POINTWISE ESTIMATES OF SOLUTIONS TO SEMILINEAR
ELLIPTIC EQUATIONS AND INEQUALITIES

By

ALEXANDER GRIGOR’ YAN* AND IGOR VERBITSKY'

Abstract. We obtain sharp pointwise estimates for positive solutions to the
equation —Lu + Vu? = f, where L is an elliptic operator in divergence form,
g € R\ {0}, f > 0and V is a function that may change sign, in a domain Q in R",
or in a weighted Riemannian manifold.
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1 Introduction

Consider the following elliptic differential equation
(1.1) —Lu+Vxul = f

in an open connected set & C R”, where ¢ is a non-zero real number,

n
(1.2) L= 0y(aij(x)oy)

i,j=1
is a divergence form elliptic operator with smooth coefficients a;; = aj;, V and f
are continuous functions in €, and f > 0, f % 0. Note that V(x) can be signed
and we do not impose any explicit boundary condition on V.

Assuming that u is a non-negative (or positive in the case g < 0) solution, our
purpose is to obtain pointwise estimates of u in terms of the function 4 that is the
minimal positive solution in Q of the equation —Lh = f. It is not obvious at all
that u should satisfy any bound via &, but nevertheless the following is true.

Assume that the Dirichlet Green function of L in Q exists and denote it by
G(x,y). Set

h(x) = /Q GO(x, ) f()dy,

and assume that i(x) < oo for all x € Q (note also that i(x) > 0 in Q), and that
the integral

(1.3) /Q GO(x, IV (y)dy

is well-defined. Our main Theorem[3.T]states that the following estimates hold for
all x € Q.
(1) If g =1 then

1
(1.4) u(x) > h(x)exp < - /Q G2, y>h(y>V<y>dy>.

(i1) If g > 1 then
h(x)

(1.5 u(x) > 1o
[+ (g — 1), fo G2, WRIGIV )yl

where the expression in square brackets is necessarily positive, that is,

(1.6) — (g — DG(V)(x) < h(x).
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(iii)) If 0 < g < 1 then

1

1
(L.7) u(x) > h(x)|1 -1 —q) hx) /Q ) G (x, NhIV(ndy|

where

Q" ={xeQ: ulx) > 0}.

In this case we assume that the integral in (I.7)) is well-defined instead of (I.3).
(iv) If g < 0, u > 01in €, and in addition u(y) - O asy — 0Q or |y| = oo, then
({.8) holds and

(1.8) u(x) < h(x)|1 = (1 /QGQ(x, ROV GIdy| .

) 1
o
Let us emphasize that in the case (iv) we obtain an upper bound for « in contrast
to the lower bound in the cases (i)—(iii).

In fact, Theorem [3.1] holds in much higher generality, when € is any open
subset of any weighted Riemannian manifold, L is the associated weighted Laplace
operator, and equation (ILI))) can be replaced by an inequality.

Equation (I.I) and its generalizations have attracted the attention of many
authors investigating various aspects from the existence of positive solutions to
pointwise estimates (see, for example, [1l], [2]], [7], [LO], [26l], [22], [24], [29],
[281, [30], [311, etc.). There is no possibility to give a detailed overview of the
literature on this subject, which would have required a full size survey. We restrict
our attention here to those earlier results that are most closely related to ours.

In the case g = 1 estimate (I.4) was known before and is included here for
the sake of completeness. For V > 0, (I4) was proved by Hansen and Ma
[23} Prop. 1.9] using the tools of potential theory (see also [20]). For V < 0 in
domains Q with boundary, Harnack principle estimate (I.4) as well as a matching
upper estimate for u were obtained in [[14] and [15] using a completely different
method (but without sharp constants).

For a general signed V in a relatively compact Q estimate (I.4)) can be obtained
using the Feynman—Kac formula for Brownian motion and Jensen’s inequality.
This type of argument was implicit in [2], [10], [25} Prop. 2.5]. In the form (T.4)
it was stated in [21]. However, neither the Feynman—Kac formula nor any of the
above cited previous methods allows to treat the nonlinear case g # 1.
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In the case ¢ > 1 and V < 0 Kalton and the second author obtained in [27]]
the necessary condition (I.6)), although without a sharp constant, and gave also a
sufficient condition

(1.9 —GQ(th)(x)§<1—l)q U
q’/ q—1

for the existence of a positive solution. Moreover, under (I.9) they obtained a two-
sided estimate u ~ h for the minimal positive solution « of (LI)) in any domain Q
with the boundary Harnack principle (the sign =~ means that the ratio of both sides
is bounded from above and below by positive constants).

Inthecaseq > 1,V < 0,and L = A, Brezis and Cabré [5] obtained the sharp
necessary condition (L) for the existence of a positive solution in an arbitrary
bounded domain Q C R”, as well as the estimate u =~ & under (I.9). The proof of
the necessary condition (I.6) in [5) Lemma 5.3] is based on a direct computation
using the explicit form A = Y7, aﬁi of the Laplace operator. A much more
expanded version of this computation will appear in our proof in Section (] below.

The case g > 1, V = 1, f = 0 has been extensively studied, and we do not
touch it here; we refer the reader to [[12]] and [28] as well as to the references
therein.

Inthecase 0 < g < 1,V <0, and L = A, Brezis and Kamin [6] obtained
necessary and sufficient conditions for the existence of a bounded, positive solution
of (LI) in R” and obtained certain pointwise bounds. Their lower bound is covered
by our Theorem [3.3]below (see also [8] and [9]).

In the case ¢ < O [[13] and [[17] obtained a sharp sufficient condition for the
existence of a positive solution of (I.I) in the specific case where V(x) depends
only on the distance from x to 0Q and has a constant sign.

In the present paper we give a unified approach for treating all the values of
q € R\ {0}, a general signed potential V, and a general divergence form operator L,
not only in arbitrary domains of R”, but also on an arbitrary Riemannian manifold.
Our estimates (i)—(iv) are new in this generality. In many cases these estimates
happen to be sharp as one can see in examples in Section [0l

Let us briefly describe the idea of our proof. Assume for simplicity L = A.
Let {€}72, be an exhaustion of Q by relatively compact open sets £ C € with
smooth boundaries. We obtain first appropriate estimates for # in each €2 and then
pass to the limit as k — oo. Define in Q; a new function / as the solution of the
following boundary value problem

—Ah =f, inQ,
h =u, on 0€).
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The following argument is used in the proof of Theorem [3.2] that treats (I.I)) in
relatively compact domains with the Dirichlet boundary condition. Assume first
that 2~ = 1 (and then f = 0 in ;). Fix a C? function ¢ on R (or on an interval
in R) with ¢’ > 0 and consider the substitution

v =¢"'w.
By the chain rule we have
Au = Ap() = ¢'(0)Av +¢" ()| Vo]?,

which implies

PO __Au=@'IVol | $)
—A |4 =— \%4
RO b e
V@) — ¢Vl | po)
1.10 =— |4
o v e
= Z/|Vv|2.

Now we choose ¢ to solve the initial value problem

P'(s) =), #0) =1,

and obtain

[(1—q)s+ 1170, g #1,

in the appropriate domains. In the case g > 0 the function ¢ is convex, and we

obtain from (L.IQ)

(1.11) —Av+V >0.

S’ = ]"
ﬂ®={e 1

Since on 68 we have v = ¢~ '(u) = $~!(1) = 0, we obtain from (LII) by the
maximum principle that

mmz—AG@mwwww

Applying ¢ to both sides of this inequality gives an appropriate inequality for
u =¢(v)in Q.

In the case g < O the function ¢ is concave, which leads to the opposite
inequality for v and, hence, for u.
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In the case of a general function /, consider a so-called A-transform (or Doob’s
transform [11]) of A:

1 1 Ah

A= oAoh =, divi®V)+ "
and the function u = u/h. Then u solves the equation
Ah
—A'u+ vt = — P

with the boundary value u = 1 on 8Q. Effectively the h-transform provides a
reduction to the previous case, but for the operator A" in place of A. The part
hlz div(h*V) of this operator is a weighted Laplace operator, for which the same
computation (.IQ) using the chain rule works as for A. The part Ahh

Ah (¢(v) -1 )
-0
h \ ¢'(v)

on the right-hand side of (I.II) (cf. Lemma 4.2)). In the case ¢ > 1 we obtain
by the convexity of ¢ that the expression in parentheses is non-positive. Since

gives in the
end an additional term

Ah = —f < 0, the above term is non-negative which allows us to use the same
argument as above. In the case ¢ < 1 this term is non-positive, which gives again
a correct sign in the corresponding inequality.

The actual proof goes a bit differently as we have to overcome one more
difficulty—a possibility of /& vanishing on the boundary, which we have ignored in
the above sketch (see Sections [3] [G)).

The above argument allows a version that treats the case f = 0 in (L.I)—see
Theorem[3.3]

In Theorem[3. 4l we provide complementary results: sufficient conditions for the
existence of a positive solution u and two-sided estimates of u. Finally, Theorem[3.3]
is an abstract version of Theorem [3.4] for solutions of integral equations.

The structure of the paper is as follows. In Section [2] we briefly describe the
notion of the weighted manifold and the associated Laplace operator. In Section[3]
we state our main results: Theorems[3.1L[3.2L 3.3l 3. dland[3.3l In Sectiondlwe prove
some Lemmas, in particular containing the aforementioned computation (I.10) in
the general case. In Sections [BH8| we prove the above-mentioned theorems. In
Section[@ we give some examples.

Acknowledgement The authors are grateful to Alexander Bendikov, Haim
Brezis, and Wolfhard Hansen for stimulating conversations on the subject of this
paper.

The second author would like to thank the Mathematics Department at Bielefeld
University for its hospitality and support.
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2 Weighted manifolds

Let M be a smooth Riemannian manifold with the Riemannian metric tensor
g = (gi;)- The associated Laplace-Beltrami operator £y acts on C? functions u on

M and is given in any chart xy, . . ., x,, by the formula
L o detg g o,
0= e tgz;l . (V/detg g" oy u)

where det g is the determinant of the matrix g = (g;;), and (g") is the inverse matrix
of (gi;). The Riemannian measure m is given in the same chart by

dmg = \/detgdxl - dxy,,
so that £ is symmetric with respect to mg. Using the gradient operator V defined
by
. n ..
(Vu)' =) g"oqu
=1
and the divergence div on vector fields F’

. 1 i
divF = \/detg;&q(\/detgF ),

one represents £ in the form
Ly =divoV.
Let w be a smooth positive function on M and consider the measure m on M
given by
dm = wdmy.

The couple (M, m) is called a weighted manifold or a manifold with density, and w
in this context is called a weight. The following operator £

Z 0y, (w\/detg g7 0, u),

1
2.1 Lu:= div(wV
2D “T o (@Vu) = \/ detg
acting on C? functions « on M, is called the (welghted) Laplace operator of (M, m).
It is easy to see that £ is symmetric with respect to measure .
Of course, for ® = 1 we have £ = Ly. For a general weight w, define the

weighted divergence by

1

div, = odivow

)

and obtain
L =div,oV.

Note that V remains the Riemannian gradient and does not depend on the weight .
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It is easy to show that the weighted Laplace operator £ satisfies the same
product and chain rules as the classical Laplace operator (cf. [[19, Section 3.6]).
Namely, for two C? functions u, » on M we have

(2.2) L(uv) =ulov +2(Vu, Vo) +vLu

where (Vu, Vo) is the inner product of the Riemannian gradients, which is
independent of the weight w. Also, for any C? function ¢ defined on u(M)
we have

(2.3) Lp(u) = ¢'(w)Lu+¢" ()| Vul*.

As an example, consider in an open set 2 C R” the following operator

n
(2.4) Lu = b(x) Y 0y(a;j(x)0y,u),

ij=1
where b, a;; are smooth functions, b > 0 and a;; = a;;. Assume that L is elliptic,
that is, the matrix (a;;(x)) is positive definite for any x (the uniform ellipticity is
not assumed). Then L coincides with the weighted Laplace operator £ of R” with
the Riemannian metric g and weight w given by

(gij) = b(a,-j), w = bg_l\/deta,

where a = (a;;). Indeed, it follows that

det = det ii) = 5
et8 = detgi)) = by derq

and substitution into (2.I)) yields

Vbrdeta < 1 N
Lu = o (0?7 'deta ba" o, .u
b/2=1/deta igl ( Vb deta ’ )
=b Z Ox;(a;j(x)0y;u) = Lu.
i,j=1
The measure m associated with £ is given by
1 1
(2.5) dm = wy/detg = b"*"'Vdeta = dx,
Vdetg Vbideta b

where dx is Lebesgue measure.

Therefore, all the results that we obtain for a general weighted manifold (M, m)
apply to the operator (Z.4) in a domain of R” with the measure m from @2.3). In
particular, if » = 1 as was assumed in the Introduction, then L is given by (I.2)
and m is Lebesgue measure.
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3 Statements of the main results

For any open connected set Q C M denote by G*(x, y) the infimum of all pos-
itive fundamental solutions of £ in Q. The following dichotomy is true: either
G%(x,y) = 0o or G®(x,y) < oo for all x # y. In the latter case we say that G**
is finite. If G is finite, then G is the symmetric positive Green function of £
in Q (see [18] and [19, Ch. 13]). If Q is relatively compact, then G** is finite and
satisfies the Dirichlet boundary condition on the regular part of 6.

If G is finite then, for any function f € L} (Q, m), set

loc

GOf(x) = / GO(x, y)f ()dm(y),
Q

where in the case f > O the integral is understood in the sense of Lebesgue; for a
signed f the integral is understood as follows:

G f(x) = G2 (x) — G2f_(x)

(where f, = max(f,0) and f_ = max(—f, 0)), assuming that at least one of the
values G £, (x), G f_(x) is finite. In this case we say that G f(x) is well-defined.

Note that if £ > 0in Q and f > 0 on a set of positive measure, then G*f > 0
in Q.

If Q is relatively compact then G(x, -) € L'(Q), which implies that G f is
finite for any f € L>°(Q). For arbitrary Q it is still true that G*(x, -) € LIIOC(Q) for
every x € Q.

Denote by d.,M the infinity point of the one-point compactification of M (see
for example [19, Sec. 5.4.3]). For any open subset Q C M denote by 9,,€2 the
union of 6Q and d,,M, if Q is not relatively compact, and set 0., = 0Q if Q is
relatively compact.

Definition. For a function u defined in Q C M let us write

3.1 li =0
3.1 Jim_u(y) =0,
if limg_, oo u(yr) = O for any sequence {y} in Q that converges to a point of 9, €2;
the latter means that either { y;} converges to a point on 6€2 or diverges to d,oM. In
the same way we understand similar equalities and inequalities involving lim sup
and lim inf .

For example, if Q is relatively compact, then (3.I}) means that lim u(y;) = 0
for any sequence {y;} converging to a point on 6Q. If Q = M, then oQ = ()
and (B.I) means that limu(y,) = 0 for any sequence yx — O,,M, that is, for any
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sequence {y;} that leaves any compact subset of M. In particular, for M = R”,
(B.I) is equivalent to u(y) — 0 as |y| — O.
We will use the notation

1, ulx) >0,
Xu(x) = {
0, ukx) <O0.

Theorem 3.1. Let M be an arbitrary weighted manifold, and let Q C M be a
connected open subset of M with a finite Green function G. Suppose V, f € C(Q)
and assume f > 0, f # 0in Q. Let u € C*(Q) satisfy

(3.2) inthecaseq>0: —Lu+Vu!>finQ, u=>0,
or,

. —Lu+Wu? < f inQ,
(3.3) in the case g <0 : u> 0.

1imy%6mﬂ M()’) =0

Set h = G*f and assume that h < oo in Q. Assume also that G*(h1V)(x)
(respectively, G®(x,h1V)(x) in the case 0 < q < 1) is well-defined for all x € Q.
Then the following statements hold for all x € Q.

() Ifq =1, then

(3.4) u(x) > hx)e G E
(i) If g > 1, then necessarily
(3.5) — (g — DGHRIV)(x) < h(x),

and the following estimate holds:

h(x)

(3.6) u(x) = 04— I)Gwmvxx)],, .

(iii) If0 < g < 1, then

GQ(thqV)(X)} 2y

(3.7) u(x) = h(x) {1 S ) hx)

+

(iv) If g < O then necessarily (3.3) holds, and

GQ(th)(X)} g

(3.8) uw < h@ (1= =g~ 0
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Note that the condition f £ 0 implies 2 > 0 in Q. Note also that without loss
of generality the open set € in Theorem [3.1] can be taken to be M. However, we
have preferred the present formulation for the sake of convenience in applications.

Remark. In the case g > 1, it follows from (@.4) and (3.6) that the condition
GE(hV)(x) < +00
implies u(x) > 0. Moreover, if for some C > 0 and all x € Q
G2(h?V)(x) < Ch(x),

then u > ch in Q with some constant ¢ = ¢(C) > 0.

In the case 0 < g < 1 the function u can vanish in Q, but the estimate of u
cannot depend on the values of V on the set {u# = 0}. This explains the appearance
of the factor y, and the subscript + on the right-hand side of (3.7).

In the case ¢ < 0, the boundary condition lim,_,5 _q u(y) = O is needed as
without this condition, for positive V, the function u + C would also be a solution
to (3.3) for any C > 0, so that u could not admit any upper bound.

Remark. The lower estimates of Theorem [3.1] (i) ,(ii), and (iii) remain valid
even if the expression G**(h?V) is not well-defined in the above sense, provided it
is understood as follows:

(3.9) G (hV)(x) := lim inf / G (x, hi(y)V (y)dy,
n— oo Q,,

where {€,} is any exhaustion of Q by relatively compact subsets with smooth
boundaries. The same is true for the upper estimate of (iv) where one can use
lim sup in place of liminf.

Inthecaseg =1and h = GQf, this means

(3.10) G (hV)(x) = G f(x) = lim inf / G (x, )fWdy, xeQ,
n o0 Q"
where G5! stands for the second iteration of the Green kernel with respect to V (y)dy:
(3.11) Gy = [ GGV @z xye Q.
Q

In some cases G?(x, y) in (3.I1) can be understood as an improper integral. (See
Example 1 in Section [Pl below.)

Remark. Suppose ¢ > 1 in Theorem[3.1l The necessary condition (3.3)) for
the existence of a positive solution of in the case V < 0 was proved in [27],
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without the sharp constant qil, but for general quasi-metric kernels, including a
wide variety of differential and integral operators. It was also shown in [27]] that
the stronger condition

1 1

(3.12) — GHIV)(x) < (1 - )q hx), xeQ,
q/ q—1

is sufficient for the existence of a solution u such that

h<u< C(gh.

Brezis and Cabré [5]] subsequently proved the necessity of (3.3) with the sharp

! in the case of £ = A in bounded domains of R” (see also Theorem[3.3]

constant
g—1

below).

In the proof of Theorem[3.1] we use Theorem[3.2]below that deals with relatively
compact sets Q C M. Fix a function 4 € C*(Q) N C(Q) such that

(3.13) h>0inQ and —Lh>0 inQ.
Consider in Q the following boundary value inequalities:

—Lu+Vul! > —-Lh in Q

(3.14) u>h ondQ  inthecaseq > 0,
u>0 in Q

and
—Lu+Ww?<—-Lh inQ

(3.15) u<h ondQ  inthecaseq <0,
u>0 in Q

where V € C(Q) and u € C*(Q) N C(R). In the next theorem we compare u and
h as follows.

Theorem 3.2. Let (M,m) be an arbitrary weighted manifold, and let
Q C M be a relatively compact connected open subset of M. Let a function
h e C*(Q) N C(Q) satisfy G.13).

Let V e C(Q) and suppose that u € C*(Q) N C(Q) is a solution to either (3.14)
or B13). Assume also that G*(h1V)(x) (respectively G*(x,hiV)(x) in the case
0 < g < 1) is well-defined for all x € Q. Then statements (1)—(iv) of Theorem[3.1]
hold.
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Remark. Inthe linear case g = 1, we obtain a simple proof of the well-known
lower estimate of solutions to the Schrodinger equation:

(3.16) u(x) > h(x)e oG ED  forall x € Q.

This estimate in the special case 2 = 1 is usually deduced via the Feynman—
Kac formalism (see [2] and [10]) using Jensen’s inequality. In the case V > 0,
alternative proofs based on potential theory methods in a very general setting are
given in [18]] and [20]. In the case V < 0, a similar lower estimate and a matching
upper estimate (but without sharp constants) are obtained in [14] and [15] for
general quasi-metric kernels.

An interesting special case is when # is the solution of the Dirichlet problem

—Lh =1 1inQ,
h=0 on 0Q.

(3.17)

In other words, h(x) = E,[rq], where 7 = inf{7: X, & Q} is the first exit time
from Q of the (rescaled) Brownian motion X;, and x € Q is a starting point. For
bounded C!! domains, h(x) ~ dg(x), where

(3.18) do(x) = dist(x, 6Q).
This gives sharp estimates:
(3.19) u(x) > cdo(x)e a0 @0 - forall x e Q,

if g = 1, as well as the corresponding estimates for other values of q.
For bounded Lipschitz domains with sufficiently small Lipschitz constant (less
than (n — 1)'/2, which is sharp), it is known that (see [4])

h(x) = p(x) = min(1, G*(x, x)),

where xp is a fixed pole in Q, and so (3.19) holds with p in place of dg. The
corresponding estimates hold for other values of g € R as well.

Going back to the case of an arbitrary (not necessarily relatively compact) €2, in
the next theorem we give estimates of solutions u of (3.2)—(@.3) with f = 0. They
are applicable to the so-called gauge (¢ = 1), “large” solutions (¢ > 1), or “ground
state” solutions (—oo < g < 1) to the corresponding equations in unbounded
domains in R” or non-compact manifolds.
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Theorem 3.3. Let M be an arbitrary weighted manifold, and let Q@ C M be
an open connected set with a finite Green function G**. Suppose V. e C(Q). Let
u € C%(Q) satisfy either the inequality

(3.20) —Lu+Vul>0, u>0inQ, ifg>0,
or
(3.21) —Lu+Vu?<0, u>0inQ, ifqg<O.

Assume also that GV (x) (respectively G*(y,V)(x) in the case 0 < q < 1) is
well-defined for all x € Q. Then the following statements hold for all x € Q.
() Ifg =1and

(3.22) liminf u(y) > 1,
V> 000 Q2

then

(3.23) u(x) > e~ VW,

(1) Ifg > 1 and

(3.24) lim  u(y) = +o0,

V000 Q
then necessarily G*V (x) > 0, and
(3.25) u(x) = [(g = 1) GV @) .

(iii) If0 < g < 1, then

1

(3.26) u(x) > [—(1 — q) G V)01,
(v) If g < 0 and

(3.27) lim u(y) =0,

V> 00 Q2
then necessarily G*V (x) < 0, and
(3.28) u(x) < [—(1 — q) G2V ()]

In the next theorem we provide criteria for the existence of positive solutions
for the equation

(3.29) —Lu+u?V=f inQ

under some additional assumptions and give two-sided pointwise estimates for
these solutions.
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Theorem 3.4. Let M be a weighted manifold and Q@ C M be a connected
relatively compact open set with smooth boundary. Let f > 0 and V be locally
Holder continuous functions in Q and in addition f € C(Q). Set h = G*f. Then
the following statements hold.

(i) Forq > 1 andV < 0, suppose that for all x € Q

1 1
(3.30) — GHIV)(x) < (1 - )q h(x).

q/ q—1
Then (3.29) has a non-negative solution u € C*(Q) N C(Q), and it satisfies
forall x € Q

h
(3.31) ) Co<um < T ohw).
[1+ (g —1)F" "0 qg—1

h(x)

(i1) For g <0 andV > 0, suppose that for all x € Q

1ye 1
(3.32) GRIV)(x) < (1 _ )q h(x).
q/ 1—gq
Then (3.29) has a non-negative solution u € C*(Q) N C(Q), and it satisfies
forall x € Q
1 Qpa !

(3.33) @ < u < [1 =1 =g D] T,

1— h(x)

q

Note that the terms in the square brackets in both (3.31)) and (3.33)) are positive
and < 1; it follows that in both cases (i) and (ii) # =~ h in Q. Since

h(x) =~ do(x) := dist(x, 0Q),

we obtain
u(x) =~ do(x).

In the next theorem we give an abstract version of Theorem[3.4lthat provides an
existence result together with pointwise estimates of solutions u for the following
integral equation with g € R \ {0}:

(3.34) u(x) + / K, y)u(»)?V(y)dm@y) = h(x) dm-a.ein Q.
Q

Here (Q, m) is a measure space with o-finite non-negative measure m, 0 < u < 00
dm-a.e.,and K : Q x Q — R, U {+00} is a non-negative measurable kernel.
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The coefficient V is assumed to be a measurable function in Q with a definite
sign (either V. > 0, or V < 0). In fact, we can use dw in place of V dm, with
an arbitrary o-finite measure w (either non-negative, or non-positive) in Q, where
0 < u < +00 dw-a.e., and the integral equation holds dw-a.e.

For a non-negative Borel measure y in €, we will write

Kut = [ Ky duo).
and Kf(x) = K(fdm)(x) for a non-negative measurable function f.

Theorem 3.5. Let (2, m) be a measure space with o-finite measure m, and
let K be a non-negative kernel on Q x Q. Let h be a measurable function such that

(3.35) 0<h<+00 dm-a.e. inQ.

Let V be a measurable function in €. Then the following statements hold.

(1) Forq > 1,and V < 0, suppose that the following condition holds,
Iye 1 .
(3.36) —KoVw < (1- ) h(x) dm-a.e. in Q.
q/ q—1
Then (3.34) has a minimal positive solution u, and it satisfies
(3.37) h(x) < u(x) < K ] h(x) in Q.
q —
(i1) Forq <0 andV > 0, suppose that the following condition holds,
1\ye 1 .
338)  Knvws=(1- ) h(x) dm-a.e.in,Q.
q/ 1—gq
Then (3.34) has a maximal positive solution u, and it satisfies

(3.39) ] ! | h(x) < u(x) < h(x)  dm-a.e. in Q.

Remark. Statement (i) of Theorem[3.3]is essentially known, and we include it
here only for the sake of completeness. It holds under a less restrictive assumption

(3.40) — K(HV)(x) < (1 - ;)q (q_l 1y HOO  dmae.in @,

where H = —K (h4V); in this case, u =~ h + H (see [27]).
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4 Some auxiliary material

In this section we prove some lemmas needed for the proofs of Theorems [3.1]
and[32] Everywhere M stands for an arbitrary weighted manifold.

Lemma 4.1. Let v, h be C?-functions in Q C M, and ¢ be a C?-function on
an interval I C R such that v(Q) C I. Then the following identity is true:

4.1) L(hg(0)) = ¢'(©)L(hv) + ¢" )| Vo*h + (p(v) — vg' () Lh.
Consequently, if ' # 0 then

_ L)) | ")
p) P

p0)

4.2 — L(ho) =
(4.2) (hv) &)

|Vu|2h+< U)Lh.

Proof. For functions u € C%(Q), consider the following operator:

~ 1 1
Lu =, div(V) =

i.e., the weighted Laplace operator of the weighted manifold

, div(wh®Vu),

(Q, Pdm) = (Q, wh*dmy).
Using the product rule for div,,, we obtain
Lu=Lu+ 2<th, Vu).
On the other hand, by the product rule (2.2) for £ we have
L(hu) = hLu+2(Vh, Vu) +ulh,
which implies the identity
(4.3) L(hu) = hlu+ulh.
Using @3) with u = ¢(v) and applying the chain rule 2.3) for £, we obtain

L(hp(v)) = hlp) + p(v)Lh
= h(¢'(0)Lo +@" )|V |?) + p(v)Lh
= ¢’(v)(th +oLh)+¢"(v)|Vo |2h + () — v¢'(v))Lh
= ¢'(0)L(hw) + ¢ ()| Vo *h + (¢(v) — v¢'(0)Lh,

which proves (@.I). Then (@.2) follows immediately from (4.1)). O
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Lemma 4.2. Let ¢ be a C? function on an interval I C R such that ¢ > 0
and ¢' > 0 in I. For two functions v, h € C*(Q), h > 0, set

u =he(v)

assuming that ¢(v) is well-defined, that is, v(Q) C I.
If the function u satisfies the inequality

4.4) — Lu+Vu? > —Lh
in Q, where V e C(Q), g € R\ {0}, then the function v satisfies in C the inequality
¢"(v)

q —
45 - L(hu)+hqvif8) > ("5((;)(0) . 0)Lh+ o V0P

If instead u satisfies
(4.6) — Lu+Wu? < —Lh,
then @.3) holds with < instead of >.

Proof. It follows from u = h¢(v) and (.4) that
4.7) L(hg(0)) < h1V)? + Lh.
Substituting this into (@.2)) we obtain

S (30 )

whence ([.3) follows. The second claim is proved in the same way. g

Lemma 4.3. Under the hypotheses of Lemma assume in addition that
Lh<0inQand0el. Ifinl

(4.8) $0) =1, ¢ >0, ¢"=0,

then the function v satisfies the following differential inequality in .

(4.9) — L(ho) + hqv‘(’;fz’v): > 0.
If instead of @S) we have

(4.10) pO) =1, ¢ >0, ¢ =<0,
then v satisfies in Q

@.11) — sy +nv PO 2o

P
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Proof. Consider the case (4.8). By the mean value theorem, for any v € I
there exists & € [0, ] such that
p0)—1 _ $(0) — $(0)
0

[

=¢'(O).
By the convexity of ¢ we obtain ¢'(¢) < ¢'(v) provided v > 0, that is

¢(03)_ ! < ¢'(v) forov> 0,

and the opposite inequality in the case v < 0. It follows that, for all v € I,
p0) =1 _

¢'(v)
Substituting into (4.3)) and using also £/ < 0 and (4.8), we obtain (£.9). The proof
in the case (@.10) is similar. O

v <0.

Remark. Note that in the case £Lh = 0 the condition ¢(0) = 1 in (4.8) and
(@.10) is not required as in this case the term
—1
<¢(v,) _ U) ch
¢'(v)
vanishes identically.
Lemma 4.4. Suppose Q is an open subset of M and F is a l.s.c. L-super-
harmonic function in Q. Suppose F = F| + F», where

(4.12) liminf Fi(x) >0 and F, > —P,

X—> 0o Q
where P = G 1 is a Green potential of a positive measure u in Q so that P # +00

on every component of Q. Then F > 0 in Q.

Proof. Indeed, the function F +P is obviously superharmonic, and F+P > F].
Hence liminf, ,5 o(F + P)(x) > 0, and by the standard form of the maximum
principle F + P > 0 on Q (cf. [3], [19} Sec. 5.4.3]). Hence F is a superharmonic
majorant of —P, whose least superharmonic majorant must be zero (with the same
proof as in the classical case [3, Theorem 4.2.6]), which yields F > 0. O

The following version of the maximum principle will be frequently used.
Lemma 4.5. Let Q be an open subset of M and let v € C*(Q) satisfy
—Lov > f inQ,
liminf, ,5 qov(x) > 0,
where f € C(Q) such that G*f is well defined in Q. Then for all x € Q
(4.13) v(x) > G f(x).
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Proof. If G*f_ = +oo then is trivially satisfied. Hence, assume in the
sequel that G f_ < co. Letus approximate f from below by a sequence { f,} of C!
functions in Q such that f,, T f as n — oo and G f,;” < oo (where £ := (f,)+).
Moreover, we can also assume that f," is compactly supported in Q.

Fix n and consider in Q two functions

Fi=0+G%f7 and F, =—-G“f’.
The hypotheses (@.12) of Lemma[.4]are obviously satisfied. The function
F =0 +G%f; —Gf}
is superharmonic in € since
—LF =—Lo+f; —ff=f—f >0.
By Lemma[4.4l we conclude that F > 0 in Q and, hence,
v > G — G

Letting n — oo and using the convergence theorems we obtain (@.13). O

5 Proof of Theorem 3.2

We start the proof with a particular case of Theorem[3.2where the idea of the proof
is most transparent and not buried in technical complications.

Proof of Theorem [3.2] for a specific case. We prove Theorem [3.2] in
the special case 2 > 0, u > 0 in Q, and V € C(Q). In this case the function
G2 (hV)(x) is finite for all x € Q.

Choose a function ¢ (to be used in Lemmal4.3]) to solve the initial value problem

(5.1 P'(s) = (),  #(0) = 1.
For g =1 this gives
(5.2) P(s) =€, seR,

while for g # 1 we obtain
(5.3) () =[A —g@)s+1]-0,  sel,,
where the domain /, of ¢ is given by
(—OO, qil) lfq> 1:
5.4) I, = (—o0,+00) ifg =1,
(—liq,+oo) ifg<1

(see Figure[T)).
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Figure 1. Examples of the function ¢ in three cases g > 1,0 < g < 1, g < 0. The

1

boxed points have the abscissa g—1

Note that in all cases ¢(/;) = (0, o0). Also we have

(5-5) F©) =11 —s+11%,  ¢"(s) =ql(1 —g)s+ 111,

In particular, ¢’ > 0 in I,, whereas ¢” > 0 for ¢ > 0 and ¢” < 0 for g < 0.
Consequently, the inverse function ¢! is well-defined on (0, co).
In the case O < g < 1 it will be convenient for us to extend the domain of ¢ to

alls < — liq by setting ¢(s) = 0 so that in this case we have for all s € (—o0, 00)

(5.6) $(s) = [(1 — s+ 1127

Observe that all the estimates (3.4), (3.6), and (3.7) that we need to prove in the
case g > 0 can be written in the unified form

u(x)
(5.7) o = 9

1

Q
hiy O V),

for all x € Q. Similarly, estimate (3.8)) in the case g < 0 is equivalent to the
opposite inequality

u(x) 1
(5.8) )§¢(—h@)

Q
e G (th)(x)).
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Since by hypothesis the functions 4 and u are positive in €2, the function

(5.9) v = ¢—1(Z)

is well-defined in Q and belongs to the class C*(2) N C(Q).
Consider first the case ¢ > 0. In this case we will deduce (3.7) from the
following inequality for v:

(5.10) () = — h(lx)G%qvx)c),

for all x € Q. Indeed, if (3.10) holds then, applying ¢ to both sides of (3.10) and
observing that ¢(v) = }, we obtain (&7). However, we should first verify that
both sides of (3.10) are in the domain of ¢. In the cases ¢ = 1 and 0 < g < 1
the (extended) domain of ¢ is (—oo, +00), so that there is no problem. In the case
q > 1 we have v(x) € I, = (—o0, qll) by (3.9), which implies that the right-hand
side of (5.10), being bounded by v(x), is also in 1,. This argument also shows that
in Q ] ]
Q
g—1 > _h(x)G (hTV)(x),
which proves (3.3).
To prove (3.10) observe that the function u = h¢(v) satisfies

—Lu+WVW!>—-Lh>0

in Q as required by Lemma 4.3l In the case ¢ > 0 the function ¢ satisfies (4.8),
and we obtain by inequality (4.9) of Lemma .3 and by (3.1)) that in Q

(5.11) — L(ho) + RV > 0.
Since u > h on 012, it follows that on 0Q
_ 1Y —1/1y —
ho = he (h) > h¢~L(1) = 0.

Since hov satisfies (3.11)) and the boundary condition Av > 0 on 6Q, we obtain by
the maximum principle that in Q

(5.12) ho > —G%(h1V),

which is equivalent to (3.10).
Consider now the case g < 0. Then we have

—Lu+ Wi < —Lh
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and, hence, obtain by inequality (@.11) of Lemma[.3land (5.1)) that in Q,
(5.13) — L(ho)+h1V < 0.

In this case we have u < h on 6Q, which implies 7o < 0 on 6Q. Using (3.13) with
this boundary condition, we obtain that in

ho < —G%(h1V)

and, hence,

(5.14) v < —;GQ(WV}.

Since v(x) € I, = (— liq, +00), it follows that both sides of (5.14) belong to I,,.

Consequently, we have

1 1
- — G(hV),
1—gq <= (h?V)
which proves (3.3). Applying ¢ to both sides of (3.14)), we obtain (5.8]) and, hence,
G.3). O

Proof of Theorem[3.2]in the general case. We will use the same function
¢ as defined above by (3.2)—(3.3), but it will be convenient to extend the domain
I, of ¢ to the endpoints of the interval I, by taking the limits of ¢ at the endpoints.
The extended domain of ¢ is therefore the interval

[—OO, qil] lfq > 1:
I, =4 [—o0,+00] ifg =1,

[—,! ,+o0] ifg < 1.

0
Moreover, in the case 0 < g < 1 we extend ¢(s) further to all s € [—00, +00] by
using (3.6).

With these extensions the required estimates (3.4), (3.6) and (3.7) in the case
g > 0 can be written in the unified form (3.7) and the estimate (3.8) in the

form (B.8)).

Consider first the case ¢ > 0. For any ¢ > 0, set
U, =u+¢

and define the function v, in Q via
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where ¢ is the same as above. Since u, and h are positive in €2, the function v, is
well-defined in Q and belongs to C?(€2). Note also that v,(Q) C 1.
Applying identity (#.2)) to functions &, v, € C?(Q2), we obtain

L(ho(v, " (vg e
—L(hv,) = — (qjii”) D, Z((Z ))|va|2h + (;5((1;)) — v )£h.
Since
_L(h¢(08)) =—Lu;, = —Lu,

it follows that

_ —Lu ¢”(Da) 2 ¢(Ue) _
(5.15) =Ll = VPR ( o 0, )Lh.
Observe also that by (3.1))

’ _ _ (U9
(5.16) 0 = g = (7).
Since g > 0, we have by (3.14)
—Lu > —Vu? — Lh.
Substituting this and (3.16)) into (3.13)), we obtain
—L(hv,) > —;ﬂ(: )qv + i/:((z))g))|va|2h + (¢$f()v_) L l)g)ﬂh.

Since ¢ satisfies (@.8) and, hence, the last two terms on the right-hand side of the
preceding inequality are non-negative (cf. the proof of Lemma[4.3)), we arrive at

(5.17) — L(ho,) > —hq( “ )qv in Q.

&
In the case g # 1, ¢ > 0 we have by (3.3)
st=1 — 1

—1 _
b ="

s> 0,

and, hence, in Q

, 1
ho, =h¢_1<2) = l_q(hqu;—q — h).

It follows that, for all y € 0Q,

lim A(x)o.(x) = 1 (' Yu(»)' ™7 = h(y) = 0,
Q 1—gq

X—>y, XE

since uy(y) > h(y) + & > h(y).
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For g = 1 we have ¢~ !(s) = Ins and, hence, in Q

(5.18) ho, = hin (”2)

For any y € 0Q such that h(y) > 0, we obtain

uy(y)
h(y>) >0,

and if h(y) = 0, then, using u, > &, we obtain from (5.18)

Jim h@)0,(x) = k() In (

(5.19) lim A(x)v.(x) =0.
—, xeQ

X

Therefore, in the case ¢ > 0, we can extend hv, by continuity to Q so that
ho, € C(Q) N C*(Q) and
hv, > 0 on oQ.

Note that ~9(/ )7V e C(L2) and GQ(hq(;‘ )4V) is well-defined in €, since

G (ni( ") 'vi) < oo,
and G (h9V) is well-defined by hypothesis. Hence, by the maximum principle of
Lemmal[4.3] we conclude from (5.17) and (5.19) that
h. > =G (ht()'v)

Ue

and, hence,

(5.20) vy > —;ZGQ (hq(;:)qv) in Q.

Assume now g > 1. Assume also that G*(h9V,) # +00 in Q, because
otherwise, (3.4), (3.3) and (B.6) are trivially satisfied, and so there is nothing to
prove. Let us first show that under these assumptions # > 0 in Q. Observe that
if GX(h9V,) # +00 in Q, then G(h9V,)(x) < +oo for every x € Q. Indeed, for
an open set Q' € Q with smooth boundary, fix a function # € C§°(€Q) such that
n = 1in Q'. Then the function G*(h?V,) — G*(yh?V,) is harmonic in Q’, and
G*(nhiV,) is bounded in Q since 7h?V, € C(Q). Consequently, G*(hV,) is
finite in Q’, and hence in Q.

It follows from (53.20) and u < u,, that

1
(5.21) vy > —hGQ(th+).
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Since the value v, = ¢_1(‘Z’) belongs to I, and the value of the right hand side of
(5.21) lies in [—oo0, 0], which, in the present case g > 1, is contained in 1, we can
apply ¢ to both sides of this inequality and obtain

G®(hiV,)
(5.22) u, = he( — . )
Letting ¢ — 0 we obtain
G*(h1V.)
u > hq§( — n ) n Q.

Since G*(h?V,) < oo, it follows that u > 0 in Q as was claimed.
Let us return to (5.20). Since v, € I, and, hence, the right-hand side of (5.20)
lies in I, we can apply ¢ to both sides of this inequality and obtain

G (ha( " y1v
( ;”") )) in Q.

The positivity of # in Q implies ;‘ T 1in Q as ¢ — 0, whence by the monotone

(5.23) Uy > h¢( -

convergence theorem,

(5.24) G (hq<: )qv) - G2IV) ase— 0

pointwise in €. In particular, we have, for any x € Q,

G2(h1V)(x)
5.25 — .
Letting ¢ — 0 in (3.23), we deduce, for g > 1,
G2 (hV)
u> h¢( - ) nQ,
which proves (3.4) and (3.6). In the case g > 1, it follows that
G2 (h1V) u
¢(  h ) =g =
and, hence,
G2 (h1V) 1
— < R
h qg—1

which proves (3.3).

Assume now 0 < g < 1. We employ the same argument up to (3.20). The
extended function ¢ is defined in this case on [—o0, +00] by (3.6). Applying ¢ to
both sides of (3.20) we obtain

| u\9
_ q
(5.26) ugthﬁ( .G (h ( ) v))

Ue
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In this case u can actually vanish inside €. Letting ¢ — 0, we see that
w(x) T Lifu(x) > Oand ! =0if u(x) =0, that is

u . . .
T xu pointwise in Q.

&

Passing to the limit in (3.26) as ¢ — 0 and using the monotone convergence
theorem gives

(5.27) u> h¢( - }llGQ()(uth)) inQ,

which is equivalent to (3.7).
Consider the last case g < 0. We define for any ¢ > 0 the function v, in a
slightly different way as follows:

=),

where h, = h+¢. Since ;' > 0in Q, we obtain v, € C 2(Q). The function

(5.28) ¢ (s) =

1

1—q-
Since ;l‘ is continuous and non-negative in 2, we obtain v, € C(). Moreover,
since on the boundary 6Q we have u < h < h,, it follows that v, < ¢~(1) =0

and, hence,

initially defined for s > 0, extends continuously to s = 0 by setting ¢~'(0) = —

(5.29) h.v, <0 on 0Q.

Since Lh, < 0 and u = h.¢(v,) satisfies by (3.13))
—Lu+Vul < —-Lh,,

we obtain by inequality (@ 11)) of Lemma[4.3]and (5.1)) that

(5.30) — L(hev,)+hIV <0 in Q.

Since ¢ < 0 and
G h{Vy) < GR(hVy),

it follows that G*(hlV) is well-defined. Hence, we obtain from (5.30) and (5.29)
by the maximum principle of Lemma [4.3] that

hev, < —G*(h1V) inQ,
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that is,
Qply
(5.31) v, < —G ; ) in Q.
Since v,(Q) C I, = (— liq, 00), it follows that
G (hiv) 1
(5.32) =T e (- 1_q,+oo} cl,.
Applying ¢ to both sides of (3.31)), we obtain
G2(hiV)y .
P(v;) < ¢( i ) in Q,
which is equivalent to
Ge(hiv)q.l,
ughg[l—(l—q) ( )}‘ in Q
h,
and, hence, to
GRHIV GV )7 .,
(5.33) u<h|l—(1-g) (h 2 v —g) (h .

Note that the expression in the square brackets here belongs to (0, +o0o] by (3.32).
In particular, we have G*(h{V,) < oco. Since 0 < h < h, in Q and g < 0, we see
that in Q

Q14 Qg
(5.34) G (ZSV‘) < G (Z V‘).

Since i 1 h9 as ¢ — 0, we obtain by the monotone convergence theorem that
(5.35) G*(h1V,) — G*(h1V,) pointwise in Q.

Since by hypothesis G*(h?V) is well-defined, we obtain from (5.33), (5.34) and
(3.33) as ¢ — O that

G2(hiV)7.L,

" n Q.

u<h|l—~0-gq)
By construction the expression in the square brackets here belongs to [0, +oc].
Since by hypothesis # > 0 in Q, we obtain that this expression cannot vanish,
which proves (3.9) in this case. O
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6 Proof of Theorem 3.1]

Consider first the case g > 0. By hypothesis, the function f is continuous and
non-negative in Q. In the proof we need f to be locally Holder continuous because
in this case the function GY f is of the class C? for any relatively compact domain
UcQ.

Let us approximate a given continuous function f in Q from below by a
sequence { fi}re, of C ! functions f; so that

(6.1) fi T f ask— o0

pointwise. Replacing each f; by (fi)+, we obtain a sequence { fi.} of non-negative
locally Lipschitz functions satisfying (6.1)).
Set h;, = G°f; and observe that iy < h < oo and h; 1 h pointwise in Q as

k — o0. Since

G*(hlVy) < G (h1Vy),

we see that one of the values G**(h{Vy.) is finite and, hence, G%(h]V) is well-
defined. Since

G*(h]Vy) — G (h1Vy),
we obtain that
(6.2) G2(h{V) — G*(hV)

pointwise in Q. The same is true for G*( thZV) in the case (iii) .

Since f; < f, we obtain that u satisfies —Lu + Vu? > f; in Q. Therefore, if
statements (i), (ii), and (iii) are already proved for locally Lipschitz functions f,
then we obtain the corresponding lower bounds (3.4), (3.6), and (3.7) of u with A,
in place of h. Letting k — oo and using (6.2), we obtain the same estimates of u
via h as claimed.

In the case (ii) we still need to prove (3.3)) for i assuming that it is true with h;
in place of h. Passing to the limit as k — oo, we obtain a non-strict inequality

(6.3) — (g = DGPHIV)(x) < h(x).

However, estimate (3.6) implies that the expression in the square brackets in (3.6)
cannot vanish, which yields a strict inequality in (6.3), that is, (3.3).
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Continuing the proof in the case ¢ > 0, we can assume now that f is
locally Holder (even Lipschitz) continuous. Let {€2,};2, be an exhaustion of Q
by relatively compact, connected, open sets 2, €  with smooth boundaries. Set
h, = G f. Since f is locally Holder continuous and 8Q, is regular, we have
h, € C*(Q,) N C(L,) and

—Lh, = f inQ,,
h, =0 on 0Q),,.
We can always take n large enough so that f £ 0 in Q,, and, hence, 0 < h, < 00

in Q,,.
Observe that by the monotone convergence theorem

hy T h:=G%f asn— oo.

Fix a point x €  and let n be so large that x € Q,,. Since u satisfies (3.2) in Q, it
follows that

—Lu+Vul > f =—Lhy, inQ,,

u>0=h, on 0Q,,.
Applying Theorem[3.2]in Q, we obtain

_ Gy VY .
h,(x)e (o ifg=1,
1
Qn (1,9 g .
©4)  u@ = { h)|1+ (g = DO ifg >,

!
hn(x)[l +(g— 1)G"”<,{j(’j§’)v><x>]+"‘l, if0<q<1,

where y, := xu,-. Since h} T h? as n — oo, we obtain by the monotone
convergence theorem

(6.5) Tim G (AIVE)() = GHhTVL)()

(and a similar identity for the term with y,h?V). Passing to the limit in (6.4) as
n — 00, we arrive at

_ G2 .
h(x)e” m» ifg=1,
1
66)  uw = hw[1+@— DO ifg s 1,
1
|1+ (g = DTG ] 0 <g <1,
+

which proves estimates (3.6), (3.7), and (3.8).
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In the case g > 1 the expression in square brackets in (6.6) is non-negative as
the limit of that of (6.4). However, since the exponent — qll is in this case negative

u(x)
h(x)

Consider now the case ¢ < 0. In this case we approximate f from above by a
sequence of C! functions f; such that f; | f and set by = G f;. The function f

should be chosen so close to f that h; < oco. Then h; | h pointwise in Q, and,

and < 00, it actually has to be positive, which proves (3.3).

since ¢ < 0, we have hf T h% as k — oo. The same argument as in the case
g > 0 shows that GQ(hZV) is well-defined and (&.2) holds. Since f; > f, the
function u satisfies in Q the inequality —Lu + Vu? < f;.. If (iv) is already proved
for locally Holder continuous f, then we conclude that (3.8) holds with A, instead
of h. Letting k — oo, we complete the proof (condition (3.3) is proved in the same
way as in the case g > 0).

Hence, we assume in what follows that f is locally Holder continuous. In
this case the proof goes the same way as in Theorem Observe first that
G f e C?(Q). Indeed, for any relatively compact open set Q' C Q with smooth
boundary it is known that G f € C*(Q'). Since the difference G2 f — G® f is
harmonic in ', it follows that it is smooth in €', which implies that G f € C?(Q).
By exhausting Q with relatively compact open subsets, we obtain G f € C*(Q)
as claimed.

For any ¢ > O set h, = ¢ + G*f, so that —Lh, = f. Since u, h, > 0 in Q, the
function v, = ¢! ( h ) belongs to C?(Q) and, similarly to the proof of Theorem

&

(cf. (330)), we obtain the following inequality in Q:
—L(hyv,) + RV < 0.
Note that in this case we have by (5.28))
l—q _ pl=q
— -1 u — 1,9 u &
heve —h8¢ (hg) _he 1—6]
Using the boundary condition in (3.3) and &, > &, we obtain

lim sup(h;0:)(y) < 0.

V> 000 Q2
Applying Lemma4.3]to —h.v, we obtain
—h,v, > G*RIV).
Letting ¢ — 0 and arguing as in the proof of Theorem[3.2] we finish the proof.

Remark. Note that (6.4) implies immediately the lower bounds of Theorem
B (1), (ii), and (iii) by passing to the limit as n — oo, provided we use a relaxed
definition of the expression G*(h?V) given by (3.9). A similar observation holds
also for the upper estimate of (iv).
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7 Proof of Theorem

The proof is similar to that of Theorem[3.2] but simpler. Let { Q,} be an exhaustion
of Q as above.

Assume first ¢ > 1 and define for any 7 a function &, € C?>(Q,) N C(Q) as the
solution of

Lh, =0 inQ,,
h, =u on 0Q),,.

In cases (i) and (ii), we have ki, > 0 in Q, for large enough n by (3.22) and (3.24)
respectively. By Theorem[3.2]it follows that u(x) > O for all x € Q,,. Consequently,
u(x) > 0 for all x € Q.

In the case ¢ = 1, set h = 1, v = Inu. As in the proof of Theorem [3.2]

(cf. (3.11))), we obtain
—Lo+V >0.

Since by (3.22) we have liminf,_,;_g v(y) > 0, we conclude by Lemma [4.5] that

(7.1) Inu(x) = o(x) > =GV (x),

which proves (3.23).
In the case ¢ > 1, we set v, = infyo u, where by (3.24) we can assume
lim,,_, oo v, = +00. Then by Theorem[3.2] with 4 = v,,, we obtain in Q,,

(72)  uzvll+(g— I GHVITe = [y 4 (g — DGRV
where
(7.3) —(g— DGV <v @Y inQ,.

It follows from (Z.3) that G*V_(x) # 400, since otherwise both GV (x) = +oo.
Hence, by letting n — +00 in (Z3), we see that GV (x) > 0, and consequently
by the monotone convergence theorem (Z.2)) yields

u(x) > [(g — DGV (x)] .

Since u(x) < oo, we actually have a strict inequality G*V (x) > 0.
Consider now the case 0 < g < 1. We set

¢) =[(1 — q)v]liq, v el, =(0,+00).

Then clearly

@) =[(1— gl >0, ¢"() =ql(1 — ]~ >0,
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and (3.I) holds. For a sequence ¢, | 0, we set u,, = u + ¢,, and define v, by
o = Ny, n=1,2,...

Using Lemma in the case & = 1 so that LA = 0O (in this case the condition
#(0) = 1 in @.8) is not required, see Remark after the proof of Lemma [4.3]), we
obtain as in the proof of Theorem[3.2]

u

—Lov, + ( )qV > 0.

U

Since v, > 0 on 0€),,, it follows from the maximum principle that

(7.4) vy > —G (( " )qv) inQ,.

U

As n — oo we obtain v, — ¢~ !(u), and

lim GQ”((:n)qVi) =G%(xq-Vy)

n—oQ

by the monotone convergence theorem. Passing to the limit in (Z4) as n — oo
gives
-1 Q
¢~ () = =G (xa+V),
which is equivalent to (3.23).

Finally, let g < 0. We argue as in the case g > 1, setting v,, = infsq, ¥ where in
view of (3.27) we can assume lim,,_, o, v, = 0. Then by Theorem[3.2] with & = v,,

(7.5) ux) < )71 = (1 = G*V@I=  inQ,,
where
(1—¢)G*V(x) <vl™ inQ,.

It follows as in the case ¢ > 1 that GV,.(x) # +oo, and GV, (x) < GV_(x).
Letting n — +oo in ([Z.3), we deduce (B.28)), which yields the strict inequality
GV.(x) < GV_(x), since u(x) > 0.

8 Proof of Theorems 3.4 and 3.3

Proof of Theorem 3.4  We prove only statement (ii) (for ¢ < 0) since
statement (i) (for g > 1) is proved in a similar but simpler way. We use the
method of sub- and super-solutions, understood in the classical sense: if there exist
u,u e C(QNC*(Q)suchthat0 < u < uin Q, u =u =0 on Q, and

—Lu+Vul < f, —Lu+Vu?>f in Q,
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then there exists a solution u € C(Q) N C%(Q) to such that u < u < u. (See
[13], Theorem 1.2.3, in the case M = R" and £ = A; the same proof which relies
on standard interior regularity estimates works in the general case.)

Clearly, setting u = h = G%f € C(Q) N C*(Q) gives a supersolution since
V > 0, and consequently

—Lu+Vu! > —Lu=f u=00noQ.
The main problem is to find a subsolution which we define by
u=h—21G*hv),

where 1 > 0 is a constant to be determined later. Using (3.32) we see that u > 0
provided

Iye 1 —q

(8.1) (1 q) g <A

Under the assumptions imposed on f it follows that 7 € C(Q) N C*(Q). We
need to show that u € C(Q) N C*(Q). As in the proof of Theorem [3.1] (iv),
let Q' be an arbitrary relatively compact subset of Q with smooth boundary. Then
G (h?V) — G¥ (h9V) is a harmonic function in €'. Since & > 0 in €/, it follows
that K7V e C(Q) and is locally Holder-continuous. Hence, G¥ (h1V) e CH(Q),
and consequently G(h9V) € C*(Q') as well. To show that G*(h?V) € C(Q),
notice that 4 vanishes continuously on Q. Using (3.32), we deduce that the same
is true for G(h?V).

It remains to show that —Lu + Vu? < f. Since g < 0 and hence u? > hi, it
follows that

—Lu+Vul =f—=29hV +ulV < f,

provided
Ah<u=h—29G%HV),

or equivalently,
G*h1V) < 2791 — A)h.

Optimizing over all 4 € (0, 1), we obtain that the maximum of the right-hand side

is obtained for 1 = which coincides with condition (3.32)),

1
1-1/q°
1\g 1
Ghiv) < (1 — h.
( q) 1—gq
Notice that (8.1]) obviously holds with this choice of A as well. Thus, u is a classical
subsolution which is positive in Q, and u < u as desired. Consequently, there exists
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a classical solution u such that u < u < u. Moreover,

I\— 1
uzu:h—/quQ(th)=h—(l— ) qGQ(th)zl g™
q —1/q

which proves the lower bound for u in (3.33).
The upper bound was obtained above in Theorem [3.Iiv). d

Proof of Theorem 3.3l The case g > 1, V < 0 is considered in [27] and
[5] (see also [31]), so we give a proof only in the case g < 0, V > 0. Let us assume
that

(8.2) K(hiV)(x) < ah(x) dm-a.e.in Q,

for some constant a > 0, where # satisfies (3.33)).
Set uy = h, and construct a sequence of consecutive iterations u; by

Upsl +K(uZV) =h, k=0,1,2,...
Clearly, by (8.2),
(I —a)h(x) < ui(x) = h(x) — K(h?V)(x) < h(x) = uop(x).

We set by =1, by =1 — a, and continue the argument by induction. Suppose that
forsomek =1,2,...

(8.3) br h(x) < ug(x) < ug—1(x) in Q.
Since g < 0 and V > 0 we deduce, using estimates (8.2) and (8.3)), that
(1 —ab)) h(x) < h(x) = b K(h7V)(x) < h(x) — K@{V)(x) = trs1(x).
On the other hand,
urs1(x) = h(x) — K@l V)(x) < h(x) = K(u{_,V)(x) = ur(x).

Hence,
b1 h(x) < w1 (x) < ug(x),  where by, =1 —abf.
We need to pick a > 0 small enough, so that b; |, b, where b > 0,and b =1 —a b1.
In other words, we are solving the equation

(8.4) = x

by consecutive iterations by,; = 1 — ab] starting from the initial value by = 1.
Clearly, this equation has a solution 0 < x < 1 if and only if 0 < a < a,,
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X

where y = la_ is the tangent line to the convex curve y = x?. Here the optimal

value a, is found by equating the derivatives, and solving the system of equations
1 —x.

1
— -1 _
Xl = sl ==,

a Ay

which gives
Iye 1 1
a*=<1— )1_, x*=1 L
q q -
Letting a = a., we see that by the convexity of y = x7, (8.4) has a unique

solution x, = _11 , and by induction, x, < bgy; < by < 1, so that
q

1

1
blb=x.= >0
q

From this it follows that (8.3)) holds for all k =1, 2, .. .. Passing to the limit as
k — 00, and using the monotone convergence theorem, shows that u = limy_, o 1
is a solution of (3.34)) such that

b h(x) < u(x) < uo(x) = h(x).

Moreover, it is easy to see by construction that u is a maximal solution, that is,
if i is another non-negative solution to (3.34)), then iz < u; foreveryk =0, 1,2, .. .,
and consequently &# < u in Q. O

9 Examples

In this section, we consider several examples which demonstrate various phenom-
ena that may affect behavior of solutions to the equations considered above. In
the linear case g = 1 (Schrédinger equations), many examples concerning possible
behavior of Green’s functions on domains and manifolds for V > 0 are given in
[20]; the case V < 0 is considered in [[14] and [[15] (see also [10], [21]], [29], and
[301). In the superlinear case for ¢ > 1 and V > 0 we refer to [5] and [27] for
existence results as well as pointwise estimates of solutions, and many examples.
The case ¢ > 1 and V < 0 (equations with absorption) is studied in [28]]. In the
sublinear case 0 < g < 1, existence of bounded positive solutions, along with
uniqueness, and pointwise estimates of bounded solutions on R” were obtained in
[6]. Recently, sharp existence results and matching two-sided estimates for weak
positive solutions (not necessarily bounded) in R” were given in [8]; see also [9]
for a characterization of finite energy solutions.
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Here we give an example involving a rapidly oscillating V in the case g = 1, and
also illustrate various phenomena with regards to pointwise behavior of solutions
in the less studied case g < 0, for both V > 0 and V < 0. (Related results for
g < 0 were obtained in [4], [13], [16] and [117].)

Example 1. We consider first the linear case ¢ = 1 in Theorem[3.1}
9.1) — W' +Vu=f inQ,

for Q =(0,1),M =R!. Let f =1,and h = Gf = éx(l — x). The corresponding
Green function is G(x, y) = min(x(1 — y), y(1 — x)).
We start with a positive solution with zero boundary values to (O.1)),

9.2) u(x) = x(1 —x)(l +xsin (;)) xe(,1), a>0.
Then
9.3) W(x) = x(1 —x)(l +xsin (;)) xe (1), a>o0.

The corresponding V = "N;l is found from (@.1)),
9.4) V=V +V,+ V3,

where

2. 2. —20—1 o3 T
a mTx sin( %)
Vitx) = — 7,

I +xsin([)

a(a — 1)(1 — 2x)x—*~! cos( ;) —am(l —2x)x™*cos( )

V2 = 1+ xsin( %) ’
_ (A =2vsin(}) 2sin( )
V= esin(n) T (=0 +xsin(%)

Thus, V has a highly oscillatory behavior at the endpoint x = 0, where V] is the
leading term. Nevertheless, due to the cancellation phenomenon, we have u ~ h.
For0 < a < 1, G(hV) is well-defined, and Theorem[3.1] gives the lower bound

_Gmv)
h

9.5) u>he s

which is sharp since G(Zv) is a bounded function on Q. Indeed, it is easy to see that

the term G(hV3) is harmless since 2V3 is bounded in €, and hence G(hV3) =~ h at
the endpoints. To estimate G(hV>), notice that |V, (x)| < Cx~*~!, and consequently
by direct estimates

(9.6) G(h|V2])(x) = O(x) asx— 0.
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It remains to note that due to cancellation, for 0 < a < 1,

9.7) G(hV))(x) =0(x) asx— 0F

as well. This can be verified by looking at the asymptotics of the integrals in the
expression

x .2 1— 1 1— 2
©8) GV = (1) /0 YA =Ny ydy+x / YA=I7y .

2 o 2
Clearly, G(hV))(x) @ 1 —xasx — 17. For0 < a < 1, it is not difficult to see
using integration by parts that G(hV;)(x) =~ x as x — 0%; we omit the details here.
Ifa =1, then G(hV) is not well-defined, and the first term on the right-hand side
of ([©.8) has to be understood as an improper integral which asymptotically behaves
like xas x — 0*. However, the second term actually has an extra logarithmic factor,
so that
1 +
G(hV) ~ xlog( ) as x — 0.
X

This shows that the lower bound u(x) > he™ “%" is not sharp in this case.

Example 2. Letg < 0, and let Q be a bounded domain with smooth boundary
in R". Consider inequality (3.3) with £L = A, f =1, and

xeQ, 1>0, >0,

and the corresponding equation

_ q — :
(9.9) Au+ dg(x)ﬁu 1, u>0 inQ.
We set
(9.10) h(x) = Gf(x) = dao(x), xe€Q.

Theorem[3.1] (iv) gives the following necessary condition:

G(h1V)(x)
9.11 1— <1,
(9.11) d—q o
for the existence of a positive solution u to (3.3) with zero boundary values.
It is easy to see via direct estimates of the Green kernel that, for f > 2 + ¢, we

have G (h?V) = +00. For 1 +q < f <2 +q,

G2(h1V)(x)

~ do(x)'+# Q.
I’L(X) Q()C) 5 X €
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For f =1+ g, we have
Gh1V)(x) _ o A
W T dan)’
where A = 2diam(Q). Hence, for # > 1 + g, condition (O.11) fails, and (3.3)
has no positive solutions u € C?(Q) N C(Q) with zero boundary values. This

x e Q,

non-existence result was proved earlier in [[13]], Theorem 2.1.
In the case 0 < B < 1 + ¢, direct estimates give

G (hV)(x) -
h(x) -

where ¢ = ¢(£, g, f) is a positive constant.

(9.12) (1—q) ca,

Theorem [3.1] (iv) implies that if (3.3) has a solution u with zero boundary
values, then actually (9.12) holds with ¢cA < 1, and

Gg(th)(x)} L,

ww <h@[L = =g

x e Q,

by estimate (3.8)).
Moreover, if (9.12) holds withc 4 < (1— ;)q, then by Theorem[3.4lthere exists
a solution # to (9.9) with zero boundary values which satisfies the lower bound

1
u(x) > ) L h), xeQ.
Hence, u(x) =~ dq(x), and our general upper bound (@.8) is sharp in this case as
well.

In Example 4, we will demonstrate that due to a non-uniqueness phenomenon,

equations of the type (9.9) may have other solutions which violate the lower bound
u(x) > cdg(x).

Example 3. Let g < 0, and let Q be a bounded smooth domain in R”. We
consider (3.3) with f = 1, and

Vx) =— 0
W==, o B0
where dg(x) = dist(x, 6Q), together with the corresponding equation
1
(9.13) _Au_dg(x)ﬁuq =1, u>0 inQ.

As in the previous example, set
(9.14) h(x) = GLf(x) @ do(x), xeQ,

and A =2 diam(Q).
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Theorem 3.1] (iv) gives the following upper bounds for all positive solutions
u e C*(Q) N C(Q) to (B.3) with zero boundary values: for all x € Q,
(@) ux) < Cdax)if0 < <1+gq;
(b) u(x) < Cda(x) log=s (4 )if f =1+q;
© u(x) < Cda(x) i~ if l+qg < f <2+q.
The corresponding lower bounds for positive supersolutions, not necessarily

with zero boundary values, were established in [[16], Proposition 2.6 (see also [[13]],
Theorem 3.5): if u € C2(Q) N C(L), and

(9.15) — Au— 1ﬁuq20, u>0 inQ,
dg
then, for all x € Q,
@) ux) > cdox)if0 < g < 1+gq;
0) u(x) > cdg<x>213g¢q (A)if B =1+g;
() ux) > cdox)—«if l+qg < f < 2.

There are no positive solutions u to (9.13) in the case f > 2. For0 < 8 < 2,
there exists a solution u € C?(Q) N C(Q) with zero boundary values to equation
(9.13) which satisfies both the upper and lower bounds given above.

Thus, our general upper bound (3.8)) in Theorem [3.1] (iv) is sharp in all cases,
exceptfor2 +q < B < 2, where G(h1V) = —o0, so that (3.8)) becomes trivial.

Example 4. In this example, we encounter the non-uniqueness phenomenon
for classical solutions with zero boundary conditions to semilinear equations with
negative exponents g < 0, where obviously our estimates are not expected to be
sharp for all solutions. For simplicity, we consider the one-dimensional case,
although similar examples are easy to construct in higher dimensions, with coeffi-
cients V depending only on dg(x).

Consider the following semilinear equation:

(9.16) —u"+Vul=f inQ,

forg < 0, Q = (—1, 1), with zero boundary conditions u(£1) = 0. Set f = 1 and
1

h=Gf = _(1—x%).

2

The corresponding Green function is

G(x,y) =min ((x+ D)(1 — y), (y + D(1 — x)).
Consider a positive solution with zero boundary values to (9.16)given by

(9.17) u(x) =2(1—=x%", xe(,1), >0, y>0.
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Then the corresponding V = ”/:;1 is found from (9.16)),
V=Vi+V,+ V3,
where
Vi) =427 y(y — (1 = x?)' 277,
Va(x) = =22'79y(2y — DA = 22y 71779,
Vi(x) = A79(1 —x*) 774,
In the case y =1, clearly, V| = 0, and

V(x) = A79(1 = 22)(1 — x*)79.

Then
G(hiV)(x)

h(x)
Our estimate (3.8)) is sharp in both cases, V < 0 (4 > ;), andV>00< 1< é):

=)l —21), xeQ.

1 —x2 _ 1
u(x) < 5 [1—(1 =A™ —=24)] ',

where the constant in square brackets is positive for any choice of A > 0, g < 0.
In the case y # 1 the situation is more complicated. Clearly, V; is now the most
singular term.
For y > 1, the behavior of the solution u given by (@.17) at the endpoints
x = =1 is too good to be captured by the upper estimate (3.8)); obviously, it is not
sharp for this particular . On the other hand, notice that V > 0 if 21y < 1; for
y > 1, it is easy to see by direct estimates that

G(h1V)(x) -

(9.18) ho) <

CA71, xeQ.

Since there exists a positive solution, Theorem [3.1] (iv) implies that actually (©.18))
holds with C279 < | .

21/1, which ensures that V > 0, every positive solution u with zero
boundary values obviously satisfies the upper bound

Forl <y <

u<h in, Q.

Moreover, if (9.I8) holds with CA™4 < (1— Ll])q llq, then, by Theorem[3.4] equation
(0:16)) has a solution # such that # ~ h, for which the upper bound (3.8) is indeed
sharp.

Ifo<y<— lzq, then V is too singular at the endpoints, so that G(h?V) = +o0,

and (B.8) trivializes.
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In the remaining case — fq < y < 1, it is easy to see that

1

GMhIVYX) o o —gry—ya—1
7o ~(1—x)"T7M, xeQ,

which blows up as x — 1. In this case, (3.8) gives u(x) < c¢(1 — x?)”, which is
again sharp.
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