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Abstract. We initiate the study of the £7(Z%)-boundedness of the arithmetic
spherical maximal function over sparse sequences. We state a folklore conjecture
for lacunary sequences, a key example of Zienkiewicz and prove new bounds for
a family of sparse sequences that achieves the endpoint of the Magyar—Stein—
Wainger theorem for the full discrete spherical maximal function in [MSWO02].
Perhaps our most interesting result is the boundedness of a discrete spherical
maximal function in Z* over an infinite, albeit sparse, set of radii. Our methods
include the Kloosterman refinement for the Fourier transform of the spherical
measure (introduced in [Mag07]) and Weil bounds for Kloosterman sums which
are utilized by a new further decomposition of spherical measure.

1 Introduction

1.1 Stein’s spherical maximal function and its arithmetic analogue.
In [Ste76], Stein introduced the spherical maximal function and proved that it is
bounded on I7(R?) for p > d”_’1 and d > 3. This was later extended to p > 2
when d = 2 by Bourgain in [Bou86]. Recently, discrete analogues of Stein’s
spherical maximal function have been considered. The discrete sphere of radius
r>0inZ%is S 1(r) := {x € Z¢ : |x|*> = r?} which contains N;(r) = #S9~1(r)
lattice points. For dimensions d > 4, the set SY~!(r) is non-empty precisely when
r?> € N. Let Ry denote the set of radii r such that S9~!(r) # (); then Rpy is
precisely {r € Rog : r?> € N} when d > 4. For r € Rsy, we introduce the discrete

spherical averages:

1
(1 Af(x) = Y fa=y) =f o)
Na(r) &+
yeS§ (r)
where o, := Ndl(r) 1 cz4.x2 =2} 18 the uniform probability measure on S4=1(r). The
associated (full) maximal function is
(2 A.f = sup |Af].
reRen
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2 K. HUGHES

Motivated by Stein’s theorem, it is natural to ask: when is A, bounded on £7(Z4)?
Testing the maximal operator on the delta function and using the asymptotics for
the number of lattice points on spheres, N;(r) = ri=2 whend > 5, we expect that
the maximal operator is bounded on €7 for p > d”_’2 when d > 5. In fact, building
on the work of [Mag97|, this was proven in [MSWO02] with a subsequent restricted
weak-type bound at the endpoint p = diz proven in [Ion0O4]. In particular, A, is a
bounded operator from ¢7'(Z?) to restricted ¢7>°(Z) for p = ,%,; that is, A, is
restricted weak-type ( di 2 d”_lz). This result is sharp. For generalizations to higher
degree varieties where the sharp ranges of £”(Z?) are unknown, we refer the reader
to [Mag02] and [Hugl7]].

1.2 The lacunary spherical maximal function and its arithmetic
analogue. Shortly after Stein’s work on the spherical maximal function [[Ste76],
it was observed by Calderén and Coifman—Weiss that lacunary versions of Stein’s
spherical maximal function are bounded on a larger range of L”(R?)-spaces than for
the full Stein spherical maximal function—see [[Cal79] and [CW78] respectively.
In particular, they proved:

Calderon, Coifman—Weiss. The lacunary (continuous) spherical maximal
function is bounded on IP(RY) ford > 2 and 1 < p < oo.

Similarly, define the lacunary discrete spherical maximal function whend > 5
by restricting the set of radii to lie in a lacunary sequence R := {7;};en C Rypun.
Recall that a sequence is lacunary if r;,; > cr; for some ¢ > 1. More generally,
for any R C Ry, the discrete spherical maximal function over R is defined
in the natural way as

(3) AR f = suplA, f.

rjeR
By the Magyar—Stein—Wainger discrete spherical maximal theorem in [MSWO2],
we know that any discrete spherical maximal function in 5 or more dimensions
d‘i ,- In
particular, this holds true for any lacunary subsequence in 5 or more dimensions.

over a subsequence of radii in Ry is bounded on £7(Z4) ford > 5andp >

It is conjectured that the continuous lacunary spherical maximal function is
bounded from L'(R%) to L*°(R%) for d > 2. See [SWTO03b] and [STWO03a] for
recent work in this direction. Analogously, it is a folklore conjecture that the
arithmetic lacunary spherical maximal function is bounded on £7(Z%) for p > 1.

Conjecture 1. For d > 5, if R is a lacunary subsequence of Rey, then
Ak, N2 — b (ZY).
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1.3 1It’s a trap! Surprisingly, J. Zienkiewicz has shown that Conjecture [I]
is false in generalll More precisely, Zienkiewicz proved that there exist infinite,
yet arbitrarily thin subsets R C Rgy such that A% f is unbounded on £P(Z%) for
1<p< di , and d > 5. Zienkiewicz’s counterexamples proceed by a probabilis-
tic argument that incorporates information about the discrete spherical averages
when one reduces mod Q for Q € N. By a probabilistic argument, Zienkiewicz
constructs counterexamples that violate (3]) of G below for infinitely many primes.

In Section [@ we revise Conjecture [I to account for these counterexamples.

1.4 Results of this paper. Our main theorem is the following improve-
ment to the range of boundedess for maximal functions over lacunary sequences
of radii possessing the following dichotomy.

Theorem 1. Let R :={r;} C Ryun be a lacunary subsequence of R*. Assume
that R decomposes the primes 3 C N into two (not necessarily disjoint) sets: the
good primes Pgood and the bad primes Puaq such that

G: foreach p € Pgood,
) {r} mod p} C (Z/pZ)*,
and for all € > 0,
(5) #{r; mod p} Sc p¢
where the implicit constants may depend on €, but not on p € Pgood,

B: and the bad primes satisfy

(6) Z P~ < oo for some s € (0, 1].
PEPbad

Ifp > d_(dlﬂ) andp > Z:é, then A%, is a bounded operator on tP(Z4) for d > 5.
If additionally 2 € *Bgood, then A%, is bounded on P (Z4) for the same range of

pandd > 4.

Theorem [ reduces our problem to finding sequences of natural numbers sat-
isfying certain arithmetic properties, and it would be superfluous if we could not
find a sequence of radii satisfying the G and B dichotomy. Our next theorem
gives a family of sequences satisfying these conditions. This family is well-known

!"This counterexample was communicated to the author by Zienkiewicz after an initial draft of this
paper was completed.
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in number theory as it includes primorials, also known as Euclidean primes,
whose definition is motivated by Euclid’s proof of the infinitude of primes. For
these sequences, (@) is simple to verify. However, (@) is difficult to verify, and
we only have a very poor bound for it in this article. In turn, for our family of
sparse sequences, presently we are only able to show that the associated discrete
spherical maximal function is strong-type at the Magyar—Stein—Wainger endpoint
for the full discrete spherical maximal function as opposed to restricted weak-type
bound in [Ilon04].

Theorem 2. For any fixed m € N, the sequence of radii

(]Q:{rjeR+:r12~:m+ H pi}

Jo<i<2/"

satisfy @) and @) of G for all primes and (6) of B for s = 1.

Theorem[Iland TheoremPlimmediately combine to yield the following endpoint
Magyar—Stein—Wainger theorem applied to such sequences.

Corollary 1.1. Lerd > 4, w > 1 and R = {r; € R* : r; =1+ [,y pi}
where p; is the i prime. Let A% denote the spherical maximal function associated
to R. Then A% is a bounded operator on P(Z4) for p > di2 and d > 4.

Remark 1.1. By the Prime Number Theorem, [[;; p; = el as T — oo.

jw
We see that our sequence grows much faster than lacunary since [[;_,» p; =~ €’

for any w > 0 as j — oo. The existence of thicker sequences with property (3)
would be interesting. On the other hand, our main difficulty in this paper is to
establish (6). We only succeed in doing so for s = 1; hence the limitation to
p > diZ in Corollary [T

An intriguing aspect of Corollary [LT]is that A% is bounded on ¢2(Z*). This is
surprising since the full discrete spherical maximal function, A, fails to be bounded
on £?(Z*). Worse yet, for dimensions d < 4, the full maximal function is only
bounded on £*°(Z?). Theorem [1l and Corollary [[.1] mark the first results in 4
dimensions for boundedness of the arithmetic spherical maximal function over
infinite sequences.

Let us examine the four-dimensional situation further. In Z*, there are
precisely 24 lattice points on a sphere of radius 2/ for all j € N, e.g., Ny(2/) = 24.
Applying the discrete spherical maximal function to the delta function demonstrates
that the naive definition of our maximal function in 4 dimensions is wrong. How-
ever, further considerations suggest that there could be a version of the Magyar—
Stein—Wainger theorem in 4 dimensions. To make this precise, we must account
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for some arithmetic phenomena. From the work of Hardy—Littlewood on the circle
method, we have the asymptotic formula

/2
(7) Na(r) = &(r?) r72 4+ O (rY/?*)

I'd/2)
where &(r?) is the singular series, which satisfies G(r?) <~ 1 whend > 5. Lagrange’s
theorem and Jacobi’s four square theorem demonstrate that the 4 dimensional case
(i.e., S3(r) € Z*) is different. In four dimensions, the bound for the error term
in (@) dominates the main term, and therefore, (7)) is not useful as an asymptotic.
However, Kloosterman was able to refine their method by exploiting oscillation
between Gauss sums to improve (@) to

a2

T
rd—2 + Of(rd/2—1/9+e)

®) N = &0

for all € > 0 and d > 4. The cost here is that the singular series in the asymptotic
formula is not uniform, and in fact can be very small. One can predict this
from Jacobi’s theorem since there are precisely 24 lattice points when r = 2/
for all j € N; in this case, one sees that &(4/) < 47/, To avoid this 2-adic
obstruction in the singular series when d = 4, we make the additional assumption
that r‘,2~ # 0 (mod4) for each j € N or (@) holds for the prime 2. In either case
N4(r?) = r? so that there are many lattice points on S3(r). Modifying the discrete
spherical maximal function in 4 dimensions in this way, it is natural to conjecture
that it is bounded on £7(Z*) for 2 < p < co—see [Hug12] for a precise statement
of this conjecture and a related result.

1.5 Notation. Our notation is a mix of notations from analytic number
theory and harmonic analysis. Most of our notation is standard, but there are a few
choices based on aesthetics.

e The torus T may be identified with any box in R? of sidelengths 1, for
instance [0, 1]¢ or [—1/2, 1/2]¢.

e We identify Z/qZ with the set {1, ..., g} and (Z/gZ)* is the group of units
in Z/qZ, also considered as a subsetof {1, ..., g}.

e ¢(#) will denote the character e?* for t € R, Z/qZ or T.

e We abuse notation by writing b? to mean Y¢_, b? for b € (Z/qZ)" and the
dot product notation b - m to mean Zle bim; for b, m € (Z/q7Z)* or 7.

e For any g € N, ¢(g) will denote Euler’s totient function, the size of (Z/qZ)*.
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e For two functions f, g, f < g if |[f(x)| < C|g(x)| for some constant C > 0; f
and g are comparable f < g if f < gand g < f. All constants throughout
the paper may depend on dimension d.

e If f : R?Y — C, then we define its Fourier transform by
f© :=/Rd F(@e(x-Odx for & e RY,
If f : T — C, then we define its Fourier transform by
flm) := /T f@e(=m-x)dx form e 7,

If f : Z¢ — C, then we define its inverse Fourier transform by

&) := Z fm)e(n-&) for& e TY.

meZ4

o ||T||,—p will denote the £P (Z%) to €7 (Z4) operator norm of the operator 7 .

1.6 Layout of the paper. By interpolation with the usual £*°(Z¢) bound,
we restrict our attention to the range 1 < p < 2. From [MSWO02]], we understand
that each average decomposes into a main term (resembling the singular series
and singular integral of the circle method) and an error term. We recall this
machinery in Section[2l The main term and error term will be bounded on ranges
of £P(Z%)-spaces by distinct arguments. In Section 3l our bounds for the main
term exploit the Weil bounds for Kloosterman sums via the transference principle
of Magyar—Stein—Wainger. The main result here is Lemma [3.1] and we introduce
a more precise decomposition of the multipliers in order to use the Kloosterman
method. In Section [} the error term is handled by a square function argument
using the lacunary condition. The main lemma here is Lemma 4.2l Our novelty
here is that we exploit (well-known) cancellation for averages of Ramanujan sums
to improve the straight-forward ¢!(Z%) bound. Theorem [ follows immediately
by combining Lemma [3.1] with Lemma In Section [3] we prove Theorem 2l
The properties of our sequences are well-known to analytic number theorists, but
we could not find them in the literature. Section [l concludes our paper with some
questions and remarks.

2 MSW machinery and the Kloosterman refinement

Before turning to the proof of Theorem[Il we review the Kloosterman refinement
asin (1.9) of Lemma 1 from [Mag07]], some machinery from [MSWO02[ and bounds
for exponential sums.
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Let |

Oy 1= Na(r) 1{meZ“:|m|=r}
denote the normalized surface measure on the sphere of radius r centered at the
origin for some r € R. The circle method of Hardy—Littlewood and of Kloosterman
yields N;(r) =~ r%=2 for r € Ry whend > 5 and for 72 20 mod 4 whend =4,

so we renormalize our spherical measure to
. 2-d
) Or . =T : l{mEZdzlmlzr}-

Note that our subsequences of radii R exclude the case 7> = 0 mod 4 when
d = 4, so that we may renormalize in this case when 2 is a good prime; that
is, 2 satisfies (@) of G . Furthermore, we renormalize our averages and maximal
function accordingly. Using Heath-Brown’s version of the Kloosterman refinement
to the Hardy—Littlewood—Ramanujan circle method from [HB83|], Magyar gave an
approximation formula generalizing (8)) for o, in [Mag07]]. We recall this now:

The Approximation Formula. Ifd > 4, then for each r € Ry,
10) &) =D K(gq. rim)¥(qé — mydo.(& —m/q) + E,(&)
q=1 meZ4

with error term, E, that is the convolution operator given by the multiplier E,,
satisfying

(1D IE fll gy Se 1

forany e > 0.

__d+l

2% 1/ Nl 2z

Here and throughout, for g, N € Nand m € Z¢,

_ aN ab’>+b-m
12  K@N:my:=g¢ 3 e(— ) 3 e( )
ae(Z/qL)" 17 pe@jqny g
qy
are Kloosterman sums, ¥ is a smooth function supported in [—1/4, 1/4]¢ and
equal to 1 on [—1/8, 1/8]¢. Our Kloosterman sums arise naturally in Waring’s
problem as a weighted sum of the Gauss sums
ab® +b - m)

(13) Ga,g.m =g Y ¢ .

be(Z/qLy!
(g e N, ae (Z/gZ)* and m € Z%) so that
aN
K@Nm = > e(="")G@aqm.
ae(Z/qL)" 9

do, denotes the induced Lebesgue measure on the sphere of radius  in R? normal-
ized so that the total surface measure is 792 /T'(d/2) for each r > 0. Note that this
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spherical measure is also the restriction of the Gelfand-Leray form to the sphere
of radius r, or the Dirac delta measure; both with the appropriate normalization.
One may take & = 0 to check that (IQ) is compatible with (@) (keep in mind our
renormalization).

Remark 2.1. The bound for the error term in (II}) was obtained with a
weaker exponentof 2 —d/2 — 1/9 + € in place of 2 — d/2 — 1/2 + € for the dyadic
maximal function version in [Hug12] by extending Kloosterman’s original method
in [Klo27]] while Magyar achieved the (presumably optimal) savings of (I1)) using
Heath-Brown’s method in [HB83]]. Alternately, Heath-Brown’s method in [HB96]
achieves ().

With The Approximation Formula in mind, it is necessary to understand the
relationship between multipliers defined on T¢ and R?. Suppose that x is a
multiplier supported in [—1/2, 1/2]¢. Then we can think of x as a multiplier on R¢
or T¢; denote these as up« and upa respectively where pupa (&) 1=, 70 (& —m)
is the periodization of ug.. These have convolution operators T« and Tp. on their
respective spaces. Explicitly, for F : R? — C,

TP i= [ nn@F @e(—x-O)
and for f : Z¢ — C,
Tosfm) = [ s ©F @et=m- &) de

We will need to apply these to maximal functions, so we extend these notions to
Banach spaces. Let By, B; be two finite-dimensional Banach spaces with norms
I-l1 5 I-1l2, and £(By, B>) is the space of bounded linear tranformations from B
to B;. Let €4 be the space of functions f : Z? — B; such that Y-, 4 | f[I} < oo
and L}, be the space of functions F : RY — B; such that [p, ||F||! < co. Fora
fixed modulus g € N, suppose that i : [—1/2q, 1/2q]¢ — L(B1, B,) is a multiplier
with convolution operators Tgs on RY and T« on Z?. Extend u periodically to
the torus to define u1,(&) := >, cz0 ura(& — m/q) with convolution operator T/,
on Z“ defined by @(é‘) = ,u%d(é‘) . f (). Magyar—Stein—Wainger proved a
transference principle which relates the boundedness of Ty« to that of Tqu for
any finite-dimensional Banach space. The following transference principle is
Proposition 2.1 in [MSWO2]:

Magyar-Stein—Wainger transference lemma. For1 < p < oo,
q
(14) H TZd |‘€I£’|_>[gz ,S | Tra ||L’;l—>L‘);2 .

The implicit constant is independent of By, B, p and q.
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We will apply this lemma with B; = B, = {°°(N) in order to compare averages
over the discrete spherical maximal function with known bounds for averages over
the continuous lacunary spherical maximal function. Technically, we should trun-
cate the maximal function and apply the lemma with B; = B, = £*°({1,...,N})
for arbitrarily large N € N with bounds independent of N. However, this is a
standard technique that we will not emphasize.

The Magyar—Stein—Wainger transference lemma allows us to utilize our under-
standing of the continuous theory for spherical averages and
reduces our problem to understanding the arithmetic aspects of the multipliers

> K(q. rrim)¥(qé — m)do(r(& —m/q))
meZd

for each g. To handle these we recall Proposition 2.2 in [MSWO02]:

Lemma 2.1 (Magyar—Stein—Wainger). Suppose that
1@ =Y gmp(& —m/q)

meZ4
is a multiplier on T¢ where ¢ is smooth and supported in [—1/2q, 1/2q]? with
convolution operator T on 7¢. Furthermore, assume that g(m) is g-periodic
(g(my) = g(my) if my = mp mod q). For a g-periodic sequence, define the
(Z./qZ) -Fourier transform

. m-b
gmy:= Y gbeC ).
be(Z /gy 7
Thenfor1l <p <2,
2-2/p N\l
15) T lp@osmen S ( swp lgml) " ( sup gol)
me(Z/qLy! ne(Z/qLy?

with implicit constants depending on ¢ and p, but independent of g.

We will apply Lemmal[2.1] with the sequence g(m) taken to be the Kloosterman
sums K (g, r>; m). We have the following estimates for the Kloosterman and Gauss
sums.

The Gauss bound ([Gro83, (12.5) on p. 151]). Forallm € 74,
(16) |G(a, g, m)| < 297>,

Applying the triangle inequality, we immediately obtain the Gauss bound for
Kloosterman sums:

(17) IK (g, m;N)| < 292g' =412,
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Kloosterman beat the Gauss bound for Kloosterman sums by making use of oscilla-
tion between Gauss sums in the Kloosterman sums, and consequently, he extended
the Hardy-Littlewood circle method for representations of diagonal quadratic
forms in 5 or more variables down to 4 variables. Similarly here, the Gauss
bound is insufficient for our purposes and we need to make use of cancellation
between the Gauss sums. The first type of bound to appear for this is due to Kloost-
erman in [KIo27]]. The best possible estimate of this sort is Weil’s bound which
essentially obtains square-root cancellation in the average over a € (Z/q7Z)*.

The Weil bound for Kloosterman sums ([Mag07, (1.13)]). For each
modulus q € N write g = Godd - Geven Where goqq Is odd while Geyen is the precise
power of 2 that divides q. For all € > 0, we have

_d-1
(18) K (g, N,m)| Se a2 " (qoaas N)'*aele,
where the implicit constants are independent of q and uniform inm € 7.

Remark 2.2. Note that in our definition of the Kloosterman sums K (g, N, m),
we have the following important multiplicativity property: if (g1, g») = 1, then for
any N € Nand m € Z¢,

(19) K(q1q92, N;m) = K(q1, N;m)K(g2, N;m).

For a proof see Lemma 5.1 in [Dav05]].

3 The main term

Our starting point is The Approximation Formula; we have

6,&) =3 CUO+E©)

g=1
where ai (&) is the multiplier

> K(q, rim)¥(gé — m)do, (& — m/q).

meZ4

Let C{ be the convolution operator with multiplier C/‘? . Thenif C, := 2, _,., CY,
we have A, = C, + E, for each r € Rgy. The main goal of this section is to
prove the following lemma regarding the main terms C,. We will discuss the error
terms E, in Section 4l
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Lemma 3.1. IfR C Rgy is a lacunary subsequence of radii satisfying (@), ()
of G and (@) of B for some s € [0, 1], then for d > 5,

(20) S ez

sup|C |H
e il P

ifd_(dlﬂ) < p < 2 and simultaneously Z:; < p < 2. Furthermore, if d =4 and 2
is a good prime (2 € Pgooa), then 20) is true for the same range of p.

Before proving Lemma [3.1] we orient ourselves with a few propositions. All
implicit constants are allowed to depend on the dimension d and p. To start, we
have the triangle inequality for any subsequence R C Ry,

[e'S)
<>
p—p —
g=1

We restrict our attention to an individual summand for the time being. We have
the following bound from [MSWO02].

2D

sup|C, |
reR

sup|CY|
reR

’ p—p

Proposition 3.1 ([IMSWO02, Proposition 3.1(a)]). If di | <P <2, then

sup |CY| Sq'ttv.

reRsun

’ p—p

This bound applies to the full sequence of radii and hence any subsequence,
which we will choose to be R in a moment. We briefly record that the range of
tP(Z)-spaces improves if one replaces Stein’s theorem (for the spherical maximal
function) with the Calderén, Coifman—Weiss theorem for any lacunary subse-
quence of R,y in the proof of Proposition[3.1l See Proposition 3.1(a) in [MSWO02]
for more details.

Proposition 3.2. [fR is a lacunary subsequence of Reyy and 1 < p < 2, then

(22) < g

sup|CY|
reR

’ p—p

In [MSWO2]] we learned that we can factor C¢ = S? o T7 = T2 o S7 into two
commuting multipliers S7 and 77, effectively separating the arithmetic and analytic
aspects of C?, by using a smooth function ¥’ such that

Liorjanjaey < W< Lm0 000

on T¢ so that ¥ - ¥ = ¥. For r € Rpy and g € N, we have the Kloosterman
multipliers

(23) S1&) = Y K(g, rPsm)¥(gé — m)

meZA4
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and the localized spherical averaging multipliers

(24) T/ = Y W(gE — mydo, (& —m/q).

meZ4

In order to_improve on the Magyar—Stein—Wainger range of £7(Z%)-spaces for
supreR|C,|E we need to beat the exponent 1 — d/p’ of the modulus ¢ in @22)).
Using the Weil bound, we do so for an individual convolution operator C{.

Proposition 3.3 (Weil bound for Kloosterman multipliers). If 1 < p < 2
and q is an odd number, then for each r € Ry and for all € > 0,

_ _d-1 ,
(25) ICHlpsp Se 0(@P~ g™ 7 (g, rH)'7.

Proof. On (*(Z¢), we apply the Weil bound (I8) to the Kloosterman sums
in S7. Meanwhile on ¢! (Z%), if K¢ denotes the kernel of the multiplier S;, then

K9(b) = Z e(a[r2_b2])

ae(Z/qZ)* 9

for b € (Z/qZ)* where we have the trivial bound of p(q). (I3) of LemmaZ.Ilyields
the bound.

However, for a fixed modulus ¢g in N with ¢ = g;g» such that ¢; and ¢, are
coprime, we can factor S into two pieces. If (g1, g2) = 1, then by the Chinese
Remainder Theorem and multiplicativity of Kloosterman sums (I9) we have

(26) Cl=TIoUMo U

where the operators U4 and U?9 are defined by the multipliers

T - m
U@ = Y Klgn, rsm¥,, (¢ - q]qz),

meZd
T m
U&= > Klgn, Pm W (6= "),
meZd q192

2The sharp range of £ (Z%)-spaces is p > dli2 when R is Ry, which results from summing 22))
over ¢ € Nin 2I).
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since
e~ 2. m
SHE) =) K(quga, rim) e, — )
4 q192
meZ
m m
= K( ,r ;m)K ( ,r sm)WP, E— v & —
Zd ql q2 q192 ( q]q2) q192 ( Q1Q2)
mez
< > K(arim¥y, (¢ )
meZ4 6]16]2
< Z K(C]z,l‘ m)‘PlIIfiz (f )>
meZ4 9192

Note that U9 is q;-periodic in r? and U?9 is g,-periodic in > while both of
K (g1, r*;m) and K (g, r*;m) are q,q»-periodic in m € Z<.

Using our refined decomposition (26), we now come to the main proposition
that enables us to prove Lemma [3.1]

Proposition 3.4. Fix g € N such that g = q1q2 with (q1,q2) = 1 and R a
lacunary subsequence of Ru. Let R4, denote the set of radii

{(reR:r*=i mod q}.
If1 <p <2, then

27

S a5 " i € LT Riggy # 0} sup {1UM],s)

reR i€eZ/q\Z

where r; is a chosen representative of R, for eachi € 7./q, 2.

It will be important in our proof of Lemma 3.1l that #{i € Z/qZ : R # 0} is
small for most moduli g and that we can apply Proposition[3.3] the Weil bound for
Kloosterman multipliers to the operators U rl 4

Proof of Proposition3.4L Let g = g;¢> and subset R C Ry be a lacunary
subsequence. The union bound applied to R = ;<742 Ri(g) implies

q1
LS
i=l

with the understanding that if R;q,) is empty, then | sup,.x
Therefore, (27) will follow from proving

(28) sup|C} qI

reR

sup |C‘1|

FE:R(,] )

IC41llpsp i O.

i(q1)

(29)

—d 1,
sup 1C71| S gy UL
rE:R,-(ql) p—p
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Our decomposition (26) implies that

sup [Cf| = sup |TIS!f| = sup [TAUMUMS].

rE:R,-(q” rE:R,-(ql) reRi(ql)

Ifri, 1) € Ry, then U4 = UL4. Therefore, if r; is a chosen representative radius
in :Ri(q1)7 then
290771,
sup [CIf| = sup |T/UU,M"f)I.

VGRI'((“) FE:R,‘(,]I)

The operator T9U>* is very similar to C%, and in fact (22) holds with C%
replaced by TIU>*9 since U?>? is g-periodic in r?
q1g2-periodic in m € Z%. (Likewise, Urll_’q is very similar to C?' and the Weil
bound 23) applies with C?' replaced by Urli’q .) The Magyar—Stein—Wainger

transference principle combined with the Calderon, Coifman—Weiss theorem and

and K(q», r’;m) are

(22) imply (27) since R;(,,) is also a (possibly finite) lacunary sequence.

3.1 Proof of Lemma 3.1l Recall that 3 denotes the set of primes in N.
In this section we fix our collection of radii to be a lacunary sequence R C Ry so
that the set of primes ‘B = Ppaa U Pgood is a union of the sets bad primes Py,,q and
good primes Pyooq satisfying (@) and @), (5) respectively.

If p is a good prime, then lifting (3)) to Z/p*Z for k € N implies

#li € Z/p*L : Ry # 0} Se pEe

for any € > 0. Using the Chinese Remainder Theorem, we extend this to moduli g
composed only of good primes; that is, if p|qg, then p € Pgooa. Let vp(q) denote the
precise power of the prime p dividing g. If g is composed only of good primes,
then

#ieZ/qL: Rig #0} <[[#Hr* mod p”@ :r e R}
plg

S [P 97 Se g 0(9)
plg

(30)

for any € > O.

For a modulus g, write ¢ = Ggo0d * gbad Where ggo0d is composed only of good
primes while gp,,q is composed only of bad primes (g,q is composed of bad primes
if p|gbaq implies p € Praq). In the case that a prime is both good and bad, we regard
it as a bad prime in the following estimate. Now (27) of Proposition 3.4}, the Weil
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bound for Kloosterman multipliers (23) and (30) imply that

sup|C, f1 HP_W S ZQIl);jd/p/ i eZ/qL: R # 0} sup (UM lpp}
geN

reR i€Z/qZ
2/p P g
5 Z(¢(ngod) *dgood P Ypaq )
geN
_ H L+plate k(2 —1-41) k(1—=4)
— +p Zp » P . H 1+ Z p P
pe‘BguUd keN pembﬂd keN
[T (o)) [ 11 0o
pemgnnd peq}had
<(d_/1—e . H 1+p1_;l’
p

pembad
for all sufficiently small ¢ > 0. The third inequality is true provided that
21— 41 d-1 " The zeta-
P P d—2
function converges for small enough € > O if and only if dl;l > 1. Unravelling

<0Oand 1 — d;l < 0; this is equivalent to p >

this condition yields that we again require p > Z:;. The second factor in the final

1-9 .
¥ < 0o. By assumption (@), we

inequality is bounded precisely when Zpembm p
assume that >, g3 p~° < oo for some s € (0, 1]. Taking 1 —d/p" < —s, we
require p > d_(dl 1)

4 The error term

In this section we handle the error term. In particular we show that over an arbitrary
lacunary subsequence, we can bound the error term on ¢” for Z:; < p < 2. Before
doing so, we prove a weaker bound that does not make use of cancellation in
averages of Ramanujan sums, but is simpler, and suffices for Corollary [[.1l

4.1 Preliminary bound for the error term. In this section we will
bound the error term using the improved bound (L)) in the Kloosterman refinement
of our operators and a simple bound on £!(Z¢) for the operators C9.

Lemma 4.1. Let d > 4. Suppose that R is a lacunary sequence. Then for

d+1

a1 <P =2

31 sup|E < (74
3D rejf;l P ooty P ILf ler(ze

The proof for £? is standard: bound the sup by a square function and apply the
Kloosterman refinement of (I1)). To obtain our range of p, we will need a suitable
bound on ¢!(Z?). For this we have the following proposition.
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Proposition 4.1. For any modulus g € N,

(q)
(32) 1C fllpoezn S PPz,

Here and throughout, ¢ denotes Euler’s totient function. With this bound, we
can prove Lemma 4.1

Proof of Lemma[d.1l For ¢2(Z%) we have ||E, (Ol gezay S r~° by () for
all 6 < “5°. On €!(Z%) Proposition @Il implies that [|CZf || y1.00z4) 5 Il £ ll g zay SO
that

(33) S P Nl za

gl,oo(Zzl)

> Cif
g=1

while [|A,|ls1ze) S 1 for each r so that ||E, f || preozay S 7 ||f”gl(Zd By interpola-
tion, for 1 <p < 2,

22—1 —0(2-2 2+0)—2(1+0 .
NE fllonzay S 7200 pm0C=0) = o @204 oy o

(2 +0) —2(1+0) <0ifandonlyifp > 2+6 . This holds for all § < 433 which

glves p > d“ . Sum over a lacunary set in thls range of p to obtain (IIU)

Remark 4.1. The best known bound for ¢ is all § < d? by Magyar’s version
of Heath-Brown’s Kloosterman refinement in [Mag07]. Due to the existence of
cusp forms, this is the best one can expect.

We are left to prove Proposition[d. 1l We use the structure of the kernel to prove
a weak-type bound.

Proof of Proposition[d.Il For ¢ > 0, let Dil, be the operator

Dil,f(x) = f(tx).

Since - -
Cl(&) = ) K(g, r?, m)Dil, (& — x/q)do, (g — X),

meZ4

one can calculate the kernel K7 for the multiplier (/J\? and x € RY,

2 2
(34) Kiw= Y e(a(r bl )) r=4Dil,, ¥ * do(x/r).

ae(Z]qL)* q

A standard argument—see [lon0O4]—shows that

Dily/ ¥ * do(x) < (q/r) " (1 + |x) ™.
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Then
KIS (L /e 72
r~(1 + |x/r|)~%¢ is an approximation to the identity which implies (32)) by the

Magyar—Stein—Wainger transference principle.

4.2 The Ramanujan bound for the error term. In this section we
improve the bound (32)) for the error term E,. The following lemma concludes the
proof of Theorem [

Lemma 4.2. Let d > 4. If R forms a lacunary sequence, then for
9 <P<2

(35)

supl|E, f|
reR

< a
iy o I Ny,

The strategy is the same as in Lemma [T but we improve the bound on ¢!(Z4)
to the following.

Proposition 4.2. For r € Rpy and all € > 0, we have

(36) >y cif Se N fllerza.
q=1 fl,oo(Zd)
The sums
aN
(37) W= Y e(“T)

ac@jqry 4

are known as Ramanujan sums and clearly satisfy the bound |c,(N)| < ¢(g) for
all N. However, there is an improved bound on average—see (3.44) on page 126
of [Bou93]:

(38) S olel= Y

0<q<20 0<q<20

N

>oe(” )‘ <Q-dW,0)
acz/q 9
where d (N, Q) is the number of divisors of N up to Q. Therefore we can bound the
above average of Ramanujan sums, (38) by <, O - N€ for all € > 0, that is, with a
“log-loss”. Using the improved average bound for Ramanujan sums, we improve
(32) to (36).

Proof of Proposition Again, for ¢t > 0, let Dil, be the operator
Dil, f(x) = f(tx). We rewrite (34) as

(39) K9(x) = c,(r? — |x?) - rDil,,, ¥ * do(x/r).
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By the Magyar—Stein—Wainger transference principle, (36) will follow from prov-
ing the pointwise bound for all x € R and any € > 0,

(40) STKA)| Se r N+ /e
g=1

From

(41) KI(x) = cg(r? — |x]) - Dil, ¥ * do,(x),

we easily see that
(42) Z Ki(x) = [Z cq(r2 — %) - Igii;q’ * do,(x).
g=1 g=1

Note that Dil,\V is supported in [—1/4q, 1/4¢]¢ for each 1 < g < r. Using an
appropriate partition of unity for each Dil,'¥, we are able to sum over g < r and

use (38) to obtain (40).

5 Proof of Theorem

Fix w > 1 areal number. In this section we prove Theorem[2] for the collection of

fR:={rje]R+:r12.=1+ H pi}

i<h(j)

radii

where h(j) := 2/". The proof for the remaining sequences in Theorem[2is similar,
but notationally cumbersome.

Let P denote the set of primes in N. We split the primes into bad primes
and good primes as follows. Let the bad primes By,q be the set of primes
dividing r]2- for some radius r; € R together with the prime 2. Let the good
primes Pgood 1= P \ Ppag be the remaining primes. We enumerate the primes so
that p,, denotes the n”* prime. The Prime Number Theorem says that p, ~ nlogn
asn — 00.

If p is a prime, then choose J such that puy < p < ppy+ny. If j > J, then

r7=1 mod p, and

#Hi € Z/PL : Ripy 20y < J+1 S JV Slogp
where the last inequality follows from the Prime Number Theorem, with an implicit

constant that is independent of the prime p. The last inequality is explained as
follows. By the prime number theorem, p,» ~ 27" -log2’" = 27" . J*. This
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implies that log p,» ~ J”+wlogJ =~ J* so that J < J* < logp. These estimates
hold for every prime; in particular, they hold for the good primes.

An essential point is that there are few bad primes for our sequence; this is
quantified by the following bound:

o

00 00

@3) Y <> RGPy S D DG logh(H1TH = Hog h()H1™".
PEPBrad J=l J=l J=1

The first inequality is true since each prime dividing r; is at least of size pj;, and

there are at most i(j) prime divisors, and the last inequality follows from the Prime

Number Theorem which says p,, ~ nlogn. Since h(j) = 2/" for some w > 1, [@3)

converges.

6 Concluding remarks and open questions

Question 6.1. Estimate (43)) of the Dirichlet series Zpe‘nhad p~¥israther crude.
Improving this estimate would improve our range of £7(Z%)-spaces, potentially to
p > Z:;. The author is unaware of any investigations of our Dirichlet series in the
literature. Does Zpe%d p~* converge for some s € (0, 1) for sequences related to
Theorem[2]?

Question 6.2. Can we prove (@3) where h(j) grows more slowly such as
h(j):=j?

Remark 6.1. In Section [[.3] we mentioned that J. Zienkiewicz showed that
Conjecture [Tl fails in general. More generally, one can show that if (3) is violated
for infinitely many primes, then A% f is unbounded on ¢7(Z¢) for p close to 1 and
d > 5. We revise Conjecture [Tl to take into account this obstruction.

Conjecture 2. Ford > 5, if R is a lacunary subsequence of Ry such that
@) holds for all but finitely primes p, then A%, : tHZY — £5°(Z4). The same is
true if d =4 and 2 is a good prime.

Question 6.3. There is an elegant characterization of the L (R¢)-boundedness
of the continuous spherical maximal function over subsequences of R* in [SWW95].
Is there such a characterization for the discrete spherical averages? Zienkiewicz’s
result shows that any such characterization must also account for arithmetic phe-
nomena.

Acknowledgements. The author would like to thank Lillian Pierce for dis-
cussions on the arithmetic lacunary spherical maximal function and for pointing



20 K. HUGHES

out a critical mistake in a previous version of this paper, and his advisor, Elias
Stein, for introducing him to the problem. The author would also like to thank
Roger Heath-Brown for a discussion on the limitations of the circle method, Peter
Sarnak for discussions regarding Kloosterman sums and Jim Wright for explaining
aspects of the continuous lacunary spherical maximal function. And a special
thanks to Lutz Helfrich, James Maynard and Kaisa Matomaéki at the Hausdorff
Center for Mathematics’s ENFANT and ELEFANT conferences in July 2014 for
pointing out the family of sequences used in Theorem 21

Finally, the author thanks Jonathan Hickman and Marina Iliopoulou for their
feedback on a previous draft of this paper.

REFERENCES

[Bou86] J. Bourgain, Averages in the plane over convex curves and maximal operators, J. Anal.
Math. 47 (1986), 69-85.

[Bou93] J. Bourgain, Fourier transform restriction phenomena for certain lattice subsets and appli-
cations to nonlinear evolution equations. 1. Schrodinger equations, Geom. Funct. Anal. 3
(1993), 107-156.

[Cal79] C. P. Calderén, Lacunary spherical means, lllinois J. Math. 23 (1979), 476-484.

[CW78]  R.R.Coifman and Guido Weiss, Review: R. E. Edwards and G. I. Gaudry, Littlewood-Paley
and multiplier theory, Bull. Amer. Math. Soc. 84 (1978), 242-250.

[Dav05]  H. Davenport, Analytic Methods for Diophantine Equations and Diophantine Inequalities,
Cambridge University Press, Cambridge, 2005,

[Gro85] E. Grosswald, Representations of Integers as Sums of Squares, Springer-Verlag, New York,
1985.

[HB83] D. R. Heath-Brown, Cubic forms in ten variables, Proc. London Math. Soc. (3) 47 (1983),
225-257.

[HB96] D. R. Heath-Brown, A new form of the circle method, and its application to quadratic
forms, J. Reine Angew. Math. 481 (1996), 149-206.

[Hugl2] K. Hughes, Problems and Results Related to Waring’s Problem: Maximal Functions and
Ergodic Averages, Ph.D. thesis, Princeton University, Princeton, NJ, 2012.

[Hugl7] K. Hughes, Maximal functions and ergodic averages related to Waring’s problem, Israel J.
Math. 217 (2017), 17-55.

[Ton04] A. D. Ionescu, An endpoint estimate for the discrete spherical maximal function, Proc.
Amer. Math. Soc. 132 (2004), 1411-1417.

[Klo27] H. D. Kloosterman, On the representation of numbers in the form ax*> + by* + ¢z> + di?,
Acta Math. 49 (1927), 407-464.

[Mag97] A. Magyar, LP-bounds for spherical maximal operators on Z", Rev. Mat. Iberoamericana
13 (1997), 307-317.

[Mag02] A. Magyar, Diophantine equations and ergodic theorems, Amer. J. Math. 124 (2002),
921-953.

[Mag07] A.Magyar, On the distribution of lattice points on spheres and level surfaces of polynomials,
J. Number Theory 122 (2007), 69-83.

[MSWO02] A. Magyar, E. M. Stein, and S. Wainger, Discrete analogues in harmonic analysis: spher-
ical averages, Ann. of Math. (2) 155 (2002), 189-208.



THE DISCRETE SPHERICAL AVERAGES OVER A FAMILY OF SPARSE SEQUENCES 21

[Ste76] E. M. Stein, Maximal functions. I. Spherical means, Proc. Natl. Acad. Sci. USA 73 (1976),
2174-2175.

[STWO03a] A. Seeger, T. Tao, and J. Wright, Endpoint mapping properties of spherical maximal
operators, J. Inst. Math. Jussieu 2 (2003), 109-144.

[SWTO03b] A. Seeger, S. Wainger, and J. Wright, Pointwise convergence of lacunary spherical means,
in Harmonic Analysis at Mount Holyoke, American Mathematical Society, Providence, RI,
2003, pp. 341-351.

[SWWO5] A. Seeger, T. Tao, and J. Wright, Pointwise convergence of spherical means, Math. Proc.
Cambridge Philos. Soc. 118 (1995), 115-124.

Kevin Hughes
SCHOOL OF MATHEMATICS
THE UNIVERSITY OF EDINBURGH
JAMES CLERK MAXWELL BUILDING
THE KING’S BUILDINGS
PETER GUTHRIE TAIT ROAD
EDINBURGH, EH9 3FD, SCOTLAND, UK
email: Kevin.Hughes@ed.ac.uk

(Received July 6, 2015)



	Introduction
	Stein's spherical maximal function and its arithmetic analogue.
	The lacunary spherical maximal function and its arithmetic analogue.
	It's a trap!
	Results of this paper.
	Notation.
	Layout of the paper.

	MSW machinery and the Kloosterman refinement
	The main term
	Proof of Lemma 3.1.

	The error term
	Preliminary bound for the error term.
	The Ramanujan bound for the error term.

	Proof of Theorem 2
	Concluding remarks and open questions



