VARIATIONAL RESOLUTION FOR SOME GENERAL
CLASSES OF NONLINEAR EVOLUTIONS. PART II
By

ARKADY POLIAKOVSKY

Abstract. Using our results in [11], we provide existence theorems for gen-
eral classes of nonlinear evolutions. Then we give examples of applications of
our results to parabolic, hyperbolic, Schrodinger, Navier-Stokes and other time-
dependent systems of equations.

1 Introduction

Let X be a reflexive Banach space. Consider the following evolutional initial value
problem:

CLL - u®} + A (u(®) =0 in (0, Tp),
I - u(0) =vg.

(1.1)

Here, I : X — X* (X* is the space dual to X) is a fixed bounded linear inclusion
operator, assumed to be self-adjoint and strictly positive, u(t) € L4 ((0, Ty); X ) is
an unknown function such that 7 - u(t) € W' ((0, Ty); X*) (where I - h € X* is the
value of the operator / at the point & € X), A;(x) : X — X* is a fixed nonlinear
mapping, considered for every fixed ¢t € (0, Tp), and vy € X* is a fixed initial
value. The most trivial variational principle related to (1.1) is the following one.
Consider some convex function I'(y) : X* — [0, +00) satisfying I'(y) = O if and
only if y = 0. Next define the energy functional

To
(1.2) Eo(u(") := /0 F(j’t{l cu()} + A,(u(t)))dl for all u(r) € L((0, To); X)
such that - u(f) € W"((0, To); X*) and I - u(0) = vo.

Then it is obvious that u(r) is a solution of (1.1) if and only if Eg(u(-)) = 0.
Moreover, the solution of (1.1) exists if and only if there exists a minimizer u(z)
of the energy Ey(-), which satisfies Eo (uo(-)) = 0.
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We have the following generalization of this variational principle. Let
Y.(x) : X — [0, +00) be some convex Gateaux differentiable function, considered
for every fixed ¢ € (0, Tp) and satisfying ¥,(0) = 0. Next define the Legendre
transform of ¥; by

(1.3) W) :=sup {{z, ¥)yux- — ¥i(2): ze X} forallye X"
It is well known that ¥} (y) : X* — R is a convex function and that
(1.4) P+ ») = (0, y)yyx- forallxeX, yeX”,

with equality if and only if y = DW,(x). Next, for 1 € {0, 1}, define the energy
functional

To d
(1.5)  E; (u) ;=/O {‘P,(lu(t)) +\P;‘(— {1 un} - A,(u(z))>

+ /l<u(t), %{1 cu(t)} + A,(u(t))> }dz
X xX*

for all u(t) € L1((0, Ty); X) such that I - u(r) € W' ((0, To); X*)
and I - u(0) = vy.

Then, by (1.4), we have E; () > 0; and, moreover, E; (u(-)) = 0 if and only if u(r)
is a solution of

w6 LI u@®)} + A (u(®) + DY, (Au(®) =0 in (0, Tp),
’ I - u(0) =v.

(Note here that since ¥,(0) = 0, in the case A = 0, (1.6) coincides with (1.1).
Moreover, if A = 0, then the energy defined in (1.2) is a particular case of the
energy in (1.5), where we take I'(x) := W*(—x)). So, as before, a solution of (1.6)
exists if and only if there exists a minimizer uy(¢) of the energy E,(-) that satisfies
E; (uo(-)) = 0. Consequently, in order to establish the existence of a solution of
(1.6), we need to answer the following questions.

(a) Does a minimizer to the energy in (1.5) exist?

(b) Does the minimizer u((¢) of the corresponding energy E,(-) satisfy

E; (()) = 0?

To the best of our knowledge, the energy in (1.5) with 1 = 1, related to (1.6),
was first considered for the heat equation and other types of evolutions by Brezis
and Ekeland in [1]. In that work, they also first asked question (b): how, without a



VARIATIONAL RESOLUTION OF NONLINEAR EVOLUTIONS. PART II 249

priori knowledge of the existence of a solution of (1.6), to prove that the minimum
of the corresponding energy is 0. This question was asked even for very simple
PDE’s like the heat equation. A detailed investigation of the energy of type (1.5)
with 4 =1 was done in a series of works by N. Ghoussoub and his coauthors; see
[4] and also [5], [6], [7], [8]. In those works, they considered a similar variational
principle, not only for evolutions, but also for some other classes of equations.
They proved some theoretical results about general self-dual variational principles
which, in many cases, can provide the existence of a zero energy state (answering
questions (a) and (b) together) and, consequently, the existence of solutions of the
related equations; see [4] for details.

In [11], we provided an alternative approach to questions (a) and (b). We
treated them separately; and, in particular, for question (b), we derived the main
information by studying the Euler-Lagrange equations for the corresponding en-
ergy. To our knowledge, such an approach was first considered in [10], where
an alternative proof of existence of solutions for initial value problems for some
parabolic systems is provided. Generalizing these results, we provided in [11] the
answer to questions (a) and (b) for a wide class of evolution equations. In par-
ticular, regarding question (b), we were able to prove that in some general cases,
not only the minimizer, but also any critical point u#(¢?) (i.e., any solution of the
corresponding Euler-Lagrange equation), satisfies £, (uo(-)) =0, i.e., is a solution
of (1.6).

The approach of Ghoussoub in [4] is more general than ours, as he considered
a more abstract setting. The main advantages of our method are as follows.

e We are able to prove that under some growth and coercivity conditions every
critical point of the energy (1.5) is actually a minimizer and a solution of
(1.6).

e Our result, giving the answer for question (b), does not require any assump-
tion of compactness or weak continuity of A, (these assumptions are needed
only for the proof of existence of minimizer, i.e., in connection with question
(@)).

e Our method for answering question (b) uses only elementary arguments.

In particular, in order to answer question (b), we get the main information directly
from the Euler-Lagrange equation for energy (1.5). Although the Euler-Lagrange
equation of that energy differs from equation (1.6), we are able to show that the sets
of solutions for these equations coincide in some general cases. We note here that
the above property holds in the case of energy (1.5) related to evolutional equations
and does not hold in many cases of stationary (time independent) problems.
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We can rewrite the definition of E; in (1.5) as follows. Since I is a self-
adjoint and strictly positive operator, there exist a Hilbert space H and an injective
bounded linear operator 7 : X — H whose image is dense in H such that for the
linear operator T : H — X* defined by the formula

(1.7) (6T Y yuxe :=(T -%,¥) .y foreveryye H andx € X,

ToT = I;see[l1, Lemma 2.7] for details. We call {X, H, X*} an evolution triple
with the corresponding inclusion operators 7 : X — H and T:H — X*.
Thus, if vy = T - wy for some wy € H and p =q* :=¢q/(q — 1), where ¢ > 1, then

/T° (. 1w}y ar = 3w, = 3 ol
0 dt oxe 2 Ol = R 10N

(see Lemma 2.3 for details), and therefore

(1.8) Ey(u) = J(u) :=

/Oro {ly, (2u) +; ( - %{1 cu()} — A,(u(t))> + 20u, A(u®)) }dt
27w}~ 5wl

for all u(r) € LI((0, Tp); X) such that I - u(t) € W9 ((0, To); X*) and I - u(0) =
f - Wg.

Our first main result in [11] provides the answer to question (b) under some
coercivity and growth conditions on ¥, and A,.

Theorem 1.1. Let {X, H, X*} be an evolution triple with the corresponding
inclusion linear operators T : X — H, assumed to be bounded, injective and to
have dense image in H, T:H— X* defined by (1.7). Let I := ToT:X — X*.
Next, let L. € {0,1}, g > 2, p =q* :=q/(q— 1) and wy € H. Furthermore, for
every t € [0, Ty), let Yi(x) : X — [0, +00) be a strictly convex function that is
Gateaux differentiable at every x € X and satisfies ¥,(0) = 0 and the condition

1
(1.9) Ellx”;’( —Co < ¥(x) < Collx|% +Co forallx € X forallt e [0, To]
0

for some Cy > 0. Also assume that Y,(x) is a Borel function of its variables (x, t).
Next, for each t € [0, Ty], let Ay(x) : X — X* be a function that is Gateaux differ-
entiable at every x € X and such that A,(0) € LY ((0, To);X*) and the derivative
DA, of A, satisfies the growth condition

(1.10) IDAIcoexe) < g(IT - 2llar) (Ilel§ T + 292790
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forall x € X forallt € [0, Ty] and some non-decreasing function g(s) : [0+00) —
(0, +00) and some non-negative function u(t) € L' ((O, Ty); R). Also assume that
A(x) is strongly Borel (see Definition 2.1) on the pair of variables (x, t). Assume
also that ¥, and A, satisfy the monotonicity condition

(1.11) <h, /I{D‘I’t(/lx+ h) — D‘P,(/lx)} + DA - h>

XxX*
> —2(I - xllr) (1§ + 20) 1T - Al
forallx,h € X, andt € [0, Ty]
for some non-decreasing function g(s) : [0+00) — (0, +00) and some nonnegative
function A(t) € L'((0, To); R). Consider the set
(1.12) Ry = {u() € L9((0, To):X) : 1 - u(t) € W ((0, Ty X°) },

and the minimization problem
(1.13) inf{J(u) s u(t) € Ry such that I - u(0) = T- wo},

where J(u) is defined by (1.8). Then for every u € R, such that I -u(0) = T. wq and
for arbitrary function h(t) € R, such that I - h(0) =0, lim,_,o (J(u+sh) — J(u))/s
exists and is finite. Moreover, for every such u, the following four statements are
equivalent:

(1) u is a critical point of (1.13), i.e., for any function h(t) € R, such that

I-h(0) =0,
(1.14) Jim JW S =J@
s—0 S

(2) u is a minimizer of (1.13);
(3) Jw) =0;
(4) u is a solution of

01s) LI - u@®} + A (u@®) + DY, (Au(®)) =0 in (0, Tp),

’ I-u0) =T - w.

Finally, there exists at most one function u € R, that satisfies (1.15).

Remark 1.1. Assume that, instead of (1.11), one requires that ¥; and A,
satisfy the inequality

<h,/1{D‘Pt(/lx +h) — D‘P,(/lx)} + DA - h>
XxX*
fo

1.16 -
(110 ~ &UIT - xllm)

-2 . _,
GUT - 2llw) (I + 2@) 0| IT - h G
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for all x,h € X for all + € [0,7y] for some non-decreasing function
g(s) : [0+ 00) = (0, +00), some function 2(r) € L'((0, Ty); R), some function
fx, 0 : X x [0, To] > R, and some constant 7 € (0, 2). Then (1.11) follows by
the trivial inequality (r/2) a® + ((2 — r)/2) b>>a b,

Our first result in [11] about the existence of minimizers for J(u) is the follow-
ing proposition.

Proposition 1.1. Assume that {X, H, X*}, T, YN", I, q,p, ¥; and A; satisfy all
the conditions of Theorem 1.1 with A = 1. Moreover, assume that ¥, and A, satisfy
the positivity condition

1 _
W17 W+ AW) =zl = 01T 2l + 1)

X xX*

for all x € X and t € [0, Tyl, where C > 0 is some constant and u(t) €

L! ((O, T0); ]R) is some non-negative function. Furthermore, assume that
(1.18) A(x) =A,(S - x) +O,(x) forallx € X forallt € [0, Tyl,

where Z is a Banach space, S : X — Z is a compact operator and for every
t € [0,To], Ai(z) : Z — X™ is a function which is strongly Borel on the pair of
variables (z,t) and Gdteaux differentiable at every z € Z, O;x) : X —> X* is
strongly Borel on the pair of variables (x, t) and Gdteaux differentiable at every
x € X, 0,0),A,0) e LT ((0, To);X*) and the derivative DA, of A, and the deriv-
ative DO, of O, satisfy the growth condition

(1.19) DO, cxox + IDAKS ¥l cczxey < (1T - 2l) (%472 + w090

forall x € X and t € [0, Ty] for some nondecreasing function g(s) : [0, +00) —
(0 + 00) and some nonnegative function u(t) € L' ((0, Tv); R). Next assume that
for every sequence {xn(t)}zzol cC L1 ((O, To); X ) such that the sequence {I . x,,(t)}
is bounded in W7 ((O, To);X*) and x,(t) — x(t) weakly in L"((O, TO);X),

o O, (x,(1)) — O,(x(1)) weakly in LT ((0, To); X*),

°
To

lim <x”(t)’ ®’(x”(t)) >x xx*dt = /OTO <x(l), @,(x(t)) >x xx*dt'

n—+00 J0
Finally, let wy € H be such that wyg = T - ugy for some ug € X or, more generally,
let wg € H be such that A,,, := {u eR,: I -u0) = T - wo} # &. Then there

exists a minimizer of (1.13).

As a consequence of Theorem 1.1 and Proposition 1.1, we have the following
corollary.



VARIATIONAL RESOLUTION OF NONLINEAR EVOLUTIONS. PART II 253

Corollary 1.1. Under the assumptions of Proposition 1.1, there exists a unique
solution u(t) € R, of

LT u@)} + A, (u() + D, () =0 in (0, Tp),

(1.20) ~
I-u(0) =T - wo.

As an important particular case of Corollary 1.1, we recover the following
theorem in [11].

Theorem 1.2. Let {X, H, X*} be an evolution triple with the corresponding
inclusion linear operators T : X — H, assumed bounded, injective and having
dense image in H, and T:H— X* defined by (1.7), and I := ToT:X — X~
Next, let q > 2. Furthermore, for each t € [0, Ty], let ¥:(x) : X — [0, +00) be
a strictly convex function that is Gateaux differentiable at every x € X, satisfies
WY,(0) =0, and satisfies the growth condition

1
(1.21) FOIIXII?( — Co < i) < Gy lIx[I% + Co

forall x € X and t € [0, Ty] and the uniform convexity condition

1 _
(1.22) <h, DY, (x +h) — D‘P,(x)>XXX* > & (HXH?( 2, 1) RN

forallx,h € X andt € [0, Ty] for some Cy > 0. Also assume that V,(x) is Borel on
the pair of variables (x, t) Next let Z be a Banach space, S : X — Z be a compact
operator; and, for every t € [0, Ty), let Fi(z) : Z — X* be a function such that F;
is strongly Borel on the pair of variables (z, t) and Gdteaux differentiable at every
zeZ, F0) e LY ((0, To);X*) and the derivative DF, of of F; satisfies the growth
condition

(1.23) |DFAS | gy < &(NT 1) (g + 1)
forall x € X and t € [0, Ty] for some non-decreasing function g(s) : [0, +c0) —
(0, +00). Moreover, assume that Y, and F; satisfy the positivity condition

120 @+ (xF(S0) =zl = CIS i — @0 (17 -5l + 1)

X xX*

forall x € X and t € [0, Ty] for some constant C > 0 and some non-negative
function u(t) € L'((0, Tp); R). Furthermore, let wy € H be such that wo = T - ug
for some uy € X, or more generally, wg € H be such that

Ay i={ueR,: 1-u©) =T -wo} #2.
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Then there exists a unique solution u(t) € R, of the equation

%{I cu(®)} + F, (S - u@®) + DY, (u(®)) =0 fora.e.t € (0, Ty),

(1.25) .
I-u0) =T - wy.

In this paper, using Theorem 1.2 as a basis, by the appropriate approxima-
tion, we obtain further existence theorems under much weaker assumptions on
coercivity and compactness. The first theorem improves the existence part of
Corollary 1.1 (Theorem 3.1 is an equivalent formulation and Theorem 3.2 is an
important particular case).

Theorem 1.3. Let g > 2 and { X, H, X*} be an evolution triple with the cor-
responding inclusion linear operators T : X — H, assumed injective and having
dense image in H, and T:H > X* defined by (1.7), and I := ToT :X —
X*. Assume also that the Banach space X is separable. Furthermore, for every
t € [0, Ty], let P/(x) : X — [0, +00) be a convex function that is Gdteaux differen-
tiable at every x € X, satisfies W,(0) = 0 and satisfies the growth condition

(1.26) 0<Y¥(x) <C|x|%¥+C forallxeX, foralltel0,Tol,

for some C > 0. Assume also that Y,(x) is Borel on the pair of variables (x, t).
Furthermore, for eacht € [0, Ty), let Ai(x) : X — X* be a function that is Gateaux
differentiable at every x € X, A(0) € L7 ((0, Ty); X*) and the derivative DA, of
A; satisfies the growth condition

(1.27) IDAM | coexsy < g(IT -xllu) (16l +1) Vxe X forallt €0, To]

for some nondecreasing function g(s) : [0, +00) — (0,+00). Also assume that
A, (x) is Borel on the pair of variables (x, t). Assume also that A, and ¥, satisfy
the monotonicity condition

1 A
(1.28) (£ D@+ AW) = el = CIL -2l — n@) (IT -2l + 1)

X xX*
forall x € X and t € [0, Ty], where V is a given Banach space, L € L(X, V) is a
given compact operator, u(t) € L' ((0, TO);R) is some non-negative function and
C > 0is some constant. Finally, assume that for every t € [0, Ty], (D Y, + A,) x) :
X — X* satisfies the following compactness property:

e if x, — x weakly in X, then lim,_, , (X, — x, D¥:(x,)) + As(%,)) x5+ = 05

o ifx, — x weakly in X and lim,,_, .o (X, — X, D¥i(x,)) + As(X,)) . x+ = O, then

DVY,;(x,) + Ai(x,)) — DY, (x) + A(x) weakly in X*.
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Then for each wy € H and each 1. € R, there exists u(r) € L((0, To); X) such that
I (u(n)) € Wha'((0, To); X*), where g* := q/(q — 1), and u(t) is a solution of

LT u@)} + AL - u(t) + A, (u()) + DY, (u(0)) =0 in (0, Tp),

(1.29) -
I-u0) =T - wy.

The second existence result is useful in the study of parabolic, hyperbolic,
parabolic-hyperbolic, Schrédinger, Navier-Stokes and other types of equations
(Theorem 3.3 is an equivalent formulation and Theorem 3.4 and Corollary 3.2
are important particular cases).

Theorem 1.4. Let g > 2, X and Z be reflexive Banach spaces and X* and
Z* be the corresponding dual spaces. Let H be a Hilbert space. Suppose that
0O : X — Z is an injective bounded linear operator whose image is dense on Z.
Furthermore, suppose that P : Z — H is an injective bounded linear operator
whose image is dense on H. Let T : X — H be defined by T := P o Q, so
that {X, H, X*} is an evolution triple with the corresponding inclusion operators
T:X > H T:H — X* defined by (1.7) and I := T o T. Assume also
that the Banach space X is separable. Furthermore, for each t € [0, Ty), let
AN((2): Z > X* and A(2) : Z = X* be functions that are Gateaux differentiable at
every z € Z and A;(0), A,(0) € LT ((O, To);X*). Assume that for every t € [0, T],

(1.30) DA £ zxe) < &(IP - 2llar) - (Ilzll%_2 + 1)
forallz € Z and t € [0, Ty,

(1.31) | A

v = &(1Pzlu) - (Lo 2l + 27 )
forall z € Z and t € [0, Ty], and
(1.32) DA gy < &(NP - 2llm) - (Lo - 20,7 + 1)

forall z € Z and t € [0, Tyl, where ji(t) € L'((0, Tp); R) is some non-negative
function, g(s) : [0, +00) — (0, +00) is some non-decreasing function, V, is some
Banach space and Ly : Z — Vy is some compact linear operator. Moreover,

assume that A\, and A, satisfy the monotonicity condition

(1.33) (hAQ-B)+A(Q-R))
> (1/C) | H ~ €l @ - mf} — w@ (|7 -4l +1)

forallh € X and t € [0, Ty], where V is a given Banach space, L € L(Z, V) is a
given compact operator, u(t) € L' ((0, To);R) is some non-negative function and
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C > 0 is some constant. Also assume that NA:(z) Ai(z) are Borel on the pair of
variables (z, t). Finally, assume that there exist a family of Banach spaces {V; }J;‘fi
and a family of compact bounded linear operators { L j};f‘fi, where L; : Z — V;,
which satisfy the condition
o if {h,}1X C Z is a sequence and hy € Z are such that for every fixed j,
lim,_ o0 Lj-h, =L;-hg stronglyinV; and P -h, — P -hy weakly in H, then
for every fixed t € (0,Ty), Ni(h,) — A(hg) weakly in X* and DA,(h,) —
DA, (hg) strongly in L(Z, X™).
Then, for every wo € H, there exists z(t) € L1((0,Ty);Z) such that w(r) :=
P-z(t) € L®((0, To); H), v(t) := T - (w(r)) € W' ((0, To); X*), and z(1) sat-
isfies the equation

D)+ A (z(0)) + Ay (2(1)) =0 forae. t € (0, Ty),

(1.34) ~
v(a) =T - wy.

In Section 4, we give some applications of Theorems 1.3 and 1.4, providing the
existence results for various classes of time dependent partial differential equations
including parabolic, hyperbolic, Schrodinger and Navier-Stokes systems.

2 Notation and statement of preliminary results

Throughout the paper, by a linear space we mean a real linear space.
e Given a Banach space X, denote by X* the corresponding dual space.
e Given a Banach space X, & € X and x* € X*, denote by (&, x*)y, . the value
in R of the functional x* at the vector 4.
e Given two Banach spaces X and Y, denote by £(X;Y) the linear space of
bounded linear operators from X to Y.
e Given Banach spaces X and Y, A € L(X;Y)and h € X,denoteby A-h e Y
the value of the operator A at the point /.
o Set||Allcx.yy =sup{llA-Ally : he X, ||hllx < 1}, making £(X;Y) a Banach
space.
e Given two Banach spaces X and Y and a Gateaux differentiable mapping
F : X — Y, denote by DF (x) € £L(X;Y) the Gateaux derivative of F at the
pointx € X.
Next we recall some definitions and lemmas from [11]. Many of them are well
known.

Definition 2.1. Let X and Y be Banach spaces, and U C X be a Borel subset.
We say that the Borel mapping F(x) : U — Y is strongly Borel if for every
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separable subspace X’ C X, theset{y € Y : y = F(x), x € U N X'} is also
contained in some separable subspace of Y.

Definition 2.2. For a Banach space X and an interval (a, b) C R, we define
Li(a, b; X) to be the linear space of (equivalence classes of) strongly measurable
(i.e., equivalent to some strongly Borel mapping) functions f : (a, b) — X such
that

1/q .
(Sons@igar)™if1<q < oo,

eSS SUP,c i I/ (DIlx  if g =00

(2.1) 1 | zoqa,b:x) ==

is finite. It is known that L9(a, b; X) with the norm defined by (2.1) is a Banach
space. Moreover, if X is reflexive and 1 < g < oo, then L9(a, b; X) is also reflexive
with the corresponding dual space L7 (a, b; X*), where ¢* = q/(q — 1).

Definition 2.3. Let Z be a Banach space and Z* be the corresponding dual
space. We say that a mapping A(z) : Z — Z* is monotone if for all y,z € Z,

<y — A()’) - A(Z)>Z><Z* > 0.

Definition 2.4. Let Z be a Banach space and Z* be the corresponding dual
space. We say that a mapping A(z) : Z — Z* is pseudo-monotone if it satisfies
the following conditions:

(i) for every sequence {z,};% C Z such that z, — z weakly in Z,

lim <Zn — % A(Z'l)>Z><Z" > 0;

n—+00

(i) A(z,) — A(z) weakly* in Z* for every sequence {z,}'% C Z such that

n=1

zn — z weakly in Z and lim,,, o0 (20 — 2, A(20)) 1y =0,

Lemma 2.1. Let Z be a Banach space, Z* be the corresponding dual space
and N(2) : Z — Z* be a monotone and strong-to-weak continuous mapping. Then
A(z) is a pseudo-monotone mapping.

Definition 2.5. Let X be a reflexive Banach space, and let (a, b)) C R. We
say that v(f) € LY(a, b; X) belongs to W'-4(a, b; X) if there exists f(¢) € Li(a, b; X)
such that for every (1) € C}((a, b); X*),

b b do
/a (f(),0(0))yxx-dt :—/a (v(t),E(t»Xxx*dt.

We then denote f(#) by v'(¢) or by %(r).
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Definition 2.6. Let X be a reflexive Banach space and X* be the correspond-
ing dual space. Next, let H be a Hilbert space and T € L(X, H) be an injective
inclusion operator whose image is dense in H. We call the triple {X, H, X*} an
evolution triple with the corresponding inclusion operator 7. Further-
more, we define the injective operator T € L(H;X") by the formula

(2.2) (x,T Wxxxs =T XV sy foreveryye Handx € X .

Lemma 2.2. Let {X, H, X"} be an evolution triple with the corresponding
inclusion operators T € L(X;H) and T e L(H;X*), and let a < b € R. Let
w(t) € L*™(a, b; H) be such that the function v : [a, b] — X* defined by v(t) :=
T- (u)(t)) belongs to W4(a, b; X*) for some q > 1. Then w can be redefined on a
subset of [a, b] of Lebesgue measure zero so that w(t) is H-weakly continuous in t
on [a, b]. Moreover, for every a < a < B < b and for every 5(t) € C! ([a, b];X),
we then have

/aﬁ {<6(t)’ %(t)>)(><x* M <§U)’ U(t)>)(><x*}dt

= <T . 5(ﬂ)a w(ﬂ»HxH - <T : 5(0!), w(a)>HxH'

Lemma 2.3. Let {X, H, X"} be an evolution triple with the corresponding
inclusion operators T € L(X;H) and T e L(H;X"), and let a < b € R. Let
u(t) € Li(a, b; X) with g > 1 be such that the function v(t) : [a, b] > X* defined
by v(t) := (f oT)- (u(t)) belongs to W49 (a, b; X*) with g* := q/(q — 1). Then
the function w(t) : [a, b] — H defined by w(t) :=T - (u(t)) belongs to L>(a, b; H)
and for every subinterval |a, f] C [a, bl, up to a redefinition of w(t) on a subset
of [a, b] of Lebesgue measure zero making w to be H-weakly continuous (see
Lemma 2.2),

/ " uo. D), e =3 (1w~ @i,

Lemma 2.4. Let X be a reflexive Banach space and Y and Z Banach spaces.
Let T € L(X;Y)and S € L(X;Z) be bounded linear operators. Assume that S
is an injective operator and T is a compact operator. Assume that a < b € R,
1 < g < +oo and {u,(t)}}> C Li(a, b; X) is a bounded sequence of functions in
Li(a, b; X) such that the functions v,(t) : (a, b) = Z, defined by v,(t) := S - (un(t)),
belong to L™ (a, b; Z), the sequence {v,(1)}}% is bounded in L*(a, b;Z) and for
ae. t € (a,b), v,(t) — v(r) weakly in Z as n — +oo. Then {T - (un(t))}::j
converges strongly in L(a, b; Y).
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3 The existence results

Lemma 3.1. Let X and Z be reflexive Banach spaces and X* and Z* be the
corresponding dual spaces. Let H be a Hilbert space. Suppose that Q € L(X, Z)
is an injective inclusion operator (i.e., satisfies ker Q = {0}) whose image is dense
on Z. Furthermore, suppose that P € L(Z, H) is an injective inclusion operator
whose image is dense on H. Let T € L(X,H) be defined by T := P o Q, so
that {X, H, X*} is an evolution triple with the corresponding inclusion operator
T € L(X; H) as defined in Definition 2.6 together with the corresponding operator
T e L(H; X*) defined as in (2.2). Next let a, b € R be such that a < b and q > 2.
For everyt € [a, b], let P;(x) : X — [0, +00) be a convex function that is Gateaux
differentiable at every x € X, satisfies ¥,(0) = 0 and satisfies the growth condition

1
3.1 Ellxllg( —C<0<Y¥Y(x)<C|x|%¥+C forallxe X andt € [a, b]

for some C > 0. Also assume that Y,(x) is Borel on the pair of variables (x, t).
Next, for every t € [a,b], let A((z) : Z — X* be a function that is Gdteaux
differentiable at every z € Z and that satisfies the bound

(32) 8@y = (1P zln) - (1215 + 17 @)

forall z € Z and t € la,b], where g(s) : [0,+00) — (0, +00) is some non-
decreasing function and u(t) € L'(a, b;R) is some non-negative function. More-
over, assume that N\, satisfies the positivity condition

(33) (hAlQ-h)) = (1/C)|0-hls=CllL-@-m|}, = &) (||T Al +1)

xX

forall h € X and t € [a, b], where V is a given Banach space, L € L(Z,V) is
a given compact linear operator, C > 0 is some constant and fi(t) € L'(a, b;R)
is some non-negative function. Also assume that A,(z) is strongly Borel on the
pair of variables (z,t). Furthermore, let {wﬁ,o)};’f:l C H be such that wﬁ,o) — wo
strongly in H, and let €, > 0 be such that €, — 0 as n > +00. Moreover, assume
that u,(t) € L(a, b; X) is such that v,(t) := (T oT)-u,(t) € Wh (a, b; X*), where
q* =q/(g— 1), and u,(¢) is a solution of

G4 Do (1) + Ay (2a(t)) + £,DP; (un(t)) =0 forace. t € (a,b)
' wa(a@) = w”,

where w,(1) :=T - up(t), z(t) 1= Q - uy(1), and wy(t) is H-weakly continuous on
[a, b]; see Lemma 2.2. Then there exist z(t) € L1(a, b;Z) and A(t) € LY (a, b; X*)
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such that w(t) := P - z(t) € L*(a,b; H), v(t) := T - w(t) € W (a, b; X*), w(t) is
H -weakly continuous on [a, b, and up to a subsequence, we have

za(t) — z(t) weakly in Li(a, b;Z)

Don (f) — %(t)_ weakly in L (a, b; X*)

(3.5) A+ (za()) — A1) weakly in LY (a, b; X*)

w, (1) — w(t) weakly in H for every fixed t € |a, b],
{wn(t)}:: is bounded in L>*(a, b;H),

and w(t) satisfies the equation

() 4 A1) =
5 { L (1) 4+ A(r) =0 for a.e. t € (a, b),
w(a) = wy.
Moreover,
1 A 1
6n Sl Em ([ (oA eo), ds) < 5ol

forallt € [a, b].

Proof. By a well-known embedding result (see [11, Appendix, Lemma A.1]),
there exists a constant K > 0O such that

1
IL-2lly < 5 215+ K122l

for all z € Z. Plugging this inequality into (3.3), we obtain

1 —
(hadQ-m) = 5= (200-hi =10 hiZ) = (7@ + CK) (I - Al +1)
(3.8) )
1 ~
= S 1l = (i +K) (1T - kil +1)

forall h € X and ¢ € [a, b], where K > 0 is a constant. Thus, setting u(t) :=
(&) +K) € L'(a, b; R), we obtain

G (nafo-n), = 02001l - (|- u 1)
for all & € X for all ¢ € [a, b]. On the other hand, by (3.4), we deduce

(3.10) /at<”"(s)’i10:(s)>xwds+ /ut<w,(s),As(zn(s))> ds

X xX*

+ 2 /ut (1a(5), DY, (1n(®)) ) ds =0



VARIATIONAL RESOLUTION OF NONLINEAR EVOLUTIONS. PART II 261

for all ¢ € [a, b]. However, since by Lemma 2.3 we have

/at <u,1(s), %(s)>XxX*ds = %(Hwn(r)Hf, - Hwﬁf”“i,),

using (3.10), we obtain
1 , [
Sllonoll + / <un(s>, A, (zn<s))> ds

X xX*

(3.11) t | 2
+e,,/ <u,,(s),D‘Pt(un(s))>XXX*ds = EHu);O)HH

for all ¢ € [a, b]. However, since W,(-) is convex and since ¥,(-) > 0, ¥,(0) = 0,
and then also DW¥,(0) = 0, we have

(3.12) (a0, D, (1a(0) )
for all ¢ € (a, b). Therefore, using (3.12), from (3.11) we deduce that

g 2 Hi(®) =0

1
ds < 2w

1 1 t
(3.13) &, / ‘I’X(un(s))ds+EHw,,(t)Hz+ / <u,,(s), As(Zn(s))>

for all ¢ € [a, b]; and, in particular,

XxX*

1 ! 1
G ool [ (e a@o) ds el
a X xX*

for all ¢ € [a, b]. Thus, inserting (3.9) into (3.13), we deduce that

(3.15) Hwn(t)HiI+g”/ ‘*I’X(u,1(s))ds+/ [2a(9)||%ds < cz/ ()| wa(s)||5,ds + Cs
for all 7 € [a, b], where C; > 0 is a constant. In particular,

t
(3.16) wn®l}, < €2 [ a)|wns)ds + 3

for all ¢t € [a, b]. Thus

(3.17) jt{eXp<—Cz / ﬁ(s)ds) / E(s)uwn(s)n%,ds}

< Gyit(tyexp ( yer / ﬁ(s)ds> < Cit(r)

for a.e.t € [a, b] and n € N, and thus
t t t
/ 1), (s)||7ds < Crexp (CZ/ ,J(s)ds) / w(s)ds

(3.18) . ,
< Cyexp <C2/ ﬁ(s)ds) / w(s)ds
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for all t € [a,b] and n € N. Then, by (3.18), from (3.16) we obtain that the
sequence {w,(?)} is bounded in L*°(a, b; H). Then, by (3.15), we deduce that
that sequence {z,(¢)} is bounded in LY(a, b; Z). Moreover, by (3.2), we obtain that
A, (zn(t)) is bounded in L7 (a, b; X*). Therefore, in particular, up to a subsequence,
we have

zn(t) — z(t) weakly in LY(a, b; Z),

w, (1) — w(t) weakly in L(a, b; H),

0, (1) — v(¢) weakly in L(a, b; X*),
Ai(za(8)) = A@) weakly in LY (a, b; X*),

(3.19)

where w(t) := P - z(t), v(t) := T w(t). Next plugging (3.19) into (3.15) and using
the fact that { w,,(¢)} is bounded in L*°(a, b; H), we deduce

(3.20) én / l W, (un(s))ds < Cy

where Cy is a constant. Then using (3.1) we deduce from (3.20),

b
(3.21) g,,/ (|tn(s)||%dds < Cs .

Next, since ¥, is a convex function satisfying (3.1), using [11, Lemma 2.3], we
obtain that

(3.22) D (1) |, = Cllu@]y" +C
for all ¢ € (a, b), for some constant C > 0. Then

(3.23) HD\F,(un(t))Hj; < Coljun(0)||% + Co  forall 1 € (a, b).

Thus, plugging (3.23) into (3.21), we deduce

b .
(3.24) / £D ¥, (1,(9) | ds < Calf .
So

(3.25) Jdim oD% 00)]|,. =
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On the other hand, by (3.4) and Lemma 2.2, for any f € [a, b] and every
6(t) € C'([a, b]; X),

(3.26) <T -5(B), wn(ﬂ)>H><H — <T -8(a), wfl()>>HXH B /a/’ <§(t), D”(t)>xXx*dt+

/a ! <5(z), snD‘I’,(un(t))>XXX*dt + / ’ <5(r), A, (z,,(t))>XXX*dt -0.

Letting n — +oo in (3.26) and using (3.19), (3.25) and the fact that w® — wy in
H, we obtain

(3.27) nLirJrnoo <T ~o(p), wn(ﬁ)>HxH - <T +o(), w0>HxH

— /uﬂ <ddf(t)s U(t)>xxX*dl + /aﬂ <6(Z)’ K(l)>XxX*dt =0

for every d(r) € C'([a, b];X). In particular, for every 6() € C'([a, b];X) such
that 6(b) = 0 we have

(328) —(T-o@,wp) —/b<%(t),v(t)>xx)(*dt+/ab (50, A@)  dr=0.

a

Thus, in particular, % (7) = —A(0) € LT (a, b;X*); and 50 v(t) € Wh9' (a, b; X*).

Then, since {w,(¢)} is bounded in L*°(a, b; H), we have w(t) € L*(a, b; H) and
thus, as before, we can redefine w on a subset of [a, b] of Lebesgue measure zero,
so that w(¢) is H-weakly continuous in 7 on [a, b]; and by (3.28), we then have
w(a) = wg. So w(?) is a solution of the equation

529) {f;;(r) +A() =0 forae.t e (a,b),

w(a) = wo.

Thus, in particular, for any 3 € [a, b] and every 6(¢) € C'([a, b]; X), we have

(330) (T-6(),wp)  —(T 0@, wo)

Plugging (3.30) into (3.27), we deduce
(3-31) n1—1>1Poo <T "X wn(ﬁ)>HxH - <T h w(ﬁ)>HxHX

for all x € X and f € [a, b]. Therefore, since the image of T has dense range in H
and {w,(?)} is bounded in L*°(a, b; H), we deduce that

(3.32) w, (1) = w(t) weakly in H for all ¢ € [a, D].
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Next, by (3.19), (3.25), (3.4) and (3.29), we obtain

dv,,

(3.33) I

d *
0 — jl;(t) weakly in L7 (a, b; X™).

So we have established (3.5) and (3.6). Finally, since wﬁ,o) — wy strongly in H,
plugging (3.32) into (3.14), we obtain (3.7). ]

As a consequence of Lemma 3.1 in a particular case we have the following
corollary.

Corollary 3.1. Let X and Z be reflexive Banach spaces and X* and Z* be
their corresponding dual spaces. Let H be a Hilbert space. Suppose that
0 € L(X, Z) is an injective inclusion operator (i.e. it satisfies ker Q = {0}) whose
image is dense on Z. Furthermore, suppose that P € L(Z, H) is an injective in-
clusion operator whose image is dense on H. Let T € L(X, H) be defined by
T:=PoQ, andlet P € L(H;Z*) be defined by

(3.34) (z, P- Wowz =P -2,V gy foreveryye Handz e Z,

so that { X, H, X*} is an evolution triple with the corresponding inclusion operator
T € L(X; H) as defined in Definition 2.6 together with the corresponding operator
T e L(H; X*) defined as in (2.2). Moreover, {Z, H, Z*} is another evolution triple
with the corresponding inclusion operator P € L(Z; H), together with the corres-
ponding operator P € L(H;Z*). Next let a,b € R be such that a < b and q > 2.
Furthermore, for every t € [a, b], let ¥;(x) : X — [0, +00) be a convex function
that is Gdteaux differentiable at every x € X, satisfies ¥,(0) = 0 and satisfies the
growth condition

1
(3.35) E||x||§ —C<¥Mx<Clx|t+C

forallx € X andt € [a, b] for some C > 0. Also assume that ¥,(x) is Borel on the
pair of variables (x, t). Furthermore, for eacht € [a, b], let A((z) : Z — Z* be a
Sfunction that is Gdteaux differentiable at every z € Z and satisfies the bound

(3.36) 1A, < g(1P-2l) - (1215 + 5 @)

forall z € Z and t € [a,b], where g(s) : [0,+00) — (0,+00) is some non-
decreasing function and u(t) € L'(a, b;R) is some non-negative function. More-
over, assume that \, satisfies the positivity condition

G (nam) = ()L - L alt — ww(|p -l + 1)
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forall h € Z and t € [a, b], where V is a given Banach space, L € L(Z,V) is
a given compact linear operator, C > 0 is some constant and u(@t) € L'(a, b;R)
is some non-negative function. Also assume that A,(z) is strongly Borel on the
pair of variables (z, t). Moreover, assume the following compactness property: for
every sequence {a,,(t)}::: c Li(a, b; Z) such that {P . O'n(t)}:zol C L*®(a,b;H),
o,(t) — o(r) weakly in LY(a, b; Z), {P - an(t)}::; is bounded in L*®(a, b; H) and
P-0,(t) = P - o(t) weakly in H for a.e. t € (a, b), the inequality
b
(3.38) tim [ (0,() = o), A1) ) di <0,

n—+oo Ja ZxZ*

implies that, up to a subsequence, A,(0,(t)) — A.(o(t)) weakly in L (a, b; Z*).
Next, let {wP}>2, C H be such that w® — w strongly in H, and let &, > 0 be
such that ¢, — 0 as n — +00. Moreover, assume that u,(t) € Li(a, b; X) is such
that v,(t) := (f oT) - u,(t) € W' (a, b; X*), where g* =q/(q — 1), and u,(¢) is a
solution of

(3.39) {ddv’”(t) +0" - A (Zn(t)) + 8,,D‘I’,(un(t)) fora.e. t € (a,b)

wy(a) = w,

where Q* € L(Z*;X*) is the adjoint operator to Q, w,(t) := T - u,(t), z,(t) :
0O - u,(t), and w,(t) is H-weakly continuous on |[a, b], as stated in Lemma 2.2.
Then there exists z(t) € Li(a, b; Z) such that w(t) := P - z(t) € L*(a, b;H), {(t) :
P w@®) € W' (a,b;Z*), v(t) := T - w(r) € W (a, b; X*), w(t) is H-weakly
continuous on [a, b], up to a subsequence, we have

zu(t) — z(t) weakly in Li(a, b; Z)

Du () — (1) weakly in LY (a, b; X*)

(3.40) A (za(®) = A((z(0)) weakly in LY (a, b; Z*)

wy, (1) = w(t) weakly in H  for every fixed t € [a, b],

{wn(t)}z(:i is bounded in L™ (a, b; H),

and z(t) satisfies the equation

(3.41) {fﬁ(t) + A (2()) =0 fora.e.t € (a,b),
w(a) = wo.
Moreover,
1 2 ! 1 )
(42 Slool+ [ (0.0 60)), s =5 ool

forallt € |a, b].
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Proof. By Lemma 3.1, there exist z(¢) € L9(a, b;Z) and K(t) e L9 (a, b;Z*)
such that w(f) := P - z(t) € L®(a, b;H), v(®) :=T - w(t) € Wh9' (a, b; X*), w(?) is
H-weakly continuous on [a, b], up to a subsequence, we have

zu(t) = z(t) weakly in L%(a, b;Z),

Do) — (1) weakly in LY (a, b; X*),

(3.43) A; (zn(t)) — A(t) weakly in L7 (a, b;Z*),

w,(t) — w(t) weakly in H for every fixed ¢ € [a, b],
{wa(®)}7] is bounded in L™(a, b; H),

and z(7) satisfies the equation

dv *UACF) =
(3.44) { T O+0"-A@) =0 forae.re€ (a,b),
w(a) = wy.
Moreover,
1 — t 1
(345) S [wof+ Tm_ ( / (2a9), A (zn(S))>sz*ds) < ~{|wol%

for all ¢ € [a, b]. Next, using (3.44) with [11, Lemma 2.2], we deduce that ¢(¢) : =
pP. w(t) € W (a, b; Z*). Moreover, by Lemma 2.3, we have

1 , _ 1
346 S[wls; +/a (2090, Aw),  ds = 5oy, forall & a, o).

Thus, plugging (3.46) into (3.45) and using (3.43) gives

& ( /ab (e AI(ZH(I))>ZXZ*dt> B /ab (s, AO) i

b
(347) - ngr-floo <A <Z(I)’ At (Zn(t)) >Z><Z*dt> :
So
b
im [ (o) — 20, M) ) dr <0,
n—+oo [, ZxXZ*
which implies X(t) =A; (z(t)). This completes the proof. O

Definition 3.1. Let {X, H, X*} be an evolution triple with the corresponding
inclusion operator T € L(X; H) as defined in Definition 2.6. Furthermore, let
(a, b) be a real interval, ¢ > 1 and g¢* := g/(q — 1). We say that the mapping
T(w): {uelfa,b;X): T-uelL>®a,b;H)} —> L7 (a, b;X*) = {LUa, b; X)}* is
weakly pseudo-monotone if for every sequence u,(f) — wu(t) weakly in



VARIATIONAL RESOLUTION OF NONLINEAR EVOLUTIONS. PART II 267

Li(a, b; X) such that {T - un(t)}:;c:; is bounded in L>®(a, b; H) and such that
T - u,(t) = T - u(t) weakly in H for a.e. ¢t € (a, b) , the following conditions
are satisfied:

[ ]
3.48 li < —u, T > > 0:
(3.48) Lm (o —u (u) b @hX)
o if
4 li < —u,T > =0,
(3.49) n—1>I-|l:loo Un — 1, T(1ty) Li(a,b;X)x L4* (a,b;X*) 0

then I'(u,) — I'(u) weakly in LY (a, b; X*).

Remark 3.1. It follows immediately from Definition 2.4 that if the mapping
I'(u) : Li(a,b;X) — L7 (a,b;X*) is pseudo-monotone, then I'(u) is weakly
pseudo-monotone.

Remark 3.2. It is trivially follows from the definition of a weakly pseudo-
montone mapping that if

Tyw), o) : {u e Lia,b;X) : T -ueL®a,b;H)} — L (a,b;X*)

are weakly pseudo-monotone mappings, then I'y(u)+1>(u) is also a weakly pseudo-
monotone mapping.

Lemma 3.2. Let {X, H, X*} be an evolution triple with the corresponding
inclusion operator T € L(X;H) as defined in Definition 2.6 together with the
corresponding operator T e L(H; X*) defined as in (2.2). Furthermore, let g > 2
and, for every t € [a, b], let ®,(x) : X = X* be a function that satisfies the growth
condition

(3.50) 1©:@llx- < g(IT - xllar) (el + 17 @)

forall x € X and t € [a, b], for some non-decreasing function g(s) : [0, +00) —
(0, +00) and some non-negative function u(t) € L' (a, b;R). Also assume that
®;(x) is strongly Borel on the pair of variables (x, t) and satisfies the monotonicity
condition

(3.51) <x, @t(x)>

1 P 2—p —
- q _ P ~ b a5t C12-p)
eor 2 @ % = (Il + 250) - 2 F @ (1T -l + 1)

forall x € X and t € [a, b], where p € [0, 2), C > 0 are some constants and
fi(t) e L (a, b; R) is some non-negative function. Finally, assume that for a.e.
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fixed t € (a, b), the function O,(x) : X — X* is pseudo-monotone; see Definition
2.4. Then, the mapping T(w) : {u € L%a,b;X) : T -u € L®(a,b;H)} —
L7 (a, b; X*), defined by

b
(3.52) <h(t); F(M(l))> = / <h([)’ 9, (l/t(t))> *dt

Li(a,b;X)xL9" (a,b:X*) a X xX
forallu(t) € {u(r) € L(a, b;X) : T-u(t) € L(a, b;H)} and all h(t) € L(a, b; X)
is weakly pseudo-monotone; see Definition 3.1.

Proof. Consider a sequence {u,(t)} 2, C L(a, b;X) such that u,(r) — u(r)
weakly in L(a, b; X), {T - un(t)};: is bounded in L>®(a, b; H) and T - u,(t) —
T - u(t) weakly in H for a.e. t € (a,b). Then, by (3.50) and (3.51), for every
h(1) € L(a, b; X), there exists 7,(t) € L' (a, b; R) such that

(353) (n(0) = h(0), ©,(un(0)) =

1
XX 2@ Hun(t)H;I( + ”h(t)

for all ¢ € [a, b] Therefore, by Fatou’s Lemma,

b
354 dim [ (w0 = h(), ©,(un0))  di

n—+oo Ja XxX*

> [ (im0 = 000, 0,600)) e

for all h(t) € Li(a, b; X). Then, assuming

b
fim [ () = w0, ©,(w,(0) ) dr <-+00

n—+oo Ja X x

and taking h(#) = u(¢) in (3.54), we deduce

b
(3.55) / ( lim <un(t) — u(t), O, (u,(1)) >X><X*)dt

n—+00
b

< lim [ (w® = u(0, ©,(u,0) ) di < +o0.

n—+o00 Ja

In particular, for a.e. ¢+ € (a, b), there exists a strictly increasing subsequence
{n"}+> © N such that

(356) lim (u,00—u), O,(u,00)) = lim (u,)=u(0), O, (1)) < -+oc.

n—+00 XxX

Therefore, by (3.53), for a.e. fixed ¢ € (a, b), the sequence {uny)(t)}zcﬁ is bounded
in X. On the other hand, 7 - u,(t) — T - u(¢t) weakly in H for a.e. t € (a,b).
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Thus, since T is an injective operator, we obtain that for a.e. fixed ¢t € (a, b),
Uy (#) — u(¢) weakly in X. Therefore, since for a.e. fixed ¢ € (a, b) the function
®:x) : X — X is pseudo-monotone, using (3.56) and Definition 2.4, for a.e.
t € (a, b), we deduce

(3:57) lim (u,(0) = u(e), ©,(u,0)) = lim <ung)(t)—u(t), @,(ung)(r))> >0

X xX* k—+00 X xX*

Plugging this into (3.55) yields

b
358 lim | (tn()) = w0, ©,((0) ) dr
b
> / (EIIIOO (a(0) = (1), ©, (un(1)) >Xxx*>dt > 0.

Moreover, obviously in the case that

_ b

dim (n() = w0, ©,(0) ) dr =+00,
the first inequality in (3.58) still holds. So
(3.59) ,,l_i%loo <M" - r(u")>m(a,b;x>xm* (a,b:X*) =0
Next assume that
nl—i>r-Poo <M" — r(u”)>u(a,b;x>xuf*(a,b;x*) =0

Plugging this into (3.58), we deduce

b
(3.60) / (lim (1a(0) = u(o), ®z(un(f>)>XXX,,)d’

n—+00
b

= Jim [ (w0 = u(0), ©,(w,(0)) it =0.

n—+o0o J, xX*

On the other hand, plugging (3.60) into (3.57), we deduce

(361) him <un(t) - M(t), ®t(u’1(t))> X* =0

n—+00 X x

for a.e. t € (a, b). Therefore,

n—+o0

(3.62) lim (min{ 0, (a(®) = u(e), ©:(un(0)) ) X}) -0
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for a.e. t € (a, b). Then, using (3.53) and the dominated convergence theorem, by
(3.62) we deduce

b
(3.63) lim (min{ 0, (1a(0) = w0, O, (1a(0)) ) X*}>dt =0.

n—+00 a

Thus plugging (3.63) into (3.60), we obtain

n—+00 a

b
(3.64) lim <max{ 0, (w0 = u(0, ©,(1,(0) ) X*}>dt =0.

So by (3.64) and (3.63), we deduce

b

(3.65) lim dt =0.

n—+00 a

(n()) = w0, ©, (1, (0) )

X xX*

Therefore, up to a subsequence, we have

(3.66) tim () — u(0), ©, () ) =0 forae. 1€ (ab).

XxX

Furthermore, using the fact that u,(t) — u(t) weakly in L9(a, b; X) and (3.50), we
obtain that there exists O(f) € LI’ (a, b;X*) such that up to a further subsequence,
O, (un (1)) — O(r) weakly in LY’ (a, b; X*). Using this fact and (3.65), we deduce
that for every h(¢) € L4(a, b; X), which we now fix,

b

(3.67) / ' (ho,0®)  dr=1im [ (w0 —u@®+h@), 0,(w,0)) _ dr

X x n—+oo [, X xX

Thus, using (3.53) and Fatou’s Lemma, by (3.67) and (3.66), we infer

/ ' (ho,00) = / b( tim (u,(6) = u(®) + h(®), ©, (1,(0) ) X*>dt
(3.68) ¢ o e )

=/b( lim <h(t), ®’(u"(t))>xXx*>dt'

On the other hand, by (3.66), for a.e. t € (a, b), there exists a strictly increasing
subsequence {7"}% c N such that

(369)  1im (uz0(0) = u(®)+ h(0), ©, (150 (1) )

XxX*
= tim (), ©,(uzp®)) = lim (0, 0,(w)) < +oc.

Therefore, by (3.53), for a.e. fixed ¢ € (a, b) the sequence {u,?kt) (1)}7 is bounded
in X. On the other hand, T - u,(f) — T - u(t) weakly in H for a.e. t € (a, b). Thus,
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since T is injective, we obtain that for a.e. fixed ¢ € (a, b) uﬁy)(t) — u(t) weakly
in X. Therefore, since for a.e. fixed r € (a, b) the function O,(x) : X — X" is
pseudo-monotone, using (3.66) and Definition 2.4, for a.e. ¢ € (a, b), we deduce

(3.70) @t(u’;k»(t)) — O, (u(r)) weakly in X*.
Plugging this into (3.69), we deduce

GID  lim (b, 0,(®)) = (ho),Ou®))  forae. e (ab).

n—+00 Xx

Thus, plugging (3.71) into (3.68) gives

b ~ b
3.72) / (ho,0®)  dr = / (o, ©,(uw))  dr.
Thus, since h(t) € Li(a, b; X) was arbitrary, interchanging the roles of A(¢) and
—h(t) gives

b b ~
(3.73) / (0, ©,(uw))  di < / (ho,0m) _ ar
Together, (3.72) and (3.73) give

b b ~
(3.74) / (o, ©,(un))  dr = / (ho,00) ds;

and, since h(t) € L(a, b; X) was arbitrarily chosen, we deduce ®, (u(t)) = @(t) for
a.e.t € (a,b). So O,(u(r)) — O(u(?)) weakly in L7 (a, b; X*). This completes
the proof. ([l

Theorem 3.1. Let {X, H, X*} be an evolution triple with the corresponding
inclusion operator T € L(X;H) as defined in Definition 2.6 together with the
corresponding operator T e L(H; X*) defined in (2.2). Assume also that the
Banach space X is separable. Furthermore, let a, b, g € R be such that a < b and
g > 2. Next, for each t € [a, D], let D,(x) : X — [0, +00) be a convex function
that is Gdteaux differentiable at every x € X, satisfies ®,(0) = 0 and satisfies the
growth condition

(3.75) 0< @< Clalg+C

forallx € X andt € [a, b] for some C > 0. Also assume that ®,(x) is Borel on the
pair of variables (x, t). Furthermore, for every t € [a, b], let A{(x) : X — X* be
a function that is Gateaux differentiable at every x € X, A,(0) € LY (a, b; X*) and
the derivative of D\, of A, satisfies the growth condition

(3.76) 1D A covxy < (IT - xllar) (Il +1)
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forall x € X and t € la, b] for some non-decreasing function g(s) : [0, +00) —
(0, +00). Also assume that A(x) is Borel on the pair of variables (x, t) and that A\,
and @, satisfy the monotonicity condition

(3.77) <x, DD, (x) + A,(x)>

1 ) P N _ 2-p _
> lrlf = (Il + 15 0) (C||L~x||(V2 P (I 2 + 1))

X xX*

forall x € X forall t € [a, b], where V is a given Banach space, L € L(X, V) is
a given compact operator, p € [0, 2), u(t) € L'(a, b;R) is a non-negative function
and C > 0 is a constant. Finally, assume that for each t € [a, b], the map-
ping (D<I), + At)(x) : X — X* is pseudo-monotone; see Definition 2.4. Then for
every wyg € H and every 1 € R, there exists u(t) € Li(a, b; X), such that w(t) :=
T-(u®) € L®(a,b;H), o(t) :=T - (w(®)) =(T oT)- (ut)) € W9 (a, b; X*) and
u(t) is a solution of

d =
(3.78) { ai (D) + o) + At(”(’)) + Dq),(u(t)) 0 forae.te(a,b),

w(a) = wo,

where w(t) is H-weakly continuous on [a, b); see Lemma 2.2. Moreover, if A; and
@, satisfy the monotonicity condition

(3.79) <h, (D®,(x+h) — DD,(x)} + DA(x) - h>XxX* >

kol fh, D"
2(IT - xllm)

for all x,h € X and t € [a,b] for some constant ky > 0 such that kg # O if
p > 0, some function f(h,t) : X x [a, b] > R and some non-decreasing function
&(s) : [0, +00) — (0, +00), then such a solution of (3.78) is unique.

2-p)/2 —
0T xllw) - (Il + p @)~ - [fCr 0 1T - RIS

Proof. Step 1: Existence of the solution. Assume first that A = 0. Since the
Banach space is X separable, using [11, Lemma A.2], we deduce that there exists
a separable Hilbert space Y and a bounded linear inclusion operator S € £(Y; X)
such that S is injective, the image of S is dense in X and, moreover, S is a compact
operator. Let S* € £(X*; Y*) be the corresponding adjoint operator, which satisfies

(3.80) 0, S* X )y oy 2= (S 2 X ) g xe

forallx* e X*andy € Y. Define P € L(Y;H)byP:=T oS and P e LH; YY)
by P := S* o T. Then it is clear that {Y, H, Y*} is another evolution triple with
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the corresponding inclusion operator P € L(Y;H) as defined in Definition 2.6
together with the corresponding adjoint operator P € L(H;Y*) defined as in (2.2).

Furthermore, let y(¢) € L(a, b; Y) be such that the function ¢(¢) : (a, b) > X*
defined by ¢(f) := Iy - (y()) belongs to W% (a, b; Y*), where Iy := P o P :
Y — Y*. Denote the set of all such functions y by Ry,(a, b). As before, by
Lemma 2.3, for each w(7) € R,(a, b) the function w(r) : [a, b] — H defined by
w(t) 1= P - (y(1)) belongs to L>®(a, b;H) and, up to a redefinition of w(z) on a
subset of [a, b] of Lebesgue measure zero, w is H-weakly continuous, as stated in
Lemma 2.2.

Next, forally € Y, let ¥(y) : ¥ — [0, +00) be a function defined by

(3.81) P@y) = Iyl + IIyl3

Then ¥(y) is a convex function that is Gateaux differentiable on every y € Y,
satisfies W(0) = O and satisfies the growth condition

1
(3.82) allﬂl? —Co < ¥() < Golyll§ + Co
for all y € Y and the uniform convexity condition

(3.83) <h,D‘P(y+h) —D‘I’(y)>

1 -2 2
> — 4 1) -
paye 2 CO(||y||y +1) - |1klly

forall y, h € Y, for some Cy > 0.

Next let wg € H. Then, since the image of the operator T o S is dense in H,
there exists a sequence { 'V} C Y such that w® := (T 0 §) - ¥ — wy strongly
in H as n — +oo. Furthermore, let ¢, — 0" as n — +o00. By Theorem 1.2, for
every n there exists y,(t) € Ry,(a, b) such that

do,
dt

(3.84) 1)+ 8"+ (A (0a(D) + DO (1)) ) + £, DV (wn(0)) =0
fora.e. € (a, b) and w,(a) = W, where u,(1) := S - (y,(1)), wWu (1) := P+ (wu(1)),
ou(t) 1= P. (w,,(t)) and we assume that w,,(¢) is H-weakly continuous on [a, b], as
stated in Lemma 2.2.

On the other hand, by the trivial inequality

BaZ + 2 _pb2 > apr—p’
2
using (3.77), we deduce

1
(385) (6. DO +A) = o el = CHIL -l = Con) (1T -l +1)

X xX*
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for all x € X and ¢ € [a, b] for some constant C; > 0. Then, as before in (3.9), we
obtain

1
(3.86) (%, D®,(x) + A,(x) Il = 2O (IT - xI% +1)

Dewr
xxx* — K

for all x € X and ¢ € [a, b], for some constant K > 0 and ji(t) € L'(a, b;R).
Thus, since for every ¢ € [a, b] the mapping (D®, + A;)(x) : X — X* is pseudo-
monotone, Lemma 3.2 implies that the mapping

[(x(@®) : {x(t) € La, b;X) : T -x(t) € L(a,b;H)} — L (a, b;X*)

defined by

b
(3.87) <h(t), F(x(t))> = / (h(@), A (x(®) + DO, (x(0) ) dr
L(a,b:X)xL9" (a,b:X*) a XxX
for all x(¢) € {)?(t) € Li(a,b;X) : T - x(t) € L®(a, b;H)} and h(t) € Li(a, b; X)
is weakly pseudo-monotone with respect to the evolution triple {X, H, X*}; see

Definition 3.1.

So all the conditions of Corollary 3.1 satisfied; and therefore, by that corollary,
up to a subsequence, u,(r) — u(t) weakly in L9(a, b; X), where u(t) € Li(a, b; X)
is such that

w():=T - (u@) € L@, b;H), @) :=T - (w(@) =T oT)- (u(t)) € W (a, b;X*)

and u(¢) is a solution of (3.78) with A = 0, where w(¢) is H-weakly continuous on
[a, b], as stated in Lemma 2.2.

Step 2: Assume that 4 # 0. Then by the above, for every wy, € H and every
2 € R, there exists u, (1) € LY(a, b; X), such that w,(¢) := T - (u;(r)) € L®(a, b; H),
0,(0):=T - (wy(0) = (ToT)- (us(t)) € Wh (a, b; X*) and u,(7) is a solution of

Do (1) + DN (e Du, (1)) + XTOD D, (e Du, (1) =0
(3.88) fora.e.t € (a, b),

w;(a) = wo,

where we assume that w(¢) is H-weakly continuous on [a, b], as stated in
Lemma 2.2. Then, defining u(z) := e~*"~%u,(¢), we obtain that u(¢) € Li(a, b; X)
is such that w(z) := T - (u(t)) € L®(a, b;H), v(1) : = T- (w(®) = (ToT)- (u(n) €
W4 (a, b; X*) and u(r) is a solution of (3.78).

Step 3: Uniqueness of the solution. Assume that @, satisfies (3.79). Then
applying Theorem 1.1 completes the proof. 0
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Remark 3.3. By Lemma 2.3, the solution of (3.78) from Theorem 3.1 satis-
fies the energy equality

2 t
(3.89) %+ / </1||w(s)||%,+<u(s), As(u(s))+DCDS(u(s))> )ds

X xX*

2
_ lwoll3
2

for all ¢ € [a, b].
As a particular case of Theorem 3.1 we have the following theorem.

Theorem 3.2. Let {X, H, X"} be an evolution triple with the corresponding
inclusion operator T € L(X;H) as defined in Definition 2.6 together with the
corresponding operator T € L(H; X*), defined in (2.2). Assume also that the
Banach space X is separable. Furthermore, let a, b, g € R be such that a < b and
g > 2. Next, for each t € [a, b] let ®,(x) : X — [0, +00) be a convex function
that is Gdteaux differentiable at every x € X, satisfies ®,(0) = 0 and satisfies the
growth condition

(3.90) 0< @) < Clixl+C

forall x € X and t € [a, b], for some C > 0. Also assume that ®,(x) is Borel on
the pair of variables (x, t). Furthermore, for every t € [a, b] let Ay(x) : X — X*
be a function which is Gateaux differentiable at every x € X, A,(0) € LY (a, b; X*)
and the derivative of A\, satisfies the growth condition

(3.9D ID Al coexsy < g(IT - xller) (IIx1F2 + 1)

forall x € X and t € [a, b], for some non-decreasing function g(s) : [0 + c0) —
(0 + 00). Also assume that A,(x) is Borel on the pair of variables (x, t); see Defi-
nition 2.1. Assume also that A, satisfies the monotonicity conditions

(3.92) <h, DA,) - h>x >0

xX*

forall x,h € X and t € [a,b]. Finally, let Fi(x) : X — X* be a function that
is Gateaux differentiable at every x € X, F/(0) € L9 (a, b; X*) and such that the
derivative DF; of F; satisfies the condition

(3.93) IDF, )l corxy < gUIT - xll) (I1xl1§7 + 1)

forall x € X and t € [a, b), for some non-decreasing function g(s) : [0 + 00) —
(0+00). Also assume that F,(x) is Borel on the pair of variables (x, t). Next assume
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that

(394 (6 DOW+AW+F®)

1 A
2 vl = (Ul + 1) (IL - xlly + 07 -xllg + 1) = )

forall x € X and t € [a, b], where V is a given Banach space, L € L(X, V) is a
given compact operator, C > 0 is some constant and u(t) € L'(a, b;R) is some
non-negative function. Finally, assume that F,(x) is weak-to-strong continuous,
i.e., for every fixed t € la, b] and every sequence {x,} such that x, — x weakly
in X, Fi(x,) = Fy(x) strongly in X*. Then, for every wy € H and every A € R,
there exists u(r) € L1(a, b;X), such that w(t) := T - (u(t)) € L®(a, b;H), v(1) :=
T- (w(t)) = (f oT)- (u(t)) e WL (a, b; X*) and u(t) is a solution of

%(t) +Av(t) + F, (u(t)) + At(u(t)) + Dd),(u(t)) =0 forae.te(a,b),

w(a) = wo,

(3.95)

where we assume that w(t) is H-weakly continuous on la,b], as stated in
Lemma 2.2.

Proof. Since F;(x) : X — X* is weak to strong continuous, it is pseudo-
monotone on X. Moreover, for every ¢ € [a, b], the mappings D®,(x) : X — X*
and A;(x) : X — X* are monotone. Therefore, since A; is Gateaux differentiable
and @, is convex, using Lemma 2.1 and Definition 2.4, we deduce that the mapping
(DD, + A + Fy)(x) : X — X* is pseudo-monotone. Thus, applying Theorem 3.1
with A, + F; instead of A,, gives the desired result. O

Theorem 3.3. Let X and Z be reflexive Banach spaces and X* and Z* be
their corresponding dual spaces. Furthermore, let H be a Hilbert space. Suppose
that Q € L(X, Z) is an injective inclusion operator whose image is dense on Z.
Furthermore, suppose that P € L(Z, H) is an injective inclusion operator whose
image is dense on H. Let T € L(X, H) be defined by T := P o Q. So {X, H, X*}
is an evolution triple with the corresponding inclusion operator T € L(X;H) as
defined in Definition 2.6 together with the corresponding operator T e L(H;X¥)
defined as in (2.2). Assume also that the Banach space X is separable. Next let
a,b € R be such that a < b and q > 2. Furthermore, for every t € la, b], let
AN(2):Z > X" and A(2) : Z — X* be functions that are Gdteaux differentiable
at every z € Z and such that A(0),A,(0) € L7 (a, b;X*). Assume that for every
t € [a, b], A; and A; satisfy the bounds

(3.96) DA ¢y = (P -2l) - (N2 +1)
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forallz € Z andt € [a, b],
v =&(1P-zlu) - (Lo - 28, + 2T )
forall z € Z and t € [a, b] and

(3.98) IPA|| 2z < 8P 2lla) - (Lo - 28 +1)

(3.97) 1A

for all z € Z for all t € [a, b], where ji(t) € L'(a, b;R) is some non-negative
Sfunction, g(s) : [0, +00) — (0, +00) is some non-decreasing function, Vy is some
Banach space and Ly € L(Z;Vy) is some compact linear operator. Moreover,
assume that \; and A, satisfy the monotonicity condition

@99 (a@:A)+ (@A), > (/)@
= (llo-all; + ) (c‘HL-<Q-h>||<5—">+/"m(ur Al ))

forall h € X and t € la, b], where V is a given Banach space, L € L(Z,V)
is a given compact operator, p € [0,2), u(t) € L'(a, b;R) is some non-negative
function and C > 0 is some constant. Also assume that NA:(2) Ai(2) are Borel on
the pair of variables (z,t). Finally, assume that there exist a family of Banach
spaces { Vj};fi‘i and a family of compact bounded linear operators { L; };ozol, where
L; € L(Z, V;), which satisfy the following condition:

o if {h,}}2 C Z is a sequence and hy € Z, are such that for every fixed
Jlim, .o Lj-h, = Lj- hg strongly in V; and P - h, — P - hy weakly
in H, then for every fixed t € (a,b), A(h,) — A;(hy) weakly in X* and
DA,(h,) = DA(hgy) strongly in L(Z, X*).

Then for every wy € H, there exists a function z(t) € L4(a, b; Z) such that w(t) :=
P-z(1) € L®a, bH), v(?) := T - (w(t)) € W9 (a, b;X*) and z(?) satisfies the
following equation:

dv _
(3.100) { L@ +A,(2) + A (2(1)) =0 forae te(a,b),

w(a) = wo,

where we assume that w(t) is H-weakly continuous on la, b], as stated in
Lemma 2.2. Moreover, if in addition, there exist a Banach space V, a compact
operator L € L(Z, V), a non-decreasing function g(s) : [0, +o0) — (0, +00) and
for every t € [a, b] a convex Gdteaux differentiable functions ®, : Z — R, Borel
measurable on (z, t), and a Gateaux differentiable mapping F,(c) : V — Z*, Borel
measurable on (o, 1), satisfying F,(0) € L7 (a, b; Z*) and such that

(3.101) 0<®()<g(IP-zllu) - (lzllZ +1)
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forallz € Z andt € [a, b],

(3.102) IDFAL - 2)|| goygey < EUIP - 2l) - (IL- 21872 + 1)

forallz € Z andt € [a, b], and

(3.103) <h,A,(Q )+ A0 h)>XXx* >®,(Q-h) + <Q “h, Fy((LoQ)- h)>

Jorall h € X and t € [a, b], then the function z(t), as above, satisfies the energy
inequality

1 , 1
(3.104)  [|wofy +/a (CDS(Z(S)) + <z(s),FS(L.z(s))>ZXZ*)ds < Sllwoll;,

forallt € [a, b].

ZxXZ*

Proof. Since the Banach space X is separable, as before, by [11, Lemma A.2],
we deduce that there exists a separable Hilbert space Y and a bounded linear in-
clusion operator S € £(Y; X) such that S is injective, the image of S is dense in X
and S is a compact operator. Moreover, let S* € £(X™; Y*) be the corresponding
adjoint operator, which satisfies

(3105) <y9 S* 'X*>Y><Y* = <S 'y’X*>X><X*

forallz* € X* andy € Y. Define Po € L(Y;H)by Py :=T oS and Py € L(H;Y™)
by ﬁo := S* o T. Then it is clear that {Y, H, Y*} is another evolution triple with
the corresponding inclusion operator Py € L(Y;H) as defined in Definition 2.6
together with the corresponding adjoint operator Py € L(H;Y*) defined as in
(2.2).

Furthermore, let y(¢) € L9(a, b; Y) be such that the function ¢(¢) : (a, b) > Y*
defined by ¢(7) := Iy - (y(1)) belongs to W' (a, b; Y*), where Iy := Poo Py :
Y — Y*. Denote the set of all such functions y by Ry,(a, b). As before, by
Lemma 2.3, for every y(t) € Ry(a, b), the function w(?) : [a, b] — H defined by
w(t) := Py - (l//(l)) belongs to L*°(a, b; H) and, up to a redefinition of w(f) on a
subset of [a, b] of Lebesgue measure zero, w is H-weakly continuous, as stated in
Lemma 2.2.

Next define the function ¥(y) : Y — [0, +00) by

(3.106) Y = 1vIg +lIyly  forally e Y.

Then ¥(y) is a convex function that is Gateaux differentiable at every y € 7,
satisfies W(0) = 0 and satisfies the growth condition

1
(3.107) C—Ollyll‘ﬂ —Co <Y < Collylly + Co
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for all y € Y and the uniform convexity condition

1 _
(h DY+ = DY) = (7 1) - Al

YxY*

forall y, h € Y, for some Cy > 0.

Next let wg € H. Then, since the image of the operator T o S is dense in H,
there exists a sequence { '} C Y such that w® := (T 0 8) - y@ — wy strongly
in H as n — +oo. Furthermore, let ¢, — 0" as n — +o0o. By Theorem 1.2, for
every n, there exists y,(1) € Ry4(a, b) such that

don

o2 (£) 4. §* . (A,(zn(t)) + A, (Zn(t))) + 2,DP () =0
(3.108) fort € (a, b),
wa(a) =(T o S) -y,

where

un (1) := S - (ya(0),

2(t) 1= (Q 0 8) - (ya(®) = Q- (un(D)),

wa(0) := (T 05) - (wa(0) =P - (220)),

ou(0) 1= (ST 0T 0T 08) - (wa(0) = (8" 0 T) - (w,(0)),

and we assume that w,(#) is H-weakly continuous on [a, b]. Thus all the conditions
of Lemma 3.1 satisfied; and, by Lemma 3.1, using [11, Lemma 2.2], we deduce
that there exist z(¢t) € LY(a, b;Z) and X(t),A_(t) € LY (a, b; X*) such that w(r) :=
P-z(t) € L®(a, b; H), v(t) :=T - w(r) € W™ (a, b; X*), w(r) is H-weakly con-
tinuous on [a, b], up to a subsequence, we have

z,(t) = z(t) weakly in Li(a, b;Z),

L (1) — ‘j,i;(z)_ weakly in L9 (a, b; Y*),

A+ (za()) = A(r) weakly in LY (a, b; X*),

A, (za(D)) = AQt) weakly in L9 (a, b; X*),

w,(t) = w(r) weakly in H for every fixed ¢ € [a, b],

{wn(t)}:z is bounded in L*®(a, b; H),

(3.109)

where ¢(¢) = S* - v(¢), and z(¥) satisfies the equation

v A A(F) =
(3.110) { TO+AD+ A1) =0 forae.te (a,b),

w(a) = wy.
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Moreover,

1 L t
@11 S|+ T ( / (10n(5), Ay (25)) +As(zn(s>)>XXX*ds>
1
< 5llwoll7

for all ¢+ € [a, b]. Next there exists a family of reflexive Banach spaces {Vj};‘:’l
and a family of compact bounded linear operators {L; ;Z‘i, where L; € L(Z, V),
which satisfy the following condition:
o if {h,}12 C Z is a sequence and hy € Z, are such that for every fixed

J, lim, o L; - h, = Lj - hy strongly in V; and P - h, — P - hg weakly

in H, then for every fixed ¢t € (a, b), Ai(h,) — A;(hy) weakly in X* and

DA(h,) = DA,(hy) strongly in £(Z, X*).
On the other hand, using (3.109) and Lemma 2.4, we deduce that for every j,
Lj - z,(t) = L; - z(2) strongly in L4(a,b;V;) as n — +oco. In the same way,
we obtain L - z,(t) — Ly - z(¢) strongly in L9(a, b; V) as n — +oo. Thus, up
to a further subsequence, we have L; - z,(t) — L; - z(¢) strongly in V; for a.e.
t € (a,b) and every j. Therefore, by (3.109) and the above condition, we must
have A, (za(1)) = A;(z(z)) weakly in X* and DA, (sz,(t) + (1 — 5)z(r)) — DA, (z(?))
strongly in £(Z, X*) for a.e. t € (a, b) and for every s € [0, 1]. Therefore, using
(3.97), the facts that { w,,(¢)} is bounded in L>(a, b; H) and that Ly - z,,(t) — Lg-z(t)
strongly in LY(a, b; V), we deduce that

b b
/ <h(t), A (za(®) >Xxx*dt - / <h(t), As(z(0) >Xxx*dt
for all h € L9(a, b; X). Thus
(3.112) Ai(za(0)) — As(z(D) weakly in L (a, b; X*).

In a similar way, by (3.98), the fact that { w,(¢)} is bounded in L*°(a, b; H) and the
fact that Ly - z,(#) = Lo - z(¢) strongly in L9(a, b; Vy), we deduce that, for g = 2,

DA, (52,(t) + (1 — $)z(t)) — DA,(z(t)) strongly in £(Z, X*)
(3.113) for a.e. r € (a, b) forall s € [0, 1], and
DA, (sz,(1) + (1 — 5)z(?)) is bounded in L*(a, b; £(Z, X*)) uniformly in s;

and, for g > 2,
(3.114) DA, (sz,(t) + (1 — $)z(t)) — DA,(z(1)) strongly in L9~ (a, b; L(Z, X))

for all s € [0, 1]. In both cases,
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(3.115) {DA, (s2a(t) + (1 — s)z(z))}* h(t) —> {DA, (z(;))}* - h(t) strongly in L (a, b, Z)

for all h(r) € LY(a, b;X) and all s € [0, 1], where {DA,()}" € L(X,Z*) is the
adjoint operator to DA,(-) € L(Z,X*). Thus, by (3.98), the fact that {w,(?)} is
bounded in L*°(a, b; H) and the fact that Ly-z,,(¢) = Lg-z(¢) strongly in L4(a, b; Vy),
together with (3.115) and (3.109), we obtain

b
/ <h(t),A,(Zn(l‘)) —Ai(z(0) >X><X*dt

- /01 /b (h(®), DA, (s2(0)+ (1 = 5)20) - (zn(t)—z(z))> drds

X xX*

1 b .
- / / {(2n0) = z), { DA (52,0 + (1 = 5)2(0)) } - h(t)> dids — 0
0 Ja ZxZ*

for all h(t) € Li(a, b; X). So, by (3.109) and (3.112), we have A(?) = A, (z(r)) and
X(t) =A; (z(t)); and thus using (3.110), we finally deduce that z(¢) is a solution of
(3.100).

Finally, assume that there exist a reflexive Banach space V, a compact operator
L € L(Z,V), and for every t € [a, b] a convex Gateaux differentiable function
@, : Z — R and a Gateaux differentiable mapping F;(o) : V — Z* satisfying
(3.101), (3.102) and (3.103). Then, since, as before, L - z,(t) — L - z(¢) strongly
in LY(a, b; V), we deduce that, up to a subsequence, F,(L - z,(r)) = F;(L - z(1))
strongly in L9 (a, b; Z*). On the other hand, by (3.103) and (3.111), we infer

1 _ t
(3.116) §||w(t)||i1 + Tim_ {/ <CDS(zn(s)) + <Zn(s),Fs(L-Zn(s))>ZXZ*)ds}
1
< 5 llwoll}

for all ¢ € [a, b]. Therefore, letting n — +00 in (3.116) and using (3.109) and the
convexity of @,, we finally obtain (3.104). O

As a particular case of Theorem 3.3, we have the following theorem.

Theorem 3.4. Let X and Z be reflexive Banach spaces and X* and Z* be their
corresponding dual spaces. Furthermore, let H be a Hilbert space. Suppose that
0 € L(X, Z) is an injective inclusion operator whose image is dense in Z. Further-
more, suppose that P € L(Z, H) is an injective inclusion operator whose image is
densein H. Let T € L(X, H) be defined by T := P o Q, so that {X, H, X*} is an
evolution triple with the corresponding inclusion operator T € L(X; H) as defined
in Definition 2.6 together with the corresponding operator T e L(H; X*) defined
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as in (2.2). Assume also that the Banach space X is separable. Next let a,b € R
be such that a < b. Furthermore, for each t € [a, b], let A, € L™ (a, b; £(Z, X*)).
Next let F((z) : Z — X* be a function that is Gdateaux differentiable at every z € Z
for every t € [a, b] and satisfies F,(0) € L*(a, b; X*) and the Lipschitz condition

(3.117) |DF()|| £ zxe) < &(I1P - 2llar)

forall z € Z and t € la, b), for some non-decreasing function g(s) : [0, +00) —
(0, +00). Also assume that F(z) is Borel on the pair of variables (z, t). Moreover,
suppose that A, and F; satisfy the lower bound condition

(3.118) <h,A,-(Q-h)+F,(Q-h)>

X xX*
1 P o — 2—p —
> lo-hl = (o al it 0) (ClL-@mlg "+ (| -ally 7 41))

forallh € X and t € la, b], where V is a given Banach space, L € L(Z,V)
is a given compact operator, p € [0,2) and C > 0 are some constants and
u(@) € L' (a, b;R) is a non-negative function. Finally assume that there exist a
Jamily of reflexive Banach spaces { Vj};f‘fi and a family of compact bounded linear
operators {L; }j‘:i where L; € L(Z, V), which satisfy the following condition:

o if{h,};X C Zis asequence such that for all fixed j lim,_, o Lj-h, =L;-hg
strongly in V; and P - h, — P - ho weakly in H, then for every fixed t € (a, b),
F(h,) — F,(hy) weakly in X*.

Then, for each woy € H, there exists z(t) € L*(a,b;Z) such that w(t) := P -
z(t) belongs to L*(a, b; H), v(t) := T - (w(t)) belongs to W'2(a, b; X*) and z(t)
satisfies the equation

b ' _
(3.119) {dt(f)“\r (2(0) + Fi(z(n)) =0 fora.e.t € (a,b),

w(a) = woy,

where we assume that w(t) is H-weakly continuous on [a,b], as stated in
Lemma 2.2. Moreover, if, in addition, there exist a reflexive Banach space E, a
compact operator Ly € L(Z, E), and for every t € [a, b] a Gdteaux differentiable
mapping H,(¢) : E — Z*, measurable on (¢, t), such that H;(0) € L*(a,b;Z*) and
satisfying

(3.120) IDH(Lo - )| ¢ .7+, < &(IP - 2ll)

forall z € Z and t € [a, b], for some non-decreasing function g(s) : [0, +00) —
(0, +00), and satisfying

(G121 (h A(Q-M+FAQ-h) = (Q-hA-(Q-h)+H,((LooQ)-h))

xXZ*
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for all h € X and all t € [a,b], where A, € L™ (a,b;L(Z,Z")) is such that
(2,Ar - 2)50z. = O for all z € Z, then the function z(t), as above, satisfies the
energy inequality

1 d 1
(3.122) 5Hw<t>|\i,+/a (2.4, (29) + Hy(Lo - 2()) ) ds < - [[wol|y

forallt € [a, b].

As a particular case of Theorem 3.4, where Z = H, we have the following
statement, which is useful in the study of hyperbolic systems.

Corollary 3.2. Let { X, H, X*} be an evolution triple with the corresponding
inclusion operator T € L(X;H) as defined in Definition 2.6 together with the
corresponding operator T € L(H;X*) defined as in (2.2). Assume also that the
Banach space X is separable. Next let a, b € R be such that a < b. Furthermore,
for every t € [a,b), let A, € L™ (a, b; L(H,X*)). Next let F,(w) : H — X* be a
function that is Gateaux differentiable at every w € H for every t € [a, b], and
satisfies F,(0) € L*(a, b; X*) and the Lipschitz condition

(3.123) IDFi()| ¢ 1.5y < &1l

forall w € H and allt € |a, b], for some non-decreasing function g(s) : [0, +c0) —
(0, +00). Also assume that Fy(w) is Borel on the pair of variables (w, t); see Defi-
nition 2.1. Moreover, assume that F; is weak to weak continuous from H to X* for
every fixed t, i.e., for every sequence {h,}'> C H such that h, — hy weakly in H
and for every t € [a, b], Fi(h,) — F;(hy) weakly in X*. Finally, suppose that N\,
and F; satisfy the lower bound condition

(3.124) (h A (@ -+ F(T ) = —uo(|T 4]} +1)

X xX*

forall h € X for all t € [a, b, for some non-negative function u(t) € L'(a, b;R).
Then, for each wg € H, there exists w(t) € L*°(a,b;H) such that v(t) :=
T- (w(r)) € Wh2(a, b; X*) and w(t) satisfies the equation

w , _
(3.125) { ar D+ A (w(0) + Fi(w®) =0 forae.t € (a,b),

w(a) = wo,
where w(t) is H-weakly continuous on [a, b], as stated in Lemma 2.2.
4 Applications

4.1 Notation. Forap x g matrix A with ij-th entry a;;, we denote by |A| =
(=029 1a5) "2 the Frobenius norm of A.
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For matrices A, B € RP*? with i j-th entries a;; and b;; respectively, we write
A:B =30 35 aijbij.
Given a vector-valued function f(x) = (fi(x), ..., fr(x)) : Q > R* (Q C RV),

we denote by V. f the k x N matrix with ij-th entry g){ L,
J

For a matrix-valued function F(x) := {F;;(x)} : RV — RYV we denote

by div F the R¥-valued vector field defined by div F := (i, ..., Iy), where I; =
oF;;
ZI]\LI ox;

Foru = (ui,...,up) € RP and v = (vy,...,v,) € R? we denote by u ® v

the p x g matrix with ij-th entry u;v;.

4.2 A general parabolic system in divergence form. Suppose that
YA, x, 1) : R’j\XN X Riv x R, — R is a non-negative measurable function. More-
over, assume that W(A, x, 7) is C' as a function of the first argument A when (x, 1)
are fixed, which satisfies (0, x, r) = 0 and is convex in the first argument A when
(x, t) are fixed, i.e.,

‘I’(aA1 + (1 —a)As, x, t) <a¥YAi,x,H)+ (1 —a)¥(As, x, 1)
for every a € [0, 1], A;, A; € RN x € RN and t € R. Moreover, assume that ¥
satisfies the growth condition

1
4.1 EIAI" — g0 = W(A, x, 1) < CIA|? + |go(x)]

forall A € RN x € RN and all t € R, where C > 0 is some constant, go(x) €
L'(RY,R) and g € [2, +00). Next let T(A, x,1) : RV x RY x R, — RN be a
measurable function. Moreover, assume that I'(4, x, t) is C' as a function of the
first argument A when (x, 7) are fixed, which satisfies

(4.2) [ 0,x,1) e LT (R; L*RY, RFNy),

the monotonicity condition
(4.3) > > HyH, L, x> 0
. ' . ijfdmn aA” ERdd) =
1<j,n<N 1<im<k k

for all H, A € R¥N and all x € R" for all ¢ € R, and the growth condition

r
(4.4) 'a(A,x, Nl < CIAIT2+C

6A,~j

forall A € RV all x € RV and all r € R for all i € {1,...,k} and all
j € {1,...,N}, where C > 0 is some constant. Finally, suppose that
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EB,x,1) : RE x RY x R, — RN and O(B, x,1) : RS x RY x R, — R are
measurable functions. Moreover, assume that Z(B, x, 1) and O(B, x, 1) are C! as
functions of the first argument B when (x, ¢) are fixed. Also assume that Z(B, x, 7)
and O(B, x, t) are globally Lipschitz in the first argument B and satisfy

(4.5)  E(,x,0 e L” (R;L2RY,R>N)), 0(0,x,1 e LT (R; LARN, RY).

Proposition 4.1. Let ¥, T, E, O be as above, and let Q C RN be a bounded
open set, 2 < q < +00 and Ty > 0. Then, for each wo(x) € L*(Q, R¥), there
exists u(x, 1) € L1(0, To; WOI"’(Q, R¥)) such that u(x, ) € L>(0, To; L*(Q, R¥)) N
wha (O, To, W4 (Q, Rk)), where g* := q/(q — 1), u(x, t) is L*(Q, R¥)-weakly
continuous on [0, Ty], u(x, 0) = wo(x) and u(x, t) is a solution of

(4.6) %(x, ) = ©(ulx, 0, x,1) + divg (2 (utx, 0, x,1) )+
divx<F(qu(x, 1), X, t)) + div, (DA‘P(VXu(x, 1), X, t)) in Q x (0, Ty),

where
oY

DAY(A, x, 1) : = {8A»-
ij

(A, x, z)} e RPNV,

SR IS

Moreover, if Y(A, x, t) is a uniformly convex function in the first argument A, then
such a solution u is unique.

Proof. Let X := WO1 “(Q, R¥) (a separable reflexive Banach space), H :=
L*(Q, R¥) (a Hilbert space) and T e L£(X;H) be the usual embedding operator
from Wol’q(Q, R¥) into L?(Q, R¥). Then T is an injective inclusion with dense im-
age. Furthermore, X* = W19 (Q, R¥) where ¢* = q/(q — 1), and the correspond-
ing operator T e L(H;X*), defined as in (2.2), is the usual inclusion of L*(Q, R¥)
into W19 (Q, R¥). Then {X, H, X*} is an evolution triple with the corresponding
inclusion operators 7 € £(X; H) and T e L(H; X™), as defined in Definition 2.6.
Moreover, by the theorem about the compact embedding in Sobolev spaces, it is
well known that 7' is a compact operator.

Next, for each ¢ € [0, Ty], define @,(x) : X — [0, +0c0) by

k
CDt(u)::/Q‘P(Vu(x),x, t)dx+79/g|u(x)|2dx Vu e WhHi(Q, RN = X,

where

4.7) kg 1=

0 if Q is bounded,
1 if Q is unbounded.
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Then ®,(x) is Gateaux differentiable at every x € X, satisfies ®,(0) = 0 and by
(4.1) satisfies the growth condition

1
Slxl = € = @) = C g + €

for all x € X and all t+ € [0, T]. Furthermore, for each ¢ € [0, Ty], define the
mapping A,(x) : X = X* by

(6 M) o= /Q T (Vu(x), x, 1) : V(x) dx

XxX*
for all u, 6 € Wh4(Q, R¥) = X. Then A,(x) : X — X* is Gateaux differentiable at
every x € X; and, by (4.4), its derivative D A, satisfies the growth condition

1D Al cxxy < C [xl1%72 +C

forall x € X and all ¢ € [0, T], for some C > 0. Moreover, by (4.3), A, satisfies
the monotonicity conditions

<h, DAx) - h>x >0

xX*

forall x, h € X and all r € [0, Ty]. Finally, for each ¢ € [0, Ty], define the mapping
F(w): H—> X* by

@.8) (8. Fi(w)) :=/Q{E(w(x),x, 1) : Vo) — (kaw() + ©(w(), x,1)) -5(x)}dx

XxX*

for all w € L>(Q,R*) = H for all 6 € WH9(Q, RF) = X. Then F,(w) is Gateaux

differentiable at every w € H; and, since = and ® are Lipschitz functions, the
derivative DF; of F; satisfies the Lipschitz condition

(4.9) IDF(w)llcxs < C

for all w € H and all ¢ € [0, Ty], for some C > 0. Thus all the conditions of
Theorem 3.2 are satisfied. Applying this theorem completes the proof. O

Remark 4.1. If, in the framework of Proposition 4.1, we suppose that g = 2
and that D4W(A, x, r) and I'(A, x, ¢) are linear in their first argument A, but assume
that Q is unbounded, we obtain an existence result similar to Proposition 4.1 as a
consequence of Theorem 3.4 with Z = X.

Indeed, in the case of unbounded Q, let V; = L2 (Q N Bg;(0), R¥) for some
sequence R; — +o00 and define L; € L(H, V;) by

L; - (h(x)) := h(x)L (Q N Bg,(0)) € L*(Q N Bg,(0), R") =V
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for all h(x) € L*>(Q, R¥) = H. Then, by standard embedding theorems on Sobolev
spaces, the operator L; o T € L(X, V;) is compact for every j. Moreover, if
{h,} C H is a sequence such that h, — ho weakly in H and L; - h, — L; - hg
strongly in V; as n — +oo for every j, then i, — ho strongly in L7, .(Q, R¥); and

loc

thus, by (4.8) and (4.9), we must have F;(h,) — F,(hy) weakly in X*.

4.3 Parabolic systems in non-divergence form. Suppose that
WY(L,x,t) : R’i X ]RQ’ x R, — R is a non-negative measurable function. More-
over, assume that W(L, x, 1) is C! as a function of the first argument L when (x, 1)
are fixed, which satisfies (0, x, f) = 0 and is convex in the first argument L when
(x, t) are fixed, i.e.,

Y(aLi +(1 —a)Ly, x,1) < a¥(Li, x, 1)+ (1 — a)¥(La, x, 1)
for every a € [0, 1], Li, L, € R*, x € RY and r € R. Moreover, we assume that ¥
satisfies the growth condition

1
(4.10) GlLlf = C < ¥(.x.n < CILI +C

for all L € R* and all x € RY for all ¢+ € R, where C > 0 is some constant and
q € [2,+00). Next let T'(L, x, 1) : ]R’,i X Riv x R, — R¥ be a measurable function.
Moreover, assume that I'(L, x, ¢) is C! as a function of the first argument L when
(x, 1) are fixed, which satisfies

(4.11) rQ,x, 0 e L (R; LR, RY)),
the monotonicity condition
orl';
(4.12) Z hihjaTj(L, x,1) >0
1<i,j<k
for all 4, L € R¥ all x € RY and all r € R, and the growth condition

or

4.13 — (L, x,n)| < C|L|"%+C
(4.13) ‘aLj(,x,)_ |L|T™" +

forall L € RF, all x € RY and all + € R for all j € {1,...,k}. Finally let
O, L, x, 1) : RN x RE x RY x R, — R¥ be a measurable function. Moreover,
assume that ®(A, L, x, 1) is C! as a function of the first two arguments A and L
when (x, t) are fixed. We also assume that @(A, L, x, t) is globally Lipschitz in the
first two arguments A and L and

(4.14) (0,0, x,1) € L7 (R; L*(RY, RY)).
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Proposition 4.2. Let WV, T, ® be as above, and let Q C RN be a bounded
open set, 2 < qg < +oo and Ty > 0. Then, for every wo(x) € WOI’Z(Q, ]R"), there
exists u(x, 1) € L1(0, To; leo’c"(Q, R¥)) such that Au(x, 1) € L(0, To; L9(Q, RY)),
u(x, 1) € L= (0, To; Wy (Q, RO)NW L9 (0, To; LY (Q, RY)), where g* := q/(g—1),
u(x, t) is WOI’Z(Q, R¥Y-weakly continuous on [0, Tyl, u(x, 0) = wo(x) and u(x, t) is
a solution of

di
(4.15) jb;(x’ 1) = O(Voulx, 1), u(x, 1), x, 1) + T(Au(x, 1), x, 1)
+ V¥ (Awu(x, 1), x,1) in Q x (0, Tp),
where Vi Y(L, x, t) is the partial gradient in the first variable L. Moreover, if

W(L, x, t) is uniformly convex in the first argument L, then such a solution u is
unique.

Proof. Let
(4.16) X i={u(0) € W@, R : Aulx) € L9Q, RY }
for 2 < g < +00, endowed with the norm
4.17) lullx := I AullLarr) + I Vull 2@ rexv)

forallu e X C WOI’Z(Q, R¥). Then X is a separable reflexive Banach space. Next
letH := WOI’Z(Q, R¥), endowed with the standard scalar product

< P12 >HaxH= /QVQZSl(X) : Vo(x) dx

(a Hilbert space), and T e L(X; H) be the trivial embedding operator from X C
WO1 ’2(Q, R¥) into H = WO1 ’Z(Q, R¥). Then T is an injective inclusion with dense
image. Moreover, T is a compact operator. In order to follow the definitions above,
we identify the dual space H* with H. So in our notation, {W,*(Q, RF)}" =
W, *(Q, R¥) (although, in the usual notation, {W,*(Q, R¥)}" is identified with
the isomorphic space W~"2(Q, R¥)). Next define S € £ (L*(Q, R¥), X*) by the
formula

(4.18) <5,S-h>XXX* - —/Qh(x)-AcS(x)dx

forall 6 € X and all & € L7 (Q, RF). Then, since for every ¢ € LI(Q, R¥) there
exists unique d4 € X such that Ady = ¢, we deduce that S is an injective inclusion,
i.e., kerS =0.
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For the corresponding operator T e L(H;X*), by (2.2) and (4.18), we must
have

(U, T - W) yooxr =T - u, W)y g =/ Vu(x) : Vw(x) dx
(4.19) ¢

= —/Qu)(x) - Au(x)dx = <u,S-(L- w)>

X xX*

for all w € H and u € X, where L is the trivial inclusion of Wol’z(Q, R¥) into
LT(Q,R¥) (¢* < 2). So

(4.20) T =SolL.

Then {X, H, X*} is an evolution triple with the corresponding inclusion operators
T € L(X;H) and T e L(H; X™") as defined in Definition 2.6.
Next, for each r € [0, Tp], define ®,(x) : X — [0, +00) by

(I),(u):=/g(‘I’(Au(x),x, t)+%}Vu(x){2)dx

for all u € X. Then ®,(x) is Gateaux differentiable at every x € X, satisfies
@,(0) =0 and satisfies the growth condition

1
EIIXII?( —C<d,)<Clxlgx+C

for all x € X and all ¢+ € [0, Ty] Furthermore, for each ¢ € [0, Ty], define the
mapping A(x) : X — X* by

(8, M) =/ T(Au(x), x, 1) - Ad(x) dx
Q

XxX* :
forallu,o € X, i.e.,
(4.21) Awy) = =5 - (T(Au), x,1))

for all u € X. Then A;(x) : X — X* is Gateaux differentiable at every x € X; and,
by (4.4), its derivative D A, satisfies the growth condition

ID Al cxxy < C Il +C

for all x € X and all ¢ € [0, Ty], for some C > 0. Moreover, by (4.3), A, satisfies
the monotonicity condition

(DA ) =0
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forall x, h € X and all ¢ € [0, Ty]. Finally, for each ¢ € [0, Ty], define the mapping
F(w): H—> X* by

<5, F,(w)>

RS /Q (O(Vew), ww, x,1) + ww) - AsCdx
for all w € W, *(Q,R) = H and all 6 € X, i.e.,
(4.22) F(w) = =S - (0(Vo), w(x), x, 1) + w(x)

for all w € H. Then F,(w) is Gateaux differentiable at every w € H; and, since ®
is a Lipschitz function, the derivative DF; of F, satisfies a Lipschitz condition

(4.23) IDF(w)llcaix < C

forall w € H and all ¢ € [0, Ty].

Thus all the conditions of Theorem 3.2 are satisfied. Applying this theorem,
together with (4.18), we obtain that for each wo(x) € WOI’Z(Q, RX), there exists
u(x, 1) € L9(0, To; W 2(Q, RY)) such that u(x, 1) € L= (0, To; Wy 2(Q, RY)), where
q* :=q/(q—1), ulx, 1) is WOI’Z(Q, R¥)-weakly continuous on [0, To], u(x, 0) =
wo(x) and u(x, t) is a solution of

(4.24) %(z) + A (u() + F,(u(0)) + DD, (u(t)) =0 fora.e.t e (0, Tp).

Thus, by (4.24), (4.18), (4.20), (4.21), (4.22) and [11, Lemma 2.2], we infer that
u(x,t) e wWhe' (0, To; L9 (Q, Rk)) and

d
(4.25) / { - d—btt(x, 1)+ O(Viulx, 1), ulx, 1), x, 1) + T (Au(x, 1), x, t)
Q
+ V¥ (Au(x, 1), x, t)} AS(X)dx =0
for all € (0, Ty) for all 6 € X. Therefore,

(4.26) %(x, =0 (qu(x, ), u(x, t), x, t) + F(Axu(x, 1), X, t) + VL‘P(AXu(x, 1), X, t)

for all (x, 1) € Q x (0, Ty), and the result follows. Ul

4.4 Hyperbolic systems of second order.

Proposition 4.3. Let Q C RN be an open set and Ty > 0. Furthermore,
let E(L,x,1) : RE x RY x R, —» RN (L, x,7) : RE x RY x R, » RF and
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O, x,1): ]R’z X RQ’ x R, = R¥ be measurable functions. Moreover, assume that
2(L, x,1), Y(L,x,t) and O(L, x,t) are C' as a functions of the first argument L
when (x, t) are fixed. Also assume that Y(L, x,t) V,Y(L, x, t), O(L, x, 1), E(L, x, t)
and YV E(L, x, t) are globally Lipschitz in the first argument L, Y(L, x, t) is glob-
ally Lipschitz in the last argument t, and that ©(0,x,t) € L? (]R;LZ(]RN , ]Rk)),
E0,x,1) € L*(R;WhHARY, R*NY) and that Y(0,x,1) € L*(R; Wy (Q, RY)).
Then, for every woy(x) € W()1’2(Q, RYY and ho(x) € L*(Q,RK), there exists
u(x,1) € L>(0, To; Wy *(Q, R¥)) such that %(x, 1 e L>(0,To; L*(Q,R)) N
WI’Z(O, To; W—L2(Q, ]Rk)), u(x,t) is WOI’Z(Q, R¥Y-weakly continuous on [0, To],
%(x, 1) is L*(Q, RF)-weakly continuous on [0, Tol, u(x,0) = wo(x), %(x, 0 =

ho(x) and u(x, t) is a solution of

2
4.27) %(x, 1) — Au(x, 1) + 6,{T(u(x, 1), x, t)} + divx{ E(u(x, 1), x, t)}
+ @(u(x, 1), x, t) =0in Q x (0, Tp).

Proof. Let X := {p € W (Q, R N W2 (Q,RY) : Ap e LX(Q,RY} en-

loc
dowed with the norm

1/2
(4.28) lollx, := (” A§0||[242(Q’Rk) + “v{P”[Z}(Q’kaN) + ||¢||1%2(Q,Rk)) /

for all p € Xy C WZ’Z(Q, RK N Wol’z(Q, R¥). Then X, is a separable reflexive

loc

Banach space. Next endow H : = Wé ’2(9, R¥) with the standard scalar product

(b1, b2t = /Q (V1) : Vo) + h1(x) - o)) dx

(a Hilbert space) and let Ty € £(Xo; Hy) be the trivial embedding operator from
Xo C WOI’Z(Q, R¥) into Hy = WOI’Z(Q, R¥). Then T is an injective inclusion
with dense image. As before, in our notation, {WOI’Z(Q, RH} = WOI’Z(Q, R¥)
(although, in the usual notation, {W,*(Q, R¥)}" identified with the isomorphic
space W~12(Q, R¥) ). Next, define Sy € £(L*(Q, R¥), X;) by

(4.29) (880 My, s = /Q (60 = A6) - hw dx

for all 6 € Xp and all & € L*(Q, R¥). Then, since for every ¢ € L*(Q, R¥) there
exists unique dy € Xy such that (Ady — d4) = ¢, we deduce that S is an injective
inclusion (i.e., ker Sy = 0). As before, { X, Ho, X} is an evolution triple with the
corresponding inclusion operators Ty € £(Xo; Hp) and 5’0 e L(Ho; X{) as defined
in Definition 2.6 by

(4.30) (0, T0 - @) xyxxs = (T0 " 6 ) iy,



292 ARKADY POLIAKOVSKY

for all p € Hy and 6 € X. However,

T3, 0) e, = [ (V0005 Vo) +60) - 90
(4.31) "

= /Q ((5(x) — Aé(x)) ~p(x)dx = (6,(Soo L) - €”>X0xxg

for all p € Hy and § € X,, where L € L(Wol’z(Q, RK), L2(Q, RY)) is a trivial
inclusion of WOI’Z(Q, R¥) into L?(Q, R¥). Thus plugging (4.31) into (4.30), we
obtain

(4.32) To-9 =So-(L-9)

for all ¢ € H,.

Next, as in the proof of Proposition 4.1, let X; : = Wol’z(Q, RK), H, := L*(Q, R¥)
and 71 € L(X;;H;) be the usual embedding operator from Wol’z(Q, R¥) into
L*(Q,R¥). Then T, is an injective inclusion with dense image. Furthermore,
Xr = W=2(Q, R¥), and the corresponding operator T, € L(Hy; X}), defined as in
(2.2), is the usual inclusion of L?(Q, R¥) into W~12(Q, R¥). Thus {X;, H,, Xi}is
another evolution triple with the corresponding inclusion operators 77 € £(X;; H1)
and fl e L(Hy; X)), as defined in Definition 2.6. Finally set

(4.33) X := {(u(x), () ux) Q- R o) Q— R

u(x) € Xo € W2A(Q, R N W, 2(Q, RY, v(x) € X; = W, (Q, R")} .

loc

On X, we consider the norm

1/2
lzllxs := (lalld, + lo113,)"
(4.34)

2 2 2 1/2
(A ullZ2 0 me) + etz ey + N0 ”WOI’Z(Q,R"))

for all z = (4, v) € X. Thus X is a separable reflexive Banach space. Next set
@35) H :={(u(x),0) : u0: Q- R, 0(x): Q - RF

u(x) € Hy = WhA(Q, RY), v(x) € H; = LA(Q, R")} .
On H, we consider the scalar product

<Zl, Z2>H><H = <M1, u2>H0><H0+ < 01,02 >H, xH,

(4.36)
= /Q {Vui(x) : Vua(x) + u1(x) - us(x) + 01(x) - 02(x) }dx
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for all z; = (u1,v1),22 = (up, v2) € H. Then H is a Hilbert space. Furthermore,
consider T € L(X, H) defined by

(4.37) T-z=(To-u, Ty v)

for all z = (4, v) € X. Thus T is an injective inclusion with dense image. Further-

more,

(4.38) X = {(w0) tueXs, veXi =W QRN
where

(4.39) (0, h)xxx+ = (o, h0>X0xX;; +(d1, h1>xlxxl*

forall 6 =(Jy,0;) € X and all h = (hg, hy) € X*, and
1/2
(4.40) Il = (Hul; + Io13; )

for all z = (u,v) € X*. Moreover, the corresponding operator T € L(H;X*),
defined as in (2.2), is defined by

(4.41) Toz=(To-uTi-v)

for all z = (u,v) € H. Thus {X, H, X*} is an evolution triple with the cor-
responding inclusion operators T € L(X;H) and T e L(H;X*) as defined in
Definition 2.6.

Next let A € L(H, X*) be defined by

(4.42) A-z:=(So-0, Au—u)

forall z = (u,v) € H, i.e., u € Wy (Q,RY), v € L2(Q, R¥). Then, using (4.39)
and (4.29), we deduce

(h,A - (T - h))y,x- = (u,So- (T - D)>X0xX0* + (0, A(To-u) — To - M>X1><X1*
(4.43) = / v(x) - (u(x) — Au(x))dx — / (Vv(x) : Vulx) +o(x) - u(x)) dx
Q Q
=0

forallh = (u,v) € X.
Furthermore, for ¢ € [0, Ty], define the function F,(z) : H — H by

@444)  F@ = (T(u00, %, 1), u(0) — O (u(x), x, 1) — div,E (u(x), x, 1))
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forall z = (u,v) € H, (we have Y(u(x), x, t) € Wol’z(Q, RX) for a.e. 1), i.e.,
(F(2), 20)txrt = /Q (VX{T(u(x), %, 1)} 1 Vo) + Y (u(x), x, £) - uo(x))dx

(4.45) + /Q {u(x) -0 (u(x), X, t) — divxE(u(x), X, t)} - vo(x)dx

forall z = (u,v) € H and all zg = (up, vg) € H. Then F, satisfies the conditions

(4.46) IF@ll < Clizlla + £()

forall z € H and all ¢ € [0, Ty], and

(4.47) IT o DF,@)l| ey < €

for all z € H and all ¢ € [0, Ty], for some C > 0 and some f(r) € L*(0, Tp; R).
Moreover, for bounded €, since the embedding of W,*(€, R) into L>(Q, R¥) is
compact, we obtain that F; is weak to weak continuous on H. If we assume Q
to be unbounded then, for every Q' CC Q, F, is weak to weak continuous, as a
mapping defined on H with the valued functions, restricted to the smaller set Q'.
Therefore, since €' is arbitrary, using (4.46), we deduce that in all cases, F, is
weak to weak continuous on H. Then all the conditions of Corollary 3.2 satisfied;
and by that corollary, for every wo € Wy *(Q, R¥) and every hy € L*(Q, R¥), there
exists (1) € L®(0, Ty; H) such that &(¢) := T - (¢() € W0, To; X*) and (1)
satisfies the equation

LH+A-(¢)+T-Fi(c@®) =0 for a.e. t € (0, To),

(4.48)
£(0) = (wo(x), —ho(x) = Y (wo(), x,0)),

where we assume that ¢(¢) is H-weakly continuous on [0, Tp], as stated in

Lemma 2.2. We can rewrite (4.48) as follows. Let (u(x, 1), v(x, 1)) = {(). Then,
by (4.48), (4.37), (4.42), (4.45), (4.32) and [11, Lemma 2.2], we have

u(x, 1) € L= (0, To; Wy *(Q, RF)) N W2(0, Ty; L*(Q, RY)),
o(x, 1) € L®(0, To; LA(Q, RN)) N Wh2(0, To; W3(Q, RY),

u(x, t) is WOI’Z(Q, Rk)-weakly continuous on [0, Ty], v(x, 1) is L*(Q, Rk)—weakly
continuous on [0, Ty, u(x, 0) = wo(x), v(x, 0) = —ho(x) — Y (wo(x), x,0) and in
Q x (0, To) (u(x, 1), v(x, 1)) solves

(4.49) %(x, H+ox,t)+ T(u(x, 1,x,t) =0,
' G0+ Aux, 1) = O (ulx, D), x, 1) — div E (ux, 1), x, 1) = 0.



VARIATIONAL RESOLUTION OF NONLINEAR EVOLUTIONS. PART II 295

In particular, %(x,1) € L*(0, To; L*(Q, R)) N W2(0, To; W='2(Q, RY)) and
%(x, 0) = ho(x). Moreover, differentiating the equality

o(x, 1) = —%(x, 1) — Y (ux, 1), x, 1)

in the argument ¢ and inserting the result into the second equation in (4.49), we
finally deduce (4.27). O

4.5 Schrodinger type nonlinear systems.

Proposition 4.4. Let Q C RY be an open set and Ty > 0. Furthermore, let
O(a, b,x,1) : REXREXRY xR, —» R¥ and E(a, b, x, 1) : RExRExRY xR, — RF
be measurable functions. Moreover, assume that ®(a, b, x, t) and Z(a, b, x, t) are
C! as a functions of the first two arguments a and b when (x, 1) is fixed. Also
assume that ©(a, b, x, 1), V,0(a, b, x, t), E(a, b, x, t) and VE(a, b, x, t) are glob-
ally Lipschitz in the first two arguments a and b, and

00,0, x,1) € L*(R; W, *(Q, RY)) and E(0, 0, x, 1) € L*(R; W, *(Q, RY).
Then, for each wo(x) € W, (Q, R¥) and ho(x) € Wy 2(Q, RY), there exists

u(x, 1) € L=(0, To; Wy *(Q, RE)) N W2(0, To; W(Q, RY)) and
v(x, 1) € L (0, To; Wy 2(Q, RY)) N W2(0, To; W12(Q, RY))

such that u(x, t) and v(x, t) are Wol’z(Q, R¥)-weakly continuous on [0, Ty, u(x, 0) =
wo(x), v(x, 0) = ho(x) and (u(x, 1), v(x, 1)) is a solution of

4.50) dux, 1) — Ao (x, D) + O (ulx, 1), v(x, 1), x, 1) =0in Q x (0, Tp),
' %(x, N+ Aulx, 1)+ E(u(x, 1, v(x, 1), x, t) =0in Q x (0, Typ).

Proof. Let X, := {p € W32 (Q, RONW2(Q,RF) : Ap € W 2(Q, RN}, and

loc

endow X with the norm

1/2
@50 ol == (IVAG I g meem, + 18012250 + 1V0I 2 e, + 101220 50)

forall p € Xy C WOI’Q(Q, RN Wfo’f(Q, R¥). So Xj, is a separable reflexive Banach

space (in fact, a Hilbert space). Next let Hy := WOI’Z(Q, R¥) be endowed with the
standard scalar product

(b1, $a)xrt = /Q (VA1) : Vo) + $1(x) - 2(0)) e
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(a Hilbert space) and Ty € L(Xo; Hy) be the trivial embedding operator from
Xo C Wy2(Q, RY) into Hy = Wy'*(Q, R¥). Then Ty is an injective inclusion with
dense image. As before, in out notation, { W, *(Q, RF)}" = W, *(Q, R).

Next, clearly, for every h € W~12(Q, R¥), there exists unique H, € W, (€, R¥)
such that AH;, — Hj, = h. Then define Sy € £L(W~"%(Q, R"), X;) by

(4.52) (8, S0 h{yy s = /Q {((VA)é(x)—va(x)) L VH )+ (A0 =600 -Hh(x)}dx

for all § € X, and all h € W~12(Q, R¥). Then, since for every ¢ € Wy *(Q, R¥)
there exists unique d4 € X such that Ady — d4 = ¢, we deduce that S is injective
inclusion (i.e., kerSy = 0). As before, { Xy, Ho, X} is an evolution triple with the
corresponding inclusion operators Ty € L£(Xo; Hp) and %0 e L(Hp; X)), as defined
in Definition 2.6, by

(4.53) (6. T0 - )xyxx; 1= (T0 6 Oty
forall g € Ho and &  Xo. However,
(To - 8.0 oty = /Q (Vo) : Vo) + 600 - o)) dx
- /Q (5(x) - Aé(x)) - o(x) dx
4.54) = /Q (60 = A0@) - (AHL,) = Hy () dx

= /Q {((VA)é(x) - Vé(x)) : VHp.»(x) + ((Aé(x) - 5(x)) ‘HL.,,,(x)}dx
= (0 (So o L) - ¢) x,ux;

for every ¢ € Hp and § € Xo, where L e £(W,”(Q, RF), W=12(Q, RY)) is
the trivial inclusion of W,*(Q, R%) in W~=12(Q, RY). Thus, plugging (4.59) into
(4.53), we obtain

(4.55) To-p =So-(L-p)

for every ¢ € Hj. Next set

(4.56) X := {(u(x), () ux) Q- R o) Q- R u®x) € Xo, v(x) € xo};
and on X, consider the norm

(4.57) Izl = (lullf, + lo1%,) "

forall z = (4, v) € X. Then X is a separable reflexive Banach space. Next set
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(4.58) H:= {(u(x), () u) Q- R o) Q- R u®x) € Hy, v(x) e HO};
and on H, consider the scalar product
(4.59) (21, 2)mxn = (U1, U2)HyxH, + (V15 02) HyxH,

= /Q {Vul(x) 2 Vi (x) + up(x) - uz(x) + Vo (x) : Voo (x) + 01(x) - vz(x)}dx

for all z; = (uy,v1), 22 = (U2, v2) € H. Then H is a Hilbert space. Furthermore,
consider the operator 7 € L£(X, H) defined by

(4.60) T -z= (‘To - u, ‘J'O-v)

forall z = (4, v) € X. Then T is an injective inclusion with dense image. Further-
more,

(4.61) x*i={(u0) ueXs, vexs},

where

(4.62) (0 ) xexs = (005 10) x, s + (015 1)y exs

forall 6 = (Jy, 01) € X and all h = (hg, hy) € X*, and
1/2
(4.63) lzllx- == (llid; + loli3,)"

for all z = (u,v) € X*. Moreover, the corresponding operator T e L(H; XT),
defined as in (2.2), is defined by

(4.64) T-z=(To-u,To-v) = (So-(L-u),So-(L-0))

for all z = (u,v) € H. Thus {X, H, X*} is an evolution triple with the corres-
ponding inclusion operators 7 € £(X; H) and T e L(H; X™) as defined in Defini-
tion 2.6.

Next define A € L(H, X*) by

(4.65) A-z:=(—SO-(AU—U),SO-(Au—u))

forall z = (u,v) € H (i.e., (Au—u) € W L2(Q, RY), (Av —0v) e W~ 1-2(Q, RY)),
where Sy is defined in (4.52). Then, using (4.62), we deduce

(466) <h, A (T ’ h)>XXX* = _<u’ So - (AU - D)>X0XX6 + <U: So - (Au - u)>X0><X5
= —/ {((VAu)(x) - Vu(x)) :Vo(x) + (Au(x) — u(x)) ~U(x)}dx
Q

+/Q {((VAU)(x) _ vU(x)) L Vu(x) + (Av(x) _ U(x)) : u(x)}dx -0
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for all » = (u,v) € X. Furthermore, for each ¢ € [0, Ty], define the function
F.(z): H— H by

(4.67) Fi(z):= (@(u(x, 1), 00x, 1), x, 1) — 0(x), Z(uCx, 1), v(x, 0, X, 1) + u(x))

forall z = (u,v) e H
we have O(u(x, 1), v(x, 1), x, ), E(u(x, 1), v(x, 1), x, 1) € W, 2(Q, R) for a.e. ),

1.e.,

(Fi(2):20) yrupy = /Q {(Vx{G(u(x, 0, v(x, 1), x, z)} _ vu(x)) - Vito(x)
+ (®(u(-xa t)a l)(x, t)a X, t) - U(X)) . MO(X)

(4.68) + (VX{E(u(x, D, o(x, 1), x, t)} + Vu(x)) F Vool®)

+ (E (u(x, n,o(x,1),x, t) + u(x)) . vo(x)}dx
for all z = (u, v) € H for and all zg = (ug, v9) € H. Then

(4.69) IFilla < Cllzlla + f(0)

for all z € H and all ¢ € [0, Ty], for some constant C > 0 and some f(¢) €
L*(0, Ty; R). Furthermore, F, satisfies the Lipschitz condition

(4.70) |IT o DF,@)|| gyx) < C

forallz € H and all ¢ € [0, Ty]. Moreover, since the embedding of H =W01’2(Q, R¥)
in L2 (Q, R¥) is compact, we obtain that if z, — zo weakly in H, then z, — 2o
strongly in L7 (Q,R¥). Thus, by (4.69), we obtain F,(z,) — Fi(z9) weakly in
H. So F, is weak to weak continuous in H. Then all the conditions of Corol-
lary 3.2 satisfied; and by that corollary, for every wo € WO1 2(Q, R¥) and every
ho € Wy (Q, RY), there exists ¢(r) = (u(x, 1), v(x, 1)) € L=(0, To; H) such that
E@) =T - (£()) € WH2(0, Tp; X*) and ¢ (¢) satisfy the equation

471 LO+A-cO+T-F((@) =0 forae. te (0, Tp),
' £(0) = (wo(x), ho(x)),

where we assume that ¢(¢) is H-weakly continuous on [0, Tp], as stated in
Lemma 2.2. We can rewrite (4.71) as follows. Let (u(x, 1), v(x, 1)) = ¢(¢). Then
ux,t) € L=(0, To; Wy 2 (Q, RN)), v(x,1) € L=(0, To; Wy > (Q, RY)), u(x, ) and
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v(x, 1) are Wol’z(Q, R¥)-weakly continuous on [0, To], u(x, 0) = wo(x), v(x,0) =
ho(x); and by (4.55) and the definitions of A and F;, we obtain

4.72) -— <(Zf(x, 1), So - ulx, t)>

XoxX;
+ <5(x, 0, So - ( — Aw(x, 0+ O (u(x, D, v(x, ), x, t))> =0
XoxXp
for all 6(x, 1) € C((0, To; Xo), and
00
4.73) - <(X, 1), So - v(x, t)>
ot XoxX;
+ <5(x, 1, Sy - (Axu(x, D+ BE(ulx, 1), v(x, 1), x, t))> =0
X()XXS

for all 6(x, 1) € C}((0, Tp; Xo). Then, by [11, Lemma 2.2], we obtain

d d
d—Z:(x, 1) € L2(0, To; W 2(Q, RY)) and d—l;(x, 1) € L2(0, To; W 2(Q, RY),
and thus

u(x, 1) € L= (0, To; Wy *(Q, RF)) N W2(0, To; W~%(Q, RY)) and
v(x, 1) € L% (0, To; Wy 2(Q, RS)) N W2(0, To; W12(Q, RY)).

Moreover, (u(x, 1), v(x, 1)) solves (4.50). O

4.6 Incompressible Navier-Stokes equations and magneto-hydro-
dynamics. Let Q C R" be a domain. The initial-boundary value problem for
the incompressible Navier-Stokes equations is as follows:

(i) 2 +divy(v ®0)+ Vp =v,A0 + f forall (x,1) € Q x (0, Tp),
(i) diveo =0forall (x,1) € Q x (0, Typ),

(iii) v(x,t) = y(x, 1) forall (x, ) € 6Q x (0, Ty),

(iv) ov(x,0) = vo(x) for all x € Q.

4.74)



300 ARKADY POLIAKOVSKY

Here, v = v(x,1) : Q x (0,Ty) — R" is an unknown velocity, p = p(x, 1) :
Q x (0, Ty) = R is an unknown pressure associated with v, v, > 0 is a given
constant hydrodynamical viscosity, f : Q x (0, Tp) — R" is a given force field,
y = y(x, 1) is a given velocity on the boundary (which can be nontrivial for fluid
driven by its boundary) and vy : Q — R" is a given initial velocity.

The initial-boundary value problem for the incompressible magneto-hydro-
dynamics is as follows:

(i) 2 +divy(v ® ) —divi(b @ b) + V.p = v A0 + f
for all (x, ) e Qx (0, Ty),
(i) % +divy(b ®v) — divy(v @ b) = v, Axb
for all (x, 1) € Q x (0, Tp),
(7ii) div,o =0 forall (x, 1) € Q x (0, Typ),
(iv) divy b =0 forall (x, 1) € Q x (0, Tp),
() v(x,t) =0 forall (x, ) € 6Q x (0, Typ),
(vi) b-n =0 forall (x,1) € 0Q2 x (0, Ty),
(wid) SN, (2 = 32 )m; =0 forall (x, 1) € 8Q x (0, Ty)
foralli =1,2,...N,
(viii) v(x, 0) = vo(x) for all x € Q,
(ix) b(x, 0) = by(x) for all x € Q.

(4.75)

Here, v = v(x,1) : Q x (0,Tg) — R is an unknown velocity, b = b(x, 1) :
Q x (0, Tp) — RV is an unknown magnetic field, p = p(x,1) : Q x (0,Ty) > R
is an unknown total pressure (hydrodynamical+magnetic), v, > 0 and v,, > 0 are
given constant hydrodynamical and magnetic viscosities, f : Q x (0, Tp) — RV
is a given force field, vy : Q — R" is a given initial velocity, by : Q — RV is a
given initial magnetic field and 72 is a normal to 0€.
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Next, for constant 4 € {0, 1}, consider the system

(4.76)

%’; +divy(v @) — Adivy(b b))+ V,p =vA0 + f
for all (x, 1) € Q x (0, Ty),
L 4 2divy(b ®v) — Adivi(v ® b) =V, ALb
for all (x, 1) € Q x (0, Tp),
divy,o =0 forall (x, 1) € Q x (0, Tp),
div, b =0 for all (x,1) € Q x (0, Typ),
v(x, 1) = y(x,t) for all (x, 1) € 0Q x (0, Ty),
b-n =0forall (x,7) € 0Q x (0, Typ),
s (‘”’f - “’f')nj = (A/v)(y - m)b for all (x, 1) € 6Q x (0, Ty)

Jj=1 g, Ox;
foralli =1,2,...N,

v(x, 0) = vp(x) for all x € Q,
b(x, 0) = bo(x) for all x € Q.
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For A = 1 and y = 0, this system coincides with (4.75). On the other hand, if
(v, b, p) is a solution of (4.76) with A = 0, then (v, p) is a solution of (4.74).

If there exists a sufficiently regular function » = r(x, ) : Q x (0, Tp) — RV
such that r(x, 1) = y(x, ) V(x, 1) € 0Q x (0, Ty) and div, r = 0, then choose one
and define the new unknown function u(x, f) := v(x, t) — r(x, t) and its initial value

uo(x) := vo(x) — r(x, 0). Then we can rewrite (4.76) in the terms of (u, b, p) as

4.77)

%L;+divx(u®u+r®u+u®r—/1b®b)+pr=thXu+f
for all (x, 1) € Q x (0, Ty),
D4 2divib@uU—uQb+b®r—r®b) =v,Ab
for all (x, 1) € Q x (0, Ty),
divyu =0 for all (x, 1) € Q x (0, Typ),
div, b =0 forall (x,7) € Q x (0, Typ),
u =0 forall (x,1) € 0Q x (0, Typ),
b-n =0forall (x,7) € 0Q x (0, Typ),
s (0”1‘ - a”f)nj = (A/vm)(r - n)b for all (x, 1) € 6Q x (0, Ty)

j:l (7)6]‘ Ox;
foralli =1,2,...N,

u(x, 0) = up(x) for all x € Q,
b(x,0) = by(x) for all x € Q,
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where f = f+ A,r — 6 — div, (r ® r). We prove the existence of a solution of
the system (4.77) for . =0 and 1 = 1.
We need some preliminaries.

Definition 4.1. Let Q c R be an open set.
e We denote by Vy = Vy(Q) the space {p € CX(Q,RY) : div ¢ = 0} and by
Ly = Ly (Q) the closure of Vy in L*(Q, RY). We endow Ly with the scalar

product (p1, p2) = [q @1 - 92 dx and the norm ||| := ( [, |(p|2dx)1/2.
e We denote by Vyy = Vy(Q) the closure of Vy in WOI’Z(Q, R™) and endow Vy

with the scalar product (1, ¢2)y, = [o (Vo1 : Vo + @1 - ¢2)dx and the
2
norm |[p|| := ( [ IVel?dx+ [, |go|2dx)l/ .
e We let
CP(LRY):={p:Q — R" : there exists ¢ € C°(R", R") such that
p(x) = p(x) for all x € Q}.

Furthermore, given ¢ € D'(Q, RV), let

. 99 _ a¢j} _ _ T ’ NxN
@) rongi={ R = (W) = (V) e D (@R,

define the linear space
(4.79) By =Bj(Q) := {(p €Ly : rotp e L*(Q, RNXN)},
and endow Bj, with the scalar product

(01, 02)p = /Q (@1 - @2+ (1/2)rot @y - rotp;) dx

and the corresponding norm ||¢||p;, := ((go, (p}BI/V) "2 Then Bj, is a Hilbert space.
Moreover, clearly By is continuously embedded in Wllo’cz(Q, RM)N Ly. We also
denote by By = By(Q) the closure of By () N CX(Q, RY) in By (Q) and endow
By with the norm of B, (€). (Clearly, By is a subset of By, and if the boundary of

the domain Q is sufficiently regular, then By and B}, coincide.)

Proposition 4.5. For each r e L*(0,To; W-2(Q,RY)) N L™,
f e L*0,To; L*(Q,RY)), g e L*(0, To; L*(Q,RV*M)), v, > 0, v,, > 0,
A € {0,1}, vo(-) € Ly and by(-) € Ly, there exist u(x,t) € L*(0,To; Vy) N
L>°(0, To; Ly) and b(x,t) € L*(0, To: By) N L¥(0, Ty; Ly) such that u(-,t) and
b(-, t) are Ly-weakly continuous in t on [0, Ty], u(x, 0) = vo(x), b(x,0) = by(x),
and u(x, t) and b(x, t) satisfy
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To
/ / { (u(x, D@ ux, 1)+ r(x, 1) @ u(x, 1) + ulx, 1) ® r(x, 1) — Ab(x, £) @ b(x, ) + g(x, z)) :
0 Q
(4.80) Vaw(x, t) — f(x, 1) - wx, 1) +u(x, 1) - O, p(x, t)} dxdt

To
= / / v Vau(x, 1) : Vyw(x, t) dxdt — / 0o(x) - w(x, 0)dx
0 Q Q
for every y(x,1) € CH(Q x [0, Tp), RY) N C' ([0, Tol; V) and
Ty
/ / {,1 (b(x, N @ ux, 1) — u(x, 1) ® b(x, 1) + b(x, 1) @ r(x, 1) — r(x, 1) ® b(x, z)) :
0 Q

4.81) V,p(x, 1) + b(x, 1) - 6,¢(x, t)} dxdt

To Vi -
= /0 /Q jmfxb(x, 1) : rotyp(x, t) dxdt — /Q bo(x) - p(x, 0) dx,
for every p(x,1) € CLRN x [0, Tp), RY) N C([0, Tol; By); i-e.

X1 divy(uQ@u+rQu+ur—ib®b) +Vyp

=v,Au— f—div, g forall (x,1) € Q x (0, Ty),
D4 divib QU —u@b+b®r —r®b) =v, A

forall (x,1) € Q x (0, Ty),

div,u =0 forall (x,t) € Q x (0, Ty),
(4.82) div,b =0 forall (x,t) € Q x (0, Tp),
u=0 forall (x,1) € 0Q x (0, Ty),
b-n =0 forall (x,t) € 0Q x (0, Typ),
rotsb -n = (A/vy)(r-n)b forall (x,1) € 6Q x (0, Ty),
u(x, 0) = ug(x) forall x € Q,
b(x,0) = by(x) forall x € Q.

Moreover, if either 2 = 0 and Q is bounded or r(x, t) = 0, then u(x, t) and b(x, t)
satisfy the energy inequality

l/|u(x, f)|2dx+1/ |b(x, r)|2dx+/ /vh|qu(x, 0)|? dxdr
2 Ja 2 Ja 0 Ja

+/ /vﬂ|rotxb(x, t)|2dxdt§ 1/ |l)0(x)|2d)6+1/ |b0(x)|2dx
0 Ja 2 2 Ja 2 Ja

(4.83) .
+/0 /Q ({g(x, HD+rx, D) Qux, 1) +ulx, ) r(x, z)} - Vou(x, 1)

+ /l{b(x, 1 Qr(x, t)} crotyb(x, t) — f(x, t) - u(x, t)) dxdt



304 ARKADY POLIAKOVSKY

forall T € [0, Ty].

Proof. Fix v, > 0, v, > 0, 2 € {0,1}, f e L*(0,Ty;L*(Q,RY))
g € L*(0, To; L*(Q,RV*N)), r e L?(0, To; WH2(Q, RV)) N L™, vy(-) € Ly and
bo(-) € Ly. Next define the space Uy, as a closure of Vy with respect to the norm

(4.84) lolluy, == llellvy +sup lp(x)] + sup [Vo(x)|
xeQ eQ

X

and the space Dy, as a closure of By N C>(Q, RY) with respect to the norm

(4.85) ol = llels, + sup lp(0)[ + sup [Vo(x)|.

xeQ

Then, clearly, Uy, and D}, are separable Banach spaces, which, however, are not
reflexive. On the other hand, by [11, Lemma A.2], there exist separable Hilbert
spaces Uy and Dy and bounded linear inclusion operators A; € L(Uy; Uy ) and
Ay € L(Dy;Dy) such that A; and A, are injective, the image of A; is dense in
U}, and the image of A; is dense in Bj,. On the other hand, clearly, Uy, is trivially
embedded in Vy and the trivial embedding operator I, € L(Uy; V) is injective
and has dense range in Vy. Similarly, Dy is trivially embedded in By, and the
trivial embedding operator I, € £L(Dy; By) is injective and has dense range in By .
Therefore,

(486) Ql 1211 OA] € L(UN;VN) and Q2 1212 OA2 € L(DN;BN),

are injective and have dense ranges in Vy and By respectively. Next define
P, € L(Vy;Ly) as the trivial inclusion of Vy into Ly and P, € L(By;Ly) as
the trivial inclusion of By into Ly. Then, clearly, P; and P, are injective and have
dense ranges in Ly. Finally, define

(4.87) TJi:=P10o01 € L(Uy;Ly) and T, :=Pr0Q0, € L(Dy; Ly).
Then T and 7, are injective and have dense ranges in Ly. Next set

(4.88) X:={(l//,¢)): v e Uy, (peDN},

and on X consider the norm

(4.89) el 2= (lwllg, + llelp, )"

for all x = (y, p) € X. Thus X is a separable reflexive Banach space. Similarly,
set

(4.90) z:={(w,¢): t//:Q—)]RN,q):Q—)RN,y/eVN,goeBN},
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and on Z consider the norm

1/2
(4.91) lzllz == (lwli?, +llel3,)"

for all z = (y, ) € Z. Thus Z is also a separable reflexive Banach space. Finally,
set

(4.92) H::{(z//,(p):V/:Q%RN,(/):Q%RN,WGLN,(/)ELN}
and on H, consider the scalar product

(hi, W) xa = (W1, W2)Lyxiy + (@1, 92) Ly xLy

(4.93)
= [ {n® 2+ 010 o200 fax

for all iy = (w1, ¢1), ho = (w2, 92) € H. Then H is a Hilbert space. Furthermore,
define Q € L(X, Z) by

(4.94) Q-h=(01y,0:9)

forall 7 = (y, ) € X. Similarly, define P € £L(Z, H) by

(4.95) P.-z=(Pi-y,P1-9)

forallz =(y,p) € Z,and T € L(X, H) by

(4.96) T-h=(T -y, T2 9)

forall 7 = (w, ) € X. Thus, clearly, T = P o Q, and T is an injective inclusion
with dense image. Furthermore,

497) x*:={(y9): we W' 9@},
where
(4.98) (0 1) x x> = 005 10) gy ey (01 ) (e

forall 6 = (dy, 1) € X and all h = (hg, hy) € X*. Thus {X, H, X*} is an evolution
triple with the corresponding inclusion operators T € £(X; H) and T € L(H;X*),
as defined in Definition 2.6.

Next, define ®(h) : Z — [0, +00) by

1 m
c1>(h);=§/s_2 (u,,|vxw(x)|2+”2|mzx¢(x)|2+|w(x)|2+](p(x)|2>dx
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forall h = (y, ¢) € Z = (Vy, By). So the mapping D®(h) : Z — Z* is linear and
monotone. Furthermore, for each ¢ € [0, Ty], define ®;(¢) : H — (Uy)* by

(4.99) <5, ®,(0)>

Uy x(Un)*
= — / {(w(x)®w(x)+r(x, HRw(x, H)+w(x, HRr(x, t)—/lb(x)®b(X)> +8(x, t)}
Q
:V{A| - 0}(x)dx
— A O d
v [ (renn = ww) - (43} d

forallo = (w,b) € Ly ® Ly = H and all 6 € Uy. Next, for each ¢ € [0, Ty],
define E,(0) : H — (Dy)* by

4.100) (4.Eto))
= — / 7 (b0 ® () — () ® b + b)) B r(x, 1) = r(x, ) V(X))
Q
: V{Ay -0} (x)dx — / b(x) - {Ay - 0}(x)dx
Q

forall 0 = (w,b) € Ly ® Ly = H and all 6 € Dy. Finally, for each ¢ € [0, Tp],
define F;(o) : H — X* by

(4.101) Fi(0) := (0,(0), E:(0))

for all ¢ € H. Then F,(o) is Gateaux differentiable at every ¢ € H, and the
derivative DF, of F,(o) satisfies the condition

(4.102) IDFi(0)ll caxy < C(llolla +1)

forall o0 € H and all r € [0, Ty], for some constant C > 0. Moreover,

(4.103) <5, FuT - 5)>X><X* = <w, O«T .5)> + <¢, E(T .5)>

Uy x(Un)* Dy x(Dy)*

=— / { (w(x)®w(x)+r(x, HRw(x, H+w(x, HRr(x, t)—xlb(x)@b(x)) +g(x, t)}
Q
: Vw(x) dx
+ / (f (x, t)—w(x)).w(x) dx— / /1(b(x)®w(x)—w(X)®b(x)+b(x)®r(x, H—r(x, l)®b(x)>
Q Q

: Vb(x)dx — / b(x) - b(x) dx
Q
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where w =A,-w,b =A,-¢pforalld =(y,p) € Uy ®Dy =X and all ¢t € [0, Ty].
Thus, since w =A; - y € Uy and b = A, - ¢ € Dy, we can rewrite (4.103) as

(4.104) <5,F,(T-5)> = /Q (f(x, 1) - wx) — g(x, t):vw(x)> dx
— [ (Jw@| +|p@|*) dx
Q

_ / ({r(x, H QR wx)+ wkx) r(x, t)} : Vw(x) + /l{b(x) R r(x, t)} : rot b(x) )dx
Q

X xX*

- / ;{w(x) V@ + 200 - Vb’ = 24b@) - V. (00 - b)) } dx,
Q

where w =A;-w,b =A;-pforalld =(y,p) € Uy dDy =X and all ¢ € [0, Ty].
On the other hand ,w(x), b(x) € Ly, and thus div,{ yow} = div,{ yob} in the sense
of distributions (here, yq is characteristic function of the set Q). Thus the last
integral in (4.104) vanishes; and therefore, since r(x, r) € L™, we obtain

(4.105) <5, FT - 5)>

XxX*

= /Q (f(x, 1) - wx) — g(x, 1) : Vw(x)) dx
_ / <|w(x)|2 + ‘b(x)|2) dx
Q
_ / ({r(x, N Q w(x) + wx) rx, 1)} : Vw(x) + A{b(x) ® r(x, 1)} : rotb(x) )dx
Q

>=c([le-sl,+1)(IT o], +1) - x,

where w = A; - w,b =Ay-pforalld = (y,p) € X and all ¥ € [0, Ty]. Here,
u(t) € L'(0, Ty; R) is some non-negative function.

Next consider a sequence of open sets {€;}72, such that for every j € N, Q;
is compactly embedded in Q;,; and 32, Q; = Q. Then set Z; := L*(Q;,R")
and define L; € L(Ly, Z;) by

L - (h(®) := h(x).Q; € L*(Q;,RY) = Z;

for all h(x) € Ly(€). Thus, by the standard embedding theorems for Sobolev
spaces, the operators Zj oPy € L(Vy,Z;) and Zj o P, € L(By,Z;) are compact
for every j. Moreover, if {0,};2, C H is a sequence such that o, = (h,, w,) —
oo = (hg, wo) weakly in H and L_j -h, > L_j - hg and Zj Sw, — l_,j - wy strongly in
Z; as n — +oo for every j, then h, — ho and w, — wy strongly in L%OC(Q, RM);
and thus, by (4.101) and (4.102), F/(0,) — F;(0p) weakly in X*.

Thus all the conditions of Theorem 3.4 are satisfied. Applying that theorem,
we deduce that there exists a function h(r) € L*(0, To; Z) such that o(f) : = P - h(7)
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belongs to L*°(0, To; H), y(t) := T - o(t) belongs to W12(0, To; X*) and Ah(z) is a
solution of

dy . _
(4.106) T +Fi(o(t)) +Q* - DD (h(r)) =0 fora.e.1 e (0, Tp),
a(0) = (vo(x), bo(x)),

where we assume that o(¢) is H-weakly continuous on [0, Ty] and Q* € L(Z*, X™)
is the adjoint to Q. Then, by the definitions of @ and F;, we have that h(x, t) :=
(u(x, 1), b(x, 1)) satisfies that u(x, 1) € L*(0, To; V) N L=(0, Tp; Ly) and b(x, 1) €
L*(0, To; By) N L>®(0, To; Ly), u(-, t) and b(-, t) are Ly-weakly continuous in ¢ on
[0, Tol, u(x, 0) = vo(x), b(x, 0) = bo(x) and u(x, ¢) and b(x, t) satisfy
To
/ / { (u(x, D Qulx, 1)+ r(x, 1) @u(x, 1) + u(x, 1) @ r(x, 1)
0o Ja

— 2b(x, 1) @ b(x, 0+ 8%, 1)) 1 V{1 - p(0}(x)
(4.107) — fO 0 {AL - w0 +ulx, 1) - {Ar- & w(t)}(x)} dxdt

To

= / / v Viu(x, 1) : Vi{Ay - p(0) }(x) dxdt
o Ja

— /Qvo(x) {A1 - w(0)}(x) dx,

for every y(t) € C'([0, Tyl; Uy) such that w(Ty) =0 and

To
(4.108) / / {/1 (b(x, N Qux, t) —ulx, 1) @bx, 1)+ blx, 1) @ r(x, 1)
0 Q
—r(x, 1) b(x, t)) : Vi{Ar - ()} () + b(x, 1) - {As - 5z¢(t)}(x)} dxdt
To
= / / Vﬂrotxb(x, ) : roz‘,({A2 . ¢(t)}(x) dxdt
0 a 2
B /Qbo(x) {Az - p(0)}(x) dx,
for every ¢(1) € C'([0, Tol; Dy) such that ¢(Tp) = 0. Thus since the image of

A is dense in Uy and the image of A, is dense in Dy, we deduce that u(x, r) and
b(x, t) are solutions of (4.80) and (4.81).
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Next, by (4.105) and the definition of @, we have

X xX*

= / <vh|wa(x)]2+vm|r0txb(x)}2+ / (/06D w0) = g, 1) : Vo)) d
Q 2 Q

—/ <{r(x, NRWX)+wX)Qrx, 1)} : V) +A{bx)Qr(x, 1} : rotxb(x)>dx,
Q

where w =Aj-w,b =Ay-pforalld = (y,9) € X and all ¢ € [0, Ty]. However, if Q

is bounded, the embedding operator P; is compact. On the other hand, either A =0
and Q is bounded, or r(x, ) = 0. Thus, by (4.109) together with Theorem 3.4, we
finally deduce (4.83). U]

(1]

(2]

(3]
(4]

(5]

[6]

(71

[8]

[9]

(10]

[11]

(12]

REFERENCES

H. Brezis and 1. Ekeland, Un principe variationnel associé a certaines équations paraboliques,
Le cas independant du temps, C. R. Acad. Sci. Paris Sér. A 282 (1976), A971-A974.

G. P. Galdi, An Introduction to the Navier-Stokes initial-boundary value problem, Fundamental
Directions in Mathematical Fluid Mechanics, Birkhiduser, Basel, 2000.

J. Diestel, Geometry of Banach Spaces - Selected Topics, Springer, New York, 1975.

N. Ghoussoub, Self-dual Partial Differential Systems and their Variational Principles, Springer,
2009.

N. Ghoussoub, Antisymmetric hamiltonians: variational resolutions for Navier-Stokes and other
nonlinear evolutions, Comm. Pure Appl. Math. 60 (2007), 619-653.

N. Ghoussoub and A. Moameni, Anti-symmetric hamiltonians (II): variational resolutions for
Navier-Stokes and other nonlinear evolutions, Ann. Inst. H. Poincare Anal. Non Linéare, 26
(2009), 223-255.

N. Ghoussoub and A. Moameni, Selfdual variational principles for periodic solutions of Hamilto-
nian and other dynamical systems, Comm. Partial Differential Equations 32 (2007), 771-795.
N. Ghoussoub and L. Tzou, A variational principle for gradient flows, Math. Ann. 330 (2004),
519-549.

O. A. Ladyzenskaja, V. A. Solonnikov, and N. N. Ural’ceva, Linear and Quasi-linear Equations
of Parabolic Type, Amer. Math. SOc., Providence, RI, 1968.

A. Poliakovsky, On a variational approach to the method of vanishing viscosity for conservation
laws, Adv. Math, Sci. Appl. 18 (2008), 429-451.

A. Poliakovsky, Variational resolution for some general classes of nonlinear evolutions. Part I,
Asymptot. Anal. 85 (2013), 29-74.

R. Temam, Navier-Stokes Equations. Theory and Numerical Analysis, North Holland
Amsterdam-New York-Oxford, 1977.

Arkady Poliakovsky
DEPARTMENT OF MATHEMATICS
BEN GURION UNIVERSITY OF THE NEGEV

P.O.B. 653, BE’ER SHEVA 84105, ISRAEL

email: poliakov@math.bgu.ac.il

(Received March 31, 2014 and in revised form October 5, 2014)



