A COUNTING PROBLEM IN ERGODIC THEORY AND
EXTRAPOLATION FOR ONE-SIDED WEIGHTS
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Abstract. The purpose of this paper is to prove that, given a dynamical system
X, M, u, 7)and 0 < g < 1, the Lorentz spaces Ll’q(,u) satisfy the so-called Return
Times Property for the Tail, contrary to what happens in the case g = 1. In fact, we
consider a more general case than in previous papers since we work with a o-finite
measure x4 and a transformation 7 which is only Cesaro bounded. The proof uses
the extrapolation theory of Rubio de Francia for one-sided weights. These results
are of independent interest and can be applied to many other situations.

1 Introduction

Initially, let us consider a finite dynamical system (X, M, u, 7); that is, a finite
measure space with an invertible measure-preserving transformation z on X. The
following result is usually referred to as Bourgain’s Return Times Theorem ([7],

[8D).

Theorem 1.1. Let (X, M, u, 1) be a finite dynamical system and f € L>®(u).
Then there exists Xo C X of full measure such that for all xy € Xy, all finite
dynamical systems (Y, C, v, S) and all g € L'(v), the sequence of averages

n—1

1 . .
Bug(y) =~ > f(Tx0)g(S"y)
i=0

converges for almost everyy € Y (v).

We say that L>°(u) satisfies RTT or simply write L>°(u) € RTT.
Theorem 1.1 gives no information in the case f € L'(u); however, it is known
that if the Return Times Theorem holds for f, then the so-called Return Times
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Property for the Tail holds for f; that is, for all xo € Xj, all dynamical systems
(Y, C, v, S) and all g € L'(v), the sequence

1
R.g(y) = ;f (7"x0)g(S"y)

converges to 0 for almost every y € Y (v). In this case, we say that f € RTP; and,
if X is a space such that f € RTP for every f € X, we say that X satisfies the RTP
or simply write X € RTP. In particular,

X € RTT implies X € RTP.

Using this necessary condition and the following result, it was proved in [5]
(see also [4]) that the Return Times Theorem does not hold, in general, for L'(u).

Theorem 1.2 ([3] Theorem 8). Let {c,} be a sequence of nonnegative num-
bers such that lim,_, o, ¢, = 0. Then, the following two statements are equivalent:
(a) sup, %#{k Tcp > %} < +00;
(b) for all finite dynamical systems (Y, C,v,S) and all g € L'(v), the sequence
c,8(S"y) converges to 0 for almost everyy € Y (v).

Now, it is known that given f € L'(u), the sequence ¢, = f(7"x)/n converges
to 0 a.e. x, and hence

1
f eRTP ifandonlyif Nf(x):=sup—-Nif(x) <+oco ae.x,
neN "

where, for a > 0,

k
Nof(x) :#{k >1: 'f(zx)l > oc}.

It was proved in [5] that if the measure space is nonatomic and the transforma-
tion is ergodic, there exists f € L!'(u) such that Nf(x) = +00 a.e.; consequently,
under the mentioned hypotheses, the Return Times Property for the Tail and the
Return Times Theorem do not hold for L' (x) functions; that is,

L'(u) ¢ RTP and L'(u) ¢ RTT.

The conclusion of our discussion is that the study of the finiteness of Nf is a key
point in the Return Times theorems.

The example in [5] shows that, in general, N does not map L!(x) into L"*°(u).
However, Assani [2] proved that N : Llog L(u) —> L'(u), where

! 1
Llog L(n) = {f: 11 z1og 200 =/0 fro(1+10g" Yar < oo}.



A COUNTING PROBLEM AND ONE-SIDED WEIGHTS 239

Recall that the decreasing rearrangement of f with respect to u is

fu@ =inf{y > 0: 2 (v) < 1},

with i?(y) = u({x : |f(x)| > y}) the distribution function of f with respect
to u. Hence Nf(x) < +oco a.e. x, for every f € LlogL(u); and therefore,
LlogL(u) € RTP. Some years later, Demeter and Quas [13] proved that
N : Lloglog L(¢t) — L"“*°(u), and hence

(1.1) Lloglog L(u) € RTP,

where

! 1
LlOglOgL(/l) = {f ”f”LloglogL(;z) =/0 f;(t)(l +10g+ 10g+ ;)dl‘ < OO}

Finally, it was observed in [13] that if X is an Orlicz (or Lorentz) space strictly
larger than Llogloglog L(x), then X ¢ RTP, and hence X ¢ RTT .

In this paper (see, e.g., Theorem 2.9), we weaken the previous assumptions
since we work with o-finite measures and 7 is an invertible measurable transfor-
mation Cesaro bounded in L!(x); that is, there exists C > 0 such that

1n—l )
P> red
n i=0

Let now O < p,q < oo and LP-9(u) be the Lorentz space defined as the space

sup
n>1

< Clf lprg-

Li(u)

of measurable functions such that

00 | p 1/q g [® ey 1/q
||f||uw<m=(q /O ¥ Aﬁ(y)vdy) =<p /0 fryitr dr) < oo

if ¢ < 00; and, if g = oo,
1f lroequy = supyAfm'P = sup '7 (1) < oo.
y>0 >0

Recall that, if g < r < 1, then L9 (u) c L (1) € L'(w).
Our goal is to study the Return Times Property for the Tail. Our main results,
Theorem 2.9 and Corollary 2.10, show that for every 0 < g < 1,

(1.2) LY9(u) € RTP.

In fact, we prove that if N*f(x) = sup,.,aN,f(x) (an operator bigger than N),
then N* : LY9(u) — LY*°(u) is a bounded operator. The interesting part of the
proof of this result is that it uses a new technique, developed in [10], and based
on the Rubio de Francia extrapolation theory. We need to extend this theory to the
case of one-sided weights and do so in Section 3.
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Remark 1.3. Let 4 be a non-atomic probability measure. If f is a measurable
function such that
X0,
(1 +log" 1)(1 +log* log* 1)3’

[ =

then f € Lloglog L(1t) \ Up<g<1L"9(x). On the other hand, L"%(x) is not embed-
ded in Lloglog L(x) since

A= sup Jo~ F0)( +log” logj /i)dz
" ( Jo f(t)qtq—ldt)
But it is known (see, e.g., [11]) that
A = sup Jo(1+log"log" {)dr _

/g
O<r<l1 (fo,« lq_ldl>

Therefore, (1.1) and (1.2) are independent results, since they provide nonrelated
metric spaces B such that B € RTP.

Finally, as is usual, we let |E| stand for the Lebesgue measure of the set £, and
if u is the measure du = u(x) dx, then /1? and f; are written % and f,’. Moreover,
if the measure is clearly understood, we simply write Ay and f*. If the set X
is the set of integers Z and the measure y is the counting measure, the Lorentz
spaces are denoted by £7-9; and if the measure on the integers is given by a density
u = {u,}qez then, we write €7-9(u). In this case, for a sequence a = {a, } ez,

q

[e%e] 17—1 . 1/q
||a||fp.q(u>=(q / ( 3 u) ¥~ dy)

{neZ:a,>y}

if g < oo; and if g = o0,

1/p
||a||£1%°<>(u)=Supy< Z un) .

¥>0 N neZia,>y}
By a positive constant C, we mean a constant independent of all important
parameters. The expression A < B indicates that there exists a constant C such
that A < CB, and A = B means that A < B and B < A.

2 A counting problem for Cesaro bounded transforma-
tions

From now on, (X, M, u) is a o-finite measure space and ¢ : X — X an in-
vertible measurable transformation whose inverse is measurable and (two-sided)-
nonsingular, i.e., #(E) = 0 if and only if u(z7'E) = 0. We emphasize that it
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is easy to adapt the proof in [3] of Theorem 1.2 to the case of o-finite measures,
while Theorem 1.1 may fail in this case; see [14].
Let us now consider the ergodic maximal operator

1 n—1 )
Mof (@) =supAulfIC), Auf =4 Y for.
nz i=0

We need the following result, which can be found in [23] and in [27].

Theorem 2.1. Let 1 < p < +o0o and assume that t is Cesaro bounded in
L2(p); that is, sup,y [1Auf s S Il for all f € LP(u). Then
(@ ifp =1,
||Mrf||L1~°°(ﬂ) S ”f”Ll(,u)’ forall f e Ll(ﬂ);

(b) if 1 <p < +o0,

IMcfllrg < Collfllrg,  forall fre LP(uw).

Definition 2.2. Let 1 < p < oco. An operator T is said to be of restricted
weak type (p, p) if there exists a constant C > 0 such that for all measurable sets
E,

| TxE ooy < Cu(E)P.
The least of all possible constants C is denoted by || T ||, es:-
The operator N* is closely related to the ergodic maximal operator since, if

A is a measurable set, then N*(ya) < M.(xa). Hence, using Theorem 2.1, we
immediately have the following result.

Corollary 2.3. Under the hypotheses of Theorem 2.1, N* is of restricted weak
type (p, p)-

Theorem 2.4. Let 1 < p < 400 and assume that t is Cesaro bounded in
LP(u). Then N* : [P (u) —> LP*°(u) is bounded with

* 4p|IN* I, res
IN M1y ooy < Tfrm'
Proof. Let f € L7!(u). For each integer number i, define

E ={x:2"" <|f(x)| <27},

and f; = fxg,. Since N* is sublinear on disjointly supported functions and mono-
tone,

N*f< > Nfi< > 2N*yg.

1=—00 1=—00
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Since p > 1 and N* is of restricted weak type (p, p),

IVl o
p p_pl,rest Z 21#(Ei)l/p

p
p—1

o0
D 2N e oo <

i=—00

4P * = 2 . 1/p
< IN*lpiess D | sl L Q1> )7

INFllpooquy <

i=—00

p—1

4PIIN* I,
= = g,

and the result follows. (]

Remark 2.5. If 1 < p < oo and 7 is an invertible measurable transformation
which is Cesaro bounded in L”(u), then it is Cesaro bounded in LP~¢(u) for some
g,0 <e <p—1;see[23] and [27].

Using Remark 2.5, Theorem 2.4 and Marcinkiewicz’s interpolation theorem
(adapted to sublinear operators on disjointly supported functions), one can easily
prove the boundedness on LP(u).

Theorem 2.6. Let 1 < p < 400 and assume that t is Cesaro bounded in
LP(u). Then N* : LP(u) —> LP(u) is bounded.

As mentioned in the introduction, we already know that N* does not map L' (x)
into L»*°(u). However, we can prove some boundedness result on L“9(u) for
every 0 < g < 1. To this end, we first need to assume a claim and then prove a
proposition.

Consider the continuous version of the operator N* defined by

{y>0:|f(xy+y)|>a}

and recall the definition of the one-sided weights u € A7: a locally integrable
positive function u belongs to A7 if there exists C > 0 such that M ~u(x) < Cu(x),

N*f(x) =supa

a>0

b

a.e. x, where
_ 1/~
M@ =sup [ 17la:
h>0 x—h
we denote by [|u||; the infimum of such constants.
Claim. Let0 < g < 1 and u € A}. Then
(2.1) N*¢: LMy — LY(u)

is bounded with a constant less than or equal to Cyl|ul| a1, for some constant Cy >
0 depending only on q.
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Section 3 is devoted to the proof of this claim.

Let us now take the dynamical system (X, M, u, ), where X = 7Z is the set of
the integers, M = P(X), u is the counting measure (¢ (E) =#(E)) and 7(i) =i+ 1.
The counting function N* associated to this dynamical system is denoted by
N*4: that is, if f is a function defined on the integers,

|+ k

N*f () = Supa#{k N VA1 a}.

a>0 k

A weight w € A7(Z) is a nonnegative function on the integers such that
n—1

1
(2:2) m~w(j) =sup~> w(j —1i) < Cu(j)
i =0

n>1
for all j € Z, where C is a positive constant independent of j and
lwllazz) =inf{C > 0; (2.2) holds}.

Remark 2.7. Let w be a nonnegative function on Z. Define W : R — R by
W(x) = w([x]), where [x] is the integer part of x. It is easy to see that w € A7(Z) if
and only if W € AT and ||w|lazz) = W |la:.

Now, assuming the claim and using a discretization argument, we can prove
the following result.

Proposition 2.8. Let0 < g < 1 and let w € AT(Z). Then N*¢ : {%9(w) —
£1°°(w) is bounded with constant Cyllwllar@), for some constant C,; > 0 depend-
ing only on q.

Proof. Let f : Z — R* and define F : R —» R by F(x) = f([x]). Observe
thatifa < f(i+k)/k,xe (i,i+1)andz € (i +k,i +k + 1), then

fG+k) F@) Fx+z—x)z—x
a < = =

k k Z—Xx k
- Fx+z—x)k+1 - 2F(x+z—x)'
- z—Xx kK~ Z—X

Consequently,

Z—Xx 2

U (i+k,i+k+1)c{z>x

Fx+z—x) a}
— > ,
{kzl:@wx}

which implies

#{kzl:f(i+k)>a}§‘{y>0:F(x+y)>a};
k y 2
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and thus, N*9 f(i) < 2N*°F(x) for all x € (i, i + 1). It follows that
IN*F vy < 2IN™F [[ooqw)-
By Remark 2.7 and the claim, we obtain
IN*? flleroeiwy S CollWllas IF Nl raqwy = Callwllaz@y L f levaquys

as we wanted to prove. (Il

We are now ready to formulate and prove our first main result via a classical
transference argument.

Theorem 2.9. Let 0 < g < 1 and assume that t is Cesaro bounded in L' (u).
Then N* : LY9(u) —> L“*(u) is bounded.

Proof. It suffices to prove the theorem for nonnegative measurable functions.
Since 7 is two-sided nonsingular, by the Radon-Nikodym theorem (see [27]), there
exists a family of nonnegative measurable functions { J;(x)};ez such that J;, ;(x) =
Ji(tix)J ;(x); and for all nonnegative measurable functions f,

[ fau = [ £ nneduo.
X X
Furthermore, it is known [27] that

(2.3) h(i) = J;(x) € A{(Z), ae.x, and ||Allazz) < sup Al )-

Fix a natural number L and consider

Dl a}

(No)Lf (x) =#{1 <k<L: .

and the truncated operator Ny f(x) = sup,.qo(Ng)Lf(x). Then fix a nonnegative
measurable function f. For any x € X, let f* be the function defined on Z by
f*i@) =f(r'x). Letn e Nand 1 > 0. If 0; 1 = {x: N} f(x) > 1}, then

1 - ;
10 = g [ 23 o0, GO duco).
i=0

It is easy to see that if )(OM(T"x) =1(0 < i < n), then N*’d(fx)([ojn%])(i) > A
Then for all x,

2" 50, (T0h(G) < A > hy(i)

i=0 [N (f* 10,02 (D)> 2}

d
< IN*“(f* xro,neD) l 21001y -



A COUNTING PROBLEM AND ONE-SIDED WEIGHTS 245

Since, by (2.3), for a.e. x € X, the functions i, € A}(Z) with a uniform constant,
Proposition 2.8 gives C, > 0 such that

.d
IN*C(f* o) ey < Coll £ x10.m11 Loy a-e. x.
Therefore,

C X
10:) = 220 [ 1P ol du o)

q 1/q

o0 d
=niql/x q/o t Z hy (i) Tt du(x).

{i€[0,n+L]:f(i)}>1

Applying Minkowski’s integral inequality, we obtain

q
S [Cel X moaww) §

{ie[0,n+L]:f*(i)>1}

C n+L . q dt
= (/ (Z/Xﬂ”))t} x(wdu(x)) ;>

1 L+1 1/q
=yt (/ (tufx s f) > 1)) )

n+L+1
= anT ||f||L"‘1(/z)-

1/q

Au(0, ) <
n

1/q9

Letting n — 400 and then L — +00, we obtain the desired result. (Il

The final result of this section is our second main result.

Corollary 2.10. Under the hypotheses of Theorem 2.9, L*9(u) € RTP.

Proof. The proof follows easily since for every f € L' (u),0 < g < 1,

lim f(@x) =0, a.e.ux,
n— o0 n
because the averages converge a.e.; see [23] and [27]. ]

With a similar argument we also obtain the following result.
Corollary 2.11. Under the hypotheses of Theorem 2.6, LP(u) € RTP.
3 Extrapolation for one-sided weights

The purpose of this section is to prove the claim stated in the previous section.
However, the results obtained here are of independent interest and can be applied
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to many other situations. The main idea is to obtain (2.1) for every u € A7, using
the Rubio de Francia extrapolation argument recently developed in [10] adapted
to the case of one-sided weights. We emphasize that we give only the proofs of
those results which do not easily follow in the same way as in the two-sided case.

3.1 Omnme-sided weights. As mentioned in the previous section, by a weight,
we mean a locally integrable function w > 0. The good weights for the clas-
sical Hardy-Littlewood maximal operator M are the weights in the classes A, of
Muckenhoupt [25]. One-sided weights are the good weights for one-sided op-
erators like the one-sided Hardy-Littlewood maximal functions, defined in R for
locally integrable functions f by

x+h X
Mo =supy [ and mso =swps [
h>0 1 Jx h>0 M Jx—h

In general, a one-sided operator T (respectively, 77) in R is an operator such
that the value of T f(x) (respectively, T~ f (x)) depends only on the values of f in
[x, 00) (respectively, (—oo, x]); for examples of one-sided operators, see [1], [6],
[16], [18], [19], [20], [29]. There are many classical operators in Real Analysis
that are one-sided operators for which the class of weights is wider than the one of
Muckenhoupt.

The one-sided A, weights, 1 < p < oo, were introduced by E. Sawyer [28] and
are defined as follows. We say that w € AY, p > 1, if

1 X 1 x+h . r—1
|lwl|a+ = sup </ w) </ w_ﬂ—') < 00;
i h>0 h x—h h X

A7 is defined as in Section 2. The following results about these weights can be
found in [28] and [22].
1. The operator M™* is of weak type (1, 1) with respect to w if and only if
w e A7

2. The operator M* is a bounded operator on L”(w), p > 1, if and only if
weA;.
3. IfM~f < ocoae., then M~ f)° e A7 forevery0 < 0 < 1 and ||(M‘f)‘5||AT <
Cs5.
4. Factorization: w € AJ if an only if w = uou%_p for some uy € A} and
up € Al_
Of course, there are similar definitions and theorems for A, obtained by reversing
the orientation of R. All the results that we state in this section have a correspond-

ing result for a reversed orientation of the real line.
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Remarks 3.1. i) Unlike the two-sided case, f not identically O does not imply
M*f > 0 a.e.; therefore, one-sided weights can be 0 in a set of positive measure.
Here we are adopting the usual conventions co -t =¢- 00 = 00, for 0 < ¢ < o0,
0-00=00:-0=0,00"! =0and 07! = o0.

1) It follows from the definitions that if w € A;;, there exist —o0 < a <
b < oo such that w = 0 in (—00,a), w = oo in (b,00), 0 < w < oo in (a, b),

w € L}, (a,b) and, if 1 < p < oo, w'™? e L} (a,b), where p' = oL is the

loc -1

dual exponent of p; see [15]. Thus, when working with one-sided weights, we can
assume without loss of generality that (a, b) = R.

There is a vast amount of work dealing with one-sided weights and one-sided
operators, extending the results for the standard cases to the one-sided case. Most
of the time, this involves significant technical difficulties.

In this section, we extend the results in [10] to the setting of one-sided weights.
We use them to prove the claim in Section 2. Other extrapolation results for one-
sided weights can be found in [12], [21], [17], [9].

3.2 Restricted weak-type extrapolation.

Definition 3.2. Let1 < p < co. We say that a weight w € Aff’* if there exists
a constant C > 0 such that for any three numbers ¢ < b < ¢ and any measurable
set E C (b, ¢),
|E|

c—da

P
w((a, b)) < ) < Cw(E);

we denote by [|w||,»+ the infimum of these constants.
5

It is easy to see that to check this condition, it suffices to check the condition
only fora < b < ¢ such that b — a = ¢ — b (the constant appearing is 2C). The
following result gives a characterization of the class AI‘?’*.

Lemma 3.3 ([26, Lemma 3]). Let 1 < p < +o00. Then w € Af}* if and only
if

-1
b @) L1 oy 107 X, 00 | 1700 ) oo

a<b<c c—a
Theorem 3.4 ([24]). Let 1 < p < co and let u be a weight. Then
M* 1P () — L7°°(u)

is bounded if and only if u € Ag“. Furthermore, if 1 <p < 00,

@ = DIM gy oy S Nullyze < 1M 6o poo0:
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and, ifp =1,

1M Ly Loy = el A

Following the same steps as in the two-sided case, it is easy to see that the
following result also holds.

Proposition 3.5. For every ¢ > 0,

L/p

Ay CAYT C AL, and lulyxe < Null

pte

3.3 Construction of AY-* weights.

Lemma 3.6. Suppose 0 < M*f(x) < oo a.e. Let a < ¢ < d be such that
d—c=c—a. Ifg = fxuc there exists K, 0 < K < +oo, such that K/2 <
M*g(x) < K forall x € (a, ¢).

Proof. Let f > 0. Letx,y € (a,¢), x < yand h > 0. Then

1 d+h 1 d+h
< <M* .
h+d—x/d f_h+d—y/d f=Ms0)

It follows that M*g(x) < M*g(y). Analogously,

1 d+h h+d—x d+h h+d—
- - < M+
nrd—y ), T Shva—y h+d—x/ Fsva= M@
_ y—X + +
= (1 )M s = (1+ —c)M 80
=2M"*g(x).

Therefore, M*g(y) < 2M*g(x). Taking K = sup, . M*g(x), we have the
result. g

The following results (Theorem 3.7 and Corollary 3.8) are proved in a com-
pletely different way from the two-sided case.

Theorem 3.7. Let 1 < p < +00. Let f be a measurable function. Then
w=M*f)l"re Ag%,+’ with constant independent of f.

Proof. We may assume that 0 < M*f(x) < oo a.e.; otherwise, we have to
work only in the interval where 0 < M™* f(x) < co. By Lemma 3.3, it suffices to
prove that there exists C > 0 such that foralla < b < cand for all r > 0,

b 1/p L/p
(/ w) t(/ w) < C(c —a).
a {xe(b,c):w=(x)>1}
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Leta < b < candd be such that d —c = ¢c—a. Consider K and g as in Lemma 3.6.

Then w < (M*g)' P since g < f.
If0 <t < (2K)~!, then

b 1/p 1/p'
1
</a w) </{xe(b,c):w—1(x)>t} w)
b I/p 1/p
M* 1-p M 1—!7)
=1 </u ( g) ) </xe(b,c)( g)
b L/p 1/p
K/2 “P) ( K/2 ‘—P>
t</u( /2) /xe(b,@( /2)

1(K/2)' 7P (b — a)'/P(c — b)'V
QKY YK/ P (c —a) =47 (c — a).

IN

IA

A

If t > (2K)*~!, then for all x € (b, ¢),

M f(x) < M (fxp,a)®) + M gx) < M*(fxp.a)x) +K
tl/@—l)

2

< M*(fxw.a)X) +
Therefore,

{(xe®,0):w'x)>1) = {x e, c): M f(x) > tl/(p—l)}

c {x e b, o) M (frpa)®y " > Zpt_l } .

Since M* is of weak type (1, 1) with respect to Lebesgue measure,

1/p 1/p'
l(/ w> <t / w
{xe(b,0):w™1(x)>1} {Xe(b50)3(M+(f)((b,d))(x))p_l>;}

or—1

1/p
<P t/ M*(frwa)' ™
{xe@.rmrvap@r-> 55 }

21”1
1/p’
< P < 2p—1>

Ry 2 AN N
=2 Py p<ll/(l’—1)/b f) =P (/b f) .

/(p=1)
{re oM Gromm ="}
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Consequently,

b 1/p 1/p' b 1/p d 1/p'
(L) o) = ([ =) ([ )
a {xe(b,c):w=1(x)>1} a b

b 1/p
<2 ( / w(M+f)”‘l> d—a)'”

=271 (b — )P (2(c — )P < 2P7VP(c — a).

Corollary 3.8. Let f be a measurable function. Let 1 < p < oo. If u € A7,
then w =(M*f)'Pu e A;“ and

1
lwllyze S Null -

Proof. As before, we may assume that 0 < M* f(x) < oo a.e. Leta <b < c,
and let E C (b, ¢) be a measurable set. For x € (a, b), consider the decreasing
sequence {z,} defined by

20 =6,
X+ 2
) >

n e N,

In+l =

For a € (0, 1), (M™* f)* € AT, with constant depending only on a. Then, for every
neN,

3.1) / M < MY ) < COMT P ).

n+yl — X

Now, from Holder’s inequality, we get that for every g > 1,

Zn+l Zn+1 q—1
G =0 = ([Tt ) ([T ey

Therefore,

n+ q
Zan+l - X < ( 1 /Z ](M+f)—a/(q—l)>
[ s = \aw —x

Takeg =1+ p%l. Then the last inequality and (3.1) give

a

1 Zn+l p—1
CM ()™ < ( / e f)“f’> .
n+l — X Jx
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Raising to the power Z— o> > 0, using that M*H'=P e AR *with x < zp41 < 2z
and E, = E N (Zu41, Zn), and taking into account that z, — x = 2(z, — Zu41) and
Zn+l — X = Zn — Zn+1, WE get

—p 1/p
(M*£(x)) 7 |En| < 2C(20 — 20e)?™ 0P ( / (M+f)1"’) .
Ell

Summing in n € N and using Holder’s inequality with exponents (p’, p), we obtain

M*f) T IE] = (MY f) TS IE,|

n=0

00 @P-D/p s 0o 1/p
S C <Z(Zn - Zn+l)> (Z/ (M+f)1_p>
n=0 =0 7 En
1/p
= ce=or (o)
E

Therefore,
(3.2) M*f)'PIEP < C(c —a)’™! /(M+f)1_p
E

for almost every x € (a, b). Now, since u € A7,

1 b 1 Y
| wwar < [ ueode < M) < gy

for almost every y € E. Then, multiplying in (3.2) by u(x) and integrating in (a, b),
we get

b 1 b
EP / (M* £ Pu(d < Cle = af —— / u(x)dx /E (M* )P ()dy

a

< Nullas(c — ay’ /E M* )P (),

e, w=M*f)""PueAr O

We now define the class of weights that we use to extrapolate.

Definition 3.9. Let1 < p < co. We say that a weight w belongs to ;\\* if there
exist f € L} . and u € AT such that w = (M* £)!"Pu, with lwlz, = 1nf||u||1/”.

By Corollary 3.8, A C A%+ and Il yz < Nwli,-

The following dlStI'lbuthIl inequality is used in the proof of our first extrap-
olation result. Its proof follows exactly the same pattern as that of [10, Proposi-
tion 2.10], and we omit it.
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Proposition 3.10. Letr u be a weight, f and g nonnegative functions, y > 0
and 1 < p < po. Then

0
20) = Ky )4 70 (M Y u)dx.
W Jxgo>y)

Now we state the extrapolation result, which also follows the same pattern as
the two-sided case.

Theorem 3.11. Let T be an operator such that
I 0wy < @po (10117 IS llro10)

A+ . . . .
Jor some po > 1 and every v € A} , where Ppo Is an increasing function on (0, 00).
Then, for every 1 < p < pg and every v € A;,

1—
1T ey < ClRI" @po(CHOIEPF N ooy
14 14

In particular, T is of restricted weak-type (p, p) with respect to v.

4 Proof of the Claim

Using Theorem 3.4 and the fact that N*¢yr = M* yg, and arguing as in the proof
of Theorem 2.4, we easily have that for every 1 < p < +0o0 and every u € Aff’*,
N*¢: [P\ (u) —> [P*®°(u) is bounded with

ol

p—1"

NNty rooy S

hence, by Theorem 3.11, we finally obtain (2.1).

Remark 4.1. If T is a quasi-sub-linear operator which satisfies the same hy-
pothesis of Theorem 3.11, we also get that it is possible to extrapolate up to a space
quite near to L'(u), foru e At. Namely, for every ¢ > O,

1T Laogryao < CUF N ooy

with constant C < Ljju|| j\;l/”ogp,,o(uuu }{TI’O), where the spaces L(log L)*(x) and

~ g

L;>°(u) are defined by the conditions

oo N 1 &€
Lf 1l Laog Lz ) =/0 ) (1 +log* t> dr < oo,

1/l 0y = SUP 1£:(2) < o0,

0<z<1

respectively. The proof of this fact follows the same pattern as in [10].
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