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Abstract. A number of results are proved concerning non-real zeros of deriv-
atives of real and strictly non-real meromorphic functions in the plane.

1 Introduction

If f is a non-constant meromorphic function in the plane, then so is the function
g(2) = f(z) = f(2). Here f is called real if g = f and strictly non-real if g/f is
non-constant. If f and g = f have zeros and poles at the same points with the
same multiplicities, which certainly is the case if all zeros and poles of f are real,
then g/ f has no zeros and poles and has modulus 1 on R, and so f = ¢ f, where
h is a real entire function.

There has been extensive research into the existence of non-real zeros of deriv-
atives of real entire or meromorphic functions [2, 3, 5, 19, 20, 28, 32, 33, 37, 46,
48], but rather less in the strictly non-real case. Meromorphic functions which, to-
gether with all their derivatives, have only real zeros were classified in [24, 25, 26].
The only other general result treating the strictly non-real case appears to be the
following theorem from [18].

Theorem 1.1 ([18, Theorem 1]). Let f be a strictly non-real meromorphic
function in the plane with only real poles, such that f, f' and f” have only real
zeros. Then f has one of the following forms:

(M f(z) = A

(D) f(2) = A (el — 1);
(D) f(z) = Aexp(exp(i(cz +d)));
(V) f(z) =Aexp [K(i(cz+d) — exp(i(cz +d)))];

(V) f(2) = (Aexp[—2i(cz+d) — 2exp(2i(cz+d))])/ sin*(cz + d);
(VD f(2) =A/[=D — 1],
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Here A, B € C, while ¢, d and K are real with K < —1/4.

In the last example (VI), it is easy to verify that f is strictly non-real but f” is
not, while f and g = f have no zeros and the same poles, and £ and g™ have
the same zeros for all m > 1. Moreover, f’ has no zeros, and f” has only real
zeros; but if m > 3, then £ has infinitely many non-real zeros by [33, Lem-
ma 3.1]. We prove the following theorem and use standard terminology from [14].

Theorem 1.2. Let f be a strictly non-real meromorphic function in the plane,
and assume that
(1) f has finitely many zeros,
(i1) f has finitely many non-real poles,
(iii) £ has finitely many non-real zeros for some m > 2.

Then the Nevanlinna characteristic of f'/f satisfies
(1.1 T(r,f'/f) =0(rlogr) asr— oo.

If, in addition, f has finite order, then one of the following two conclusions
holds:

(1.2) f =R for some rational function R, and polynomial Py;

(1.3) m =2 and f(z) = A(Az+ 1)/[U;(z)e"Br#82) — 1],

where A € C, while U, is a rational function with |Uy(x)| = 1 for all x € R, and
Ay, By, By are real numbers with By # 0.
Conversely, if f is as in (1.3), then f satisfies (1), (i1) and (iii) with m = 2.

For example, if g(z) = z/(e”> — 1), then all but finitely many zeros of g” are real
by Theorem 1.2 (see also Lemma 2.5(II) below), but it is easy to check that g’ has
infinitely many non-real zeros. Obviously, if f is transcendental and is given by
(1.2), then every derivative of f has finitely many zeros. Examples (III), (IV), and
(V) arising from Theorem 1.1 show that (1.1) is not far from being sharp and that,
at least for m = 2, the hypothesis that f has finite order is not redundant in the
second assertion of Theorem 1.2. Note that the analogous problem when f is real
was treated, but again not fully solved, in [20, 35, 37, 46].

The next result deals with strictly non-real meromorphic functions f* with only
real zeros and poles and such that f”/f is real. Such functions do exist, but the
following theorem shows that, except in one trivial case, the second derivative has
at least one non-real zero.
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Theorem 1.3. Let f be a strictly non-real transcendental meromorphic func-
tion in the plane with finitely many zeros and poles in C\ R, and assume that "/ f
is real. Then

P
(1.4) = +ip, 7
where g = fand p is real and meromorphic in the plane, with finitely many poles,
none of them real, and finitely many non-real zeros. Furthermore, f has finitely
many zeros.

If, in addition, " has finitely many non-real zeros, then f satisfies (1.2): in
particular, if all zeros and poles of f and f" are real, then f(z) = Ae?, where
A,B € Cand B is real.

It follows from (1.4) that a zero of § is a pole of f and hence of f”/f, while
a pole of f is a zero of f or fN; thus, if f has only real zeros and f”/f is en-
tire, then £ has neither zeros nor poles, and so Theorem 1.3 contains [19, Theo-
rem 5]. Observe further that if £ is a real entire function with real zeros, all of
even multiplicity, then (1.4) defines a strictly non-real meromorphic function f
with real poles and no zeros, such that f”/f is real.

Corollary 1.1. Let H be a non-constant real meromorphic function in the
plane with only real zeros and poles. Then any strictly non-real meromorphic
solution in the plane of the equation w” + Hw = 0 has at least one non-real zero.

Corollary 1.1 follows at once from the last part of Theorem 1.3, since any pole
of a meromorphic solution of w” + Hw = 0 is automatically a pole of H. The
assertion of Corollary 1.1 is not valid for real solutions, as the example w = tanz,
H(z) = —2sec? z immediately shows.

The next two main results of this paper deal with the case of real functions. It is
known [3, 48] that if f is a real transcendental entire function, then f and f” have
only real zeros if and only if f belongs to the Laguerre-P6lya class LP, consisting
of all entire functions which are locally uniform limits of real polynomials with
real zeros, in which case all derivatives of f have only real zeros. For the real
meromorphic case, the following was conjectured in [19].

Conjecture 1.1 ([19]). Let f be a real transcendental meromorphic function
in the plane with at least one pole, and assume that all zeros and poles of f, f” and
f” are real, and that all poles of f are simple. Then

(1.5) f(@ =Ctan(az+b)+Dz+E, a,b,C,D,E e€R.
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Without the condition that f has only simple poles, there are further examples
for which f, f’ and f” have only real zeros and poles, such as (2 + tanz)? (see
[42]), as well as a substantial collection whose existence is established by [23,
Theorem 5]. While Conjecture 1.1 appears to be difficult to resolve in general,
results proved in [19, 27], and refined further in [33, 34, 44], show in particular
that the conjecture is true, subject to the additional hypothesis that /' omits some
finite value, as is the case for the functions in (1.5).

Theorems 1.4 and 1.5 below will resolve two further special cases of Conjec-
ture 1.1, each of them linked to functions of the form (1.5). Consider first a real
transcendental meromorphic function f in the plane which maps the open upper
half-plane H™* into itself; of course, f maps the open lower half-plane H~ into
itself. Such a function f has only real zeros and poles, all necessarily simple, and
by a theorem of Chebotarev [39, Ch. VII, p.310, Theorem 2], has a representation

d 1 1
f(z)=Az+B—Z+ZAk< —),

ar —2  ag

(1.6)

2

A
BeR, a e€R\{0}, A,d A €]0,0c0), E—<oo.
aj

A well known example is f(z) = tanz. Conversely, any function f given by an
expansion (1.6) is real and maps H™ into itself. This class is closely linked to the
Laguerre-Pélya class because if g € LP, then f = —g’/g either is constant or
satisfies (1.6); see [39, 48].

Theorem 1.4. Let f be a transcendental meromorphic function in the plane
given by a series expansion (1.6). If m > 3, then ™ has infinitely many non-real
zeros. If f” has only real zeros, then f satisfies (1.5).

If f” has finitely many non-real zeros, then

R(z)e* — 1

(17) f(Z):AZ+B+m,

where A > 0, B € R, ¢ € (0,00), A € H*, and R is a rational function with all its
zeros in H* and all its poles in H~, and with |R(x)| = 1 for all x € R.

Conversely, if f is given by (1.7) with R and the coefficients as in the last con-
clusion of Theorem 1.4, then f maps H™ into itself, and all but finitely many zeros
of f” are real by [33, Lemma 3.2]. The next result in the direction of Conjec-
ture 1.1 concerns the case where zeros of f” are zeros of f, as holds, for example,
when f(z) =z —tanz.
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Theorem 1.5. Let f be a real transcendental meromorphic function in the
plane such that
(a) all but finitely many zeros and poles of f and [’ are real,
(b) all but finitely many zeros of f” are zeros of f/,
(c) the poles of f have bounded multiplicities,
(d) either f has finitely many multiple poles or f has finitely many simple poles.
Then f satisfies either (1.2) or (1.5).

It would clearly be preferable to know whether Theorem 1.5 holds without
hypotheses (c) and (d), but the present method does not deliver this; and in par-
ticular, it seems difficult to exclude the possibility that f has simple poles inter-
spersed with double poles. Of course, hypothesis (d) automatically holds if f is
as in Conjecture 1.1, or is itself the derivative of a meromorphic function in the
plane. Note that [23, Theorem 5] gives rise to the example

1
f@ = 3 tan®z —tanz, f'(z) =tan*z—1, f"(z) =4tan®zsec’z,

for which f, f’, and f” have only real zeros and poles. Here zeros of f” are zeros
of f’ + 1, rather than of f’, and f does not satisfy (1.5). A key ingredient in the
proof of Theorem 1.5 is showing that f has finite order, so that the following result
from [38] becomes relevant.

Theorem 1.6 ([38, Theorem 3]). Let f be a meromorphic function in the
plane with the following properties:
(1) f has finite lower order;

(ii) the zeros of ' have bounded multiplicities;

(iii) all but finitely many zeros of f” are zeros of f';

(iv) there exists M € (0, +00) such that if { is a pole of f of multiplicity m, then
meg <M+ |C|M;

(V) there exist positive real numbers k and Ry such that if 7 is a zero of f” with
|zI = Ro, then |f(z) — az| > k|z| for all finite non-zero asymptotic values a
of f'.

Then " = Re® with R a rational function and P a polynomial.

Hypotheses (i) and (v) are not redundant in Theorem 1.6, as shown by f(z) =
z —tan z and examples given in [31]. The proof of Theorem 1.5 also relies heavily
on the next result.

Theorem 1.7. Let n > 2 be an integer, and let f be a meromorphic function
of finite lower order in the plane, with infinitely many poles, such that
(i) all but finitely many zeros and poles of ' have multiplicity n,
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(ii) all but finitely many zeros of " are zeros of f’.
Then there exist a, b, C, A € C such that

yl eaz+b _

(1.8) f’(z):c< 11), aC #0, A"=1, 1 #1.

eaztb

Furthermore, there does not exist a meromorphic function h in the plane with
W= f.

In the converse direction, it follows from Lemma 8.1 below that the function
in (1.8) is indeed the derivative of a meromorphic function of finite order in the
plane.

It is worth noting that Theorem 1.7 fails completely for infinite lower order,
as shown by the following example based on the Mittag-Leffler theorem, which
is similar to Shen’s construction of Bank-Laine functions with prescribed zeros
[49]. Let n > 2 be an integer, let (a;) be any complex sequence which tends to co
without repetition, and for each k let by = +n. Let G be an entire function with
a simple zero at each a; and no other zeros. Applying the Mittag-Leffler theorem
then gives an entire function H such that, for each k,

—a
G === Ky o(z = a™) asz— a.
k

Next, a meromorphic function g in the plane is determined by the formula g/g’ =
Ge'l. This gives, for each k, as 7 = «a,

§@ _ b
8(z) z—a

+0(z—a"™), g@) =@z—a)*(Ci+O0(z—al"), Cr e C\{0}.

Since g’/g has no zeros by construction, the formula f’ = g now defines a mer-
omorphic function f in the plane satisfying all the hypotheses of Theorem 1.7
except for that of finite lower order, and each a; is a zero or pole of f’, depending
on the sign of b;. Moreover, g is in fact the (n — 1)’th derivative of a meromorphic
function in the plane.

2 Preliminaries

We require the following theorem.

Theorem 2.1 ([9, 29]). Let f be a meromorphic function in the plane with
finitely many zeros but not of the form (1.2). Then f has infinitely many zeros
for everym > 2.

Lemma 2.1. Let f be a non-constant meromorphic function in the plane
which satisfies at least one of the following two conditions:
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(a) f and f” have finitely many non-real zeros and poles;
(b) f and ™ have finitely many non-real zeros, for some m > 3.
Then the Tsuji characteristic Ty(r, f'/[f) in the upper half-plane satisfies

2.1 To(r, f'/f) =O(logr) asr— oo.

Proof. For details of the Tsuji characteristic, see [12, 52].
Case (a) is proved exactly as in [3, Lemma 2.3], by writing

f oo T
I -1 -
A (D

so that F and F’ — 1 have finitely many non-real zeros, and (2.1) follows from the

F =

method of Hayman'’s alternative [14, Theorem 3.5, p.60].
In case (b), the result is proved via Frank’s method [4, 9] coupled with the Tsuji
characteristic. U

Lemma 2.2. Let H be a non-constant meromorphic function in the plane,
and let G(z) = H(2).
(a) If the Tsuji characteristics of H and G have growth given by

To(,H)+ Ty (r, G) =0O(logr) asr — oo,

then the Nevanlinna proximity function m(r, H) satisfies

o0 H log R
2.2) / Mdr =0 ( oi ) as R — oo.
R

73

(b) If H satisfies (2.2) and N(r,H) = O(rlogr) as r — oo, then T(r,H) =
O(rlogr) asr — oc.

(c) IfH = éX, where k is an entire function, and (2.2) holds, then k is a polyno-
mial of degree 1.

Proof. Applying a lemma of Levin-Ostrovskii [3, 12, 40] to H and G gives,

as R — oo,
/ m(r, H) / /” log* |H (re'?)| + log* |G(relf’)|
R 73 r3
S/ To(",H)+To(V,G)dr:0 logR ,
R r2 R

which proves (2.2). If H is as in (b) then (2.2) holds with m(r, H) replaced by
T (r, H), and the remaining assertions follow from the monotonicity of 7'(r, H). O
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Lemma 2.3. Let S be a rational function with |S(x)| = 1 for all real x, and
let a and b be real numbers, with a # 0. Then all but finitely many solutions of
S(2)e' @) =1 are real.

Proof. This can be deduced from [44, Lemma 6], but the proof is included for
completeness. Assume that S(co) = 1 = a and b = 0, and write g(z) = S(z)e”* =
€“*¢@ in which the principal logarithm log S(z) = i¢(z) tends to 0 as z — oo,
and ¢(x) € R for real x with |x| large. Denote by Nyg the counting function of
the non-real 1-points of g. If m € Z with |m| large, then the Intermediate Value
Theorem gives a solution of the equation x+¢(x) = 2mz in (2m — 1)z, 2m+1)x).
Applying Nevanlinna’s first fundamental theorem now yields, as r — oo,

~ — O(logr) + Nye(r) < N(1 1,9) < T(r,)+ O(1) < —+ O(logr).
T T

Lemma 2.4. Let f and g be meromorphic functions in the plane such that f,
g and W = g/ f are all non-constant. Assume further that

(m) (m)
(2.3) S8

S g

for some integer m > 2. If m is odd, then every pole of f is a zero or pole of W. If
m is even, then at a pole of f of multiplicity p which is neither a zero nor a pole of
W, the function W’ has a zero of multiplicity 2p + m — 2, and

2.4) 2No(r, )+ (m — 2)No(r, f) < N(r, W/ W),

in which Ng and N o count only those poles of f which are neither zeros nor poles
of W.

Proof. Take a pole zp of f of multiplicity p which is neither a zero nor a pole
of W; it may be assumed without loss of generality that zy = 0. Then there exist a
and g in C \ {0} and a positive integer g such that, as z — 0,

f@ ~az?, V(=W — W(QO) ~ p.
The coefficient of z77*9~" in the Laurent series of U = (fV)™ — f™V near 0 is
afl(=p+q)---(=p+q—m+1)—(=p)---(=p—m+1)].
But (2.3) implies that U vanishes identically, so that

p---p+m—-—1)=r---(r+m-—1),
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where r =p — q. Now r > 0 is impossible, since r < p, whiler <0 <r+m — 1
makes the right-hand side vanish. Thus s = —(r + m — 1) > 0, and

(=D"s---(s+m—1)=p---(p+m—1),

which forcesmtobeevenandp =s = —(r+m —1) = —(p — g+ m — 1), so that
qg=2p+m—1. (]

Lemma 2.4 may be applied, in particular, if f is a strictly non-real meromor-
phic function in the plane with finitely many non-real zeros and poles and such
that £/ f is real for some integer m > 2: to see this, take g(z) = f(z) = f(2). If
m is odd, it follows that f has finitely many poles, while if m is even, then (2.4)
yields

2N (1, f)+(m =2)N(r, ) < T(r, W'/W) + O(log r) < 2m(r, f'/f) + O(log ),
as is the case for m = 2 and the examples mentioned following Theorem 1.3.

Lemma 2.5. Let T be a rational function with |T (x)| = 1 for all real x, let
K =£ 0 be a polynomial, and let a and b be real numbers with a # 0. Let

K(z)

f(@) =K(@F(z) = T @b —1°

(I) For each m > 3, the function ™ has infinitely many non-real zeros.
(D) If; in addition, K has degree at most 1, then all but finitely many zeros of f”
are real if and only if L = K' /K is real.

Proof. It may be assumed thata =1, b =0, and 7' (co) = 1. For |z| large and
¢ € C, write

K
U@@) =iz+1ogT(z), f(2)= eﬂ@%

HQ) =
using the principal branch of the logarithm.

Part (I) is similar to [33, Lemma 3.2]. Let m > 3, denote positive constants by
c;j, and let w be a non-real zero of H (m)the existence of which is assured by [33,
Lemma 3.1]. Take a small positive ¢ such that |[H"(z)| > ¢, and |[HV(2)| < ¢
forO < j <mand? < |z— w| < 3¢. Now let n be a large positive integer, and let
t <|z—w—2rn| <3t. Thencz < |e° — 1| < ¢4 and

1 1 _1+o(1)

F(z)= =— =— =—
@ V@D —1 ez(l+o(l)—1 ez—1+o0(l) e2—1

=H(z) + o(1).
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For |z — w — 2zn| = 2t, applying Cauchy’s estimate for derivatives yields

FP®() =HP(2)+0o(1) =0(1) for0 < j <m,
f™M@) =K@QF"™ () +- -+ K" ()F(2)
= K@)F "™ (z) + o(1)K (z) = K(2)H ™ (2)(1 + o(1)).
Since w + 2xn is a zero of H™, the assertion of part (I) now follows at once from

Rouché’s theorem.
To prove part (IT), assume that K’ is constant, and write f” = 2K'F’+ KF" and

Y =1 =YK WU —KU" —=2K'U") + Y (K(U')* + KU" +2K'U")

(2.5) =eY(K(UY? + KU" +2K'U")(1 — QeY),
0= U"+2LU" — (U')? _K
T U +2LU + (U’ T K

Here Q is rational but not identically zero, since f” has infinitely many zeros by
Theorem 2.1. Moreover, if x is real with |x| large, then U’(x) and U”(x) have zero
real part, and U’(x)? is real. If all but finitely many zeros of f” are real, then there
exist x € R with |x| arbitrarily large such that Q(x)eV™ = 1; and so |Q(x)| = 1,
which implies that x is a zero of QQ — 1, from which it follows that QQ = 1and
L = L as asserted. On the other hand, if L is real, then |Ox)| =1 on R, so that all
but finitely many zeros of f” are real by (2.5) and Lemma 2.3. 0

Lemma 2.6. Let S, M and V be rational functions with S(co) =1, M #£ 0
and V(oco) # 0, and let a and b be complex numbers with a # 0. For |z| large,
write U(z) = az+b+1og S(z2), using the principal branch of the logarithm. Assume
that the function f(z) is meromorphic for |z| large and satisfies

M %

s

f M V-1
Then, for eachn € N,

-1
Fo po vV 3 :
(2.6) e ey T R
j =0

in which the coefficients R, are rational functions and satisfy, as z — 00,
2.7 Ron(2) ~ V(2" and R,_1,(2) ~ V(@(=U'@)""".

Proof. Proceeding by induction on n, assume that n € N and that (2.6) and
(2.7) both hold, as is evidently the case forn =1, with V = V| = Ry ;. Then (2.6)
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yields
f(n+1) ~ M@+D  prmpg . v, nVnU’eU
f M M2 eV =Ty (e =Ty

M®M' VMM M®VIM v,V
+ + + + .
M? eV — 1) eV —1 (eV — 1)+l

This leads to (2.6), with n replaced by n + 1 and
Vi1 = ViV = 1) —nV,U'eY + V.M /M) — 1)+ M V/M)(EY — 1)+ V,V.
Since V;, = Y12)(R,, + jU'R; eV, it follows that
Ros1 = —R{,, — Ro,M'/M +(—1'M™V/M + Ry ,V
and

/
Rn,n+1 =R

n

ip+ (0= DU'R,_1y — nU'Ry_1+ Ry uM' /M + M V/M.

In view of (2.7) and the fact that V(co) # 0, this gives R ,+1(z) ~ Ro.»(z)V(z) and
Ryn41(2) = =U'(DRn—1,,(2)(1 + o(1)) + o(|V(2)]) ~ —=U'(2)Ru—1.x(2),

as z — 00, and the induction is complete. O

Lemma 2.7 ([36], Lemma 4.7). Let f be a transcendental meromorphic func-
tion in the plane, and let k € N. Let E be an unbounded subset of [1, 00) with the
following property. For each r € E there exist real 0\(r) < 0,(r) < 0,(r) + 27 and
an arc Q, ={re" : 0,(r) < 0 < 6,(r)} such that
lim_ max{|2f @)/ f @) z € Q) =0.

Let N = N(r) satisfy 0 < logN(r) < o(logr) asr — oo in E. Then f satisfies,
for all sufficiently large r € E,

2f'(@)
f @

for all z € Q, outside a union U(r) of open discs having sum of radii at most

r(k —1)/N(r).

< kN(r)

Lemma 2.8. Letk > 2 and p, o € (0, n/2), and let Ky € (0, 00). Then there
exists K| € (0, 00), depending only on k, p, o, and Ky, with the following property.
If g is an analytic function on the domain

D={zeC:1/2 <zl <2,0 < argz < 7}
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such that g and g® have no zeros in D, and if
min{|g'(e”)/g(e”)| : p < 0 < 7 — p} < Ko,
then |g'(€)/g(e?)| < K, for all 0 € [0, © — o).

Lemma 2.8 is standard, and follows from the fact that if G is the family of ana-
lytic functions on D such that g and g have no zeros in D, then the logarithmic
derivatives g’'/g, g € G, form a normal family on D [4, 47, 55]. The next lemma
involves the Laguerre-P6lya class LP already mentioned in the introduction [39].

Lemma 2.9. Let g &£ 0 belong to LP, let M be a meromorphic function in the
plane, and write

(2.8) QO =4M>}+6MM’' +M", Q =12M°’M’'+6(M’')* + 6MM" +M"".

(A) If M =R—g'/g, in which g has infinitely many zeros and R is a real rational
Sfunction with R(c0) finite, then Q’(x) is positive or infinite for all x in R with
|x| sufficiently large.

B) If M = —g'/g is non-constant, then Q'(x) is positive or infinite for all x € R.

Proof. Assume first that M is as in (A) and that x € R with |x| large. Then
the standard representation [39] (see also (1.6)) for the logarithmic derivative of a
function in LP leads to

/

M’ =R — (gg) . M%) R(x)+C0+Z 2,

>
—x)2 - 4|x|?

lac|<|x]

in which Cy > 0 and the a; are the zeros of g, repeated according to multiplicity,

as well as
M= —2 rom = Y o
(o — xy* "z SR '
This gives
/ " 6
(2.9) M’ (x) ~ C0+Z @ M (x)NZm.
Write

=M®x)|, B=M®x >0, C=[M"'(x), D=M"x >D0.

Then the Cauchy-Schwarz inequality and (2.9) deliver

1 1
-3
C < O(|x| )"'ZZ <|ak—x| ' |ak_x|2>

2
< o(W/B )+2\/Z T > T (1+0(1))1/§BD.
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Assuming that the assertion of the lemma fails at x gives, by (2.8),
12A’B + 6B* + D < 6AC,
and squaring both sides produces

E = 144A*B? + 36B* + D? + 144A’B> + 12B°D + 24A>BD
< 36A%C? < (24 + 0(1))A’BD,

which implies at once that

(2.10) 144A*B? + 36B* + D? + 144A%B* + 12B?D < 0(A’BD).

But (2.10) yields A*B? = 0(A’BD) and hence A’B = o(D), as well as
0 < D? = 0(A’BD) = o(D?),

a contradiction which completes the proof of part (A).
Assume now that M is as in part (B), and let x € R. If g has at least one zero,

th
en 6

1
(ar — x)*

(ar — x)?

M'(x) =Co+ ) >0, M"(x) =) > 0,

in which Cy > 0 and g; € R; this time the Cauchy-Schwarz inequality gives
C? < 2BD/3. If the assertion of the lemma fails at x, then the left-hand side of
(2.10) is non-positive, which is impossible since D > 0.

Suppose finally that M is as in (B) but g has no zeros. Since M is assumed
non-constant, this forces M’ = Co > 0 and M” = M’ =0, and the conclusion of
the lemma follows trivially. O

Lemma 2.10. Let L be a real transcendental meromorphic function in the
plane with upper half-plane Tsuji characteristic satisfying To(r, L) = O(logr) as
r — o0, such that at least one of L and 1/L has finitely many poles in H*. Assume
Sfurther that F(z) = z — 1/L(z) has no asymptotic values w € H*, and that F' has
finitely many zeros in H*. Then there exists a positive integer N with the following
property: if w € H* and C is a component of the set W* ={z e H* : F(z) € H*},
then each of L and F takes the value w at most N times in C, counting multiplicity.

Proof. Let C be a component of W*. The assertion concerning the valency
of F on C is fairly standard [3, Lemma 4.2]: choose a Jordan arc y* which, apart
from its initial point, lies in H*, and is such that every critical value w € H* of
F lies on y*. Suppose that D C C is a component of Y* = F~I(H* \ y*) with
no non-real zero of F’ in 6D: then the branch of F~' mapping H* \ y* to D may
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be analytically continued along y* N H*, giving a domain D; with D C D, C C,
mapped univalently onto H* by F, which forces D; = C. Thus the number of
components of Y* which lie in C is bounded, independent of C, as is the valency
of Fon C.

Controlling the number of w-points of L in C, for w € H™, requires a refine-
ment of arguments from [36, 37]. By [37, Lemma 2.2], there exist at most finitely
many o € C such that F(z) or L(z) tends to o as z — oo along a path in H*. This
makes it possible to choose & € (0, ) such that the two rays P*, given respec-
tively by w = te*, 0 < t < oo, contain no critical values of L and no values o
such that L(z) tends to a as z — oo along a path in H*.

LetI' C H* be a component of C. If T is bounded, then F has a pole on I". On
the other hand, if I is unbounded, then I contains a level curve of F' tending to co
in H*, on which F(z) must tend to some asymptotic value belonging to R U { oo},
because F is finite-valent on C. It follows that the number of components ' C H*
of dC is bounded, independent of C.

Now take w* = "¢ e P*, and distinct z1, ..., z, € C with L(z;) = w*. For
each j, continue the branch of L=! mapping w* to z ; along P* in the direction
of decreasing ¢. This gives pairwise disjoint paths ¢;, which remain in C since
0 € (0, r). Each o; must tend either to oo or to a pole of F on 0C, of which only
finitely many are available. Assume, after re-labelling if necessary, that ¢; tends
toooforj=1,...,m.

Each g;, for j =1,..., m, may be extended to a simple path 7; =¢; U y; in
C, where x; is bounded, so that the 7; are pairwise disjoint apart from a common
starting point z* € C. After re-labelling if necessary, this gives m — 1 pairwise
disjoint domains Q; € H™, each bounded by 7; and 7;,;. Because of the bound
on the number of components I' € H* of C, the number of Q; for whichQ; & C
is also bounded, independent of C.

Suppose now that 1 < k < k' < m — 1 and that Q; and Q are contained in
C: then so are their closures. Because F has no poles in C, the function |L(z)|
has a positive lower bound on the union of the x;. Choose g small and positive
such that the circle |w| = g contains no critical values of L and no a such that
L(z) = o as z — oo along a path in H*. Take u; € o with L(u;) = ge”, and
continue z = L™ (w), starting from ge’ and along the circle |w| = ¢, so that the
continuation takes z into ;. Since ¢ is small and because of the choice of 9, this

gives v, € Q with L(vy) = ge™™

—i0

and a simple path v; in €; which is mapped by
L onto the set {w =te™ : 0 <t < g}. The fact that L has no zeros in C implies

that v, must tend to oo, and so there exists an unbounded component V; of the set
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{ze C:Im(1/L(z)) > 2/q}, such that V; U oV}, C Q. Furthermore, the function

Ui =Im— eV, Ui =2 &V,
L(z) q

is non-constant and subharmonic in C. But the same argument applied to Q
gives a corresponding component Vi and subharmonic function Uy. A standard
application of the Phragmén-Lindel6f principle [17] yields z in Vj or Vy, with |z|
large and Im (1/L(z)) > |z|>/?, so that Im F(z) < 0, which contradicts the fact that
zeC.

Therefore, at most one of the Q; is contained in C, and this gives an upper
bound, independent of C, for the number n of pre-images z; in C of w* € P*
under L. The open mapping theorem and analytic continuation of L~! extend this
same upper bound to the number of w-points of L in C, counting multiplicities,
forany w € H*. 0

Lemma 2.11. Let Q be a transcendental meromorphic function in the plane
such that the Nevanlinna deficiency 6(oco, Q) is positive. Let C > 1 and let
Ec C [1,00) be unbounded, such that T(2r, Q) < CT(r,Q) for r € E¢c. Let
H, ={0 € [0,2x] : 2log |Q(re?)| > 6(co, Q)T (1, Q)}. Then, for large r € Ec,
the linear measure m, of H, satisfies m, > d > 0, where d depends only on C and

(00, Q).

Proof. This is standard. An inequality of Edrei and Fuchs [6, p.322] yields,
for large r € E¢,

L(o:’ D1 0) < m(r, Q) < 5(“2” 2

T(r,Q)+11 (L)m, (1 +log* L)T(Zr, 0)
2r—r m,

1 .
T 0)+ 3 /H ,~ log* |Q(re™)|do

4(0, Q)
2

9(0, Q)
2

<

T(r,Q)+22Cm, (1 +log* ni )T(r, 0). 0

3 An auxiliary result

The following proposition plays a fundamental role in the proof of Theorem 1.2
and, in particular, proves the first assertion (1.1).

Proposition 3.1. Let f be a function satisfying hypotheses (i), (i1) and (iii) of
Theorem 1.2. Then

_ , (m) r(m)
G.1) g=F =Re'f =wf, S =Se"‘ff,
8
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in which f(z) = f(z), while R and S are rational functions, h is an entire function
with

(3.2) T(r,W)=0(rlogr) asr — oo,

and k is a polynomial of degree at most 1. Furthermore, f'/f satisfies (1.1). If, in
addition, k is constant in (3.1), then

(3.3) N, f) =0T (r, )+logr) asr— oo.

Proof. Itisclearthat f and g = f satisfy (3.1) with R and S rational functions
and & and k entire. Now Lemma 2.1 implies that, with T the Tsuji characteristic,

(3.4) To(r, f'/f) +To(r, g'/g) = O(logr) asr — oo.

Hence /' and e’ satisfy the hypotheses of Lemma 2.2, from which it follows that
(3.2) holds, and that & is a polynomial of degree at most 1.

Now (3.4) also implies that (2.2) holds with H = f’/f. But f has finitely many
zeros, and so (1.1) follows, provided it can be shown that

(3.5) N(r, f) =O(rlogr) asr — oo.

If k is non-constant, then (3.5) clearly holds, since all but finitely many poles of
f are real 1-points of Se’* by (3.1). In view of (3.2), it therefore remains only to
prove that (3.3) holds when & is constant: if Se’* = 1, this follows again from (3.1).
ik —

Suppose finally that Se 1: then Lemma 2.4 may be applied, and (2.4) yields

N, f) < ON(r, W/W')+logr) < O(T(r, /) +logr) asr — oo. -

4 Proof of Theorem 1.2

Let f be as in the hypotheses. Since (1.1) has already been proved in Proposi-
tion 3.1, it suffices to consider the case where f has finite order but (1.2) does not
hold. Then (i) and Theorem 2.1 imply that f has infinitely many poles and
has infinitely many zeros, all but finitely many of which are real, by (ii) and (iii).
Moreover, f satisfies (3.1), in which R and S are rational functions, while & and &
are polynomials.

Lemma 4.1. It may be assumed that h and k are real, and that |R(x)| =
ISXx)| =1 forall x € R.



NON-REAL ZEROS OF DERIVATIVES OF MEROMORPHIC FUNCTIONS 199

Proof. Write i(x) = a(x) +ib(x) with a and b real polynomials. If x is real but
not a zero or pole of f, then |f(x)| = |g(x)| and, by (3.1),

1 = [R@)e"™ P = REORG) exp (ih(x) — ih(x) = RGO exp(—2b(x)).

Therefore, b(x) = O(log |x|) as |x| — oo with x real. Thus b is constant, and it
may be assumed that b = 0.
A similar argument may be applied to Se’*. O

If k is constant in (3.1), then (3.3) shows that f has finitely many poles, giving
an immediate contradiction. Assume henceforth that k is non-constant in (3.1),
and observe that if x is a real pole of f, then S(x)e’*™ = 1. Since k has degree
at most 1 by Proposition 3.1, it may be assumed by employing a linear change of
variables that S(co) = 1 and k(z) = 27z which, on combination with (1.1), gives
the following lemma.

Lemma 4.2. The function
_S'@
f(@

is meromorphic of order at most 1 in the plane, and has finitely many poles.

4.1) H(2)

(S(Z)eﬂ:iz _ e—ﬂ.’iz)

Lemma 4.3. Let ¢ and M be positive real numbers, with & small and M large.
For j = 1,2, let S; be the sector given by |z| > M, & < (—1)/*largz < 7 — e
Then g and f satisfy, on Sy,

g @

=T E ' 27riz’ =W ' E 27riz’
W) 2@ 1(D+E(2)e 7@ 1(2) + E(2)e
. R
Wi(z) =— R((ZZ)) — il (2) + T1(2).

Moreover, f satisfies, on S,

f(@
f@

Here each T; is k; /k; for some polynomial k; # O of degree at most m — 1, and

(4.3) = Ty(2) + E()e "%,

x(@) = E(z) on S; means that log™ |x(2)| = o(|z]) as z — oo in S;.

Proof. It suffices to give the proof of (4.2), that of (4.3) requiring only trivial
modifications. The function f has finitely many zeros and non-real poles, and
k(z) = 2mz. Hence (3.1) and standard estimates for logarithmic derivatives [13]
show that

@ _

E , (m) =9 , S - FE 2riz
7@ (), g"(2) =d(2)g(2) (2) (2)e
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on the sector S;. Fix a large positive A and, for z # O let L, be the path consisting
of the shorter circular arc from iA to z* = Az/|z|, followed by the straight line
segment from z* to z. If A is large enough, then

4.4) 2m / o)™ |dt| < 1
LZ’

for all z € §; with |z] > A. Now there exist constants a;, independent of z for
z € S, such that

4 (Z _ t)m_l

2(@) =ap_17" - rap+ S(ng(t)dt,
ia (m—1)!

which can be written in the form

4 _ m—1
q(z) = g(f)l =Gy + -+ “81 +/ (4 =1/2) SO q(r)dr.
m m iA (m — 1)!

The first step is to show that ¢g is bounded for z € S| with |z] > A. If this is not the
case, then it is possible to choose z € S| with |z|] > A and g(z) = N large such that
|g(®)] < |N]on L,. Since |t| < |z| on L., this gives, with use of (4.4),

IN|

-1 -1
INT < Janoi 4+ laol 2" VT [ 18001 1dt] < lar |+ laol + 15
L.

which is obviously a contradiction if N is large enough. It follows that, for z in Sy,

z (Z—I)m_l 4 (Z—Z)m_l

8(2) =ki(2) + D s(g(Hdt = ki(z) + N WE(t)ez””dt,
, , z —f m—2
8@ =k@)+ - ((Zm_)z)!é(t)g(t)dt,

in which the path of integration A, is along the positive imaginary axis from ico
to i|z| followed by the shorter arc of the circle |¢| = |z| from i|z| to z, while k; is a
polynomial of degree at most m — 1. Since |z| < |¢| on A_, this implies that

182 — ki (D) < 2" /A 1 5(0)g(0)] 1| < /A [E@)e™>™|di] on S,.

The next step is to show that k; £ 0. If k; vanishes identically, then obviously
g(z) tends to O on the positive imaginary axis. So take a large positive y such that
|g(is)| < |g(iy)| for all real s > y, which gives

lg(y) < Ig(iy)IZ'"_'/ "6 (is)lds,

y

an evident contradiction if y is large enough.
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Splitting the path A into the part from ico to 4i|z| and the part A} from 4i|z]
to z now yields, for large z in Sy,

4|z

o0
/ |E@]e™ ™ |dr| < |e*™| / |E@)||dr] + e~ / |E(is)|e™™ ds,
A, Ax

and hence
8R) =k +E@e™,  ¢'(x) = k(@) + E(2)e”™,
which leads to (4.2) with T} = k| /k; and completes the proof of the lemma. O
It now follows from (4.1) and (4.2) that
_S®@
f(@)
and from (4.1) and (4.3) that

(4.5) H(2) (S()e™ — ™) = —=Wi(2)e” ™ + E(z)e™ on Sy,

(4.6) H(2) = T>(2)S(@)e™ + E()e ™ on Ss.

Since H has finite order and finitely many poles, and ¢ may be chosen arbitrarily
small, the Phragmén-Lindelof principle gives

H() = T(S@e™ — Wi(@e ™™ = T2(2) (S@e™ — e™) + V()e ™,

inwhichV =T, — W, =T, —T, + % + ik’ is a rational function. With (4.1) again,
this leads to

1@ V(2)
4.7 =D+ .
4.7 7@ 2+ 5 D — 1
Recalling that S(co) = 1 and using the principal logarithm, we write, for |z]

large,
(4.8) U(z) =2miz+1og S(z) r T, + 4

. =27i = = .

z z+1logS(2), 7 2+

Lemmad4.4. V =-U".

Proof. Observe first that (4.8) shows that f has infinitely many real poles x
with multiplicity
V(x) V(x)
U'(x) 2ri’
and so V(co) # 0. Furthermore, T, = k}/kp, where k; £ 0 has degree at most
m — 1. Thus f satisfies the hypotheses of Lemma 2.6, with M = k;, by (4.8). It
follows from (2.6) and (2.7) that, as z — oo in the sector S,, on which eV is large,

@ Va
f@ (@ -1

4.9) my =

(4.10) ~ Ru—1m(2)e™VD ~ V((=U'(2))" e,
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On the other hand, since |S| = 1 on R, which implies that U’ = —U’, formula
(4.7) leads to

4.11 A
(4.11) 2t

in which 7, = 75& /752. Since x and m, are real in (4.9), it must be the case that

V = —V. Combining Lemma 2.6 with (4.11) now yields, as z — oo in S5,
;o (m) (m)
e
g eV —1 f @) 8(2)

in light of (3.1) and the fact that =¥ is small on S,. On comparison with (4.10),
this shows that V(0c0)/U’(0c0) has modulus 1, so that m, has to be 1 in (4.9), and
the rational function V/U’ must be identically —1. (]

It now follows from (4.8), Lemma 4.4, and the fact that 7, = k/k, for some
polynomial k, s 0, that f satisfies the hypotheses of Lemma 2.5, with
T (z)e'“*? = ¢=U®@ and K/k, constant. Applying Lemma 2.5, part (I) shows that
m must be 2. Furthermore, when m = 2, the degree of k; is at mostm — 1 =1,
and part (II) of the same lemma implies that k5 /k, is real, so that any zero of &,
must also be real. Conversely, if f is as in conclusion (1.3) of the theorem, then
all but finitely many zeros of f” are real, again by Lemma 2.5(IT). This completes
the proof of Theorem 1.2.

5 Proof of Theorem 1.3

To prove Theorem 1.3, assume that f is a strictly non-real transcendental mero-
morphic function in the plane, with finitely many zeros and poles in C \ R, such
that f”/f is real. Write
~ f g - ~
5.1 g=f, ==L=a+iff, ==L=a—1if, L—L=2ip,
f g

where a and S are real meromorphic functions, and £ # 0, since g/f is non-
constant. Then

L” _ .0/ 2 2 . _ gi// _ ./ 2 2 .

=a +if +a°— p°+2iaf = =a —iff +a0° — p° —2iap,
8

f

from which it follows that

/ _ S B L o8B
p +2ap =0, L_Y_ 2ﬂ+zﬁ, L_g_ 25 i,
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and so f’/f and f are related as in (1.4).

Now the last equation of (5.1) implies that all poles of f are simple and that g
has finitely many non-real poles. Moreover, a real pole of f would give rise to real
residues for f, p’/f and f'/f, which is impossible by the first equation of (1.4).
Thus f has finitely many poles, all non-real. It is also evident from (1.4) that all
zeros of f have even multiplicity and are poles of f, and that £ has finitely many
non-real zeros, and finally that f has finitely many zeros, as asserted. Obviously,
if £ is constant, then f(z) = Ae'Pz, with A constant.

Assume henceforth that f is non-constant and that all but finitely many zeros
of f” are real. Then it is convenient to write, using (1.4),
froP i P’ Sy

2 _S2 Pp=pl _PL i _
62 f=57 A AR P2

where S is a real rational function and y is a real entire function with only real
zeros. Here M is single-valued in the plane, and P(z) is single-valued for |z| large,
since the zeros of £ have even multiplicity and the finitely many poles occur in
non-real conjugate pairs.

Lemma 5.1. The function y belongs to the Laguerre-Pdlya class LP.

Proof. Formula (1.4) and Lemma 2.1 give as r — 00, using Tsuji functionals
as before,

mo(r, f'/f) < To(r, f'/f) = Oogr), To(r, f) < Ologr) +mo(r, B/ ),

and hence Ty(7, ) = O(logr), by the lemma of the logarithmic derivative for the
Tsuji characteristic [12]. Now S has order of growth at most 1, by Lemma 2.2.
Thus y is a real entire function of order at most 1 with only real zeros, and so
belongs to LP [39]. ]

Lemma 5.2. (a) Assume that y has infinitely many zeros and xq is a large
positive real number. If I C R\ [—xo, Xo] is an open interval containing no
poles of P, then "/ f has at most two zeros, counting multiplicity, in I.

(b) Assume that S = 1 in (5.2) and that M is non-constant. Then f"/f has
at most two zeros, counting multiplicity, in any open real interval I which
contains no poles of P.

Proof. Observe that (5.2) gives

f// P// 1 P// ) P// - P3P// -1
53 L e = e Syt
(5-3) A AR IR PA
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Here P”/P and P3P” are singled-valued in C, since P? and P’/P are.

Suppose first that y and I are as in (a). Then M = P’/P satisfies the hypotheses
of part (A) of Lemma 2.9, by (5.2), and so the function Q in (2.8) has at most one
zero in I, counting multiplicity. Hence the same is true of
PP’y =P* (P + 3P/PU> =p* (M3 +3MM’ +M" +3M(M? + M/)) = P*Q.

p P P
This implies that P*P” — 1 has at most two zeros in I, counting multiplicity, and
so has f”/f, by (5.3).

Part (b) is proved the same way, since if S = 1 and M is non-constant, then M

satisfies the hypotheses of Lemma 2.9(B). O

Lemma 5.3. The function p is rational, and f satisfies (1.2).

Proof. Assume that f is transcendental. If f has finitely many zeros, then
B(z) = Ri(2)e"'?, with R a rational function and b, € R\ {0}; and (5.3) shows that
f”/f has infinitely many non-real zeros, which is a contradiction.

Assume henceforth that § has infinitely many zeros; then so has y. Since f”/f
has a double pole at each real pole x of P with |x| large, and has finitely many non-
real zeros, Lemma 5.2(a) implies that the following estimates hold as r — oo.
First,

n(r, f/f") < n@r, f"/)+O), N, f/f") <N f7/f)+ O(ogr),

from which applying Jensen’s formula yields, in view of (5.2), (5.3), and the fact
that £ has finite order,

2m(r, B) < m(r, f"/f) + O(log r) < m(r, f/ ") + O(log r)
< T f"/f)+O0dogr) = O(T(r, p)).

Thus the zeros of f”/f have positive Nevanlinna deficiency 6(0, f”/f).

A contradiction can now be obtained using a method similar to the proof of [36,
Lemma 5.4]. Since S and f”/f have finite order, a well known result of Hayman
[15, Lemma 4] gives C; > 0 and a set E; C [1, 00), of positive lower logarithmic
density, such that

(5.4) T(4s,p) < CiT(s, ) and T(4s, f"/f) < CiT(s, f"/f)
for s € E|. By estimates from [13], the function £ also satisfies

B'(2)

5.5
(5-3) L)

<M for|z] =r & F,,
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where M is a positive constant and F has finite logarithmic measure.

Now let o, Ky, K}, and K, be positive constants, with Ky, K; /Ky and K,/K;
large, and o small. Let s € E; be large. Since f”/f is transcendental and
6(0, f"/f) > 0, a standard application of (5.4) and Fuchs’ small arcs lemma [17,
p-721] give r € [s,2s] \ F3 and an arc of the circle |z| = r, of angular measure
60, on which |f”(z)/f(z)] < r~>. The fact that f”/f is real then implies that
|f"(z)/f(z)| < r>onasubarcl, of {z€ C:|z| =r 0 < argz < m — o} of angular
measure at least o. Next, applying Lemma 2.7 with £k = 2 and N(r) = Ky shows
that there exists z € I, with |zf'(z)/f(z)] < K. Now Lemma 2.8, applied to the
function f(rz), delivers |zf'(z)/f(z)| < K, forall zwith |z| =r,0 < argz < 7 —o.
Because f is real, combining this estimate with (1.4), (5.4), and (5.5) yields an un-
bounded set of positive r such that T(2r, 8) < T(4s, f) < C1T(s, B) < CiT(r, B)
and such that |S(z)| < r™o for all z with |z| = r, apart from a set J, of angular
measure at most 4o, where ¢ may be chosen arbitrarily small, independent of C;.
Since p has finitely many poles, this contradicts Lemma 2.11.

Thus g is rational, as asserted, and so is f’/f by (1.4), which implies (1.2) and
completes the proof of the lemma. (]

To finish the proof of the theorem, assume henceforth that all zeros and poles
of f and f” are real. Then f has no poles, by (5.1), and so it may be assumed
that S = 1 in (5.2). Since zeros of § have even multiplicity, and the case where
p is constant has already been disposed of, it can now be assumed that f is a
polynomial with real zeros, of even positive degree, and M is non-constant in
(5.2). Thus (1.4) and (5.3) show that f”/f is a rational function with double poles
at the zeros of £, which are real poles of P. Moreover f”/f has only real zeros,
and by Lemma 5.2(b), the number of zeros of f”/f exceeds the number of poles
by at most 2. Hence f”/f has at most a double pole at co, and so 8 has degree at
most 1, by (5.3) again, which is a contradiction.

6 Some applications of harmonic measure

Lemma 6.1 ([7, 43]). Let G be a domain bounded by a Jordan curve C con-
sisting of a Jordan arc B and its complement A = C \ B. Let L be a rectifiable
curve in G joining a € Ato b € B, and for z € L, let p(z) be the distance from 7 to
A. Then the harmonic measure w(z) of B with respect to G satisfies, for z on L,

1 b \dul

in which the integration is from z to b along L.
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Lemma 6.2. Let Q be a transcendental meromorphic function of finite order
in the plane such that the zeros of Q have positive Nevanlinna deficiency 6(0, Q).
Assume that for each 6 > 0, there exists N(9) > O such that

(6.1) log |Q(z)| = N(9)log |z

for all z with |z| large and 6 < |argz| < @ — 0.
Let n and ¢ be positive. Then, for all sufficiently large r, the function Q satisfies

(6.2) log |0(2)| < 2N (e/2)logr — r™"T(r, Q)
for all 7 in at least one of the arcs

I*(re)={ré’ ;e <0 <m—c¢}, I (ne)={re:e<0<nm—e¢).

Proof. The initial steps are standard. Choose 6 > 0 small compared to 7.
By the same result of Hayman [15, Lemma 4] as used in the proof of Lemma
5.3, there exists C; > 0, depending on J and the order of Q, as well as a set
Es; C [1,00), of lower logarithmic density at least 1 — §/2, such that if s € Ej,
then T'(4s, Q) < C1T (s, Q). Let s € Es be large,

H, = {0 € [0,27] : 21og |Q(2s¢")| < —5(0, Q)T (25, Q)},

and m; be the linear measure of H,. Then Lemma 2.11 yields m; > 166, > 0,
where J; is small but independent of s.
Now let r be large and positive: then there exists s € E5 with

(6.3) 2r < s < 't <2,

Since H, has measure m; > 164}, it may be assumed without loss of generality that
Q satisfies 21log |Q(z)] < —d(0, Q)T (2s, Q) for all z in a subset I of I*(2s, 20,),
of angular measure at least 49,. Let D; be the domain

{zeC:s/2 < |zl <25, 01 <argz < 7w —d1},

and let w € I'*(s, #/4). Then the harmonic measure w(w, I, D;) of I; with respect
to Dy is bounded below by a positive constant d, which is independent of s and r.
Thus (6.1) and the two constants theorem [43] yield, since Q is transcendental and
r and s are large,

64) loglow)l < N@log2s — 220D ray, ) < - 220Dy o)
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for all w € I'*(s, £/4). Next, let Q be the domain
{zeC:r/2 <zl <s, /2 <argz < mw —¢g/2},

and let zg € I*(r, €). Join zg to is by the simple path y consisting of the shorter arc
of the circle |z| = r from zj to ir, followed by the radial segment z = ix, r < x < s.
Let B = I*(s,n/4) and A = 6Q \ B. Denoting by p(u) the distance from u to A
then gives, on integrating with respect to arc length and using (6.3),

1 s 1
/@Sdl <+/ w)fd] <+510gr>,
y p(u) & P €

where d; > 0 is independent of &, 6 and r. This time the two constants theorem
delivers, in view of (6.1), (6.4), and Lemma 6.1,

log |0(z0)| < 2N(e/2)logr — %

1
T (2s, Q)exp (—4d1 ( + 0 log r)) .

&
Since r is large and J/# is small, (6.2) follows for z = zg, and the proof is complete.
O

Lemma 6.3. Let u be a non-constant continuous subharmonic function in the
plane of finite order p, and let ¢ > 0. Let F be the set of r € [1, 00) for which
there exists an arc of the circle |z| = r of length at least er, on which u(z) > 0.
Then F has lower logarithmic density at least 1 — ep/ .

Proof. This is a standard application of a well-known estimate for harmonic
measure [53]. For r > 0, let B(r, u) = max{u(z) : |z| = r}, and let r 8(r) be the
length of the longest open arc of the circle |z| = on which u(z) > 0, except that
0(r) = oo if u(z) > 0 on the whole circle. Then, as r — oo, by [53, p.116],

[t [ 2 < logBCrw+0) < o+ ot logr
[ 1 100 T

Lene L@ T

O

Lemma 6.4. Let G be a transcendental meromorphic function of finite order
in the plane, and assume that there exist o1, o, € C, not necessarily distinct, with
the following property: for each ¢ > 0, the function G satisfies G(z) — o; as
z— ocowithe < (—1) argz < m—e. If f € (CU{co})\ (a1, az}, then the inverse

Jfunction of G cannot have a direct transcendental singularity over f.

Proof. This is again standard: for the terminology, see [1, 43]. Assuming
without loss of generality that G~! has a direct transcendental singularity over
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p € C\{ay,a} givesasmall 6 > 0,acomponent of U of {z € C : |G(z)—p]| <},
and a non-constant continuous subharmonic function u of finite order in the plane
which satisfies u(z) =10g(d/|G(z) — f]) on U and vanishes outside U. Here 6 may
be chosen arbitrarily small, as may ¢. But then the intersection of U with the set
{ze C:& < |argz| < m — &} is bounded, which contradicts Lemma 6.3. ([l

7 Proof of Theorem 1.4

Let f be a transcendental meromorphic function given by (1.6).

Lemma 7.1. Let n be a non-negative integer, and let Ng(r, 1/f™) count the
real zeros of f™, with respect to multiplicity. If n is odd, then Ng(r, 1/f™) = 0.
If n is even, then f™ has at most one zero in any open interval of the real axis
which contains no poles of f, and Ng(r, 1/f™) < N(r, f) + O(logr) as r — oo.
Furthermore, if a; and ayy1 are poles of f, with a; < axy1 and no poles of f in I, =
(ag, ars1), then I, contains precisely one zero of f”. Finally, m(r, f) = O(logr) as
r — oo.

Proof. The first three assertions follow from differentiating (1.6), which
shows that if m is an odd positive integer, then £ (x) is positive or infinite for
every real x. Next, the fact that all residues of f are negative while all poles of
f” have multiplicity 3 forces f” to change sign on I;. Hence f” has precisely one
1"

zero in Iy, since f”’ has none there. The bound on m(r, f) holds, since f is real
and maps the upper half-plane H™ into itself, so that [39, Ch. 1.6, Thm. 8']

siné

L. . i N
(7.1) glf(z)l < |f@re™)| < 5|f(z)|m for r>1, 6 e (0, n). 0

r

Lemma 7.2. Let m > 3, let ¢ be small and positive, and let Nyg(r, 1/f™)
count the non-real zeros of f. Then f satisfies (m—2—e&)T (r, f) < Nyg(r, 1/f™)
as r — oo outside a set of finite measure. In particular, £ has infinitely many
non-real zeros.

Proof. Since f is transcendental with only real poles, all of which are simple,
Lemma 7.1 and an inequality of Frank, Steinmetz and Weissenborn [8] (see also
[10, 11, 50]) yield, for large r outside a set of finite measure,

(m+ DT (1, f) = (m+ DN(r, f)+O(ogr) = N, f™) +o(T (1, f))
SN /™) +Q2+/2N @ f) +o(T (5 f))
< Nar(n 1/f™) + B+ /2N (r, )+ o(T(, ). .
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Lemma 7.2 proves the first assertion of Theorem 1.4. Assume henceforth
that f” has finitely many non-real zeros. Clearly all zeros of f are non-real by
Lemma 7.1. Let

(7.2)
f@

f@’
It may be assumed that A = B = 0 in (1.6), since f(z) — Az — B has the same
second derivative as f.

*={zeH":F(x)eH"Y, W ={zeH':F(x)eH™}.

Lemma 7.3. Lete > 0. Then f(2)/z = 0asz —> ocowithe < |argz| < m—e.

Proof. This is standard. Fix > 0 and let R > 1. Then (1.6) gives a rational
function Tg, with Tg(co) =0, such that, for ¢ < |argz| < 7 — ¢,

59 @ Y 7

lax|>R

A

< |Tr@I+ )

=R % St

=|Tr@)| +S.

ak(ak -2’
Now choose R so large that (1.6) gives S < d, and |z] so large that |Tr(z)| < d. I

Lemma 7.4. All poles of F are non-real, while all but finitely many zeros of
F' are real. In any open interval of the real axis which contains no poles of f, the
function F’ has at most two zeros, counting multiplicity.

Proof. These assertions all follow from Lemma 7.1 and the formula F’ =

(FF/ ). O

Lemma 7.5. The Tsuji characteristic of f'/f satisfies (2.1), and f has order
of growth at most 1 in the plane.

Proof. The first assertion follows from Lemma 2.1. Alternatively, it may be
observed that the function (f — i)/(f + i) has modulus less than 1 on H*.

To prove that f has order at most 1, write f”/f as follows. Assume that the a;
in (1.6) are ordered so that @; < a4 for each k. If |k| > ko, where ky is large, then
ai and ai. have the same sign and, by Lemma 7.1, there is precisely one zero by
of f” in (ax, ar+1), counting multiplicity. For z € H*, write

w(z) = H 71_Z/bk, 0 < Zargi_z/bk Z arg b=z

1— _
sk, LT/ IkI=ko ki=ky T2

The product y converges by the alternating series test, and w(H*) C H*. Next,
write f”/f = w/g, where g = wf/f” has finitely many poles, using Lemma 7.1,
and all but finitely many poles of f are simple zeros of g. It follows from (2.1) and
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standard properties of the Tsuji characteristic that the hypotheses of Lemma 2.2(a)
are satisfied with H = f/f” (and so H = H). This gives (2.2) with H = f/f".
Now m(r, f) = O(logr) by Lemma 7.1, and the same is true with f replaced
by w, because w(H*) C H*. Therefore, (2.2) also holds with H = g. Thus
Lemma 2.2(b) shows that 7T'(r, g) has order of growth at most 1, and hence so have
N(r, f)and T(r, f). 0

Lemma 7.6. There does not exist f§ € C\ {0} such that f(z)/z = B as z
tends to oo on a path in C \ R.

Proof. If such an asymptotic value f exists, the inverse function of f(z)/z has
a direct transcendental singularity over co, by Lemma 7.3. But this is impossible,
by Lemmas 6.4 and 7.3 and the fact that f has finite order of growth. (]

Lemma 7.7. Let a € C\ R. Then the inverse function F~' has no direct

transcendental singularities over a.

Proof. Assume that F~! has a direct transcendental singularity over a € C\R.
Then, without loss of generality, there exist 6 > 0 and a component U C H* of
the set {z € C: |F(z) — a| < J}, such that the function

0
(7.3) u(z) = lOg m (zelU), u(z)=0 (ze€ (C\ U),

is subharmonic and non-constant in the plane. By a result of Lewis, Rossi, and
Weitsman [41], there exists a path I tending to oo in U on which u(z) — +oo with

(7.4) / e~ |dz] < oo.
T

For z € I" with |z| large, write

f(2) ')

+q(2), 19)| < |p2)| = de @,

= =F(z) =a+p2), =
'@ g f@ z-a
Hence (7.4) shows that there exists a non-zero complex number £ such that
f(@) ~ B(z— a) as z— oo on I, contradicting Lemma 7.6. O

Lemma 7.8. The function F has finitely many critical values, and no asymp-
totic values, in C \ R.

Proof. The fact that all but finitely many critical values of F are real is an
immediate consequence of Lemma 7.4. Since all poles of f’/f are real, it follows
from Lemma 7.5 and [37, Lemma 2.2] that F' has finitely many asymptotic values
in C \ R. Because F has finite order, any non-real finite asymptotic value of F
must give rise to a direct singularity of F~!, by [1], contradicting Lemma 7.7. [
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Lemma 7.9. There exists a positive integer M such that if C is a component
of W* or W=, then F takes each value at most M times in C, counting multiplicity.
Furthermore, a component of W* (respectively, W~ ) which contains no zeros of
f" is simply connected and conformally equivalent to H* (respectively, H™ ) under
F, and this is true for all but finitely many components of W* (respectively, W™ ).

Proof. The first assertion is proved as in Lemma 2.10, using 7.8, and the
second is standard. O

Lemma 7.10. Let C be a component of W* or W~ which contains no zeros
of f", and let o. € R. Then there exists z in the finite boundary 0C with F(z) = a.

Proof. Let C and a be as in the hypotheses, and assume that a & F(0C). Let
G(z) = 1/(a — F(2)), so that G is univalent on C and G(C) is H* or H~. Let
g : G(C) — C be the inverse function of G, and let I" be the path in G(C) given
by

w=it, teR, 1<t <oo.
Then y = g(I') is a curve in C on which iG is real, and y tends either to co or to an

a-point of F on C. Hence y must tend to oo in C. For z € y with |z| large, write

f@ _
— o =F@) =a G =a+o0(1),

4

which leads to

@ 1 1 3 1
F@) i—a+1/G@ z—q M@, where h@) =0 <|z|2|G<z)|)‘

But Koebe’s 1/4 theorem applied to log g gives g'(w)/g(w) = O(1/|w]|) on I', and

SO
lg'(w)] ( 1 )
h d = l) _— d = D ——— d .
/yl @iz /r (Ig(w)lzlwl>| wl /ro |w]?|g(w)] ldw] < o0

It follows that there exists a non-zero complex number f such that f(z) ~ f(z—a)
as z — oo on v, and this contradicts Lemma 7.6. (]

Lemma 7.11. Leta € R be a zero of f”. Then f has at least one pole in each
of (—o0o, a) and (a, 0o).

Proof. Suppose that f has no poles in (—oo, a). Then (X — a)® > 0 for every
pole X of f, and the series expansion for f” obtained from (1.6) shows that a
cannot be a zero of f”. O
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Lemma 7.12. Every pole of f lies on the boundary of a component of W+,
but not in the closure of W~.

Proof. This holds because every pole X of f is a real fixed point of F' with
F'(X) > 1. O

Lemma 7.13. Let a € R be a multiple zero of F'. Then F"'(a) > 0.

Proof. Lemma 7.1 shows that @ must be a common zero of f and f”, and a
triple zero of F — F(a). Assume that F"’(a) is negative, and let 6 be small and
positive: then a —9 and a+d both lie in 6W ~. Let A and B be the nearest poles of f
to a in (—o0, a) and (a, 0o) respectively; these exist by Lemma 7.11, and Lemma
7.12 ensures that each lies on the boundary of a component of W*. It follows that
F must have critical points in (A, a) and (a, B), contradicting Lemma 7.1. O

Lemma 7.14. The function [’ has finitely many zeros, and none at all if "
has only real zeros.

Proof. Let w be a zero of f’. Then w is non-real by Lemma 7.1, and it may
be assumed that w € H*. Thus w is a pole of F: with finitely many exceptions,
and none if f” has only real zeros, the pole of F at w is simple.

Assume henceforth that w € H* is a zero of f’ and a simple pole of F: then
w lies on the boundary of a uniquely determined component C,, of W~. Consider
those w for which the component C,, either is multiply connected, or has a non-
real zero of f” in its closure. There are finitely many of these, by Lemma 7.9, and
none if f” has only real zeros.

Attention may thus be restricted to those w for which C = C,, is simply con-
nected, with no non-real zero of f” in its closure. Then F maps C univalently
onto H~, and F(0C) = R U {oo}, by Lemmas 7.9 and 7.10 and the fact that
F(w) = oo. Thus C is bounded; otherwise, there exist ¢;, € C with ¢; — oo and
F(,) — ¢* € F(C U oC), contradicting the univalence of F on C.

Suppose that 6C has a component I' C H*. Then I' is a Jordan curve, and
I' = 8C, because C is simply connected. Moreover, I forms part of the boundary
of a multiply connected component E of W*. But F has a pole on 6C, and F is
finite-valent on each such E, and so there are finitely many components C of this
type, and none at all if f” has only real zeros.

Assume henceforth that every component of 6C meets R, and take zo € oC
with the property that Imzy = max{Imz : z € C U oC}. Follow oC in each
direction, starting from zo, until the first encounter with R. This gives a Jordan arc
or curve y in 0C N (H* UR) such that y "R = {a, b}, where a and b are real zeros
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of F/ with a < b. Here it is necessary to allow for the possibility that a = b, in
which case a is a multiple zero of F’ and so of ff”. Now 4 =y U][a, b] is a Jordan
curve, and since F'(zg) # 0, local considerations show that there are points in C
which lie in the interior domain of A, and hence so does all of C.

Let ¢ =sup{x € R : [a,x] C dC}. Then [a, c] C dC, and a and c are zeros of
ff” (again, in principle, a and ¢ might coincide, and so might b and ¢). Lemmas
7.1 and 7.12 show that f has no poles in 8C, each of f and f” has one simple zero
in the set {a, ¢}, and ¢ < b.

Now f has at least one pole in (—o0, a), since otherwise neither a nor ¢ can
be a zero of f”, by Lemma 7.11. Let A be the nearest pole of f to a in (—o0, @).
Then A lies on the boundary of a component D of W*. Because F has no multiple
points in [A, @) by Lemma 7.1, the interval [A, a] is a subset of 6D. Furthermore,
y meets 6D: if a is a simple zero of F’, then this is clear, while if a is a multiple
zero of F’, then F”'(a) > 0 by Lemma 7.13, in which case y meets 6D because C
lies in the interior domain of 4 = y U [a, b]. Since f” has no non-real zeros in the
closure of C, it follows that y C 6D. A similar argument shows that there exists
a pole B of f with B > b such that the interval [b, B] lies in the boundary of a
component D’ of W*, and so does y, from which it follows that D = D’ = D,,.

In the case where f” has only real zeros, F must be univalent on D, and the
branch g of the inverse function F~! which maps H* to D has at least two attract-
ing fixed points on the boundary of H™, at A and B, contradicting the Denjoy-Wolff
theorem [51, Chapter 2]. Indeed, the iterates g”" form a normal family on H™, since
g(H*) =D C H™, but g extends to be analytic on a neighbourhood U, of A such
that g(Us) C Uy and the g" converge to A on Uy, and in the same way they con-
verge to B on a neighbourhood of B.

In the general case where f” has finitely many non-real zeros, suppose that
there exist infinitely many zeros w € H* of f’. This gives infinitely many distinct
components C,, of W~ as above, each with a corresponding component D,, of
W+*. The D, need not be distinct, but Lemma 2.10 implies that L has finitely many
poles on the boundary of any component of W*, and therefore so has f. Hence
there must exist at least one D,, which is mapped univalently onto H* by F, and
the Denjoy-Wolff theorem supplies a contradiction as before. ([l

To complete the proof of Theorem 1.4, observe that it now follows from Lem-
ma 7.14 and the fact that all but finitely many zeros of f and f” are real that f
satisfies the hypotheses of [34, Theorem 6.4] (see also [33, Theorem 1.5]), subject
to the assumption made earlier that A = B =0 in (1.6). Then

R(z)es — 1

" Sk =
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with ¢ € (0, 00), A € C\ R, and R a rational function satisfying |R(x)| = 1 for all
x € R, by [34, Theorem 6.4]. Since all residues of f have to be negative, it follows
easily that A} € H*, and the fact that f(H*) C H* shows that all zeros of R lie in
H™, and all poles in H ™.

Finally, suppose that all zeros of f” are real. Then the Schwarzian derivative
S is entire, because f” has no zeros and all poles of f are simple [21, 22]. Since
f is transcendental of order at most 1, it must be the case that Sy is a non-zero
constant, so there exist ¢ € C and a Mobius transformation 7 such that f(z) =
T (e>*). Because f is real with only real zeros and poles, @ must be real, and
f(z) = Ctan(az + b) + E, with b, C and E also real.

8 A special case of Theorem 1.7

The following special case illustrates Theorem 1.7 and plays a key role in its proof.

Lemma 8.1. Leta,b,D,E € Cwitha #0and D # E, and let2 < n € Z.
Let
D — E)"

eaz+h -1

(8.1) F(2) = (

(i) There exists a meromorphic function G in the plane with G' = F if and only
if D = AE where 1" =1, 1 # 1.
(ii) There does not exist a meromorphic function H in the plane with H" = F.

Proof. It may be assumed that a =1 and » = 0. By periodicity, there exists a
meromorphic function G with G’ = F if and only if Res (F, 0) = 0. The function
w = e* — 1 is univalent on a neighbourhood of the origin and has local inverse

2 3

(8.2) z=¢(w)=1og(1+w)=w—%+%—--..
Let & be small and positive, and let y describe the circle |z] = ¢ once counter-
clockwise. Let I be the image of y under w = ¢* — 1. Then Res (F, 0) = 0 if and

only if

D—E\"
(8.3) 0= / F(z)dz = /F y(w)dw, y(w) = <D+ ) ¢ (w).
Y

Now (8.2) and (8.3) give, as w — O,

(pram (555) -+ (555))
w(w) = D" +nD —_— )+ -+
w w

x <l—w+---+(—1)”_1w”_1+~~~),
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and so (i) follows from the fact that

_ n—1 _ _ n! n—2 _ 2 _1yn—1 _ n
Res (y, 0) =nD" ' (D — E) 2’(n_2)‘D (D—EY+---+(=1)"Y(D —E)

n!

=— (nD""YE —D)+ =——=D""*(E —D)*+---+(E — D)"

(n (E = D)+ 510 D" (E = D) (E - D)
=—(D+E—-D)'—D") =D"—E".

To establish (ii), suppose that there exists a meromorphic function H in the
plane with H” = F. Then D = AE, with 1" =1 by (i), and it may be assumed that
E =1and D =1 # 1. This time write

e —1

(8.4) w =q(z) = m

oy = _ 1 -
s Z_q (w)_o-(w)_log<l—iw>’

each of these being univalent near the origin. This forces, with y as before and A
the image of y under w = q(z),

8.5) 0= / F()dz = / Zdz = / M) 1o, t(w) = o(w)o (w).
7 y W A W

Now, as w — 0, expanding (8.4) yields

n—

(w) = <w(i— 1)+...+w71(&"—1 - 1)+...>
n—1
X (/1—1+---+w”—2(,1”—1 — 1)+...)
=aqw+-Fap T
Here the coefficient a,,_; of w"~! must vanish by (8.5), which delivers
0= ﬁ(z"—l —DA—D+- A= DA =1

(8.6) =1 _ '
=y —— " =D -1
;n_j( )= 1)

But 1" =1, and so 4 = exp(2zik/n) for some k € {1,...,n — 1}. It follows that,
forl < j<n-—1,

Wi =" =1 = 1) =2— ) +2177) =2 —2cos(2m jk/n) > 0.

Since u; > 0, the sum in (8.6) is real and positive, and this contradiction com-
pletes the proof. ([l
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9 Proof of Theorem 1.7

Let f be as in the hypotheses, let R be a large positive real number, and define g
formally by

9.1) fl=g"

Then g admits unrestricted analytic continuation in R < |z] < oo, these continu-
ations having only simple poles and no critical points. Since g’/g is single-valued
in the plane, so is the function A defined by

" 3 7\ 2
92) 24 =5, :g,_(é’/) ,
g 2\g
where S, denotes the Schwarzian derivative [21, 22]. Moreover, A has finitely
many poles, and none in R < |z| < oo, because the continuations of g are free of
multiple points there.

Lemma 9.1. The function A is rational, but does not satisfy A(z) = O(|z|72)
as z — oo.

Proof. The first assertion follows from the lemma of the logarithmic derivat-
ive and the fact that f has finite lower order. Now suppose that A(z) = O(|z|~2) as
z — oo. Take zp € C with |z9| > R such that zq is neither a pole nor a zero of f’,
and define the functions W and V in a simply connected open neighbourhood U
of 7 by

1 n—1 ne £ryn—1
9.3) w2 = o n(g]:// ., V= W = : ((JJ://))n

8
It follows from (9.3), hypothesis (ii), and the fact that R is large that V extends to
be analytic in R < |z|] < oo, with a zero of multiplicity 2n at each pole of f, and

no other zeros. In particular, V has an essential singularity at co. By a result of
Valiron [54, p.15], the function V may be written in the form

(9.4) V() =297 (2)(1 + o(1)) asz—> oo,

in which ¢ is an integer and Y is a transcendental entire function.
A standard calculation starting from (9.2) and (9.3) shows that W is a solution
on U of

9.5) w" +A@Qw =0.
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On the other hand, (9.3) and (9.5) now yield, again on U,

1/2n w” 1 /1 VN1
9.6) W=V —A =35 —A=2n<2n—l> <V> PR
The last equation of (9.6) then holds by analytic continuation throughout the region
R < |z] < o0.

Now let v(r) denote the central index of the transcendental entire function Y.
By (9.4) and the Wiman-Valiron theory [16], if 7 is large and lies outside a set of
finite logarithmic measure, and if |z;| = r and |Y(z;)| = M (r, Y), then v(r) is large,
and

Vi(z)? V') v(r)? 1 v(r)? 2
~ ~ and — ~ —A(z1) = 0@ ™),
V@)? V@) 2 4 2 (@) =005
which is a contradiction. O

Lemma 9.1 makes it possible to write, as z — o0,
9.7) AR ~c7?", ceC\{0}, meZ, m>-—-1,

and so Hille’s asymptotic method [21, 22] may now be applied to (9.5). The m +2
critical rays arg z = 6 for the equation (9.5) are determined by the formula

(9.8) argc+(m+2)dy =0 (mod 27x).

Let € and 1/R; be small and positive: then (9.5) has linearly independent solutions
ui, up satisfying

(@) ~ AR Ve, ua(z) ~ A(r) Ve,

1/2
e Z = / AW i ~ 267 2
2R, m+2 ’

as z — oo in the sectorial region

2
S(Rl,g):{ze(::lzl > Ry, |arez — 6| < —2 —g}.
m +

If m = —1, there is only one critical ray given by (9.8), and S(R;, &) should be
understood as lying on the Riemann surface of logz. It follows from (9.1), (9.2),
and (9.5) that there exist complex numbers A; and B; such that f’ satisfies, on
S(Ry, &),

Aruy — Asup

910 = n; = s
(9.10) =g Bt — Botty
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and A;B, — A;By # 0, since f’ is non-constant.

It may be assumed that 6, is chosen so that f has infinitely many poles in the
narrower sectorial region S(R;, 4¢), which forces B;B, # 0 in (9.10) and makes it
possible to write

Desz —E n
(9.11) f’=<ezm_1) , D,EeC, D #E,
where
9.12) L&) = —— 1o (Bzuz(z)) Lz 2
' 2mi 8 Bui(z) T w(m+2)

as z = oo in S(Ry, 2¢). In view of (9.8), it may be assumed that the branch of
the square root in (9.9) is chosen so as to make Re L(z) positive as z — oo on the
critical ray, and the poles ¢; of f in S(R;, 4¢) must have arg(; — 0y as {; —> oo.

The asymptotics (9.12) show that w = L(z) maps a subdomain S* of S(R;, 3¢)
univalently onto a a sectorial region Q ={w € C: |w| > R, |argw| < & — J},
where R, is large and 6 may be made arbitrarily small by choosing ¢ small enough.
In particular, Q contains a half-plane H given by Rew > ¢go > 0. Let z = ¢(w)
be the inverse mapping from Q to S*, choose a large positive integer g, and let the
contour y in H describe once counter-clockwise the circle of centre g and radius
1/4. Then f has no poles on ¢(y), and (9.11) gives

2riw __ n
©13 0= r@d=[vwds pw - (De_lE) & (w).

) y eZn’im

As w — g, periodicity yields

D 2riw __ E n D 2mi(w—q) _ E n D D
e> =< ¢ > n L L o),

e2m(w—q) —1 (w — q)n w—gq

Q(w) = (

e2m’w —1

in which the D; depend on n, D and E, but not on g. Moreover, Lemma 8.1 implies
that the function Q(w) is not the second derivative of a meromorphic function in
the plane; and so, by periodicity again, at least one of D and D, is non-zero. Now
(9.13) delivers

)
n—1D0

0 =Res(y,q) =a(@), o(w) = D¢ (w) +Ds§"(w) +---+D,
|Dq| + |D2| > 0.

Since m + 2 > 1 in (9.12), the function o(w) has at most polynomial growth
in the half-plane Rew > ¢go + 1. Now the fact that o(g) = O for all suffi-
ciently large positive integers g forces o to vanish identically (apply, for example,
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[30, Lemma 5]). This implies that ¢ satisfies, in the domain Q, a linear differential
equation with constant coefficients, and so ¢ is an entire function of exponential
type. Because ¢ has polynomial growth in Q, by (9.12), while ¢ is small, applying
the Phragmén-Lindel6f principle shows that ¢ is a polynomial. But then the con-
dition |D;|+|D;| > 0 and the vanishing of ¢ together ensure that ¢ is a polynomial
of degree 1, and so is its inverse function L. Thus (9.11) implies that Lemma 8.1
may be applied to f’, which completes the proof.

10 Proof of Theorem 1.5

Let f be a real transcendental meromorphic function in the plane satisfying hypo-
theses (a), (b) and (c) of Theorem 1.5. It is not assumed at this stage that hypothesis
(d) holds. The function

_ I
f//

has finitely many poles and non-real zeros. If 4 is a rational function, then f’ =

(10.1) h

Roe with Ry a real rational function and P, a real polynomial. Because f has
finitely many non-real zeros, this forces (1.2). Assume for the remainder of the
proof that 4 is transcendental.

Lemma 10.1. The function L = f'/f is transcendental and its Tsuji charac-
teristic satisfies To(r, L) = O(logr) as r — oc.

Proof. L must be transcendental, because 1/kh = L+ L' /L. The second asser-
tion holds by Lemma 2.1 and the fact that all but finitely many zeros and poles of
f and f” are real. d

Lemma 10.2. The Nevanlinna characteristic of h satisfies T (r, h) = O(r logr)
as r — 0o, while

(10.2) N@ f)+N@ 1/ f)+ N 1/f) =0@rlogr) asr — oo.
Furthermore, T(r, L) = O(rlogr) as r — oc.

Proof. Lemma 10.1 and standard properties of the Tsuji characteristic give
To(r,h) = O(logr) as r — 00, so that T(r,h) = O(rlogr) as r — oo by
Lemma 2.2. It then follows from this and (10.1) that

ar, fY+n(r, 1/f) <nalr,1/h) = O(rlogr) asr — oo.
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The corresponding result for 72(r, 1/f) now follows from Rolle’s theorem. This
gives (10.2), which, with Lemmas 2.2 and 10.1, implies the estimate for 7'(r, L).
O

Lemma 10.3. The function [ admits a representation

G G’
(103) fepge &=t
in which
(1) G and H are real entire functions, and H has order at most 1;
(i1) ¢ and y are real meromorphic functions, and ¢ has finitely many poles and
order at most 1;
(iii) either w = 1 or w maps the upper half-plane H* into itself.

Proof. Here H is the canonical product formed using the poles of f, all but
finitely many of which are real, the rest occurring in conjugate pairs because f
is real. Since the poles of f have bounded multiplicities, it follows from (10.2)
that H has order at most 1. Now G is a real entire function with finitely many
non-real zeros, and the formula G’'/G = ¢y is just the standard Levin-Ostrovskii
factorisation [3, 32], in which y is formed as in the proof of Lemma 7.5, using
real zeros a; of G and by of G'. Finally, ¢ has order at most 1 because (7.1) holds
with f replaced by y so that, as r — oo,

m(r, ¢) < m(r, G'/G) +m(r, 1/y) < m(r, G'/G) + O(log r) < m(r, L) + O(log r)t]

Lemma 10.4. The function ¢ in (10.3) is rational, and G and f have finite
order.

Proof. Assume that ¢ is transcendental. Fix a small positive real number &
and a large positive integer N, and set

_h@ _ @
(10.4) Wi =78 = e

Wi (z) = %

Each W; has finite order and finitely many poles, and so Lemma 6.3 gives an
unbounded set E; C [1, co) such that for r € E; and j = 1, 2 there exists 0; € R
with

(10.5) IW(re®)] > 1 for |6 —6;] < 8e.
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For r € E, integration gives ¢, € C\ {0} and d, € C such that
f'(ré?y = ¢, (1 +0 (rl_N)) . freé?) =c, (re’y +0 (rz_N)) +d,
for |0 — 6;| < 8. This in turn gives, for # in an interval of length 4e¢,

wf're?)  re?(1+0(1)) _ o).

0y _
(10.6) PUes) = 1e ey = vl v dy ey + o(1)

Because f is real, it may be assumed that (10.6) holds for at least one € in the
interval [e, 7 — ¢], and so Lemma 2.8 yields P(re¢’) = O(1) for r € E; and all
0 € [e, m —¢&]. Since H has order at most 1 and finitely many non-real zeros, (7.1),
with f replaced by v, and (10.3) yield

G/(reia) f/(reib‘) . H’(re"e) G/(reib’) 0( 2)
Y = Iy 3 — - = r
G(re®®)  f(re??)  H(re'?) G(re®)y(re')
forr € E| and |0| € [e, # — ¢]. By (10.4), this contradicts (10.5) for j = 2.
Thus ¢ is rational, and the assertion that G has finite order, which in turn

=0(r) and @(re?) =

implies that so has f, follows from a standard argument [3, Lemma 5.1]. (Il

Lemma 10.5. The function f' has finitely many asymptotic values, all tran-
scendental singularities of the inverse function of f' are logarithmic, and f"/f’
has lower order at least 1/2.

Proof. Since f”/f’ has finitely many zeros, f” has finitely many critical values.
Thus, because f’ has finite order, all transcendental singularities of the inverse
function are direct, by the main result of [1], and they are finite in number by the
Denjoy-Carleman-Ahlfors theorem [17]. Hence all such singularities are in fact
logarithmic.

The last assertion is proved as in [38, Lemma 11]. Since f”/f’ has finitely
many zeros, the same result of Lewis, Rossi and Weitsman [41] as used in Lemma
7.7 gives a path y tending to oo on which f’ tends to f € C\ {0}. If f”/f’ has
lower order less than 1/2, the cos zp theorem [17] implies that f”/f’ is small,
and f’ is close to S, on the union of a sequence of circles |z] = r, — o0. This
contradicts the fact that the singularity over S is logarithmic. O

Lemma 10.6. Let ) > 0, and let p < 0o be the order of growth of f. Then
|f"(/f' ()] < |21 as z — oo with §; < |argz| < 7 — dy.

Proof. This follows from standard estimates based on the differentiated
Poisson-Jensen formula [14] and the fact that f’ has order p and finitely many
non-real zeros and poles. g
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Lemma 10.7. There exists a € C\ {0} with the following property. If ¢ > 0
then, as 7 —> oo withe < argz < m — g,

1" (@) 1/4
f’(Z) =< exp (_lzl ) 5

(10.7)

and f'(z) = a+o0(1).

Proof. To prove (10.7), apply Lemma 6.2 with Q = f”/f" and n = 1/16, in
conjunction with Lemmas 10.5 and 10.6. Integration then gives f'(z) = a + o(1)
in the same sector, where a € C \ {0}, and it is clear that a is independent of ¢. [J

Lemma 10.8. The inverse function of f' has exactly one of the following:
(I) a logarithmic singularity over each of o and a, where a € C\ R, and no
other transcendental singularities;
(I) one or two logarithmic singularities over o. € R\ {0}, and no other tran-
scendental singularities.

Proof. Lemma 10.7 gives f/(z) = a+o(1)asz — cowithe < —argz < m—e,
where ¢ may be chosen arbitrarily small. The result now follows from Lemmas 6.3
and 6.4. (]

Following [38], let J be a polygonal Jordan curve in C \ {0}, symmetric with
respect to the real axis, such that every finite non-zero critical or asymptotic value
of f’lies on J but is not a vertex of J. Here J can be formed so that its complement
in CU { oo} consists of two simply connected domains B; and B;, with 0 € By and
0o € B,. Fix conformal mappings

(10.8) hyp:Bw > {(weC:lw| <1}, m=1,2, h(0) =0, hy(oo)=0.

The mapping h; may then be extended to be quasiconformal on the plane [45,
Ch.5], fixing oo, and there exist a meromorphic function G; and a quasiconformal
mapping y; such that

(109) hl Of/ = G1 oy on C.

The following lemma is [38, Lemma 4], translated to the present setting in the
light of Lemma 10.8.

Lemma 10.9. For j =1, 2, all components of (f’)_l(Bj) are simply connec-
ted, and all but finitely many are unbounded. If Cy is a component of (f)~'(B}),
then Cy contains one zero of f’, of multiplicity m; € N, and Cy is mapped m; to 1
onto By by f'. Furthermore, if a zero z1 of " lies in a component Cy of (f')~1(By),
then zy is the only zero of f" in Cy. Similarly, each component of (f')~'(B) con-
tains exactly one pole of f, disregarding multiplicities.
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The next step is to combine [38, Lemma 5] with Lemma 10.8.

Lemma 10.10. Arbitrarily small positive real numbers &, and &, may be
chosen with the following properties. There exist one or two unbounded simply
connected domains U, each a component of the set {z € C : |f'(z) — b,| < €1},
such that U, contains a path tending to co on which f'(z) tends to b,. Here each
b, is a or a, and f'(z) # b, on U,, while |f(2) — bpz| < e3|z| for all z in U, with
|z| large enough. If T is a path tending to oo on which [’ tends to an asymptotic
value B, then there exists n such that p = b, and I" \ U, is bounded.

Lemma 10.11. The function f’ has infinitely many zeros x;, all but finitely
many of which satisfy the following. First, x; is real and lies in a component C;
of (f)~Y(B)) which is unbounded, simply connected, and symmetric with respect
to the real axis, and there are no zeros of f" on the boundary 0C;. Furthermore,
oCj is 1"17 U F;f, where each Ff is a simple curve tending to oo in both directions,
symmetric with respect to R, and meeting the real axis exactly once. Analogous
considerations apply to poles of f'.

Proof. There exist infinitely many zeros x; of f’ by Lemma 10.8. For |x;|
large, let
(10.10)
—oo <y; =inf{x e R: [x,x;] C C;} <y} =sup{x e R: [x;,x] € C;} < o0.

Each ij lies in a component 1“]4E of 6C; which is symmetric with respect to R, and
w1(I'7) is a level curve of the function G in (10.9). Thus I'7 NR = {y7}, because
C; is simply connected. Finally, observe that any component of 6C; other than the
Fji would have to lie in C \ R and form part of the boundary of a component of
(f)~!(B,), that component having to contain a non-real pole of f. (]

Lemma 10.12. The zeros of f' have bounded multiplicities, and case (I1I)
holds in Lemma 10.8.

Proof. Each l"ji in Lemma 10.11 forms part of the boundary of a a component
of (f")~(B»), and the poles of f have bounded multiplicities. Hence the variation
of arg f’ on F?F has an upper bound which is independent of j, thus proving the
first assertion.

Suppose now that case (I) holds in Lemma 10.8. If zj is large and is a zero of
f”, then zg and f(z¢) are real, so that

|f (z0) — azol = |f(z0) — azol > |zo Imal.
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Theorem 1.6 may now be applied, yielding f” = R,e”? with R a real rational func-
tion and P, a real polynomial. Thus f has finitely many poles, which contradicts
Lemma 10.8. O

It may be assumed henceforth that case (IT) holds in Lemma 10.8, with o = 1.

Lemma 10.13. Fix positive real numbers M| and M, with M large and M| <
M,. Letv; € R with |v;| large be a pole of f of multiplicity m;, and let D; be the
component of (f')~1(B») in which x; lies. Then |f(z) — z| < 2e2|z| for all z € D;
with My < |f'(2)| < M3, where &; is as in Lemma 10.10. Moreover, f has at least

m; real simple zeros in D, and m is 1 or 2.

Proof. The component D; is simply connected and, as shown in Lemma
10.11, its boundary consists of two disjoint simple curves A]i. The function
v = (hy o f)™ maps D ; conformally onto the unit disc, and as z tends to oo
in either direction along either of the A¥, the image f’(z) tends to the unique
asymptotic value 1 of f’, since f” is finite-valent on D;. This implies that D;
meets one of the components U, of Lemma 10.10. It follows that there exist u;
with ,uTj = hy(1) and a positive &3 such thatif z € D; and |v(z) — | < &3, then
z € U,. Here &3 may be chosen arbitrarily small and independent of j, since the
m; are bounded by hypothesis.

Let u be the inverse function of v, mapping the unit disc onto D;. Then u’(0) =
o(|vj|), by Koebe’s 1/4 theorem and Lemma 10.7. Koebe’s distortion theorem
then yields u'(w) = o(Jvj]) for [w| < 1 — e3. Now let z; € D; be such that
w, = v(zy) satisfies g3 < |wy| < 1 — &3. Then w; can be joined to a point w,
with |wy| < 1, [wa — pj| < e3 by apath £ in g3 < |w| < 1 — &3, so that
o =v(X) is a path in D; of length o(|v;|) joining z; to z; = u(w,) € U,. But then
|f(z2) — z2] < &2]z2| by Lemma 10.10. Since f” is bounded on o, integration of f’
gives | f(z1) — z1] < 2&3|z1], proving the first assertion.

Next, let 7 be the image under u of the circle |w| = 3. Then 7 is a Jordan curve
in D; enclosing v;, and symmetric with respect to the real axis. Furthermore,
|f(z) — z| < |z| on 7; thus Rouché’s theorem implies that f has m; zeros inside ,
and these zeros must be real. Since f’ has no zeros in D;, these zeros of f are also
simple, and m; € {1, 2} by Rolle’s theorem. (]

In view of Lemma 10.13, the hypothesis (d) may now be used for the first time,
to separate the remainder of the proof into two cases.

Case A: assume that all but finitely many poles of f have multiplicity 2.

The first step in this case is the following.
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Lemma 10.14. All but finitely many zeros of f’ have multiplicity 3.

Proof. It suffices to take successive real zeros x;_; < x; < x4 of f" with
|xj—1] and |x;41| large, and to show that the multiplicity n; of x; is 3. Since all
but finitely many zeros of f” are zeros of f’, Rolle’s theorem implies that there
exist poles vy, vg41 of f” which satisfy x;_; < v < x; < vgs1 < Xj41, and these
may be assumed to be the nearest poles of f’ to x; and to have multiplicity 3 for
f’. Tt then follows from Lemmas 10.11 and 10.12 and the argument principle that
2 < nj < 4. On the other hand, Lemma 10.13 and Rolle’s theorem together show
that vy lies close to, and must lie between, a pair of real simple zeros of f, and the
same is true of vz,1. Thus x; lies between zeros of f which are not separated by
poles of f, and so x; is a zero of f’ of odd multiplicity, forcing n; = 3. (]

Now Theorem 1.7 can be applied with n =3 and 2> = 1,1 # 1in (1.8), and
the constants @ and » must have zero real part. Hence, without loss of generality,

iz __ 3
f)=C (“1> ,
ez —1

assume that

and C = 1 since 1 is the only asymptotic value of f’. If x is a pole of f then, as
Z % x?

"z) ~ ~__H
@) s f@ 2
(10.11) 2 —1)

Next, let ¢4 be small and positive, and let U be the union of the discs of centre
27n and radius g4, for n € Z. Let m be an integer with |m| large such that m has the
same sign as —u. Then 2zm is a pole of f, and the real limit A = lim;— 2., f(?)
exists and is infinite, with the same sign as m. Since integration shows that f(z) ~
z for z with |z| large but z & U, it follows that A has the same sign as f(2zm — ¢4)
and f(2zm + &4). Now Rolle’s theorem and the fact that f’ has no zeros near to
2zm together imply that f has no real zeros close to 2zm. But Rouché’s theorem
gives, counting multiplicity, two zeros of f close to 2zm, both necessarily real,
and this contradiction excludes Case A.

Case B: assume that all but finitely many poles of f have multiplicity 1. In
this case, all but finitely many zeros of f’ have multiplicity 2, by the argument
principle. This time, Theorem 1.7 may be applied with n = 2, and hence 4 = —1,
in (1.8). This yields f'(z) = C cot?>(Az + B), with A, B, C real, and the conclusion
of the theorem follows easily.
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