Harnack inequality
(3.13), we obtain

)
< / ( / (kpM<x,x,r—s>>z‘<k%(z,z,r—s))ik%<z,y,s>ds)|V(z>|dz
A 0

< (i (vr ) (R0 a)) [ ([ R veorae

Using our assumption that P is subcritical in M, the Davies—Harnack inequality
(3.13), and the doubling condition (2.9), we get

@9) I} < COM (o, x0, 1) (K (x0, x0, 1) /A G¥ (2, WIV()Idz,
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where G¥ is the Green function of the operator P in M. Consequently, the Davies—
Harnack inequality (3.13) for the heat kernel implies

(4.10) I} < C(6, A)kp (x, y, t)/Gg(Z, IV(@Idz Vx,y €A, 1>
A

On the other hand, the well-known behaviour of the Green function near a singu-
larity and the local elliptic Harnack inequality imply that there exists a positive
constant C such that

C 2=y <Gy < Cle—yI™" Vz,yeA
Hence, the Holder inequality with p > N/2 and p’ =p/(p — 1) yields

Gz, V|V(2)|dz < C _ (Z‘N)”'d)pl(/ VPd)"
@11 /A (z, IV(D)|dz < (/Aly z| z AI [Pdz

< CK,p, NIV, VyeA.
Hence, by substituting (4.11) into (4.10) we obtain
(4.12) < CkM(x,y,t) Vx,yeAandt> d,

where the constant C depends on 6, A, p, N, and || V]|,
Next, consider the second term of (4.8), namely,

14 :=/A (/5 Ky (x, 2, t — )k (2, ¥, S)dS>IV(z)IdZ-

Acting as for I we obtain
t/2 X .
I 5/ (/ ky (x,x, t — )2k} (z, 2, t — 8)2kp (2, Y, S)dS>IV(Z)IdZ
A 0
* / ( (kP (2 2, 80 (K 0 3. ) kY (x, z,r—s>ds)|V(z>|dz
A \Ji2
I\ 2 1\ >
<k (vx ) )) (6 (2. 3))" [ GV

+ (K (2.2, ;))é(kg(y,y, ;))é /AGoc, DIVEIdz

<Ckp/(x, y, t)/(G(Z, )+ G, 2)|V(z)|dz.
A
In light of (4.11), we obtain

(4.13) I < CkM(x,y,r) Vx,yeAandr> d.
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Hence, by adding estimates (4.12) and (4.13) we obtain
SV, x,y,t) < C Vx,yeAandt > dy,

where the constant C depends on 6, A, p, N, and ||V]|,..

Step 2. In this step we use our assumption that the diameter of K := supp V
is ‘small enough’, and estimate S(V, x, y,7) for t < dyp and x,y € A, where A is a
‘small’ bounded domain with a smooth boundary containing K. We use the short
time behaviour of the heat kernel (see Lemma 4.2).

Denote by g(x, y, ) the Gauss—Weierstrass type kernel

1\% d(x, y)?

(4.14) g,y 1) = (4m) exp( — . ).
Due to our assumptions on the smallness of K and the smoothness of P and M,
Lemma 4.2 implies that there exist dp > 0 and C > 0 such that

4.15)  Clgley, 0 <KMoy, < Celx,y, 1) Vx,yeAandr < d.
Note that
t (1-p)N _N
(4.16) g(x, v, 1) = g(x, y, )(4m) M)yt Vx,yeMandr> 0.
p

Following [7], and using (4.15), and (4.16) for x,y € A and 0 < ¢t < Jyp, we obtain
LRzt — Ky, )
SV, x,y, 1) := V(z)|dzd
(Vo2 /O/A kY, y, 1) IV(@)ldads
t — ' 11/p'
< / / [(g(x, 2,1 — ) (8(z, y, )] IV(Z)Idst
0 JA g(xo Yy, t)
< C/t |:S(t— S)i|_2]:,, / [g(-xa 2, l‘;/S)g(Z’ Y, l;Y/)]l/p’lV(Z)le
} s.
- 0 t A g(-xaya l;)l/p

Consequently, the Holder inequality, (4.15), the Chapman—Kolmogorov equation,
and our assumption that p > N/2 imply that for all x,y € A and ¢ < Jy

tes(t—s)1-2 [, g(x, 2, 59)e(z, v, 5)dz]Y
SV, x,y,0) < ClIVII, / ste =05 Uy y ’ ds
0 - 14 - g(xoya ;/)l/p
! _S(t — S)_ _é\[’] [fA kg[(xa Z, t;/s)kg[(za Y, ;/)dz]l/pl
< ClIVIlp L, KM (x, y, D s
b 9 p/
trs(t — __N 1
SCIIVIIp/0 8 ) N7 a5 = v, rl—z”p/o o1 —o0) ¥do

<amia(i-2 -2 <a
2p 2p

where B denotes the beta function.
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Step 3. Steps 1 and 2 imply that the 3k-inequality holds for all x, y € A and all
t > 0. Hence, Lemma 4.3 implies that the 3k-inequality holds for all x, y € M and
all # > 0. Consequently, Theorem 3.5 implies that there exists &g > 0 such that
kyl = ky' forall |e| < &o. O

Proof of Theorem 2.5. (1) Let V be the given potential with a compact
support, and let {A;}7, be a finite open covering of supp V by smooth bounded
sufficiently ‘small’ domains A; such that k¥ satisfies

C_lg(x:ya t) < ky(xaya t) < Cg(xa Y, t) any EAia r < 50 and 1 < i < m,

where g is the Gauss—Weierstrass type kernel (4.14).
Let { x;}’2, be a smooth partition of unity subordinated to this covering, and let
Vi(x) := xi(x)V(x). Then V(x) := Y"1, xi(x)V(x) = > 1, Vi(x).
Using Proposition 4.1 m-times with & small enough, we obtain that
M _ M _ _ M _ M
k —~ kP—é‘Vl —~ T~ kP_g(E,”;TI Vi) —~ sz'
(2) The proof follows immediately from assertion (1) and Lemma 3.7.
(3) Since P—V is a subcritical operator with a heat kernel satisfying the doubling
condition (2.9), we may apply part (1) of the theorem to the operator P — V to
M

conclude that there exists some & such that k3", = k! < k

P._,, forall [e] < &

holds true. Therefore, there exist o and £ such that the hypotheses of Lemma 3.9
are satisfied, and hence k¥ =< kM .

(4) Proposition 3.4, Step 1 of the proof of Proposition 4.1, and Lemma 4.3
imply the 3k-inequality. Hence, by Theorem 3.5 there exists g > O such that
kﬁ‘{ = kM for all |¢] < &p. Consequently, assertions (2) and (3) for a bounded
compactly supported potential V follow exactly as above. (]

Conversely, it turns out that if V > 0, and k¥ =< k},, then the 3k-inequality
holds true. Indeed

Proposition 4.4. Let V > 0 and k¥ =< k¥.,,. Then the heat kernel k¥ satisfies
the 3k-inequality (3.2).

Proof. Since k¥ =< kM., part (3) of Theorem 3.5 implies that k¥, satisfies
the resolvent equation

k%i—V(xa Y, t) = kg(xa Y, t) - / / ky('xa 2, r— S)V(Z)k%—V(Z: Y, S)dZdS.
0 JM
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Hence,

/ / kf},” (x,z,t— s)V(z)kPM (z,y, s)dzds
0o Jm

<c / / K (x, 2, £ — VDR (2, ¥, s)dzds < CRY (x, y, 1)
0 JM

forall x,y e M and ¢ > O. g

5 Small perturbations and the proof of Theorem 2.6

In the present section we introduce the class of small perturbations (see Defi-
nition 5.1), and prove Theorem 2.6 that extends Theorem 2.5 from the class of
compactly supported perturbations to the class of small perturbations. In the con-
text of Green functions the notion of small perturbations was introduced in [33]
and was then extended to the notion of semismall perturbations by M. Murata in
[28] (see [25, 28, 35] and references therein for some applications). Similarly to
the elliptic case, we study here the properties of small perturbations with respect
to the heat kernel k.

Let {M,}:2, be an exhaustion of M as in the proof of Theorem 3.5, and denote
My =M\ M,. Let V be a given potential, and { ®,};2, be a sequence of smooth
cutoff functions subordinated to the exhaustion { M, } satisfying

1 ifxeM,,
0 ifxeM:

n+l»

D,(x) =

and 0 < @, < 1. Set V,,(x) := D,(x)V(x) and W, (x) := V(x) — V,,(x).

Definition 5.1. We say that V is a small (resp., semismall) perturbation
with respect to the heat kernel k¥

M M
o am{ o [ / Ao = VO3 94,4)
P

x,yeM; (x Y, t)
>0
(resp.,
M _ M
(52) hm { sup / / kP (XO, Z,t S)lV(Z)lkP (Z Vs S) st} — 0’
yeM: b k (x0, y, 1)
>0

where Xy is a fixed reference point in M).

Clearly, if V is a small perturbation with respect to k¥, then it is also a semismall
perturbation with respect to k¥ (see Subsection 7.3 for further discussions).
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Example 5.2. Suppose that P is a subcritical operatorin M. Then areal valued
function V € [’(M), p > ’;’ with compact support is a small perturbation of P
with respect to k.

Example 5.3. Let P:=—A in RY N > 3 and suppose that Ve LP(RV)NLI(RV),
where g < 1;/ < p. It follows from [7] that V is a small perturbation with respect
to the Gauss—Weierstrass heat kernel (1.3). For example, for# > 2 and x,y € RV
we have

/t/ k%(x, Z,t-S)an(Z)lky(Z,y, S)dZ
0 Jm k' (x, y, 1)

1 o0
s ”Wn”p/ S_N/(zp)d5+02||Wn||q/ s~V s,
0 1

ds

and the dominated convergence theorem implies that V satisfies (5.1).

It turns out that under some further assumptions, if V is a small perturbation
with respect to k¥, then k¥ satisfies the 3k-inequality with respect to V. We have.

Lemma 5.4. Suppose that the Riemannian manifold (M, g), the operator P,
and its kernel k}! satisfy the assumptions of Theorem 2.5. Let V € L} (M) be a
small perturbation with respect to the heat kernel k¥, where p > N/2. Then k¥
satisfies the 3k-inequality (3.2) with respect to V.

Proof. Theorem 2.5 and Lemma 3.7 imply that k2 < kz,,, | for any n € N.
Therefore, by Proposition 4.4, for each n € N there exists C,, > 0 such that

/0 /M K (x, 2, 1 — )|VEIKIG, v, s)dzds
(5.3) "

t
< / / K (x, 2, 1 — )|V QIS (2, 3, 5)dzds < Cok(x, , 1)
0 JM

forall x,y €e M and ¢ > O.
On the other hand, by the definition of a small perturbation we have

t
(5.4) / / K (x, 2, 1 — HIVEIKY G, y, $)dzds < CRY(x, v, 1)
0 MI,;

for any x,y € M, and ¢t > 0. So, by adding (5.3) and (5.4), we see that the
3k-inequality (3.2) holds true for x,y € M, and ¢t > 0.
Fix y € M}; and for x € M,, define

t
Uy, 1) o= /0 /M Rzt = W @I . v, 9)dds.

n+l
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By (5.4) and continuity we have
Uy(x, D) < ekyl (x,y,1) Vx € M,, t> 0.
On the other hand,
Uy(x, 0) = kP (x,y,0)=0 Vx e M,.

Moreover, U, satisfies the equation

0
ot U,+PU, = |Wn+1(x)|k;‘,/1(x, v,t), xeM,t>0.

In particular,

0
o Uy+PU,=0

for all x € M,,. Furthermore, the heat kernel kﬁ” (x, ¥, 1), as a function x, also satisfies
the equation

2
atk% +Pky =0

for all x € M,. The generalized maximum principle in M,, implies that for any
yeM;

(5.5) Uy(x, ) < ekl (x,y,1) VYxe€M,, t> 0.

Hence, taking into account (5.3) it follows that the 3k-inequality (3.2) holds true
for x € M, and y € M;;. The same argument shows that the 3k-inequality holds
true fory € M,, and x € M.

Suppose that x, y € M,,. Then a similar comparison argument in M,, shows that

t
(5.6) / / K (x, 21— )| Want DI, v, )dzds < CRY(x, v, 1)
0 JM*

n+l

for all x,y € M,, and r > 0. Once again, taking into account (5.3) it follows that
the 3k-inequality (3.2) holds true also for x € M,, and y € M,,. Thus, the lemma is
proved. (]

In light of Part (3) of Theorem 3.5 we obtain

Corollary 5.5. Suppose that'V is a (semi)small perturbation with respect to P
in M. If kM = kM for some ¢ € R, then the heat kernel k% satisfies the resolvent
equations (3.5).

Next, we prove Theorem 2.6.
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Proof of Theorem 2.6. Part (1) follows from Lemma 5.4 and Theorem 3.5.

(2) The proof follows immediately from part (1) and Lemma 3.7.

(3) Since W, is a small perturbation of k¥, it follows from part (1) that for n
large enough the 3k-inequality holds true with respect to W,, with a constant C < 1,
and therefore

(5.7) ky =< kp_y, .

On the other hand, since P — V = (P — W,)) — V,, and V,, has compact support in M,
it follows from (5.7) and part (3) of Theorem 2.5 that

M M o M
K, = M = kY O

Remark 5.6. We note that if the heat kernels k¥ and k¥_,, are semi-equivalent
for each fixed x € M, then by the Davies—Harnack inequality, and either by the
short-time asymptotics of the heat kernels or under the additional assumption that
V e L*®(M), we get the equivalence of this heat kernels in K x M x (0, co) for
any K € M.

Corollary 5.7. Suppose that the operator P and the potential V satisfy the
assumptions of Theorem 2.6, and that k% satisfies (2.9) for all ¢ € S,. Then

S.={eeR |k} <kp}.

6 Stability of the parabolic Martin boundary

In this section we study the behaviour of C.(D), the cone of all nonnegative
solutions of the parabolic equation

(6.1) Lu:=0u+Pu=0 inD:=M x (a,b)

under small perturbations, where P is of the form either (2.1) or (2.2) and
—o0<a<b<oo.

Our discussion is along the lines of the study of the elliptic case in [28, 32], but
the parabolic case needs special care since the cone C; (D) does not have a compact
base. Before formulating the main result of the present section, we introduce some
useful definitions and notations.

Definition 6.1. Let C; and G, be two convex cones embedded in topological
spaces Vi and V,, respectively. Then C; and C, are said to be affine equivalent
(and we denote it by C; = ©,) if there exists homeomorphism @ : ¢; — €, which
preserves convex combinations. Such a @ is called an affine homeomorphism.

Particularly, we are interested in the question whether k¥ = k¥_,, implies
Cr(D) = Cr_y(D), where V is a small perturbation.
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We recall some of the basic facts concerning the parabolic Martin boundary
and the parabolic Martin representation theorem (for more details see [14, 29]).

Let xo be a fixed reference point in M. Consider a nonnegative continuous
function y on M such that y(x) = 1 on B(xg, ) and y(x) = 0 outside B(xy, 2r), for
some r > 0 small enough. Also choose a nonnegative continuous / on (a, b) such
that 4(r) = 0 on (a, a;] and h(t) > O on (a;, b), where a < a; < b.

Define a measure p on D by dp(x, ) := w(x)h(t)dxdz. For any nonnegative
measurable function u on D, we define

b
6.2) p(u) = / /M u(x, Ddp(x, ).

In the literature dp is known as a reference measure.
Define

CpoL(D) :={u € CL(D) | p(u) < o0}, €} (D) :={u e CLD) | pu) < 1}.

Clearly, for every u € Cr(D), there exists & as defined above such that p(u) < oo.
Hence, C.(D) = U » Cp..(D). Moreover, the parabolic Harnack inequality implies
that if u € C, 1(D) and p(u) = 0, then u = 0. Recall that a nonnegative solution
u € Cr(D) is said to be minimal if for any nonnegative solution» € €r(D) such that
v < u, there exists a nonnegative constant ¢ such that » = cu. Denote by C/'(D)
the set of all minimal solutions in C.(D). By the Harnack principle, G;,L(D) is a
compact convex set in the compact-open topology, and by the Choquet theorem,
the set of all extreme points of G;, 1(D) is equal to the union of the zero function
and C'(D)N{u € G}),L(D) | p(u) = 1}.
We now introduce the Martin kernels. Let
l(x,y,t—s), a<s<t<b, andx,y e M,

K ((x, 1), (v, 8)) =

0, a<t<s<b, andx,y e M.

Fix a reference measure p, and define K4 ((x, 1), (y, s)) the (parabolic) p-Martin
kernel on D x D by

k' ((x, 1), (3, $))
j(:f)((x, 1), 0’» S)) = p(kg( p 0’» S)) ’

0, a<t<s<b,andx,ye M.

a<s<t<b,andx,y e M,

It follows that up to a homeomorphism, there exists a unique metrizable compact-
ification D} of D with the following properties (for details see [29, Section 2]):
(1) The function X% has a continuous extension to D x D/ such that for each
(x,7) € D, the function X%((x, 1), -) is finite valued and continuous on
DI\ {(x, n)}.
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(2) For 1, 02 € D} we have X4(-, 01) = K5(-, 02) if and only if o) = 5.
We write 6/ D := D} \ D, and we call it the parabolic p-Martin boundary
of D with respect to L and a reference measure p. A sequence

{Yn} :={On )} CD x D

is said to be a fundamental sequence if { Y, } has no accumulation pointin D x D,
Y, — o € 8/ D. In particular, K5((x, 1), (yn, T2)) = Kp((x, 1), o) locally uniformly
in D, and X5(- , o) is a nonnegative solution to (6.1). Note that by Fatou’s Lemma,
we have p(K5(-, 0)) < 1. So, X7(-, o) € C! p,.(D) forany o € oy D.

We recall the parabolic Martin representatlon theorem. Define

(6.3) Gﬁ’lm ={0€d/D | XKp(-,0) € CI (D), p(Ki(-,0)) =1}.

We call 3" D the (nontrivial) minimal parabolic p-Martin boundary.
The parabolic Martin representation theorem states: u € €, (D), if and only if
there exists a unique Borel measure 4 on 6, D supported on 6f 1'D, such that

(6.4) 0= [ 501, )A)
orp
and p(u) = A(8] D).
Next, we formulate our main result of the present section.

Theorem 6.2. Let P and P — V be two subcritical operators such that V
is a small perturbation with respect to the heat kernel k¥, and k¥ = k¥_, in
M x M x (0, co) with an equivalence constant C.

Then there exists an affine homeomorphism T : Cp(D) — Cr_y(D) such that

(6.5 (Tu)(x,t) :=ulx,t)+ /t/ k}‘f’_v(x, z,t — 85)V(Qu(z, s)dzds Vu € Cr (D).
0 Jm

Moreover; for each u € Cp(D), we have Tu =< u with equivalence constant C>.
Remark 6.3. In Theorem 6.2 we do not assume that P is symmetric.

Remark 6.4. For the sake of brevity we present only the proof in the case
a=0and b = co. So, we prove the case D = M x (0, co). It will be evident from
the proof that all other cases follow along similar lines (see Remark 6.8).

Remark 6.5. Let D = M x (0, co). Then any fundamental sequence { (y,,, 7,)}
converging to o € 87D satisfies (up to a subsequence) 7, — T, where 0 < T < oo.
Therefore, if T = o0, i.e., 7, = 00, then for a fixedx €e M and ¢ > 0

Ky, Yo t — T,) = kM (X, Yo t — 7,) = 0
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for n large enough, and therefore
11)1'1'1 j{/}))((x: t)a O’m Tn)) = 11)1’11 j<j/})>—V((xa t): (yl‘la Tl‘l)) = 0

On the other hand, if 7, — T, where 0 < T < o0, then the Martin kernel
Kh((x, 1), o) satisfies Kh((x, 1), ) = 0 for all + < T. Hence, if the uniqueness of
the positive Cauchy problem holds true, then K5(-, 5) = 0 in D.

The proof of Theorem 6.2 hinges on the following key proposition.

Proposition 6.6. Let P and P be two subcritical operators such that k' =< k¥
in M x M x (0, 00). Then there exists a homeomorphism a,, : 8£’f"D - 85’1'"D
and C > 0 such that

(6.6) C™'KO((x, 1), 0) < KG((x, 1), a,(0)) < CKA((x, 1), 0)
for every g € o{"|'D and (x,t) € M x (0, c0).
For the proof of the above proposition we need the following lemma.

Lemma 6.7. Suppose that k¥ = kAi,” . Then for every u € C}), (D) there exists
necC /1) (D) that satisfies

C%u(x, 1) < ii(x, 1) < CPu(x, 1), (x,7) €M x (0, 00)

where C is the equivalent constant for k¥ and k},” .

The proof of Lemma 6.7 is similar to the proof of [32, Lemma 2.4], and therefore
it is omitted.

Proof of Proposition 6.6. Leto € 8/7'D, and for k = 1,2, let { (¥}, 7))}
be two fundamental subsequences of a fundamental sequence { (y,, 7,)} C D such
that

(s, Ty) —> o inD}, and (yi,7,)—> & inD}.
We claim that &) = &,, and &, € §;;'D. In particular, the mapping ¢ — &

is a well defined mapping a, : 6;"D — 9;°'D, defined by a,(0) = &, if

Vn» Tn) = 0 € 0 D, and (y,, 7,) = & € 9;'D.
Indeed, from our assumption that k' < k¥ it follows that
(6.7) C2XKp((x, 1), 0) < Kp((x, 1), &%) < C°Kp((x, 1), 0)  V(x,1) € D,

where C is the equivalence constant. Using (6.7), we obtain

KA((x, 1), 51) — CHKE((x, 1), 62) = 0.
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We now use the maximal ¢ trick. Define
g0 := max{e > 0: KH((x, 1), 51) — eXp((x, 1), 52) > O},

and let
ﬁp(x, t) = j<f’i((x: t)a 5-1) - gojcg((xa t)a 5-2)

Clearly v, > 0, and we may assume that p(v,) > 0, since otherwise, 6; = &».
Lemma 6.7 implies that there exists u € C;, 1(D) such that

n

(6.8) C™%u(x, 1) < 5%, < C?u(x, p).

P(0p)
Therefore, 0 < u(x, 1) < C4(p(up)) YKA((x, 1), o). Since Kh((x, 1), ) is a minimal
solution, we have u(x, t) = P((x, 1), o) for some u > 0. By substituting this in

(6.8), we obtain
C™ up)XKp((x, 1), 2) < C2up(U)Kp((x, 1), 0) < Up(x, 1).
Thus, by letting x := C™*up(v,) > 0, we obtain
0 < U,(x, 1) — oXK3((x, 1), 62) = K((x, 1), &1) — (g0 + ) KH((x, 1), 52),

which contradicts the definition of &y. Hence, 6; = 65, and therefore, a, is well
defined. Moreover, (6.7) and Lemma 6.7, and the maximal ¢ trick imply that
G, € a{ff’D, s0 @, : Of'D — 6p 'D. By similar arguments, a, is injective,
surjective and homeomorph1sm. O

We can now prove Theorem 6.2.

Proof of Theorem 6.2. Let {I\/Ij};’jo be an exhaustion of M, and denote
M;‘ =M\ M;. LetY, = {(yu, 7,)} be a fundamental sequence converging to
o€ 6£’f"D, andz, > T.

Fix ¢ > 0, and x in M and ¢ > 0. Since V is a small perturbation with respect
to k¥, and since kY is equivalent to k}_,, it follows from (5.5) that there exists j(¢)

and n(e) such that forj > j(¢) and n > n(¢), we have y, € M}

ey and for ¢ > 7, the

following inequality holds:

t kM 5 ,t— V kM s Yn»s — tn
// Py (X, 2 Ms)l @kp @y 8 = Tn) gy
6 9) - k (X Vn, T — Tn)
(6.
/z / kply (6 21 = T = VI @y Oy (o
) KM (x Vst = Tn) '
Since

kj}"/l(xa Yn, r— Tn)

— kP
B pORC G )
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it follows that

/t/ kY (x, 2, t = )|V (2, Yuy s — T0)
T, Mj*

dzd M.
PYC L Vs 7)) we=e

Hence, the sequence of functions

KM (2, Yny 5 — Tp) }

{es) =KLy 21— R CTENTER)

is uniformly integrable and tight, and
li)m fu(z,8) = kPM_V(x, z, 1 — )V(2)X5((z, 5), o) locally uniformly.
In light of Corollary 5.5, the resolvent equation implies

KM (X, Yo, t — T,) _ KM (X, Yo, t — 1)
PREC, Gns 7)) PR, s Tn)))
+/’/ Ky (x, 2,1 = V@AY (2, Ynr § = Ta)
oI M P s 7))

Hence, by the Vitali convergence theorem ([38, p. 98]) we may pass to the limit to

(6.10)
dzds.

obtain

ky—v(% Yn, r— Tn)
w550 p(kEC, G 7))
(611) p P > yna n

= Kh((x, 1), a)+/ / kPM_V(x, z,t — )V(@)XK5((z, 5), o)dzds.
T Jm

Furthermore, since k) is equivalent to < k}_,,, we may define (up to a subsequence)

KM (e yn t— 1)
:K:p— X, 1), 0,(0)) = Iim P—V\1s Vns n c
p_y((x, 1) p( ) n— 00 p(kf}‘;f_v(.,(yn’ 7))
M .
and 1,(o) := lim plkp_y (-, Vns Tn))

=0 p(kj}‘)l( 5 ()’n, Tn)) ’

p.m
aL—V,lD’

where C~! < 1 »(0) < C. Moreover, Proposition 6.6 implies that a,(c) is well
defined, and consequently, the sequence {(y,, 7,)} converges in D} _,, to the point

a,(0) € 8", D. Therefore, J,(c) does not depend on the subsequence.
Consequently, the following resolvent equation for minimal Martin functions

holds true:
lp(U)ij)_V((x, t): a/)(o-))

(6.12) ‘
=Kp((x, 1), o) + / / Y (x, 2, t — $)V(K((z, 5), o)dzds.
T Jm
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But since X5((z, 5), 0) =0 for 0 < s < T, we have

Ap(@)Kp_y((x, 1), a,(0))

(6.13) t
= Kp((x, 1), 0) + / / K (x, 7, t — $)V(2)KH((2, 5), o)dzds.
0o Jm
Define
‘T,, : {Kg( ,0)| o€ 65”an} — e/},L—V(D)
by

ij{/}i((.’C, t): O') = lp(o-)jcf)—v((xa t): a/)(o-))-

Extend T, to an affine transformation (with a slight abuse of notation)
T, : Conv({Kh(-,0) | o € 65”1'"D}) = C,1-v(D),

where Conv(A) is the convex hull of a set A. Then, using the parabolic Martin rep-
resentation theorem and a standard continuity argument (follows from continuity
of the Martin kernel X5(-, 0)), we extend 7, to a continuous affine transformation
T, :C, (D) — €, —v(D) given by

(6.14) (Touw)(x, D) == u(x, 1) + /0 /M kﬁ‘g/[_v(x, z,t — 5)V(2)u(z, s)dzds.

Recall that C, (D) = | b C,,.(D). Moreover, the mapping T, given by (6.14) does
not depend on p. Therefore, we may extend the family of transformations {7},
to a continuous affine transformation T : Cr(D) — Cr_y(D) by Tu := T,u for
u € C, (D), so, we get (6.5).

Analogously, define 8 : C;_y(D) — C.(D) by

(6.15) So)(x, ) =0 (x,1) — /0 /Mkl}‘)/’(x, z,t —5)V(2)v (z, s)dzds.

We claim that 8T = Ide, (py and T8 = Ide, ,p), where 1d, is the identity map on the
set A. We show that 8T = Ide, (p) and the second assertion follows similarly.
For u € C; (D) we have

(STM)(X, t) =8 (M()C, t) + /Ot /]Wkg—V(xa Y, r— a)V()’)U(ya (X)dyda)
_ ' M _
=u(x, 1)+ /0 /M kp_y(x,y,t — ) V(y)u(y, a)dyda
- / / k! (x, y, t — a)V(y)u(y, a)dyda
o Jm

_/Ot/Mkﬁ‘f(x,y,t—a)V(Y)

X </a/ v, 2, a — $)V(2u(z, s)dzds)dyda.
o Jm
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Using Fubini’s theorem and the resolvent equation for the heat kernel k¥_,,, we
obtain

/ / KM (x, 2, t — a)V(2u(z, a)dzda
0 JM
= [ [ Byt = avout. add
+ /O /M KM (x, y, t — a)V(y) ( /O /M Ly, z, 0 — $)V(@u(z, s)dzds)dyda.
Thus, (8Tu)(x, t) = u(x, t). ]

Remark 6.8. Inthe general case, where D=Mx(a, b), with —oco <a <b < oo,
the transformations 7 and 8, given by (6.14) and (6.15) (with a replacing 0), are
well-defined affine homeomorphisms even if a = —oo (thanks to the 3k-inequality
(see Lemma 5.4)).

7 Concluding remarks

This section consists of three subsections. In the first one, we briefly extend our
results to a certain class of nonsymmetric operators, while in Subsection 7.2 we
provide several examples to illustrate our results. Finally, in Subsection 7.3 we
pose some open problems.

7.1 Quasi-symmetric heat kernels. The positive minimal heat kernel k¥
is said to be quasi-symmetric if

(7.1) KM (x, v, 1) < k¥ (y,x,1) Vx,yeM, t> 0.

Remark 7.1. In [3] A. Ancona introduced the notion of quasi-symmetric
operators (with respect to its Naim kernel). Clearly, if the heat kernel k¥ is quasi-
symmetric, and the operator P is subcritical, then P is quasi-symmetric in the sense
of Ancona.

Lemma 7.2. Suppose that the heat kernel k¥ is quasi-symmetric. Then there
exists a constant C > 0 such that

72 Ky < CEI@x ) K.y.0)® YryeM, t> 0.
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Proof. Using the Chapman—Kolmogorov equation and the Holder inequality,

/Mk]}"/l<va, ;)kg(z,y, ;l)dz |
(f e ))ae) ([, (e y)) ee) |

= C(/MkPM(x’ © ;)kﬁ‘f(z,x, ; dz)é ([kaM(y’ zZ, ;)kPM(z,y, é)dzy

= C(KY (x, x, 1)) (k¥ (v, y, )2

we see that

KM (x, y, 1)

IA

O

Definition 7.3. The heat kernel k¥ is said to be quasi-monotone at xo € M
if for any 7' > O there exists C := C(xg, T) > 0 such that

kY (xo, X0, 12) < Cki (x0, X0, 1), Vo>t > T

Clearly, the heat kernel of a symmetric operator is quasi-symmetric and also
quasi-monotone at all x € M.

Remark 7.4. Suppose that k¥ is quasi-symmetric and also quasi-monotone at
a point xo € M. Following the proof of Davies in [13, Theorem 10], it follows that
such k¥ satisfies the Davies—Harnack inequality (3.13). In light of Lemma 7.2, we
can analogously deduce Theorems 2.5 and 2.6, (and hence also Theorem 6.2) for
the class of quasi-symmetric heat kernels which are quasi-monotone (and satisfy

(2.9)).

Remark 7.5. It should be noted that we are unaware of any example of
a nonsymmetric operator whose heat kernel is quasi-symmetric but whose heat
kernel is not equivalent to a symmetric one. Conversely, if the heat kernel of any
nonsymmetric operator P is equivalent to the heat kernel of a symmetric operator
in M, then the heat kernel of P is quasi-monotone at any point xo € M, and
quasi-symmetric (and P is quasi-symmetric as well).

7.2 Examples. In the present subsection we give various examples of Rie-
mannian manifolds M and heat kernels k¥ defined on M which satisfy our main
assumption (2.9) of Theorems 2.5 and 2.6 (the doubling condition). Hence, our
main results of the paper apply to these cases.

The study of heat kernel estimates has a long history (see, for example, [12,
17, 31]. In particular, proving pointwise two-sided Gaussian estimates for the heat
kernel was a subject of intense research for the past few decades. It started with
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the celebrated works of Nash [30] and Aronson [4], where two-sided Gaussian
estimates were obtained for the heat kernel of a uniformly elliptic operator in
divergence form in RY. For such operators we obtain:

Example 7.6. Consider a parabolic equation of the form ‘é’; + Pu = 0 on
RY x (0, 00), where N > 3 and

(7.3) P——XN: 0 (a-~(x) a)
’ B =1 6x,~ v axj

is a uniformly elliptic operator with real, bounded coefficients satisfying the as-
sumptions of Theorem 2.5. Denote by k}RN the corresponding positive minimal
heat kernel. Aronson [4, Theorem 7] proved that k}@N admits two-sided Gaussian
estimates, i.e., there exist positive constants Cy, C,, C3, C4 such that

Cs Ix —yI?

v C e — P
R 1
a4 en (=7 ) sk < e (- )

Cyt

for all x € RY and ¢ > 0. Estimate (7.4) readily implies that
t
KEY (x, x, SE C2°k¥ (e, x,1) VxeRYandt> 0,

and hence k%N satisfies the doubling condition (2.9). Therefore, if V is a small
perturbation of k¥, then there exists &y > 0 such that k}liiv = k}%{N for all |e| < &p.

Example 7.7 (Periodic operator). Consider a uniformly elliptic operator P on
RN, N > 3 of the form

0 0
P=— ; o (a,j(x) ax,) + UX).
Assume that P > 0 in R", and that the coefficients of P satisfy the assumptions
of Theorem 2.5. Suppose that the coefficients of P are periodic in xy, ..., x, with
period 1. Without loss of generality we may assume that 1o(P, 1, RV) = 0. Then the
equation Pu = 0 in R admits a unique (up to a multiplicative constant) positive
solution ¢. Moreover, (in the symmetric case) ¢ is periodic in xy, ..., x, with
period 1 [1].
Using the ground state transform we get the operator

Yoo G
Py= @' Php= )@Y (P ).
]

ij=1 "

whose heat kernel satisfies k5, (x, y, 1) = (#) " (0§ (x,y, ().
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Consequently, Py is, in fact, of the form (7.3) on L*(RY, p?dx), and therefore,
k}@: satisfies assumption (2.9) which in turn implies that k}@N also satisfies (2.9).

Therefore, if V is a small perturbation of kRN, then there exists ¢y > 0O such that
k}liN = k}RN for all |g| < &o.

Next, we consider perturbations of the Laplace—Beltrami operators on noncom-
pact Riemannian manifolds. Following the seminal work of Aronson, the question
of estimating the heat kernel on Riemannian manifolds was extensively studied
by many authors. One of the most general estimates of heat kernels k¥ for the
Laplace—Beltrami operators was proved by P. Li and S. T. Yau [23, Corollary 3.1
and Theorem 4.1] under a suitable curvature assumption. We use these celebrated
results in the following example.

Example 7.8. Let (M, g) be a complete, connected, noncompact Riemannian
manifold of dimension N with nonnegative Ricci curvature. Let P := —A, denote
the (positive) Laplace—Beltrami operator on M and let k%! denote the corresponding
heat kernel. Then by [23, Corollary 3.1 and Theorem 4.1] there exist positive
constants Cy, C,, Cz, C4 such that

C3 ex ( _ dz(-xa )’)
Vi, VoS Cut

forall x,y € M and r > 0, where d(x, y) is the geodesic distance on M and V(x, r)
is the Riemannian volume of the geodesic ball B(x,r) = {y e M : d(x,y) < r}.

2
(7.5) _d(x, y))

c
) < K(x,y,0) < Vo lw)eXP( o

Moreover, under the above assumptions, M satisfies the doubling volume property
(7.7) (see [16, Theorem 15.21]), and hence, (2.9) is satisfied.

Alternatively, under the above assumptions E. B. Davies proved [12, Corol-
lary 5.3.6] that the positive minimal heat kernel k¥ satisfies the following global
exponential-type upper bound:

d(x, y)z)

k! (e, x, t+8) < kpl(x, x, 1) < kPM(x,y,Hs)(t:s) zexr)( 4

forall z, s > 0. In particular, for ¢ = s, we have
(7.6) K(x,x, 1) < 27 KM(x, x,21) Vit > 0.
Hence, (2.9) is satisfied. Thus, if P is subcritical our main results hold true.

An interesting question is to find ‘minimal’ geometric assumptions on M that
imply Gaussian estimates of the type (7.5). The upper bound in (7.5) is known to be
equivalent to a certain Faber—Krahn type inequality (see [17, 18]). A well-known
geometric condition related to the on-diagonal lower bound in (7.5) is the doubling
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volume property (7.7). In particular, in the next examples we do not assume any a
priori curvature assumption on the manifold.

Example 7.9. Let (M, g) be a complete, connected, noncompact manifold
of dimension N, and let P := —A, denote the Laplace—Beltrami operator which
satisfy the following properties:

(1) For some xp € M, there exists C > 0 such that the following doubling
volume property holds:

7.7) V(xg,2r) < CV(xp,7r) Vr> 0.

(2) P is subcritical in M.
(3) There exists C; > 0 such that the following on-diagonal upper bound
estimate holds true:

K (xo, X0, 1) < ! Vi > 0.
P00 D=y
Then by [11] there exists ¢ > 0 such that
c
M (xo0, x0, 1) > vt > 0,
P00y

and in particular, there exists C > 0 such that
kg(XOa X0, I/Z) < Ckg(XO: X0, t) Vi > 0.

Example 7.10. Let M be a complete, connected, noncompact weighted Rie-
mannian manifold of dimension N. Consider the weighted Laplacian P on M,
and denote by k¥ the corresponding heat kernel. Then the two-sided Gaussian
estimates (7.5) is equivalent to the validity of the uniform parabolic Harnack in-
equality (PHI) (see [17, 39]). We refer to [17, 20, 39] for examples of weighted
manifolds satisfying (PHI).

Example 7.11. In stochastic processes, the transition density of the random
motion naturally leads to the notion of the heat semigroup and hence to the heat
kernel. In particular, Dirichlet forms of many families of fractals admit continuous
heat kernels that satisfy sub-Gaussian estimates. By a sub-Gaussian kernel g,
we mean

dﬂ(% )’))) s ,

- _C
(7.8) gx,y,0) = y exp ( - c( )

where oo > 0, f > 1 are two parameters that come from the geometric properties
of the underlying fractal. The notion of sub-Gaussian estimates was introduced
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by M. T. Barlow, and E. A. Perkins in [5]. A. Grigor’yan and A. Telcs [18]
developed sub-Gaussian estimates for the heat kernel on metric spaces under
suitable assumptions. It follows that complete Riemannian manifolds which admit
two-sided sub-Gaussian estimates for the corresponding heat kernels satisfy our
assumption (2.9).

We give an example of a manifold with negative Ricci curvature, such that our
assumption (2.9) holds true.

Example 7.12. Cartan—-Hadamard manifolds, whose sectional curvatures are
bounded above by a strictly negative constant, are known to admit a Poincaré type
(or L?-spectral gap) inequality. Namely, the generalized principal eigenvalue

Jog |V ou|*dog

Jo =
07 wecramvio) [, utdog

is strictly positive.

The classical example of such a manifold is of course the hyperbolic space H",
where 1o = (N — 1)?/4. Let M = H? be the hyperbolic space of dimension 3. Then
the heat kernel of P := — Ay — Ag is given explicitly by

1L \=2 dx,y) d(x, y)*
KM (x, y,0) = ’ ’ -
P60 (4m) sinh d(x, y) eXp( 41 )
where d(x, y) denotes the hyperbolic distance between x and y. Hence clearly,
kY (x,x, 5) < 22kM(x, x, ) holds true for all # > 0 and x € H® . For higher
dimension N > 3, the heat kernel of the operator P := —Ayv — A satisfies

1 —]; N-3
oy n=(, ) T A+dey) +0" (L+dey))

(N =Dd(x,y) _d, y>2)

X exp( ) 4z

and hence, kY (x, x, }) < CkY(x, x, 1) holds true for all 7 > 0 and x € H". Con-
sequently, the results of the present paper hold true for such P, and N > 3. In
particular, for any small perturbation potential V with respect to the heat kernel k%,
there exists g9 > 0 such that k]iH’ZHN_SV = k]iH’ZHN for all |e| < &p.

Example 7.13. Let P; be a symmetric elliptic operator defined on M; such
that Ao(P;, 1, M;) = 0, where i = 1,2. Consider the skew product operator P :=
Py xI1+1; x PonM := M, x M,, where I; is the identity operator on M;. Then

Ky (x, v, 1) = kP (x1, y1, DY (%2, y2, 1),
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where x = (x1,x2),y = (y1,y2) € M. If both operators are subcritical and sat-
isfy (2.9), then clearly P is subcritical in M, and its heat kernel satisfies (2.9).
Moreover, if P is positive-critical in M|, and P, is subcritical in M;, and its heat
kernel k% satisfies (2.9), then P is subcritical in M, and by Remark 2.2, kfl,” satis-
fies (2.9). We mention also the case of a twisted tube [19] (which is a perturbation
of a product space), for which (2.9) is also satisfied.

An anonymous colleague has kindly pointed out to us that our results hold
true for the case of universal cover of a compact manifold of negative curvature.
Indeed, we have:

Example 7.14. Let M be the universal cover of acompact manifold of negative
curvature. Ledrappier and Lim in [22] proved recently that the heat kernel of the
Laplacian in M satisfies

hm t;el”tkyAg(x, Yy, t) = C()C, J’),

—0o0

where C(x, y) is a strictly positive formal eigenfunction of —A, with an eigen-
value Ag. In particular, the heat kernel of the shifted Laplacian P := —A, — A¢ is
subcritical in M and satisfies (2.9). Hence, our main results hold true for P on M.

7.3 Open problems. We conclude the paper with some problems that
remain open.

(1) Do Theorems 2.5 and 2.6 remain true without assuming the doubling condi-
tion (2.9)? Note that affirmative answers in particular imply that in the class
of small perturbations with respect to a subcritical heat kernel k¥ such that
Ao(P, 1, M) = 0, the following holds true:

S{(P,V,M)={c e R | kpl <ky'}.

(2) Prove or disprove Conjecture 1.1 in the general nonsymmetric case.

(3) Study the relationships between the notion of (semi)small perturbations with
respect to the Green function and with respect to the heat kernel.

(4) Recall that in the context of (semi)small perturbations with respect to Green
functions if G satisfies a certain quasi-metric property, then the semismallness
of a perturbation implies smallness [35]. It would be interesting to find
an analogous condition on semismall perturbations with respect to k¥ that
guarantees smallness. We remark that, as in the case of small perturbations
with respect to Green functions, we are not aware of any example of a
semismall perturbation with respect to a heat kernel which is not a small
perturbation.
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Apart from the above open problems related directly to the equivalence of heat
kernels, we mention below a far reaching conjecture by M. Fraas, D. Krejcifik and
Y. Pinchover regarding the strong ratio limit of the quotients of heat kernels of
subcritical and critical operators. Note that if P, and Py are subcritical and critical
operators in M, respectively, then obviously k% F# k%) , and

. kL
liminf " =
=00 kPO(xa yo t)

Conjecture 7.15 ([15, Conjecture 1]). Let P, and Py be respectively subcrit-
ical and critical operators in M. Then

ky! (x, y, 1)
1 =
=00 kl (x,y, 1)

(7.9)

locally uniformly in M x M.

It follows that for perturbations of the type studied in the present paper, Con-
jecture 7.15 holds true.

Lemma 7.16 (cf. [15, Theorem 5.4]). Let Py be a symmetric critical operator
in M. Assume that V =V, — V_ is a potential such that Vo > 0 and P, := Po+V
is subcritical in M.

Assume further that k% satisfies the 3k-inequality with respect to V_. Then
there exists a positive constant C such that

(7.10) kp (x,y,1) < Ckyl(x,y,1) Vx,ye Mandt> 0.
Moreover, we have

KM (x, y, ¢
(7.11) lim f;;(xy ) _
=00 kPO(xa Y, t)

B

locally uniformly in M x M.
In particular, Conjecture 7.15 holds true for P, := Py + V, where V is any
nonzero nonnegative potential.

Proof. By Theorem 3.5 and Lemma 3.7, we have kY =< kp' ., (x,y, 7). Note
that P, + V_ = Py + V.. Therefore, we have

(7.12)  CTUkP Gy ) < kP, Gy, ) < kp(x,y,H) Vx,yeMandt> 0.

Using [15, Theorem 3.1], we conclude that (7.11) holds true. ]



EQUIVALENCE OF HEAT KERNELS 587

Acknowledgments. The authors wish to thank Professor Baptiste Devyver

and Professor Alexander Grigor’yan for valuable discussions. They acknowledge

the support of the Israel Science Foundation (grants No. 970/15) founded by the

Israel Academy of Sciences and Humanities. D. G. was supported in part at the

Technion by a fellowship of the Israel Council for Higher Education.

(1]

(2]

(3]

(4]

(5]

(6]

(71

[8]

[9]
[10]

[11]

[12]
[13]

[14]

[15]

[16]

[17]

(18]

[19]

REFERENCES

S. Agmon, On positive solutions of elliptic equations with periodic coefficients in R?, spectral
results and extensions to elliptic operators on Riemannian manifolds, in Differential Equations,
North-Holland, Amsterdam, 1984, pp. 7-17.

A. Ancona, First eigenvalues and comparison of Green’s functions for elliptic operators on
manifolds or domains, J. Analyse Math. 72 (1997), 45-92.

A. Ancona, Some results and examples about the behaviour of harmonic functions and Green’s
functions with respect to second order elliptic operators, Nagoya Math. J. 165 (2002), 123—-158.

D. G. Aronson, Non-negative solutions of linear parabolic equations, Ann. Scuola Norm. Sup.
Pisa. Cl. Sci. (4) 22 (1968), 607-694; Addendum 25 (1971), 221-228.

M. T. Barlow and E. A. Perkins, Brownian motion on the Sierpiriski gasket, Probab. Theory
Related Fields 79 (1988), 543-623.

M. Berger, P. Gauduchon and E. Mazet, Le Spectre d’une Variété Riemannienne, Springer, Berlin,
1971.

K. Bogdan, J. Dziubanski and K. Szczpkowski, Sharp Gaussian estimates for heat kernels of
Schrodinger operators, Integral Equations Operator Theory 91 (2019), article 3.

K. Bogdan and K. Szczypkowski, Gaussian estimates for Schrodinger perturbations, Studia Math.
221 (2014), 151-173.

L. Chavel, Eigenvalues in Riemannian Geometry, Academic Press, Cambridge, 1984.

X. Chen, and A. Hassell, The heat kernel on asymptotically hyperbolic manifolds,
arXiv:1612.06044v2 [math.AP].

T. Coulhon and A. Grigor’yan, On-diagonal lower bound for heat kernels and Markov chains,
Duke Math. J. 89 (1997), 133-199.

E. B. Davies, Heat Kernels and Spectral Theory, Cambridge University Press, Cambridge, 1989.

E. B. Davies, Non-Gaussian aspects of heat kernel behaviour, J. London Math. Soc. (2) 55 (1997),
105-125.

J. L. Doob, Classical Potential Theory and its Probabilistic Counterpart, Springer, New York,
1984.

M. Fraas, D. Krejcitik and Y. Pinchover, On some strong ratio limit theorems for heat kernels,
Discrete Contin. Dyn. Syst. Ser. A 28 (2010), 495-5009.

A. Grigor’yan, Heat kernels on weighted manifolds and applications, in The Ubiquitous Heat
Kernel, American Mathematical Society, Providence, RI, 2006, pp. 93—-191.

A. Grigor’yan, Heat Kernel and Analysis on Manifolds, American Mathematical Society, Provi-
dence, RI; International Press, Boston, MA, 2009.

A. Grigor’yan and A. Telcs, Two sided estimates of heat kernel on metric measure space, Ann.
Probab. 40 (2012), 1212-1284.

G. Grillo, H. Kovarik and Y. Pinchover, Sharp two-sided heat kernel estimates of twisted tubes
and applications, Arch. Ration. Mech. Anal. 213 (2014), 215-243.



588

[20]

[21]

[22]
[23]

[24]

[25]

[26]

[27]

(28]

[29]

[30]

(31]

[32]

(33]

[34]

[35]

[36]

[37]

(38]

[39]

[40]
[41]

[42]

[43]

D. GANGULY AND Y. PINCHOVER

P. Gyrya and L. Saloff-Coste, Neumann and Dirichlet heat kernels in inner uniform domains,
Astérisque 336 (2011).

Y. Kannai, Off diagonal short time asymptotics for fundamental solutions of diffusion equations,
Comm. Partial Differential Equations 2 (1977), 781-830.

F. Ledrappier and S. Lim, Local limit theorem in negative curvature, arXiv:1503.04156 [math.DS].

P. Li and S. T. Yau, On the parabolic kernel of the Schrodinger operator, Acta Math. 156 (1986),
153-201.

V. Liskevich and Y. Semenov, Two-sided estimates of the heat kernel of the Schridinger operator,
Bull. London Math. Soc. 30 (1998), 596-602.

P. J. Mendez-Hernandez and M. Murata, Semismall perturbations, semi-intrinsic ultracontractiv-
ity, and integral representations of nonnegative solutions for parabolic equations, J. Funct. Anal.
257 (2009), 1799-1827.

P. D. Milman and Yu. A. Semenov, Heat kernel bounds and desingularizing weights, J. Funct.
Anal. 202 (2003), 1-24.

S. Minakshisundaram and A. Pleijel, Some properties of the eigenfunctions of the Laplace-
operator on Riemannian manifolds, Canad. J. Math. 1 (1949). 242-256.

M. Murata, Semismall perturbations in the Martin theory for elliptic equations, Israel J. Math.
102 (1997), 29-60.

M. Murata, Integral representations of nonnegative solutions for parabolic equations and elliptic
Martin boundaries, J. Funct. Anal. 245 (2007), 177-212.

J. Nash, Continuity of solutions of parabolic and elliptic equations, Amer. J. Math. 80 (1958),
931-954.

E. M. Ouhabaz, Analysis of Heat Equations on Domains, Princeton University Press, Princeton,
NJ, 2005.

Y. Pinchover, On positive solutions of second order elliptic equations, stability results and
classification, Duke Math J. 57 (1988), 955-980.

Y. Pinchover, Criticality and ground states for second-order elliptic equations, J. Differential
Equations 80 (1989), 237-250.

Y. Pinchover, On criticality and ground states of second order elliptic equations. 11, J. Differential
Equations 87 (1990), 353-364.

Y. Pinchover, Maximum and anti-maximum principles and eigenfunctions estimates via pertur-
bation theory of positive solutions of elliptic equations, Math. Ann. 314 (1999), 555-590.

Y. Pinchover, Large time behavior of the heat kernel, J. Funct. Anal. 206 (2004), 191-209.

Y. Pinchover, Some aspects of large time behavior of the heat kernel: an overview with perspec-
tives, in Mathematical Physics, Spectral Theory and Stochastic Analysis, Birkhiduser/Springer,
Basel, 2013, pp. 299-339.

H. L. Royden and P. M. Fitzpatrick, Real Analysis, Prentice Hall, Boston, MA, 2010.

L. Saloff-Coste, The heat kernel and its estimates, in Probabilistic Approach to Geometry,
Mathematical Society of Japan, Tokyo, 2010, pp. 405-436.

B. Simon, Schrodinger semigroups, Bull. Amer. Math. Soc. 7 (1982), 447-526.

K. Tintarev, Short time asymptotics for fundamental solutions of higher order parabolic equations,
Comm. Partial Differential Equations 7 (1982), 371-39.

Q. S. Zhang, Gaussian bounds for the fundamental solutions of V(AVu) + BVu — u;, = 0,
Manuscripta Math. 93 (1997), 381-390.

Q. S.Zhang, A sharp comparison result concerning Schrodinger heat kernels, Bull. London Math.
Soc. 35 (2003), 461-472.



EQUIVALENCE OF HEAT KERNELS

Debdip Ganguly
DEPARTMENT OF MATHEMATICS
TECHNION ISRAEL INSTITUTE OF TECHNOLOGY
HAIFA 32000, ISRAEL
email: gdebdip@technion.ac.il

Current address
DEPARTMENT OF MATHEMATICS
INDIAN INSTITUTE OF TECHNOLOGY DELHI
IIT CampUs, HAUZ KHAS
NEW DELHI, DELHI 110016, INDIA
email: debdipmath@gmail.com

Yehuda Pinchover
DEPARTMENT OF MATHEMATICS
TECHNION ISRAEL INSTITUTE OF TECHNOLOGY
HAIFA 32000, ISRAEL
email: pincho@technion.ac.il

589

(Received October 24, 2017 and in revised form July 9, 2018)





