SPARSE BOUNDS FOR SPHERICAL MAXIMAL FUNCTIONS

By

MICHAEL T. LACEY*

Abstract. We consider the averages of a function f on R” over spheres of
radius 0 < r < oo given by A, f(x) = fSn,l f(&x — ry)do(y), where o is the normal-
ized rotation invariant measure on S"~!. We prove a sharp range of sparse bounds
for two maximal functions, the first the lacunary spherical maximal function, and
the second the full maximal function.

Miacf =supAyjf,  Msunf =supA,f.
JjeL r>0

The sparse bounds are very precise variants of the known L bounds for these
maximal functions. They are derived from known L”-improving estimates for the
localized versions of these maximal functions, and the indices in our sparse bound
are sharp. We derive novel weighted inequalities for weights in the intersection of
certain Muckenhoupt and reverse Holder classes.

1 Introduction

For a smooth function f on R”, let A, f(x) = [g.— f(x — ry)do(y) be the average
of f over the sphere centered at x and of radius ». Here, ¢ is normalized measure
on S"~!. We consider the two maximal functions

Moo f =supAyif, Munf =supA,f.
Jez r>0

The first is the lacunary maximal function, and the second is the full maximal
function, introduced by E. M. Stein [34]. For both of these, we prove sparse
bounds. The latter are particular quantifications of the known L inequalities
for these operators. In particular, these bounds quickly imply novel weighted in-
equalities, for weights in intersections of certain Muckenhoupt and reverse Holder
classes. These inequalities are the sharpest known for these operators.
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We set notation for the sparse bounds. Call a collection of cubes 8§ in R”
sparse if there are sets {Es : S € 8} which are pairwise disjoint, Es C S
and satisfy |Eg| > ilSl for all § € §. For any cube Q and 1 < r < oo, set
<f)2)’, =|0|™! leflrdx. Then the (7, s),,-sparse form Ag .;.m» = A, indexed by
the sparse collection 8, is

(1.1) AS,r,s,m(fa g) =Z|S|<f>5,r<g1F5>S,s-

Se8

Here, the subscript ,, is a reminder that the form has a maximal function component:
The sets { Fs : S € 8} are a collection of pairwise disjoint sets with Fg C S for all
S € 8 (with no requirement on a lower bound on the measure of Fy). If there is
no subscript ,,, we mean the same bilinear form, but with 1z, = 15 for all cubes S.
The sparse collection 8§ is also frequently suppressed in the notation.

Given a sublinear operator 7, and 1 < r,5s < oo, we set |T : (7, 5)n] to
be the infimum over constants C so that for all bounded compactly supported
functions f, g,

(Tf, g)| < Csup Ay (S, 8),

where the supremum is over all sparse forms. It is essential that the sparse form be
allowed to depend upon f and g. But the point is that the sparse form itself varies
over a class of operators with very nice properties.

We include a discussion of the lacunary maximal operator for pedagogical
reasons. The following L” bounds are well known.

Theorem A (6} 3]). For all 1 < p < oo, and dimensions n, we have
My - 1P — IP] < o0.

The proofs for the result above compare to the Hardy—Littlewood maximal
function, and pass through a square function. For the sparse bound, we will argue
directly. The bounds below contains the L7 bounds as a trivial corollary, and so
it represents a new proof of this fact, one that is intrinsic, in that it only uses
properties of spherical averages.

Theorem 1.2. Let L, be the triangle with vertexes (0, 1), (1,0)and ( ., "

n+l’ n+l17/°

(See Figurel2l) Forn > 2, and all (i, 1) in the interior of L,,, we have the inequality
(1.3) |Miac = (7, $)m|l < 00.

Moreover, for 1 + ; > 1 not in the closed set L, the inequality (IL3) fails.
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The case of the full maximal operator is more delicate. The foundational work
is due to E. M. Stein, in dimensions n > 3, and Bourgain in the delicate case of
n=2.

Theorem B (]6, 3]). For dimensions n > 2, we have
Mg : I = IP|| < oo, ”1 <p < 0.
n —

The sparse bound below is again a very precise refinement of the well-known
inequalities above.

Theorem 1.4. For n > 2, let F,, be the trapezium with vertexes Py = (0, 1),
P, = (”;1, :l), P; = (”;l, ”;l), and P4 = (’r‘;:f, ”1}:‘;’2). (See Figure2l) For all
(i, 1) in the interior of ¥,,, we have

(L.5) Mgun = (7, $)mll < 0.
Moreover, for | + ! > 1 not in the closed set ¥, the inequality (L3) fails.

One of the great advantages of sparse bounds is that one can easily derive
weighted inequalities for sparse operators, indeed inequalities with sharp depen-
dence upon the Muckenhoupt and reverse Holder constants. We will discuss this
in detail in §6l Weighted inequalities for the spherical maximal function in the
category of Muckenhoupt and reverse Holder classes has been studied in [8, [13]].
We recover and extend their results using the sparse bound. See for instance
Proposition

Sparse bounds for different operators is a recent topic of research. These
arguments have delivered the most powerful known proof [19] of the A, conjecture.
They quickly prove sharp weighted estimates for commutators [23]]. In other
settings, they establish weighted inequalities [9]] for the bilinear Hilbert transform,
as well as other objects in phase plane analysis [12]. Some of these arguments
are rather short and elegant, using familiar 77* style arguments [7]] to provide
remarkably sharp control of rough singular integrals. Also see [16, 25} [17] for
further work in this direction. In the setting of Radon transforms, the paper [10]
discusses a particular arithmetic example, showing that sparse bounds are possible
in that setting. Random examples have been considered in [18},21,[15]. This paper
proves the first sparse bounds for a Radon transform in the continuous case.

Our sparse bounds are sharp in the scale of L7 averages. Sharper results can
be obtained using local Lorentz—Orlicz averages at the endpoint cases. The latter
is the focus of the article of Richard Oberlin [29]. Given the close association be-
tween sparse bounds and weighted inequalities in other settings, one then suspects
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that the weighted inequalities that follow are the best possible in the category of
Muckenhoupt and reverse Holder classes. In another direction, the core innovation
is the identification of the central role of the L” improving inequalities. The sharp
range of improving inequalities are known for a wide range of Radon transforms.
Many of these can now be extended to sparse bounds for allied maximal functions.

We prove the sparse bounds for M), first, followed by that for Mg,;. Both use
the same tool, the L” improving mapping properties of the unit scale version of the
maximal operators. In fact, we need a ‘continuity’ version of these inequalities.
These appear to be new, and are proved in §4l Once the continuity inequalities
are established, the remaining argument is a variant, but not a corollary, of the
innovative paper of Conde, Culiuc, Di Plinio and Ou [7]. The argument is presented
in detail. We then turn to the consequences for weighted inequalities in §6l A final
section includes various complements.

Acknowledgments. Itis apleasure to acknowledge the interest and input of
several people: Laura Cladek, Francesco Di Plinio, Richard Oberlin, Yumeng Ou,
and Betsy Stovall, as well as the anonymous referee.

2 The Lacunary case

The argument has two components, one being a (small) improvement to the clas-
sical LP-improving properties of the spherical averages due to Littman [26] and
Strichartz [35]. We set L, to be the triangle with vertexes (0, 1), (1,0) and
(,415 mep)- Consider the dual to L,, defined by L, = {(117, ;) : 117, 1— (11) e L,}.

See Figure

Theorem C ([26, 35]). For any point (}, !) in the closed triangle L}, there
holds

lA; : L" — L°|| < oo.

The inequality strengthens as s increases. In particular, the critical case is ver-

1 1y _ n 1
tex (r’ s/ (n+l’ n+l’/°

the inequality is preserved, with a small gain, under small translations. Let
7,f(x) = f(x — y) be the translation of f by y.

The improvement is a ‘continuity’ condition, namely

Theorem 2.1. Let L), be the closed triangle with vertexes (0,0), (1, 1) and

el nll ). For (i, ;) in the interior of L), we have the inequalities

(2.2) AT — A L= LIS " Iyl <1,

for a choice of n = n(n, r,s) > 0.
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Figure 1. The triangle L, on the left, and L], on the right.

A proof is presented in §4l We need a scale invariant version of the inequalities
above, which is very easy to prove by a change of variables.

1 1

r’.s

Lemma 2.3. Let f1, f> be supported on a cube Q, and let t = €Q. For (
as in the interior of L, we have

(2.4) (Af — Aty fi, f2) S v/ €01MQIK fi) o (f2)oss IV < £Q.

We set some notation for the statement of the main lemma. For a cube Q with
side length 29, for q € Z, let

Aof = Azq—Z(fI;Q)-

It is important for the proof below that the support of Ap f is contained in Q. There
are a choice of 3" dyadic grids D, ..., D3 so that

3
Apaf => Y Aof.

t=1 QeD,: Q=249

Therefore, it suffices to prove the sparse bound for each of the maximal operators

(2.5) Mo, f :=sup Agf, 1<t<3"
QeD,

The specific dyadic grid in question is immaterial, so we fix such a grid below, and
write D = D,. This is the kernel of the proof.
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Lemma 2.6. Let 1 < 1,5 < oo be as in Theorem[[.2] and let Cy > 1 be a
constant. Let Q be a collection of sub cubes of Qy € D for which

{<f1>Q,r N (2)0.5

sup  sup < Cp.
0'€0 0:0'c0c 0y * (1) 0. <f2>QoS}
Then,

2.7) <supAQf1,f2> S 1Qol{f1)00.r (f2) 0p.5-

QeQ

Proof. By homogeneity, we can assume (fi)o, » = (f2)0,.s = 1. The supreu-
mum is linearized. Thus, for pairwise disjoint sets { Fp : Q € Q} with Fp C O, set
fo = f21F,. We estimate

(2.8) > (Aofis1r,fo).

QeQ

We take B to be the maximal dyadic subcubes of Qg so that we have

(29) <f1>Q,r + <fQ>Q,s > 2C0

Perform a standard Calderén—Zygmund decomposition on f;. Set f; = g + b
where

qo—1 qo—1
2100 bi=Y_(A={(fplp= > > (fi—{fi)p)lp = Y Bis
PeB k=—o00 PeB(k) k=—00
where above we write £Qy = 2%, and set B(k) = {P € B : {P =2k}.
The bilinear expression in (2.8)) is dominated by a sum of two terms. The first
places the good function g; in the first place. It is a bounded function, so that

> lAgern, fo)l S D11kl S 1Qol-
0eQ QeQ
This just depends upon the disjointness of the sets Fg.
The second has b; in the first position. We have this following easy, but
essential, fact: Forall Q € Qand P € B, if QNP # (), then P C Q. Therefore, for
any Q € Q, with £Q =29, we have, using the notation of (Z.10),

(Aghi, fo) = Y (AgBix. fo) = > (AgBig—i. fo).
k:k<q k=1

Therefore,

>~ (Aob1. fo)| < ZZ'AQquk:fQ> (Q =29

0e9 k=1 Q€Q
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We achieve the desired bound, with geometric decay in k, derived from our
continuity inequalities. For Q € Q, with £Q = 29, we estimate as follows, using
the mean zero properties of the bad functions.

[(ApB1,q—k, fo)l
[{B1,g—k> Apfo)]

Z |113| ‘/P /P[A*QfQ(x) — A*QfQ(x,)] . Bl,q_k(x)dxdx"

PeB(g—k)
1 . .
S |P0| ‘/[AQfQ()C) - ‘L'yAQfQ(x)] . Bl,q—k(x)dx‘dy

< 27M0I(B1g—10) 0.r (f0) 0.s-

2.11)

Above, Py is the cube of side length 297%*! centered at the origin, and we use our
continuity inequality (2.2).
It remains to argue that uniformly in k > 1,

> 101(B1.g—k10)0.r (fo1ry) 05 S 1Q0l-

QeQ

This follows from (a) the disjointness of the sets Fp, (b) the disjointness of the
supports of By 1y, for k > 1 fixed, and (c) 1/r +1/s > 1. In particular, the
inequality is clear in the case of 1/r + 1/s = 1, and also clear in the case of
min{7, s} = 1, so that the remaining cases follow by interpolation. (]

Proof of Theorem[I.2Zl We deduce the m-sparse bound for the operator M,
in (2.3). From this it follows that Mj,. is bounded by the sum of a finite number of
sparse forms. But, the principle described in (5.2)) shows that there is a constant C,
so that given f, g, there is a fixed sparse form Ag, ,5, so that

Slgp AS,r,s(fa g) < CAS(),V,S(fa g)

Thus, the sparse bound as claimed will follow.

We can assume that f|, f> are bounded functions supported on a dyadic cube
Qo € D. Indeed, we can even assume that for any cube Q 2 Qo, wehave Apf = 0.
Namely, for the construction of the sparse bound, we need only consider cubes
0 C Qo.

We then add the cube Qg to 8. We take the S-children of Qy to be the collection €
of maximal children P C Qo for which (fi)p, > Cu{(f1)go.r» O (f2)ps > Cn(f2)0,.s-
Let E be the union of these maximal children. For a choice of constant C,, > 1,
we have |E| < ;lQol- Set Q ={P C Qo : P ¢ E}. Associated to the set Qp we
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need the set
Fg, ={x€ Qo:Mpf(x) = sugAQf(x)}.
Qe

Then apply Lemma[2.6]to the collection Q, with the second function being f>1f,, .
We see from (2.7), and the support condition on Ay f, that it remains to recurse
inside the cubes €. The proof is complete. ([l

3 The full supremum

The analog of the LP-improving properties of A; in Theorem [C] concern the ‘unit
scale’ maximal function M f = sup;.,<» A f. This is due to Schlag [30]; also see
Schlag and Sogge [31].

Theorem D. Let F), be the closed convex hull of the four points P} = (0, 0),

-1 n-1 -1 1 2— —1 Lo1y;
Py =" "), Py =", ) and Py = (001, ). Forall (,, () inF,, we have

3.1) M : L — L*| < oo.
This ‘continuity property’ is a corollary.

Theorem 3.2. For all (i, 1) in the interior of ¥, for some n = n(n, r, s) > 0,
we have

(3.3) I sup |Af — A fllls S LA Iyl < 1

1<1<2

We will delay the proof of this theorem to the next section. See Figure 2] for a
picture of the trapeziums F, and F,.

We again make a dyadic reduction. For a cube Q with side length 29, for g € Z,
let

Mof = sup  A(fly), Q=27

29-3<t <2472
There are a choice of 3" dyadic grids Dy, ..., D3 so that

3n

sup A(fligd<y Y Mof.

2073 <1<2072 s=1 QeD,:tQ=24
Therefore, it suffices to prove the sparse bound for each of the maximal operators
My f:= sup Mpf, 1<s<3"
QeD;

We fix such a grid below, and write D = D;. The main Lemma is as before. We
will prove it, and leave the details of the derivation of Theorem[L.4lto the reader.
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Figure 2. The trapezium F), on the left, and F,, on the right. (Whenn = 2, they are
in fact triangles.)

Lemma 3.4. Let (i, 1) be in the interior of ¥,,. Let Q C D be a collection of
sub cubes of Qg so that

{ (fi)or + (f2)0.s } < Cp.

(fi)oor  (f2)0us

sup  sup
0'eQ 0:0'CcOC

Then, there holds

(sup Mofi, f2) S 1001(f1)0ur (f2)aus

QeQ

Proof. The proof closely follows the lines of the proof of Lemma2.6l Assume
(f1)osr = (f2)0,.s = 1. Define the collection of ‘bad’ cubes B as in (Z.9). We
bound the bilinear form

(3.5) > (Mofi, fo)

QeQ

where {Fg : Q € Q} is a family of disjoint sets with Fp C Q, and fp = 1F, f>.

Use the Calder6n—Zygmund decomposition, just like in (Z.10). The bilinear
form in (3.3) is divided into two terms, of which the first has the good function g;
in the first place:

> Moz e )1 S 3 [ 12k < 10l
Q

0eQ QeQ

The second term has b; in the first place, and f in the second. Namely, we
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have to bound

o0
> UMby, fo)l <> > [(MgB gk, fo)l  (£Q =29).
QeQ k=1 QeQ
Above, we have used the expansion in (2.10). We will use the continuity inequality
(B.3) to establish the desired bound with geometric decay in k. Let us argue by
duality. For each Q € Q we can replace My by Lop(x) = Asy0@(x), where
to: ;Q — [2972, 297 1] is measurable. Then, estimate

[{LoB1,g-k > fo)| = [{B1.g—k> Lo fo)l

P> |;|/P

PeB(g—k)
PcQ

< 27MQI(B1g—i) 0.r (f0) 0.s-

Here, the notation is similar to (2.11), and we appeal to the scale-invariant and
dual form of (3.3). The remainder of the argument is exactly as in the proof of
Lemmal[2.6] u

/P Bygein (0) - (L fo () — Ly fo!))dx|dy

4 Proof of the continuity inequalities

4.1 Proof of Theorem[2.1l From Plancherel’s theorem, we have

IALf — Arzy : L2 L2 = ||(1 = e )do(@)loo S VI, 70 = 6(n) > 0.

To see this last inequality, we need only appeal to the well known decay estimate
for |3&(é‘)| which we recall below.

In interpolation between this L? estimate and the L” improving estimates of
Theorem [C] it is clear that the conclusion 2.2) holds for (!, !) in the interior of
the triangle L.

4.2 Proof of Theorem[3.2l We recall that the Fourier transform of o, the
uniform measure on the sphere S"~!, is

(4.1) do(&) = e Fla_(&) + eFla, (&),

where |6%a. ()] S (1+|&)~ ¢~ D/l
The trapezium F/, is contained in the triangle L/,. Thus, if 7 C [1, 2] is a finite
set, it follows from Theorem 2.1] that we have

11 ,
ISUPIAS = A Ul S D7 DI F s (5 ) € Fu\ {0, 1, (1,0)).
1eT pP1 P2
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Taking T be a |y|7-netin [1, 2], it clearly suffices to show this modulus of continuity
result.

Proposition 4.2. Subject to ( i , i ) satisfying the hypotheses of Theorem[3.2]
there is a n > 0 so that for all 0 < 6 < é, we have

(4.3) I sup |AS —Asfllls S "Nl
s,te[1,2]
|s—t] <o

The proof in dimensions n > 3. It suffices to prove a version of .3) at
the point (é, é), and then interpolate to the other points in the interior of F),. Using
(@.1) and Plancherel, we see that there is a full derivative in ¢:

1GA S 22y S I Nl2-

It follows that for each x € R", A;f(x) continuously embeds as a function of 7 into
the class Lip(}‘), so that (4.3)) follows.

The proof in dimension n = 2. We rely upon the detailed analysis of
Sanghyuk Lee [22]], which refines the work of Schlag [30] and Schlag—Sogge [31]]
in the convolution setting. Again, we prove the estimate (£.3) at a single point in
the triangle F%, and obtain the result as stated by interpolation.

A Littlewood-Paley decomposition is needed. Let 112 < ¢ < 1 [.5)
be a smooth function on R so that Z]>1CO’/2J) =1, if |y| > 4. Then set
o =132, C0/2)). For f € AR, set [5(&) = {(€]/2)[ (&), for j > 1,and
fo=af.

Let M; be the maximal function in (4.3)), and let M ; f = Msf;. We have

Msf <> Ms,f.

Jj=0
Now, it follows from [22] just above eqn. (1.5)] that

(4.4) My : L — L) < 27072, 1,3 1, g > 14
P q 3
The exponent on j above is negative for 134 < qg <5 Atg =5, we have
(»,q) = (3,5), which corresponds to the crucial vertex (g, ;) of the triangle F’.
See Figure[3l
It again follows from (4.1)) that

j
10 ASfill e sy S 221 l2-
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1 1
K (35 2)

G D

Figure 3. The triangle F5, and the elements of the proof of Theorem[3.2]in the case
of dimension 2. The thick line inside the triangle goes from ( 154, 134) to (g, ;). The
point (é , 3) is on the thick line, and we will interpolate between an estimate at that
point, and an estimate at (é, é).

As a consequence, A, f; continuously embeds into Lip(i) with norm at most 27/2,
That is, we have the bound

L _J

M5, : L* = L?|| < 6422,

Interpolation with (@.4)), say withp =3,q = g, shows that with (;}, [ll) sufficiently
close to (é , 3), we have for a positive choice of # > 0,

Mg : LP — L) < 6727,

This is summable in j > 0, so completes our proof.

S Sharpness of the sparse bounds

Sharpness of the sparse bounds is not immediate from the sharpness of the 17
improving estimates, as the sparse bound is defined as the largest possible sparse
bound. Nevertheless, sharpness will follow from the examples that show that the L
improving estimates are sharp.

Proposition 5.1. Suppose that 1 < r,s < oo satisfy } + ! > 1.
(1) If the sparse bound ||My,c : (1, $)m|l < 00 holds, then (i, 1) € L,, where the
last set is the triangle defined in Theorem|[[.2l
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Figure 4. The example showing sharpness of the bounds in Theorem 2.1l The
function f;s is the indicator of the thin annulus, of width ¢. For a point x within
say 0/2 of the center of the annulus, one has A; f5(x) > ¢. The dashed circle is
centered at x, and has radius 1. At least i of the dashed circle is inside the support
of f5. This leads to the inequality (3.3).

(2) If the sparse bound ||Myyy : (1, $)ull < 0o holds, then (!, ') € F,, where the
latter set is the trapezium defined in Theorem|[[ 4]

We recall this elementary fact, [20, Lemma 4.7]. Forall 1 < r, s < oo, there is
a constant C so that for all f and g, there is a sparse form A so that

(5.2) sgp As rs(f, 8) < CAo(f, 8).

For the pairs f, g that we describe below, it will be very easy to verify this principle.
The largest sparse form A will consist of a single cube, namely one that contains
the support of the functions defined below, and is of minimal side length.

Proof of Proposition 5.1(1). We begin with the lacunary maximal oper-
ator, My, and the LP-improving bounds of Littman [26] and Strichartz [35]. For
0<o< 3‘, let f5 = 1jx—1;<s be the indicator of a thin annulus around the unit
circle. Note that for small absolute constant ¢, we have

Afs(x) = cgs(x) = cljy<es.

This example is illustrated in Figure [4l It establishes the sharpness of expo-
nents r and s in Theorem 2.1l Suppose that My, satisfies an (7, s)-bound, where
1/r+1/s > 1. We then have

0" S (Aifs. 85) = (f5.A18s) S min{ As .s(f5, 85), Asr 5. (f5, 85))-

for some choice of sparse collections § and §'. Note that we have two bounds on
the right, due to the convolution structure of the question.

But each cube in the collections 8 and 8 should intersect the support of f and
of g. That is, we can assume that {x : |x| < 2} C Q, for each Q € 8. But then, the
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Ry

CVo

2

7x

Co'

Figure 5. An example for the operator M. The rectangle R; is on the left, and
at each point x € R», there is a circle of radius 1 < r < 2 which intersects a
substantial portion of the rectangle R;, as indicated by the dashed arc of a circle.
We have M 1z, (x) 2 0 "3, The assumed (r, s) bound leads to the restriction (5.4)).

contribution of such cubes decreases as the side length of the cube increases. So,
it suffices to have § to consist of just a single cube Q of side length, 2 say. Our
assumption leads to the conclusion

. 1,n n 1
6" < (Aifs. gs) S minf | fsllrlgsllss I1fsllsligsll} S o™X rorts),

We conclude that we need to have the inequality below, which tells us that
(L, HeL,:

1 1
(5.3) max{ +n,n+ } <n.

ros r s
And so, we cannot do better than the L7 -improving bounds of Littman and Strichartz
for the lacunary maximal function. g

Proof of Proposition 5.1(2). We turn to the case of the full spherical
maximal function. The sharpness of the trapezium in Theorem is given by
three examples. One of these is the thin annulus example just used, and this
demonstrates the sharpness along the line from Py = (0, 1) to P4 = (j’;:{’, "znzﬁz .
Here, we are referring to the trapezium F,, in Figure 2l

The second example is a Knapp type example illustrated in Figure 3l Define
two rectangles by
4 5}

R, = [=CV5,CVS"™! x [=C6,C5], Ry =[—V6, V61" x [3, ;
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Then, note that the localized maximal function M applied to 1g, satisfies
M 1z, 2 5" 1z,. Then, assuming the (7, s) sparse bound for the full maximal
function, we have

"N SMS,8) S As (g, 1gy).

The sparse form on the right is largest, up to a constant, taking & to consist of a
single cube of bounded side length, which contains the two rectangles R; and R;.
We deduce that

n+l | n—1

" SIRIVIRY S 6
From this, we see that we necessarily must have

1 n—1
(5.4) LT 2om— .
r S

This gives the restriction on the line from the point P4 to P3 = n—l ”;l ).

n 2
A third example of Stein is the function A(x) = 11 |x|'"(log]x])~"; we have

Mjigh(x) is infinite on a set of positive measure. Hence, My, is unbounded on L7,

n
n—1°

any finite s, it would follow that My, is of weak-type L", which is impossible. This

n

forl <p < Now, if My, satisfies an (r, s) bound for any 1 < r < ", and

shows the sharpness of the line from P, toPs. O

These examples also show that the ‘continuity’ condition cannot hold at the
critical indexes for the L” improving inequalities.

Proposition 5.5. Suppose that 1 < r, s < 0o satisfy i + 1 > 1.
(1) If the inequality 2.4) holds, then (l, 1) is in the interior of L, the triangle
defined in Theorem[[2]
(2) If the inequality (B3) holds, then, (}, ') is in the interior of F,, where the
latter set is the trapezium defined in Theorem|[[.4)

Proof. This is a corollary to the fact that the relevant examples in the L”
improving estimates are supported on small sets.

(1) Suppose that (i, i) is on the boundary of L,,, which is to say that it satisfies
equality (3.3). We have the assumed inequality (2.2)) with |y| much smaller than
one. Apply it to the function f5, where d is much smaller than |y|. It follows that
there is no cancellation after translation by y, so that

1ALfs — nAufslls = I fsll- < 1TSS

This is a contradiction.
(2) Suppose that (!

r’>s

inequality (3.3). It follows from the first part of the argument that (!, ) cannot lie

) is on the boundary of F,,, and that we have the assumed
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on the line from P; to P4, where we are referring to the points in Figure 2l By the
example of Stein described above, it cannot lie on the line from P, to P3. And, by
a similar argument to the one above, but using the example from Figure[3 it also
follows that (i, 1) cannot lie on the line from Pj3 to P4. This is a contradiction, so
the argument is complete. (|

6 Weighted inequalities

The maximal function My, applied to the indicator of a ball B of radius 1 centered
at the origin is dominated by

o0
Mg 1p(x) S 12p(x) + Z 27K k<o
k=1
Thus, there is no reason to think that Muckenhoupt weights are the correct tool to
understand the behavior of this (or the full) spherical maximal function in weighted
spaces. (See Figure [3] for an example showing that the full supremum is poorly
adapted to Muckenhoupt weights.)

Nevertheless, the question of weighted inequalities for weights of Muckenhoupt
type has attracted interest [13, [8]]. And the sparse bounds are especially efficient
for such weights. We detail here some of the implications of our main theorems
in this direction. We will see that our sparse bound contains the best known prior
bound for My, and yields new information. The full implications would be a little
technical, and so we do not develop them here.

We indicate here how easy it is to prove L bounds for sparse forms, and leave
the details of the weighted case to the references. The familiar Z” bounds for the
spherical maximal functions are seen to trivially follow from our sparse bounds.

Proposition 6.1. Let 1 <r <p <5 < o0o. We have the inequality
Ars(f,8) S IFIp NI

Proof. The notation for the sparse form is in (2.8]). Recall that to each cube O
in the sparse collection 8, there is a set Eg C Q, with |[Ep| > é|Q|, so that the sets
{Eg : Q € 8} are pairwise disjoint. Thus

Aulfig) <2 / S 1ey (o (8) 0.0

Qe8
< /Mrf “Msgdx S IMfllpIMsglly S 1Al -

Above M, f = sup, (f)o.r1p is the maximal function with rth powers. (]
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A weight is a function w(x) > 0 a.e., which is the density of a measure on R",
also written as w(E) = fE wdx. For 1 < p < oo, the dual space to LP(w) (with
respect to Lebesgue measure) is [” (¢), where p = pf , and o = w'~?'. Note that
w-o~! = 1. A weight w € A, if this equality holds in an average sense, uniformly

over all locations and scales. Namely, define

[w]s, = sup(w)o(e)yy ' < o0, o=w'".
(0]

Above, the supremum is over all cubes Q. Atp =1, we define

[wls, =supsup /2.
0 xeo W(X)

A weight w is in the reverse Holder class RH,, 1 < r < oo, if

[w]rH, =sup (wo.r < 00.
0

(w)o

Qualitatively, the conditions of a weight w being in the intersection of A, and reverse
Holder spaces is the same as w having a factorization we A?Af ={uf ug Dup, upeAr}.

This is made precise in this proposition.

Proposition 6.2. Let uj,uy; € Ay, andlet p > 0, and 1 <r <p < oo. We
have
s
AlA, " =A» NRH,.
Proof. These two facts are well-known.
(1) A weightin A, can be factored into the product of A; weights

1_
weA, < w=uu, ", wuwuy€A.

(2) The condition w € A,,- N RH, is equivalent to w” € A,(,/r—1)+1. Combining
these two facts proves the proposition.
g

We focus on qualitative aspects of weighted inequalities for the sparse maximal
functions. While quantitative estimates are available, and not too hard to prove,
we think that what we can prove right now is improvable. (See §7.21) Set £, to
be those weights w for which My, maps LP(w) to LP(w), for 1 < p < oo. Use the
same type of notation &, for My;.

We have these two corollaries to our sparse bounds for the lacunary and full
spherical maximal operators. These are obtained by combining our main theorems
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n

n _ (n?—n n’—n+2
1 n+12 n+1) P, \1:)<n2+1 s 241

P3 — (Vl;l’ n;l)
1
/b [P
1 1 1

Figure 6. The two functions 1/¢y,. and 1/¢g, of Corollary[6.3l The dashed line is
the function 1/, the function in (6.6).

with the bounds in Theorem As we only seek qualitative results, and the
conditions of A, and RH, are open, we are free to work on the boundary of the
figures L, and F,,. See Figure[6 for graphs of the two functions introduced below.

Corollary 6.3. For the lacunary and full spherical maximal function, we have
these two sets of weighted inequalities.
(1) Define %C(]l In 10 be a piecewise linear function on [0, 1] whose graph con-
nects the points Q1 = (0, 1), Q> = ("', "), and Q3 = (1,0). That is,
1 1-! 0 <

rn

1
brac(1/r) n(l—"1 n <

Assuming 1 <r <p < ¢(r), we have

Ap/r OV RH gy py C Lp-

(2) Define %H%l I o be the piecewise linear function on [0, ";1] whose graph
connects the points Py = (0,1), Py = ('r’;:f, "znjffz) and P3 = ";1, ";1).
Assuming " <r <p < dean(r), we have

(6.4) Ap/r O RH gy jpy C Fp-

The case of radial weights has been completely analyzed by Duoandikoetxea
and Vega [[13]. Here, we recall this result, which records the possible inequalities
for radial weights. These are sharp, except possibly the a = 1 — n endpoint case



SPARSE BOUNDS FOR SPHERICAL MAXIMAL FUNCTIONS 631

in (6.3). (In particular, this shows that the class L, does not satisfy the classical
duality £, = Lll,_pl. See [13]] for more details.)

Theorem E ([13]). Let w,(x) = |x|* be a radial weight on R", for a € R. We

have the inequalities below, for 1 < p < oo:

wg €L, l—-n<a<m-1)(p-1),

(6.5)
«€Fp, I—=n<a<m—-1p-1) —n

n

In (6.5), the restriction on a implies that " |

<p <.

We cannot recover the full strength of this theorem. But this is to be expected:
the category of A, weights is not the correct one to characterize the weights for
the spherical maximal function, and our sparse results are sharp. This suggests
that the sparse bounds are proving the sharpest possible results in the category of
Muckenhoupt type weights. We can improve upon the result below of Cowling,
Garcia-Cuerva and Gunawan [8]]. It gives sufficient conditions for My to satisfy
a weighted inequality in terms of a factorization of the weight.

n—2
n—1°

Theorem F ([8, Thm 3.1]). Let "
Then ASA~D=W=2 g

L <P <oo,andmax{0,l—ﬁ} <J<

We will deduce this as a special case of (6.4).

Proof of Theorem [Fl Rather than use the exact form of ¢gy in (©.4), we
use the restricted form

1 n
-1 _ _
(6.6) wr)y” =1 r—1" n—1 <r < o0.

It follows that we have a sparse form bound (7, y/(r)). This function corresponds to

the dashed line in Figure[6l Provided r < p < w(r) = (r(n — 1)) =: ', we have a

r(n—1) _ 1

weighted inequality, for w € A,,, " RH(y ,y. Now, (s'/p) = e = 1= r(np_ D

_ _
By Proposition [6.2] we have A: ’(”_”A: " c Fp. Setting§ =1 — r(np_l), we have
1 —? =0(n—1) — (n— 2). This matches the conclusion of the Theorem, so the

proof is complete. U

As the proof above indicates, stronger results than those of Theorem [H hold.
The authors of [8]] raised the possibility thatA N J,. Here, we show that this is
indeed the case, provided p is sufficiently large. It will be clear that more is true,
but we do not pursue the details here.

n?+1

nr, <p < oo.

1
Proposition 6.7. Forn > 2, we have Ai " C 3y, for



632 M. T. LACEY

Proof. We use the proof strategy for Theorem [El but use the sparse bound

n?—n n*—n+2
n?+1° n?+1
Indeed, assuming a sparse bound of the form (7, o), we have the inequality

provided to us by the point P4 = (

Mgy = LP(0) = LP(w)]| < 0o, w =u'?, ueA,

provided rp < p < 53, and p = (s7/p)’.
Setting (1/7g, 1/s9) = P4, we have

1 n—n+2 1 n—1
so  n?+1 sy, n2+l’
1 n?—n s6

= 2 , =n.
7o n“+1 7o

It follows that p =(so/p)'=,",. For p>ro, we are allowed to take w —u =ul=,

as claimed, provided p > ry. (|

7 Further remarks

7.1 Endpoint issues. Richard Oberlin [29] has investigated the endpoint
issues. Namely, for a class of Radon transforms, a sparse bound is proved at the
boundary of the sparse region. The ‘local L” norm’ is adjusted with a logarithmic
factor. It would be interesting to further develop the endpoint estimates.

7.2 Weighted estimates for m-sparse forms. For 1 < p < oo, the

dual space to LP(w) (with respect to Lebesgue measure) is I7 (o), where p = pf |

and ¢ = w!™”'. This is referenced in the statement of the Theorem below, which
gives weighted inequalities for sparse forms. These estimates are sharp in the
Muckenhoupt and reverse Holder indices.

Theorem G ([ §6]). Let 1 < r <5’ < 00. Then,

Ars(f @) < (Tl - [0lk, YN N lglry 7 <p <5,

1 " —1
wherea = max{ s s }

p—1 s—p
For sparse forms of type (1, 1), we recall that we have these estimates.

max{1, '}
A9 STwly, I lpwllgly @)

1
At (f 8) S 10 1 o181 o)
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Both estimates are well-known. A very nice proof of the first bound can be found
in [28]]. The second follows from a comparison to the maximal function, namely
Buckley’s inequality [2]. Thus, the sparse forms and the m-sparse forms can obey
different weighted estimates.

The papers [1}, 24] supply explicit and sharp estimates for (7, s)-sparse forms.
But, they do so only for the form (L), with Fp = Q. As this paper indicates,
obtaining the sharp estimates for the m-sparse forms is also interesting.

7.3 Sharpness of the weighted estimates. We conjecture that the bounds
in Corollary[6.3]are sharp in the category of weights allowed. For the sake of clarity,
let us state a conjecture for the lacunary maximal function.

Conjecture 7.1. Using the notation of Corollary 6.3 this holds. Let
1 <r<p <dur), and set p = (. (r) /p). If 1/p < o, then there is a weight
_Pp
w = uu, '+1, for weights uy, u, € Ay, so that My, is not bounded on L7 (w).

7.4 The endpoint estimate. A result of Seeger, Tao and Wright addresses
an endpoint estimate for the lacunary spherical maximal function, showing this.

Theorem H ([33]]). The lacunary maximal function My, is bounded as a map
from Lloglog L into weak L'.

Also see the recent significant improvement by Cladek and Krause [4]. The
proof is based upon 77 * methods, and so it is tempting to think that a reading of
the paper might prove a sparse bound for Mj,. of the form (7, 2), forall 1 < r < 2.
But such a sparse bound cannot hold. It is however interesting to speculate about
what sparse bound the argument of [33] would imply.

7.5 Other themes. (1) As was pointed out by Duoandikoetxea and Vega
[13], it is interesting to establish inequalities of Fefferman—Stein type, namely

[Miae : LP(w) — LP(Nw)l,

for some auxiliary maximal operator N. This has been addressed in [27]]. It would
be interesting to extend the results of this paper.
(2) The paper [8] studies weighted inequalities from L to L? spaces for the
maximal operator
supt*A,f, a=n( — ).
>0 p q
Sparse bounds should be possible for such an operator.
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(3) Variants of the maximal operator, formed over restricted ranges of radii of
spheres, have been considered, namely,

supA,f, E C (0,00).

1eE
See [32]. Subject to a dimensionality condition on E, a range of L” inequalities
can be proved. Again, sparse bounds should be available in this setting.

(4) The paper of Jones, Seeger and Wright [[14, Thm 1.4] prove variational
results for the full spherical maximal function. It would be interesting to extend
this bound to a sparse bound. Also see [[11]] for some sparse variational results.

(5) Sparse bounds should hold for other Radon transforms. Key components
would be (a) an appropriate dilation structure, and (b) variants of the continuity
results Theorem[2.T]and Theorem[3.2l Note that these will become more involved
in the cases in the variable curve case, as in [31]].

(6) Cladek and Y. Ou [5] have studied sparse bounds for Hilbert transforms
and averages along a general class of curves.

REFERENCES

[1] F. Bernicot, D. Frey and S. Petermichl, Sharp weighted norm estimates beyond Calderén-Zygmund
theory, Anal. PDE 9 (2016), 1079-1113.

[2] S. M. Buckley, Estimates for operator norms on weighted spaces and reverse Jensen inequalities,
Trans. Amer. Math. Soc. 340 (1993), 253-272.

[3] C.P.Calderén, Lacunary spherical means, lllinois J. Math. 23 (1979), 476—484.

[4] L. Cladek and B. Krause, Improved endpoint bounds for the lacunary spherical maximal operator,
arXiv:1703.01508[math.CA].

[5] L. Cladek and Y. Ou, Sparse domination of Hilbert transforms along curves, Math. Res. Lett. 25
(2018), 415-436.

[6] R.R.Coifman and G. Weiss, Book Review: Littlewood—Paley and Multiplier Theory, Bull. Amer.
Math. Soc. 84 (1978), 242-250.

[7] J. M. Conde-Alonso, A. Culiuc, F. Di Plinio and Y. Ou, A sparse domination principle for rough
singular integrals, Anal. PDE 10 (2017), 1255-1284.

[8] M. Cowling, J. Garcia-Cuerva and H. Gunawan, Weighted estimates for fractional maximal
functions related to spherical means, Bull. Austral. Math. Soc. 66 (2002), 75-90.

[9] A. Culiuc, F. Di Plinio and Y. Ou, Domination of multilinear singular integrals by positive sparse
forms, J. Lond. Math. Soc. (2) 98 (2018), 369-392.

[10] A. Culiuc, R. Kesler and M. T. Lacey, Sparse bounds for the discrete cubic Hilbert transform,
Anal. PDE 12 (2019), 1259-1272.

[11] F. C. de Franga Silva and P. Zorin-Kranich, Sparse domination of sharp variational truncations,
arXiv:1604.05506[math.CA].

[12] F. Di Plinio, Y. Q. Do and G. N. Uraltsev, Positive sparse domination of variational Carleson
operators, Ann. Sc. Norm. Super. Pisa Cl. Sci. (5) 18 (2018), 1443—-1458.

[13] J. Duoandikoetxea and L. Vega, Spherical means and weighted inequalities, J. London Math. Soc.
(2) 53 (1996), 343-353.



[14]

[15]

[16]

[17]

(18]

[19]
[20]
[21]

[22]

[23]

[24]
[25]

[26]

[27]

(28]

[29]

[30]

[31]

(32]

[33]

[34]

(35]

SPARSE BOUNDS FOR SPHERICAL MAXIMAL FUNCTIONS 635

R. L. Jones, A. Seeger and J. Wright, Strong variational and jump inequalities in harmonic
analysis, Trans. Amer. Math. Soc. 360 (2008), 6711-6742.

B. Krause, M. Lacey and M. Wierdl, On convergence of oscillatory ergodic Hilbert transforms,
Indiana Univ. Math. J. 68 (2019), 641-662.

B. Krause and M. T. Lacey, A weak type inequality for maximal monomial oscillatory Hilbert
transforms, arXiv :1609.01564[math.CA].

B. Krause and M. T. Lacey, Sparse bounds for maximally truncated oscillatory singular integrals,
arXiv:1701.05249[math.CA].

B. Krause and M. T. Lacey, Sparse bounds for random discrete Carleson theorems, in 50 Years
with Hardy Spaces, Birkhauser, Cham, 2018, pp. 317-332.

M. T. Lacey, An elementary proof of the Ay bound, Israel J. Math. 217 (2017), 181-195.
M. T. Lacey and D. Mena, The sparse T1 theorem, Houston J. Math. 43 (2016), 111-127.

M. T. Lacey and S. Spencer, Scott, Sparse bounds for oscillatory and random singular integrals,
arXiv:1609.06364[math.CA].

S. Lee, Endpoint estimates for the circular maximal function, Proc. Amer. Math. Soc. 131 (2003),
1433-1442.

A. K. Lerner, S. Ombrosi and 1. P. Rivera-Rios, On pointwise and weighted estimates for commu-
tators of Calderon—Zygmund operators, Adv. Math. 319 (2017), 153-181.

K. Li, Two weight inequalities for bilinear forms, Collect. Math. 68 (2017), 129-144.

K. Li, C. Pérez, 1. P. Rivera-Rios and L. Roncal, Weighted norm inequalities for rough singular
integral operators, J. Geom. Anal. 29 (2019), 2526-2564.

W. Littman, LP — L9-estimates for singular integral operators arising from hyperbolic equations,
(1973), 479-481.

R. Manna, Weighted inequalities for spherical maximal operator, Proc. Japan Acad. Ser. A Math.
Sci. 91 (2015), 135-140.

K. Moen, Sharp weighted bounds without testing or extrapolation, Arch. Math. (Basel) 99 (2012),
457-466.

R. Oberlin, Sparse bounds for a prototypical singular Radon transform, Canad. Math. Bull. 62
(2019), 405-415.

W. Schlag, A generalization of Bourgain’s circular maximal theorem, J. Amer. Math. Soc. 10
(1997), 103-122.

W. Schlag and C. D. Sogge, Local smoothing estimates related to the circular maximal theorem,
Math. Res. Lett. 4 (1997), 1- 15.

A. Seeger, T. Tao and J. Wright, Endpoint mapping properties of spherical maximal operators, J.
Inst. Math. Jussieu 2 (2003), 109— 144.

A. Seeger, T. Tao and J. Wright, Singular maximal functions and Radon transforms near L',
Amer. J. Math. 126 (2004), 607-647.

E. M. Stein, Maximal functions. Spherical means, Proc. Natl. Acad. Sci. USA 73 (1976), 2174—
2175.

R. S. Strichartz, Convolutions with kernels having singularities on a sphere, Trans. Amer. Math.
Soc. 148 (1970), 461-471.

Michael T. Lacey
SCHOOL OF MATHEMATICS
GEORGIA INSTITUTE OF TECHNOLOGY

ATLANTA GA 30332, USA

email: lacey@math.gatech.edu
(Received April 26, 2017)



	Introduction
	The Lacunary case
	The full supremum
	Proof of the continuity inequalities 
	Proof of Theorem 2.1.
	Proof of Theorem 3.2.

	Sharpness of the sparse bounds 
	Weighted inequalities
	Further remarks
	Endpoint issues.
	Weighted estimates for m-sparse forms.
	Sharpness of the weighted estimates.
	The endpoint estimate.
	Other themes.




