A SEMILINEAR ELLIPTIC EQUATION
WITH COMPETING POWERS AND A RADIAL POTENTIAL

By

MONICA MUSSO AND JULIANA PIMENTEL

Abstract. We verify the existence of radial positive solutions for the semi-
linear equation
—Au=w’ — Vi, u>0, inRY

where N > 3, p is close to p* := (N +2)/(N — 2), and V is a radial smooth
potential. If ¢ is super-critical, namely g > p*, we prove that this problem has a
radial solution behaving like a superposition of bubbles blowing-up at the origin
with different rates of concentration, provided V(0) < 0. On the other hand, if
N/(N —2) < g < p*, we prove that this problem has a radial solution behaving
like a super-position of flat bubbles with different rates of concentration, provided
lim,, V(r) <O0.

1 Introduction
Let N > 3 and consider
(1) —Au=u’ —Vu?!, u>0, inRY

where V € L°(RN), N > 3,q > p*, p > p*, with

s N . N+2

P=n_2 P N_2

In this paper, we are interested in the case p slightly supercritical,

—Au=u’"*—V@H)ud, inRN

u(y) — 0, as |y] > oo

2)

where € > 0.

For g = 1, problem (2) was treated in the critical case (¢ = 0) in [3] and in the
sub-critical case (¢ < 0) in [9] . The supercritical analogue (¢ > 0) was addressed
in [12], where the existence of a radial positive solution to (2) when V is a radial
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smooth function with V(0) < 0 was proved. A previous construction can also be
found in [13].

In [2], the authors consider problem (2) for any fixed g satisfying p* < g < p*.
The existence of an increasing number of rapidly decaying ground states was
proved, that is, solutions u of (2) such that lim— #(x) = 0. The result in [2] is
obtained via tools in geometrical dynamical systems. The same equation was also
treated in [5] and in [8], using a different approach, which also provided precise
asymptotics for the solutions. In bounded domains, the class of radial solutions
behaving like a superposition of spikes was treated in the setting of supercritical
exponents, in [14, 15].

Let us now consider problem (2) in the supercritical case (¢ > 0). In the case
of a single power, i.e., p* + € = ¢, and when V(y) = —1, equation (2) is equivalent
to

Au+u’ =0, inRV

u> 0, in RV

3)

if we let € go to zero. It is well known that all bounded solutions of (3) are of the

form
N=2

wz,e(x) = VN( ) P oan= (NN =2)'

A
A2 +ly=<P
where A is a positive parameter and & € RY [1, 16, 4]. These functions are known
in the literature as bubbles.

We want to prove the existence of a solution whose shape resembles a superpo-
sition of bubbles around the origin O with different blow-up orders. This class of
concentration phenomena is known as a bubble-tower. In the setting of semilin-
ear elliptic equations with radial symmetry, these solutions were detected in a few
situations, as we can see, for instance, in [14, 6, 7, 12, 5].

Bubble-towers highly concentrated around the origin exist for (2) under the
assumption that V(0) < 0. This is the content of our first result.

Theorem 1.1. Let N > 3 and p* < q < p* < p. Assume that V € L®(RN)
and V(0) < 0. Then for every integer k > 1 there exists €, > 0 such that, for any
€ € (0, €), a solution u. of (2) exists and it has the form

N-2

k 2 . 1
@ w@=mY ( 1 ) e (1 4+ o(1)

4
4 (- I yN=2
PR e A Y

with o(1) — 0 uniformly on compact sets of RV, as € — 0. The constants a; have
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explicit expressions and depend only on k, N, g and V(0),

asV(0)p* — q)7 -y (a2 /=1 (k = )! .
- ask } ( ) k-1 JTLek

while ay, as, as are the positive constants defined in (19).

(5) o=

as

Also in the case in which p* < p* < p < g bubble-towers do exist, but they are
of a different nature, and their existence depends on the behavior of the potential V
at infinity.

Theorem 1.2. Let N > 3 and q > p*. Assume that V € L®RN) and
Vo 1= limy 00 V(x) < 0. Then for every integer k > 1 there exists €, > 0 such
that, for any € € (0, €;), a solution u. of (2) exists and it has the form

N-2

k

1 2 i

©)  a)=yyy. ( . ) a1+ o(1))
AU N+ a2 VT )N 2

with o(1) = 0 uniformly on compact sets of RV, as € — 0. The constants é; have

explicit expressions and depend only on k, N, g and V.,

dsVoo(p*_q)}l’*l’"(az)j_l (k=)! =1,...,k,

azk as (k=D

while ay, as, ds are the positive constants defined in (19) and (37).

(N a; =

The bubble-tower in (6) describes a superposition of k flat bubbles.

In order to prove our results, we start by reducing the problem to a non-
autonomous ordinary differential equation, using the so-called Emden—Fowler
transformation, [11]. Then we perform a Lyapunov—Schmidt reduction, as in
[10], to reduce the procedure of construction of solutions to a finite-dimensional
variational problem.

The paper is organized as follows. In Section 2, we provide an asymptotic
expansion of the energy functional associated to the ODE problem. The finite-
dimensional reduction argument is discussed in Section 3. We prove Theorems 1.1
and 1.2 in Sections 4 and 5, respectively.

2 The energy asymptotic expansion

Since we are seeking a solution u of (2) with fast decay, we can assume that u is
radial around the origin. Then we arrive at the following equivalent problem:

u"(r) + Nr_l wW'(r)+ul < (r) — V(rui(r) = 0,

u(r)y > 0, as r - oo.

(®)
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By introducing the so-called Emden—Fowler transformation,

*

) v (x)= o u(r), withr= e’ z_lx’

for x € R, the problem (8) becomes

iy — €x, prHE(L) _ —”*z_lx —(p*—qx —
(10) {D () — v () + Ble“v P+ (x) — V(e )P P 9(x)] = 0,

O<vo@x)—> 0, aslx|— oo,

in R, where f = ( N2_2)2. ‘We henceforth denote w(x) = V(e_p*; l)‘).

The energy functional related to (10) is

(11) Ew =1+ P / o(x)e™ P =D |4 dx
g+1 Jr
where . 5
1 — /12 2 dx — / €x p*+e+1d )
() 2/R(|w| elutide— [ ettt

Let us consider the positive radial solution of

(12) Aw+uw” =0, w(0)=yy

givenby w(r) = yn(, :rz )Nz_ *. Now we set U to be the Emden—Fowler transformation
of w

(13) Ux) = pye (1 + e~ @ ~Dx)=""

Then U satisfies
(14) U —U+pU" =0, 0<Ux) — 0, as |x| = oo

It is then natural to look for a solution of (10) of the form

k
(@)=Y U —&)+dx)

i=1

for a certain choice of points 0 < &} <& < --- < & and ¢ is small. We set

k
(15) U =Ux—-¢&), U=Y Ul).
i=1
and choose the points &; as follows:
1
& =— loge —log Ay,
q

(16) P =
Civ1 — & =—loge —log Ay, i=1,...,k—1,
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where the A;’s are positive parameters. This choice of the &’s turns out to be

convenient in the proof of the following asymptotic expansion of Ee(lj ). We set
A=A, Ny ooy Ap).

Lemma 2.1. Let N > 3, 0 > O fixed, k € N. Assume that

(17) S<Ai<o', i=1,2,... ,k
Then there exist positive numbers a;, i = 1, ...,5, depending on N, p and q, such
that

a3k

E(U) = kay + €P(A) + kefas + €0(A) — (1= k)(p* — q) — 2)eloge

2(p* —p)

where

k
(18)  Wi(A) =azklog Ay +asVIOAY ™+ [(k — i+ Daslog A; — ar A/l

i=1
and 0. (A) = 0 as € — O uniformly in C'-sense on the set of A;’s satisfying (17).
Proof. We estimate
1(0) = | /(|(7’|2+|(7|2)dx— g /efX|(7|P*+f+1dx
€ 2 Jr p*+e+ 1 J/r
—r@ - P /(e“ — DU+ dx
p*+1
1
X\ P +e+1d
+(p*+1 p+1+e ’B/el | *
U pr+1 U pr+e+l d
e / (TP = 1O+
=@ = P e = niare a,
pr+1Jr

where

1 1 — .
Ae — _ X\ |P +e+1d
(p*+1 p*+1+€)ﬁ/Re Ul o
+ ﬁ /(lﬁlp*+l _ |l7|p*+€+1)dx.
pr+1Jr

As in [14], we can prove that

1 . 1 .
A, =k UP*tdx — / UPP" M og Ud )
E'B<<1+p*>2/ﬂe' P = ey JpIUT T log Udx )+ o(e)
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Also, by reasoning in a similar manner we have

k
/(eex _ l)lUlp*+e+ldx — E/xlUlp*+e+ldx+O(€) = €<Zfl> / Up*+ldy+0(€)
R R =1 R

and

k
Io(U) = kIp(U) — BCy /R U ede< > efl—fl—l) +0(€).

=2
Now we need to evaluate [ w(x)e™ ¥ =97 U|%*'dx. By following the argument
in [12] and using our choice of &’s, we have

k
/ wX)e” PN dx =) / w(xX)e” P DX U9 dx + o(e€)
R i—1 R
_ / ()P =P U, |17 dx + oe).
R
On the other hand, the following holds:
/ w(x)e” P DX\ U |9 dx = e~ P D9 / o(x+E)e P TN U (x + &) dx
R R
= ¥ / o(x+&EDe” P U dx
R
= e ' Py(0) / e~ P T dx + o(1).
R
We thus have the following:
E/(U) = I(U) + P / w(x)e” P =D U T dx
qg+1 Jr
= Io(U) — p /(e“ — D|UP™* dx + A,
pr+1Jr

B

+ w(x)e™ P =Y U1+ gy
qg+1 Jr

k
=kly(U) — ﬁCN/ Up*exdx(z:ez’_z")
R

=2

- p*li 1 <E<,§;§’) /L UP*H@)

1 . 1 .
+ ke /|U|P Hx — /|U|P 1o de>
ﬁ<<1+p*>2 k 1+p* Je g

v P <e—<1’*—q>fl V(0) / e—@‘—@xww“dx) +o(€)
qg+1 R
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which lead us to the following expression:

k k
E(U)=kay —ay Y e — eas ( > g,.) + kefas + asV(0)e~ 7P + o(e).
=2 i=1

By using our choice of &;’s

— k
E(U) = ka) + €¥4(A) — 2(;:3 (1 =" = ) = Deloge + kefase +0(0),
—-4q
where W, (A) is given by (18) and the constants a;, i = 1, ..., 5, are explicitly

expressed as follows:
ar=I(U), a =pCy J[p UV (e'dx, az= 5, [ U (n)dx,
(19 Jas= e o U dx — L fp UP (00 log Uy,
as = qfl Jp e P P U (x)dx.
Notice that the term o(¢€) in the above expression for Ef(l7 ) is uniform in the set

of the A;’s satisfying (17). A similar computation shows that differentiation with
respect to the A;’s leaves the term o(€) of the same order in the C'-sense. [

3 The finite-dimensional reduction

We consider again points 0 < & < & < --- < & which are for now arbitrary and
define
Zx)=Uj(x), i=1,...,k.

Next we consider the problem of finding a function ¢ for which there are constants
ci,i=1,...,k, such that, in R

Sk ciZi = — (U+¢) +(U+ )
_ ﬁ[eex(ﬁ_'_(ﬁ)ﬁ*ﬂ _ w(x)e—(p*—q)x((j+ »)1,
Pp(x) > 0, [x] = oo,

JeZigdx =0, i=1,... k.

(20)

Let us consider the linearized operator around U,
Lep=—¢" + ¢ — Bl(p* +€)e“UP ! — gao(x)e™ " =P* a1,
Then (20) can be rewritten as
Lep =N $) + NX($) + R+ S iz,
21 P(x) — 0, |x| = oo,
JgZipdx =0, i=1,... k.
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where _ . _ . _ .
Nel — ﬂeex[(U+¢)P e _ pite _ (p* +E)UP +e—l¢]’
N; = —poxx)e™ " (U +¢)! — U — qUT' g,
k
Re=>_ U + U™ — Box(x)e™ ¥ =11
i=1
Next we prove that (21) has a solution for a certain choice of &;. In order to do
that we first analyze its linear part, i.e., given a function /4, we consider the problem
of finding ¢ such that

Lep=h+35, ciZ,
(22) Pd(x) = 0, x| = oo,
o Zigpdx =0, i=1,--- k.

In order to analyze invertibility properties of £, under the orthogonality conditions,
we introduce the following norm for function y : R — R:

xeR

k -1
Il = sup ( e‘”'“') lp (),
i=1
where o > 0 is a small constant to be fixed later.
The following result holds.

Proposition 3.1. There exist positive numbers €, dy, Ro such that if
. o
(23) Ry <&, Ro< min (Gu=&). &<,
then for all 0 < € < €y and for all h € C(R) with |h|. < +o0, problem (22) has a
unique solution y =: T¢(h), such that

1Tl < Cllalle,  leil < 1Al

Lemma 3.1. Assume there is a sequence €, — 0 and points &;’s satisfying
0<{f <. <& with

(24) & > oo, min (& —&) > o0 E=ole)
such that for certain functions ¢, and h, with ||h,|. = 0, and scalars c, one has
in R
Lo, () =+ iy 12,
(25) dn(x) = 0, |x| = oo,
Jg Zlpdx =0, i=1,... k.
with Z'(x) = U'(x — &). Then lim,_ o0 ||@nll« =0
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Proof. We first establish the weaker assertion that
im {[@nlloo = 0.

For a contradiction, we may assume that ||¢, || = 1. Testing (25) against Z;' and
integrating by parts we get

k
> / 7' Zrdx = / Lo, (ZMppdx — / h,Zdx.
P R R R

This defines a linear system in the ¢;’s which is “almost diagonal” as n — oo0.
Moreover, the assumptions made plus the fact that the Z}' solves

—Z'+(1=p* U '2)=0

yield, after an application of dominated convergence, that lim,_, ¢/ = 0. If we
set x, € RY such that ¢,(x,) = 1, we can assume that there exists i € {1, ..., k}
such that for n large enough we have |&' — x,,| < R for some fixed R > 0. We set
(En = ¢,(x +&'). From (25), we see that passing to a suitable subsequence, (ﬁn(x)
converges uniformly over compacts to a nontrivial bounded solution ¢ of

—¢" +¢—pp*UP"$=0, inR.
Hence for some ¢ # 0, ¢ = cU’. However the orthogonality condition passes to the

O=/RZZ”¢,,—> c/R(U’)2

which is a contradiction. Then lim,,_; [|¢ullco = O.
Now, we observe that this shows that (25) takes the form

limit as

(26) —y + b = &n

where

k
gn=hn+ Y JZ! + Bl(p* + €)™ U™ — qo(x)e™ P U ¢,
i=1

We estimate g,;:

k n
|gn| S ”hn”* < Z e—alx—gi |> + C;l Z 0(e_|x_gi |)
=1 i=1
n n
+ | #nllo ( Z ) Z o(e=Cap —1)|x—¢_,,!’|)) ’

i=1 i=1
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since V € L*(R). If 0 < ¢ < min{1, p* — 1,2 — p* — 1}, we have

k
|gn()] < 6, Y e =y (x),

=1
with 6§, — 0. We see that the function Cy,,, for C > O sufficiently large, is a

supersolution for (26), so that ¢, < Cy,. Similarly, we have ¢, > —Cy,,. Thus,
the proof is concluded. (]

The proof of Proposition 3.1 then follows from Lemma 3.1 as in [12].

Next we study some differentiability properties of 7. on &. We write
E=(&1, ..., ). We let C, be the Banach space of all continuous y defined in
R satisfying |||« < oo, endowed with the norm || - ||.. Also, let £(C,) be the
space of linear operators of C,.

The following result can be established.

Proposition 3.2. Under the assumptions of Proposition 3.1, consider the
map T.(&) with values in £(C,). Then T, is C' and

I1DeTell ey < C
uniformly on & satisfying (23), for some constant C.

Proof. Fix h € C, and let ¢ = T(h) for € < €y. Notice that ¢ satisfies (22)
and the orthogonality conditions, for some uniquely determined constants ¢;. For
le{1,...,k},if we define the constant b; as follows:

b / \ZP = / $042,
R

then by differentiating with respect to & we obtain that
059 =Tc(f) + biZ
where
[ ==biLZi+ o057 + BI(p* + €)e™ (05 UP 1) — qo(x)e™ P (5, U111

Moreover [[f[l. < Cliill., [bi] < Cllgll. so that |3zl < CliAll.. Besides, :¢
depends continuously on ¢ for this norm. Thus, the result follows. (]

We are now ready to prove that (21) is uniquely solvable with respect to ||@|| .-
In order to do that we restrict the range of the parameters &;’s in a convenient way.
We assume that, for a fixed M > 0 large, the following conditions hold:

@7 log(Me)~" < min (&1 — &), & < klog(Me)™!
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Then we can estimate R,, Né1 + NZ, and their derivatives, by direct calculation, as
follows.

Lemma 3.2. If |$ll; < LU then

IN(@)ll. < CIIT™P2 + [l 220772,

IDgN(@)Il < Cl|@lImnP" =12 4 || p|mint2a=p" =12}y

where ||¢]|1 = SqueR(Ef;] =)~ b(x)| and N() = NI($)+N2(B). In addition,
if (27) holds then
IR, < Ce%',  [la:Rell. < Ce?,

where t > 0 is small.

The next result allows for the reduction to a finite-dimensional problem, as we
will see in the next section. The proof is very similar to [12, Proposition 3] and we
omit it here.

Proposition 3.3. Assume (27) holds. Then, for all € small enough, there
exists a unique solution ¢ = ¢(&) to problem (20) which satisfies

Bl < Ce ™.
Moreover, the map & —> $(&) is of class C for the norm || - ||. and

1+7
|1D:pll < Ce 2.

4 The finite-dimensional variational problem

In this section we fix a large constant M > 0 and assume the conditions (27)
for £. Our problem is equivalent to that of finding &’s satisfying ¢;(¢) = 0, for all
i=1,2,...,k Inthiscase,o = U+ ¢ is a solution for (10) satisfying the desired
formula.

We consider the functional

(&) = E(U + @),

where ¢ = ¢(¢) is that of Proposition 3.3 and E, is the energy functional defined
in (11). It is known that finding the desired ¢;’s is equivalent to finding a critical
point of J.(¢); see, for instance, [12]. That is, we need to find a point ¢ satisfying

(28) Vi) =0.

In order to do that, the following expansion result will be crucial.
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Lemma 4.1. The following expansion holds:
1(&) = E«(U) + o(e),
where o(€) is uniform in the C'-sense over all points & satisfying (27).

Proof. First, notice that DEf(lj + @)[¢] = 0. It then follows from a Taylor
expansion that

_ _ 1 _
EAU +¢) — E(U) = /O DPE(U + i) [ udr

1
:/ /[Ne(¢)+Re]¢tdt
(29) o Jr

1 _— pa—
+ / / B@* + e U — (U + 1y NP rdt
0o JR
1 —_ —
- / Ba / w(x)e” P =PUITTY — (U + 1¢)47 ¢ tdr.
0 R
Since [|@]|. < Ce 151, from Lemma 3.2 we get

I(&) — E«(U) = o(e"*)

uniformly on points satisfying (27). Next we differentiate with respect to ¢ and
get, from (29) that

De[1e(&) — E(U)] = /0 1 /]R De[N:(#) + Rl ¢prdt
+ /0 1 /R Bp* + e DU " — (U + 19y " |p*1dt
- /0 1 Bq /R w(x)e~ P "D LU — (U + )" 12 1dr.
Using similar arguments as in Proposition 3.2, we find that

D:[9(E) — E(U)] = o(€'*).

Thus the result follows. O
In what follows we prove Theorem 1.1.

Proof of Theorem 1.1. Recall that

S=—, loge — log Ay,
P —4q

§i+1—§,‘=—10g6—10g/\,‘+1, i=l,...,k—1,
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where A;’s are positive parameters. Thus, it is sufficient to find a critical point of
D(A) = € 1 T(E(N)).
Now, from Lemma 2.1, we get
VO (A) =V +o0(1),

where o(1) is uniform with respect to parameters A with M~! < A; < M, for fixed
large M.
Next we analyze the critical points of Wi (A), by writing

k

Pi(A) = p1(AD) + Y pi(Ay),
=2

where
@1(5) = asV(0)s” ~9 + azk log s,
pi(s)=(k—i+Daszlogs —azs, i=2,...,k.
Notice that ¢; has a unique maximum point A} = (k — i+ 1)2;, fori=2,...,k. If

we further assume that V(0) < 0, then ¢;(s) also has a unique maximum point

* a3k p*l—q
M= i)
asV(0)(p* — q)
Since the critical point

A*:({— azk },,*',,, (k= Das a3)
asV(0)p* — q) o T T a
of W, is nondegenerate, it follows that the local degree deg(VY¥s, V, 0) is well
defined and nonzero. Here V denotes a small neighborhood of A* in R¥. Hence
deg(V®D,,V,0) #0, if € is small enough. We conclude that there exists a critical
point A} of @, satisfying
Al = A" +o0(1).

For & = &(A}), the functions
v = 6 + P(&e)
are solutions of (10). From equation (20) and Proposition 3.3, we derive that

v = l7(1 +0(1)). If we set &* = £(A™), then it is also true that

k
v (@)=Y U—&Hd+o(1)).

i=1



296 M. MUSSO AND J. PIMENTEL

Now, changing the variables back, we have that

k N-2
x 1 -
w(N=yn ) (1 +e<p*—1)§,-*r2) S o)),
i=1

. —(i—1)— .1 . . .
where e = ¢ D7 Hj’.zl(A]’-‘)_l is a solution of (8). We conclude that the
ansatz given for o provides a spike-tower solution for (2). (]

5 Proof of Theorem 1.2

In this section we prove Theorem 1.2. The proof is very similar to that of Theo-
rem 1.1, so we just highlight below the most critical changes. Since we are seeking
for radial solutions of (1), we consider again the following slightly supercritical
equation:

u’(r) + Nr_l w'(r) + P (r) — V(irui(r) = 0,

u(r)y > 0, asr - oo,

(30)

with € > 0, but this time we take ¢ > p*. We consider the transformation
(31) v (x) = o u(r), withr= ep*;lx,
for x € R. Then the problem (30) becomes

0 "(x) — v (x)+ Ble" v P (x) — Vie"s %) 0%y 4(x)] = 0,

0<ov@x)— 0, as |x| > oo.

(32)

We recall that 8 = (,%,)?. Again we denote w(x) = Ve '),
The energy functional related to (32) is

(33) Ew =i+ P / (x)e? =Py 7 dx
g+1Jr
where
T =, / AP +lyPax— P / P
2 Jr p*+e+1l Jr

We choose, for small € > 0, the points &; as follows:

- 1 o
E=— loge —log Ay,
(34) q—p*

$i+1—$i:_10g6—10gAi+1, i=1,...,k—1
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where the f\i’s are positive parameters. We seek a solution of (32) of the form
k
@)=Y Ux—&)+¢w),
i=1

where U is defined by (13) and ¢ is small. We set A= (Al, Ao, .., Ak).
In this setting, Lemma 2.1 takes the following form.

Lemma 5.1. Let N > 3, 6 > O fixed, k € N. Assume that

(35) S<Ai<ol, i=1,2,...  k
Then there exist positive numbers ay, i = 1, ..., 4 and as, depending on N, p and q,
such that

. . - k
Ed(Us) = kay + e¥i(R) + kefas + Do(A) — “

T ((1=k)(g—p") —2eloge
(g—p*)

where

k
(36)  Wi(A) =azklog Ay +asVe A7+ [(k—i+ Daslog A; — ax A/l
i=1

and 61([\) — 0 as € — 0 uniformly in C'-sense on the set of A;’s satisfying (35).

Moreover, the constants a;, i = 1,2, ...,4, are given as in (19) and as is defined by
(37) as = qf A e~ 4Py (x)dx.

If we assume that Vo, < 0, then ¥; has a unique nondegenerate critical point
given by

/A\*:({ a3kA q,‘,,*’(k—l)a3’(k—2)a3’”.’a3)_
P* — q@)asVo a as a
The finite-dimensional reduction and the conclusion of the theorem follows in a

similar way to the proof of Theorem 1.1.
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