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Abstract. Let (X, u) be a probability space, G a countable amenable group,
and (Fy), a left Fglner sequence in G. This paper analyzes the non-conventional
ergodic averages
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associated to a commuting tuple of ux-preserving actions 71, ..., T; : G ~ X and
f1s ---» fa € L (u). We prove that these averages always converge in || - ||2, and
that they witness a multiple recurrence phenomenon when f| =... = f; = 14 for

a non-negligible set A C X. This proves a conjecture of Bergelson, McCutcheon
and Zhang. The proof relies on an adaptation from earlier works of the machinery
of sated extensions.

1 Introduction

Let (X, 1) be a probability space, G a countable amenable group, and 77, ...,
Ty : G ~ (X, u) a tuple of u-preserving actions of G which commute, meaning
that i # j implies TfT} = T/TF forall g,h € G. Also, let (F,), be a left Fglner
sequence of subsets of G; this is fixed for the rest of the paper.

In this context, Bergelson, McCutcheon and Zhang have proposed in [BMZ97]
the study of the non-conventional ergodic averages

d
1
(1.1) An<f1,...,fd>:=|F—ZH(ﬁon---Tﬁ)
nleeF, i=1
for functions fi, ..., fs € L>(u). These are an analog for commuting G-actions

of the non-conventional averages for a commuting tuple of transformations, as
introduced by Furstenberg and Katznelson [FK78] for their proof of the multi-
dimensional generalization of Szemerédi’s Theorem. Other analogs are possible,
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but the averages above seem to show the most promise for building a theory: this
is discussed in [BMZ97] and, for topological dynamics, in [BH92], where some
relevant counterexamples are presented.

The main results of [BMZ97] are that these averages converge and that one has
an associated multiple recurrence phenomenon, when d = 2. The first of these
conclusions can be extended to arbitrary d along the lines of Walsh’s recent proof
of convergence for polynomial nilpotent non-conventional averages ([Wall2]).

Theorem A. In the setting above, the functional averages N,(fi, ..., fa)
converge in the norm of L*>(u) for all fi, ..., fi € L®(u).

Zorin-Kranich has made the necessary extensions to Walsh’s argument in [ZK].
However, his proof gives essentially no information about the limiting function,
and in particular does not seem to enable a proof of multiple recurrence. The
present paper gives both a new proof of Theorem A, and a proof of the following.

Theorem B. If (A) > 0, then

1 1 -1 -1

. — 1; 8 - g ...TS8

nlggo/XA,,(lA,..., Lodu = lim anllg%;ﬂ(Tl AN---N(T} T HA) > 0.
-1 -1 -1

In particular, the set {g € G : u(Tf AN---N(T§ ---T§ )A) > 0} has positive

upper Banach density relative to (F,,),>1.

As in the classical case of [FK78], this implies the following Szemerédi-type
result for amenable groups.

Corollary. Let G¢ be the direct sum of d copies of G. IfE C G has positive
upper Banach density relative to (F%),, then the set

{geG:3(x1,...,x0) € G's. t. {(g X1, x20 ., Xa)s oo, (7 %1, .., g X)) CE}
has positive upper Banach density relative to (Fy,),>1.

This deduction is quite standard, and can be found in [BMZ97].

Our proofs of Theorems A and B are descended from some work for commut-
ing tuples of transformations: the proof of non-conventional-average convergence
in [Aus09], and that of multiple recurrence in [Aus10a]. Both of those papers of-
fered alternatives to earlier proofs, using new machinery for extending an initially-
given probability-preserving action to another action under which the averages be-
have more simply. The present paper adapts to commuting tuples of G-actions the
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notion of a “sated extension”, which forms the heart of the streamlined presen-
tation of that machinery in [Aus10b]. Further discussion of this method may be
found in that reference.

The generalization of the notion of satedness is nontrivial, but fairly straight-
forward: see Section 3 below. However, more serious difficulties appear in how it
is applied. Heuristically, if a given system satisfies a satedness assumption, then,
in any extension of that system, this constrains how some canonical o-subalgebra
“sits” relative to the g-algebra lifted from the original system. An appeal to sated-
ness always relies on constructing a particular extension for which this constraint
implies some other desired consequence. The specific constructions of system ex-
tensions used in [Aus09, Aus10a, Aus10b] do not generalize to commuting actions
of a non-abelian group G. This is because they rely on the commutativity of the
diagonal actions T; x - - - x T; of G on X¢ with the “off-diagonal” action generated
by T x -+ x (Tf---T§), g €G.

Thus, a key part of this paper is a new method of extending probability-
preserving G?-systems. It is based on a version of the Host-Kra self-joinings
from [HKO5] and [Hos09]. It also relies on a quite general result about probability-
preserving systems, which may be of independent interest: Theorem 2.1 asserts
that, given a probability-preserving action of a countable group and an extension
of that action restricted to a subgroup, a compatible further extension may be found
for the action of the whole group.

Developing ideas from [HKO5], we find that the asymptotic behaviour of our
non-conventional averages can be estimated by certain integrals over these Host-
Kra-like extensions (Theorem 4.5). On the other hand, a suitable satedness as-
sumption on a system gives extra information on the structure of those exten-
sions, and combining these facts then implies simplified behaviour for the non-
conventional averages for that system. Finally, the existence of sated extensions
for all systems (Theorem 3.5) then enables proofs of convergence and multiple
recurrence similar to those in [Aus09] and [Aus10a], respectively.

Bergelson and McCutcheon in [BMO07] have suggested an interesting direc-
tion for further research. They studied multiple recurrence phenomena similar to
Theorem B when d = 3, but without assuming that the group G is amenable, and
proved that the set

{[¢€G:u(TE AN@TE TEHANTE T5 T HA) > 0)

is “large” in a sense adapted to non-amenable groups, in terms of certain special
ultrafilters in the Stone-Cech compactification of G. In particular, their result im-
plies that this set is syndetic in G. Can their methods be combined with those
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below to extend this result to larger values of d?

2 Generalities on actions and extensions

2.1 Preliminaries. If d € Nthen [d] :={1,2,...,d}; more generally, if
a,b € 7 with a < b, then

(a;b] =la+1;b] =la+1;b+1) =(a;b+ 1) :={a+1,...,D}.

The power set of [d] is denoted P[d], and we let ([f;) :={e e Pld]: |e| > p).

Next, we call A C P[d] an up-set if a,b € A implies a U b € A. The set
(e) :={a C [d] : a D e} is an up-set for every e C [d], and every up-set is a
union of such examples. On the other hand, we call B C P[d] an antichain if
a,b € B and a C b implies a = b. Every up-set contains a unique anti-chain of
inclusion-minimal elements.

Standard notions from probability theory are assumed throughout this paper.
If (X, 1) is a probability space with g-algebra X, and if ®, £;, £, C X are o-
subalgebras with ® C X; N X,, then X; and X, are relatively independent
over @ under y if

/fgdﬂ =/ E(f | D)E,(g] ®)dy
X X

whenever f, g € L®(u) are X;- and Z,-measurable, respectively. Relatedly, if
(X, u) is standard Borel, then on X?> we may form the relative product measure
U Qg p1 over @ by letting x — u, be a disintegration of y over the o-subalgebra
® and then setting u ¢ £ = [y iy ® ptx p(dx).

Let G be a countable group. Then a G-space is a triple (X, ¢, T') consisting of
a probability space (X, ¢) and an action T : G ~ X by measurable, u-preserving
transformations. Passing to an isomorphic model if necessary, we henceforth as-
sume that (X, u) is standard Borel. Often, a G-space is also denoted by a boldface
letter such as X.

If X = (X,u,T) is a G-space, then Xy or Zx denotes its g-algebra of u-
measurable sets. A factor of such a G-space is a o-subalgebra ® < Xx which
is globally T -invariant, meaning that A € ® implies 74(A) € @ for all g € G.
Relatedly, a factor map from one G-space X = (X, u, T) to another Y = (Y, v, S)
is a measurable map 7 : X — Y such that 7,4 = v and S8 o = 7 o T4 for all
g € G, p-ae. In this case, 77!(Zy) is a factor of X. Such a factor map is also
referred to as a G-extension, and X may be referred to as an extension of Y.

On the other hand, if X = (X, 4, T) is a G-space and H < G, then the H-
subaction of X, denoted X' = (X, u, T'"), is the H-space with probability space
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(X, 1) and action given by the transformations (T"),cy. The associated o-algebra
of H-almost-invariant sets, {A € Zx : u(T"(A)AA) =0 for all h € H}, is denoted
by either = or £, as seems appropriate.

In the sequel, we often consider a space (X, u) endowed with a commuting
tuple 7Ty, ..., Ty of G-actions. Slightly abusively, we simply refer to this as a
“G?-action” or “G?-space” (leaving the distinguished G-subactions to the reader’s
understanding) and denote it by (X, u,Ty,...,T4). Also, for a G -space
X, u, Ty, ...,Ty)and a, b € [d] with a < b, we frequently write

T =To 1wy = Tlopsry = T5TS - Ty forallg e G.

a+l "’

Because the actions 7; commute, this defines another G-action for each a, b.

2.2 Actions of groups and their subgroups. Our approach to proving
Theorems A and B descends from the notions of “pleasant” and “isotropized” ex-
tensions. These were introduced in [Aus09] and [Aus10a] respectively, where they
were used to give new proofs of the analogs of Theorems A and B for commuting
tuples of single transformations.

Subsequently, the more general notion of “sated”’ extensions was introduced
in [Aus10b]. It simplifies and clarifies those earlier ideas as special cases. In this
paper, we show how ““sated” extensions can be adapted to the non-abelian setting
of Theorems A and B.

An important new difficulty is that we need to consider certain natural o-
subalgebras of a probability-preserving G-spaces which need not be factors in
case G is not abelian. This subsection focuses on a key tool for handling this sit-
uation, which seems to be of interest in its own right. Given H < G, it enables
one to turn an extension of an H -subaction into an extension of a whole G-action.
Satedness is introduced in the next subsection.

Theorem 2.1. Suppose H < G is an inclusion of countable groups, that
X =X, u, T) is a G-space, and that

Y=(Y,v,S)gXW

. . . . <~ T .
is an extension of H-spaces. Then there is an extension of G-spaces X — X which
admits a commutative diagram of H-spaces
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This theorem was proved for abelian G and H in [Aus15, Subsection 3.2]. The
non-abelian case is fairly similar.

Proof. We construct the new G-space X by a kind of “relativized” co-
induction of Y over X and then show that it has the necessary properties.

The construction of a suitable standard Borel dynamical system (}? R f), defer-
ring the construction of the measure, is easy. Let

X := {(ve)g € Y¢ D Veh = Shilyg and S(y,) = Tgflﬁ(ye) forallg e G,h € H},

andlet T : G ~ X be the restriction to X of the left-regular representation:

T ((¥)gec) = (i-1g)gec

(it is easily seen that this preserves X C YO).
Also, let

a:)?—)Y:(yg)gHye and 7r:=,b’oa:)’(v—>X:ng)gH,B(ye).

These maps fit into a commutative diagram of the desired shape by construction.
It remains to specify a suitable measure x on X. It is be constructed as a measure
on Y for which Z(X) = 1.

Let X —» PrY : x — v, be a disintegration of v over the map f : ¥ — X.
Using this, define new probability measures for each x € X as follows. First, for
each g € G, define v, on Y8t by Vex 1= [y 5(Sh‘1y)ghsgy vy(dy). Now let C C G
be a cross-section for the space G/H of left-cosets, identify Y¢ = [[..- Y¥; and
on this product, define v, := @ cc V. 71 ,- One may easily write down the finite-
dimensional marginals of v, directly. ,If ci,...,cpeC,and hyy, ..., hi, € H for
eachi <m,and also A; ; € Xy foralli < m and j < n;, then

Sx{(yg)g S Veihyj EAIJVI <m, j< l’li}
m

H ! {()’ch)heH D Ve, €Aij Vj < mi}

H (S" @A N0 ST A)).

The following basic properties of v, are now easily checked.
(1) If g1H = g,H, say, with g; = g,h;, and x € X, then

Venrsi's = / 5<sh“y>g]/legly ”Tgr‘ (dy) = /yé<s'l—‘y>g2h]hegzy Vit et (dY)

/(5 )7)82}‘1’1552” (S _lx)(dy) =/Y (S/’ st y)gzh1heggH ngl (dy)

g2 TLZ x
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It follows that v, does not depend on the choice of cross-section C, and (2.1)
holds with any choice of C.
(ii) Foreach g € G, say g = ch € cH, the marginal of v, on coordinate g is

=V 1

h! _
Sy Vpe1, =V Te i

X Tty

(iii) If (yq), is sampled at random from v, and g € cH, then y. a.s. determines the
whole tuple (Ven)enecr - Specifically, yo, = Shflyc a.s.
Also, if g1, ..., gn lie in distinct left-cosets of H and (y,), ~ Vy, then the coordi-
nates yg,, ..., g, are independent, but we do not need this fact.

Finally, let z := [, v, u(dx). Recalling the definition of X, we see that proper-
ties (ii) and (iii) above imply that 'ﬁx(j(v) = 1 for all x; hence also ﬁ(f) =1.

We have seen that the left-regular representation defines an action of G on X,
and the required triangular diagram commutes by the definition of 7, so it remains
to check the following.

e (The new G-space X, o, T)is probability-preserving.) Suppose that k € G

andx € X, thatcy,...,c,, € C, thath; 3, ..., h;,, € H foreachi < m, and
that A; ; € Zy foralli < m and j < n;. Then

T {0g)g t Ve, €Ai; Vi <m, j <n;}
~ ~ 1 . .
= Vx{Tk (Vg)g : Yeii; € A jVi<m, j< ni}
= gx{()}g)g S Vilen; € Ai,j Vi<m, j< I’li}

Since C is a cross-section of G/H, so is k' C. We may therefore apply (2.1)
with the cross-section k~!C to deduce that the above is equal to

m
[Ty, (8™ A0 - 8" (A,)).
i=1

On the other hand, (2.1) applied with the cross-section C gives that this is
equal to

Vi V)g © Ve, € Aij Vi <m, j < n}.

Therefore TXD, = Dy« and integrating this over x gives T*fi = /1.
o (The map o defines a factor map of H-spaces.) If 4 € H and (y,), € X, then

a(T"(19)g)) = A((V-19)g) = Y-t = S"ye = S"a((vo)y),

where the penultimate equality is given by property (iii) above. Also, prop-
erty (ii) above gives o, i = [y a0V, u(dx) = [} vy p(dx) = v.



250 TIM AUSTIN

o (The map 7 defines a factor map of G-spaces.) If k € G and (y,), € X, then

T(T*(79)e)) = B@((Vi-14)g)) = BG-1)-

If x € X and (y,), ~ vy, then property (ii) above gives that y,-1 ~ vz«,, and
hence B(y;-1) = T*x = T*B(y,.) a.s. Since this holds for every x, integrating
over x gives n(fk((yg)g)) = Tkn((yg)g) a.s. Another appeal to property (ii)
above gives

- =/meﬂ<dx> =/X,B*Vxﬂ(dx) =/X§xﬂ(dx) -

3 Functorial o-subalgebras and subspaces, and sated-
ness

Definition 3.1 (Functorial o-subalgebras and subspaces). A functorial o-
subalgebra of G-spaces is a map F which to each G-space X = (X, u, T) assigns
a u-complete o-subalgebra & C X, and such that £ D z=1(Z%) for every G-
extension 7 : X — Y. Similarly, a functorial L>-subspace of G-spaces is
a map V which to each G-space X = (X, u, T) assigns a closed subspace Vx <
L*(u), and such that Vx > Vy oz := {f ox : f € Vy} for every G-extension
7 : X — Y. In this setting, P¥ : L?(u) — Vx denotes the orthogonal projection
onto Vx.

The above behaviour relative to factors is called the functoriality of F or V. Its

first consequence is that F and V respect isomorphisms of G-spaces: if a : X 5,
then =% = a~!(Z%) (where strict equality holds owing to the assumption that these
o-algebras are both u-complete) and Vx =Vy o a.

Example. If H < G is a subgroup, the map X — X4 (the o-subalgebra of
H -almost-invariant sets) defines a functorial o-subalgebra of G-spaces. In case
H < G, this actually defines a factor of X, but otherwise it may not: in general,
Te(xl) = 28

This class of examples provides the building blocks for all of the other functo-
rial o-subglebras that we encounter later.

If F is a functorial o-subalgebra of G-spaces, then setting Vx := L*(u|Z%)
defines a functorial L?-subspace of G-spaces, where this denotes the subspace of
L?*(u) generated by the & -measurable functions. In this case, P, is the operator of
conditional expectation onto Z,F(. However, not all functorial L2—subspaces arise in
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this way. For instance, given any two functorial L?>-subspaces Vi, V, of G-spaces,
a new functorial Lz—subspace may be defined by Vx :=V; x +Vox. If H), H, < G,
then this gives rise to the example Vx := L2(u| ZQ N+ L2(u| Egz). The elements of

this subspace generate the functorial g-algebra %' v 242; but in general,

L2(u| =) + L2 29) S () 28 v =5,

In fact, the functorial L?-subspaces that appear later in this work all correspond
to functorial o-subalgebras. However, the theory of satedness depends only on the
subspace structure, so it seems appropriate to develop it in that generality.

To prepare for the next definition, recall that if K, &, < § are two closed sub-
spaces of a real Hilbert space, and £ < & N K, is a common further closed sub-
space, then &) and £, are relatively orthogonal over £ if (u,v) = (Peu, Pev)
forall u € K|, v € Ry, where Pg is the orthogonal projection onto £. This requires
that £ = K| N K,, and is equivalent to asserting that Pz, u = Peu for all u € £, and
Pgu = Pgeu for all u € K. Clearly, it suffices to verify this for elements drawn
from any dense subsets of K and K.

Definition 3.2 (Satedness). Let V be a functorial L?>-subspace of G-spaces.
We say that a G-space X = (X, u,T) is V-sated if for every G-extension
Y =,,Y9) i (X, u, T), the subspaces L*>(x) o & and Vy are relatively orthog-
onal over their common further subspace Vx o £. More generally, a G-extension
X —”> X is relatively V-sated if for any further G-extension Y i i, the sub-
spaces L?(u) o (z o &) and Vy are relatively orthogonal over Vgom.

Clearly, a G-space X is V-sated if and only if X g X is relatively V-sated.
In case Vx = L*(u|Z%) for some functorial o-algebra F, we say that a G-space
or G-extension is F-sated, rather than V-sated. For a G-space X = (X, u, T),
this asserts that for each G-extension & : Y = (¥,v,S) — X, the o-subalgebras
&~1(Zx) and Xf are relatively independent over &~ 1(Z5).

The key feature of satedness is that all G-spaces have sated extensions. This
generalizes the corresponding result for satedness relative to idempotent classes
([Aus10b, Theorem 2.3.2]). The proof here is a nearly a verbatim copy of that
one, given the following auxiliary lemmas.

Lemma 3.3. Suppose that X5 Xisa relatively V-sated G-extension, and
7 = (Z,0,R) 5 Xisa further G-extension. Then Z. X X is also relatively
V-sated.

Proof. Suppose that Y = (Y, v, S) —¢> Z is another G-extension, and that
f € L?(u) and g € Vy. Then applying the definition of relative satedness to
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. acd & .
the composed extension Y — X gives

/(fonoaof)-gdv :/(P%(fon)oaof)-gdv.

Y Y

This turns into the required equality of inner products, once we show that
(PY(fom)oa =Py(f omoa).

However, in light of the inclusion Vg o a C Vz and standard properties of orthog-
onal projection, this is equivalent to the equality

/(P)Y((fon)oayhd@ =/(fo7roa)~hd0 Vh € Vg,
z z
and this is precisely the relative V-satedness of 7 applied to a. (|

T2 T T . 3

Lemma 34. If--- 535X, 5 X, 5 Xo is an inverse sequence of G-spaces

in which each w; is relatively \I-sated, and if Xoo, (W )m 1S the inverse limit of this
sequence, then X, is V-sated.

Proof. All the resulting G-extensions X s X,, are relatively V-sated, since
we may factorize y,, = 7, o y,,+1 and then apply Lemma 3.3. However, this now

¢
implies that for any further G-extension Y — X, and for 7 :=1idg,

/(foé)-gdv =/((P§’;mf)05)'gdv
Y Y

forall g € Vy and all f € Umzl(Lz(,um) o Wp). Since this last union is dense in
L*(1 ), the result follows. O

Theorem 3.5. If V is a functorial L*-subspace of G-spaces, then every G-
space has a V-sated extension.

Proof. Let X = (X, u, T) be a G-space.

Step 1. We first show that X has a relatively V-sated extension. This uses the
same “energy increment” argument used in [Aus10b].

Let {f, : r > 1} be a countable dense subset of the unit ball of L?(u), and let
(r1)i>1 be a member of NV in which every non-negative integer appears infinitely
often.

We now construct an inverse sequence (X,,)m>0, (W3 Jm>k>0 by the following
recursion. Set Xy := X. Then, supposing that for some m; > 0 we have already
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obtained (X,)nLo, (W =m=k=0, let wm*! : X, ;1 — X,,, be an extension such

that the difference

Vv 1 \4
I1PX, . (Fry © 96 Dll2 = I1Px,, (fr, © w52

is at least half its supremal possible value over all extensions of X,,,, where of
course we let y'* := yi o yimt

Let Xoo, (Wm)ms0 be the inverse limit of this sequence. We show that X, ﬁ) X
is relatively V-sated. Letting 7 : Y — X, be an arbitrary further extension, we

see that this is equivalent to showing that
Py(fowoom) =Px (foyo)om VfeL(w).

It suffices to prove this for every f,. in our previously chosen dense subset.
Also, since Vy D Vx_ o 7, the result follows from

IPY(fr o wo o2 < IIPX_(fr © wo)lla-

To prove this inequality, suppose, towards a contradiction, that the left-hand side
is strictly larger than the right hand side. The sequence of norms ||P}’(m (fr o w2
is non-decreasing as m — 00, and bounded above by || f;|l». Therefore, for some
sufficiently large m, r,, = r, since each integer appears infinitely often as some r,,.
But also

IPX,,. (fr o wo ™Dl = I1PK, (fr 0 Wiz
1
< 5 (IPY(f 0 o o mllz = IPX(f © po)ll2)
1
< 5 (IPY(Fr 0 wo o Ml = 1P, (F © wi)ll2).

This contradicts the choice of X,,,; — X, in our construction above. Thus we
must actually have equality of L?>-norms, as required.

Step 2. Iterating the construction of Step 1, we may let - - - 3 X, 5 X =x
be an inverse seqeuence in which each extension z; is relatively V-sated. Letting
Xoos (Tm)ms0 be its inverse limit, and applying Lemma 3.4 complete the proof. [J

Corollary 3.6. Let Vi, V,, ...be a countable family of functorial L*-
subspaces of G-spaces. Then every G-space has an extension which is simulta-

neously V.-sated for every r.

Proof. Let (r;); be an element of N in which every positive integer appears
infinitely often. Applying Theorem 3.5 repeatedly, we obtain an inverse sequence
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8 X5 it X ™ X in which each X; is V,,-sated. Also, let 7}, :=m,,0---0m,_4

whenever m < n. Finally, let X, be the inverse limit of this sequence. Then for

each r > 1, there exists an infinite subsequence i1(r) < i>(r) < ... in N such that

Ti) = Fipy = --- = r, and X, may be identified with the inverse limit of the
71,f3(") n{z(") i1(r)

thinned-out inverse sequence - - - = Xi, () e Xi, () “> X. Lemma 3.4 implies

that X, is V,-sated. Since r is arbitrary, this completes the proof. ([l

4 Characteristic subspaces and proof of convergence

4.1 Subgroups associated to commuting tuples of actions. We now
begin to work with commuting tuples of G-actions. We need to call on several
different subgroups of G¢ in the sequel, so the next step is to set up some bespoke
notation for handling them. We sometimes use a boldface g to denote a tuple
(g)¢_, in G?, and denote the identity element of G by 1.

Fix Gandd,andlete ={i; < ... <i,} C[d]withr >2and {i < j} C [d].
Define

H,:={geG': gi,1=gis2=...=g,, foreachs =1,...,r — 1},
Kiijy:={g € Hyjy: g =1¢ forall £ € (i; j1},

and

L.:={geH,: g =1gforalli € [d]\ (i1;i]}.
Routine calculations give the following basic properties.

Lemma 4.1. (1) The subgroups L, and Ky;, ;.y commute and generate H,.
2) Ifa C e C [k] with |a| > 2, then L, < L,.
3) Ifa C e C [k] with |a| > 2 and e N [mina; maxa] = a, then L, < H,. In
particular, L, < H,.

Part (3) of this lemma has the following immediate consequence.

Corollary 4.2. Ifa C e C [k] with |a| > 2, and e N [min a; max a] = a, then
E)L(" is globally H,-invariant.

4.2 The Host-Kra inequality. In order to show that a suitably-sated G-
space has some other desirable property, one must find an extension of it for which
the relative independence given by satedness implies that other property. The key
to such a proof is usually constructing the right extension.
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Where satedness was used in the previous works [Aus09] and [Aus10a], that
extension could be constructed directly from the Furstenberg self-joining arising
from some non-conventional averages. However, this seems to be more problem-
atic in the present setting, and we take a different approach. The construction
below is a close analog of the construction by Host and Kra of certain “cubical”
extensions of a Z-space in [HKO5]. That machinery has also been extended by
Host to commuting tuples of Z-actions in [Hos09].

Fix now a G¥-space X = (X, u, Ty, ..., T;), and let Y := X. Our next step
is to construct recursively a height-(d + 1) tower of new probability-preserving
G“-spaces, which we denote by

gd=n 5(

4.1) y@ &5 ya-0 S Y ym S yo Zx

The construction also gives some other auxiliary G¢-spaces Z/), and they too are
used later.
Supposing the tower has already been constructed up to some level j < d — 1,
the next extension is constructed in the following steps.
(i) From YY) = (YW, v, §0)), define anew Hy4_j_ 41-action S on the same
space by setting

(4.2a) S =) VgeG,i<d—j—1,
(4.2b) (S f :=(SJL;_1.q)¢ forallg e G,
and

(4.2¢) (Sl _1q)f i=id forallg e G

(with the understanding that (4.2a) and (4.2b) are vacuousincase j =d —1).
(i) Now consider the H{;_;j_1 4}-space

ZU+D = (zU*D_gU+h_ RU+D)

— (Y(j) % Y(j) (J) ® SHd-itan v (S(J)) Hig-j-1.a) S(J))
y(i)

Let féj D fl(j D G+ 5 y () be the two coordinate projections. They are
both factor maps of H{4—;—1,)-spaces. Notice that 6V is RU*D-invariant
because both of the actions (§/))/Hta-j-1.a1 and S preserve the o-subalgebra

TY4 by Corollary 4.2.

ooy 1o ; gurh ; . .
(iii) Finally, let YYD "— YU) be an extension of G¢-spaces for which there
exists a commutative diagram
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EU+h

(Y(j+1))fH(d—j—1,d) (Y(j))FH(d—j—l,d)

G+D) %
\ é{o

70U+,
as provided by Theorem 2.1.
Having made this construction, for each j € {1,2,...,d} we also define a
family of maps 7’ : Y& — X indexed by 5 € {0, 1}/, by setting

) . =) (€Y) 2 @) ) )
T oany) “= Sy OO oé‘nz oa o-uofm oo,

Clearly, (z5"),v) = u for every 5. Also, 7§ =W o 0 W : YV - Xisa
factor map of G¥-spaces, where 0/ := (0,0, ...,0) € {0, 1}/.

Lemma 4.3. Let r € [d], let n € {0, 1} \ {07}, and let € € [r] be maximal
such that ny = 1. Then 7r§7r) satisfies the intertwining relations

(4.3a) oS =Tonl Vi<d-—t,
(43b) 7[57r) e} Sglg = T[d—f;d] o) 71'57r)

and

(4.3¢) a0 oSG g =7l

Remark. There are no such simple relations for the compositions 7r§7’) o Sfr)
wheni > d — € + 1, but we do not need these.

Proof. By the definition of ¢, for this # we may write n%’) =7n' o ", where

4 4
(4.42) ni=xl) o =&PoaV oo o0 0a”
and
(4.4b) =D o o gD,

All three of the desired relations concern the actions of subgroups of H;s_¢ 43, and
all the maps in the compositions in (4.4) are factor maps of H{,s—¢ q}-spaces. We
read off the desired results from the simpler relations (4.2a), (4.2b), and (4.2c¢).

First, observe that by construction. each &) appearing in the definition of 7"
actually intertwines the whole G?-actions, so 7" 0 S\” = S\ o z” for all i € [d].
It therefore suffices to prove that 7’ o Sl@ =T;oxn foralli < d — ¢, and similarly
for the other two desired relations.
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Step 1. Suppose that i < d — ¢ and j < {. Then the definitions of a/), ééj),
and ¢ give

SUTV o o ad ify =0,

f(])oa S(]) f,gj)oRl(j)oa(j)z <=1 () .
S/ og 0ad ify=1.

Incasei <d — € < d — j, this equals Si(j) o f,gj) o a') for either value of 7,

by (4.2a). Applying this repeatedly for j =¢,¢ — 1, ..., 1 in the composition that

)

defines z’, we obtain #’ 0 S;”’ = T; o @’. As explained above, this proves (4.3a).

Step 2. The same calculation as above gives
(6’) S(é’) 1(l’) o RL(QK oa® (f 1) ° gz(f)

and now this is equal to st Pd] D 6 a®, by (4.2).

On the other hand, if j < £ — 1, then another call to the definitions of o), g"éj )
and &) gives
=D () ) 3 —
EDoal oD, =EDoRD  oal = Sta—cayo e o if n =0,
o =& e N T () B RPN
[dfd]oé:ﬂ oa ifn=1.
This time, since j < £ — 1, (4.2a) and (4.2b) give
<U—D gU—D g (J 1) cU— <U—b
S[d [d]_S Si—e+1©- OSd S(d judl
_ (=D (OE2Y) (j—l) c1 _ ¢(G—D
=Si—c ©Si—¢r1 00 S ja) 1 =S_pay-
Therefore, & 0 o) 0 St , ;1 =S~ 0 & 0 a forall j < £ — 1 and either

value of #. Combining these two calculations gives

¢ 1 -1 -1 (=1
7 oS, =EVo ooy o ST = Tu—eayo ',

and hence (4.3b).
Step 3. Finally, (4.2c) gives

) NG ) 1) _ =0 1
L oa oS(d fd]—S(d £l o¢ ooz()—f1 oa(),
from which (4.3c) follows immediately. U]

Corollary 4.4. Ifr € [d], n € {0, 1}, and if j € [r] is such that y; = O for
alli > j+1, then n&,’) satisfies the intertwining relations

4.5) 7r$1r) o S&)_j;d] =Tla—j:a) © 71'57’).
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We next prove an estimate relating the multi-linear forms A, in (1.1) to certain
integrals over these new G?-spaces Y\/). This is the key estimate which enables
an appeal to satedness. The following theorem relies on an iterated application
of the van der Corput estimate, and follows essentially the same lines as [HKOS,
Theorem 12.1].

Theorem 4.5. Let X = (X, u, T\, ..., Ty) be a G4-space, let 1 < j < d, and
let the tower (4.1) and the maps 73’ : Y — X for n € {0, 1}/ be constructed as
above. For fy_ji1, ..., fa € L=(u), let

d
) 1
AP facjits oo fa) 1= T oo II GioTE o
n

geF, i=d—j+1

If fa—j+t, - .., fa are all uniformly bounded by 1, then

; : N2
limsup [|AY (fa—js1s - f)ll2 < (/ym H @ fy o n%’))du(-’)) s

n—o00 I’IE{ 0’ 1 }]
where |y| :=3_; n; mod 1 and C is the operator of complex conjugation.

Note that A = A,, the averages in (1.1). The integral appearing on the
right-hand side of the last inequality actually defines a seminorm of the function
fa: these are the adaptations of the Host-Kra seminorms to the present setting.
However, our approach does not emphasize the seminorm axioms.

Proof. This is proved by induction on j.

Step 1: base case. When j = 1, the Norm Ergodic Theorem for amenable
groups gives

AD(f) = Eu(fa | 2F) = Eu(fa | ™) in |- |,

and the square of the norm of this limit equals

/ (fa ® f)d (1 ®grumra 1) = / Hao&? faogPao®
XxX za
= / fd e} 7'[61) . fd e} ﬂ(ll)dv(l),
Y

by the definition of YV and vV,

Step 2: Van der Corput estimate. Now suppose the result is known up to some
j—1e{l1,2,...,d —1}.

By the amenable-groups version of the van der Corput estimate ([BMZ97,
Lemma 4.2]),
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4.6)  limsup [AY(fajuts s fDI3

n—oo
1 1 ¢ P
< limsup 5 Z lim sup‘ Z/ H (fio T[Zg_jﬂ;,-])(ﬁ o T[]Zf_jﬂ;,-])dﬂ
m— 0o |Fm| n— 00 |Fn| X .

h,keF,, geF, i=d—j+1

For fixed h and k, we may use the T);_ j+1-invariance of u to re-arrange the above
integral as follows:

d
1 he ke
|| > /X [l (ioTidjua)fio T jrapdu
n .

geF, i=d—j+1
’ 1
|l

Z /X(fd—j+l o T;—j+1) ~(fa—j+10 Tzf—jﬂ)

geF,
d -
h
: ( [T WioT o) - (fio Tl o) o T<€1—j+1;il)dﬂ ’
i=d—j+2

(At this point we have made crucial use of the commutativity of the different
actions 7;.) By the Cauchy-Bunyakowski-Schwartz Inequality, this, in turn, is
bounded above by

||(fd—j+l o T;_jq.[) . (fd—j+l o Té{_j”)”z

d
l -
| Yo I WhoTju) (Fio T s 0 Téf—jﬂ;i]‘
n

’ H F 2
| g€F, i=d—j+2

i1 h k
< |AY ™ (famjo2 © Tl jura—jiap) - (fa—jsz © Tl jrrsa-je2)>
h r Tk Y
ey (fao T[d—j+1;d]) “(fao T[d—j+1;d])) H2
(since || fa—j+1lloo < 1).

Step 3: use of inductive hypothesis. Combining these inequalities and using
the inductive hypothesis, we obtain

. 1 d P
4.7 llrfgscgp ‘ F | Z /X H (fio T[Zg—jﬂ;i])(ﬁ ° T[ljig—j+l;i])d/1‘
nl ¢eF, [

i=d—j+1

. . 2-G-=D
= (/y(j—n IT (" aoTijura) fa o Ty juaomy ™) dv¥ 1))

ne{0,1}-1

for each h and k.
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To simplify notation, now let F := [T, ;q.1i-1(C" f4 o 7). In terms of this
function, Corollary 4.4 with r := j — 1 allows us to write

h i—1
H C"(fa o Tfy_jsrap o 7y ™)
ne{0,1}/-1

= ] @ faoay VoS a)") =F oS )"
ne{0,1}~1
and similarly,
- - _ -
T @ faoTjnraponi™) =F o (S a)"
ne{0,1}i-1
Step 4: completion of the proof. Substituting the formulas obtained in Step 3

into the right-hand side of (4.7), one obtains

d _
h k
> /X Il ¢iomdaaio T[f—jﬂzi])dﬂ‘

geF, i=d—j+1

. . 2—(i—D
1 7= —1 j—
< ( /Y L E oS ) F o (ST L)y dvY Ny

1
lim sup‘
n—soo | |Fnl

Inserting this back into (4.6) and using Hoélder’s inequality for the average over
(h, k) yield

limsup | A (fa_jirs s fII2

n— o0
—(ji—1
li 1 (j+1) NS (=1 ky Q=D 270D
< lim sup 5 - (F O(S[d—j+1;d]) ) (F O(S[d—j+1;d]) )dv
m— 00 |Fm| hkeF, y(]—])
—(j—1
li 1 G+ h 7l G=1 Ky dpi—D 2707b
< lim sup 3 - (F O(S[d—j+l;d]) )-(F O(S[d—j+l;d]) )dv .
m— 00 |Fm| hkeF, y(U-b

Finally, by the Norm Ergodic Theorem for amenable groups, the averages on
the last line here converge as m — 00, giving

limsup | AD (Fajits - s fOI3

n— oo

Lia—ja = | yLlia-ja ji—1 27y
= (/( B Evo-n (F | Zy=h") - Bwion (F | Zy5") dvt~ ))
yu-

o 2U-D
- (/ Focf Foc o)
70)
~Gi=)
_ (/ ( 11 @|n|fdo7[<j>> dv(j))2 '
. n ?
YW ne{0,1}i

where Z) is the auxiliary Hy,_;4-space constructed along with Y. Taking
square-roots, continues the induction. O
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4.3 Partially characteristic subspaces and the proof of convergence.

—

Definition 4.6. Consider a probability space (X, 1), and a sequence E, of
multi-linear forms on L*°(u) which are separately continuous for the norm || - ||,
in each entry. A closed subspace V < L?(u) is partially characteristic in
position i for the sequence E, if

1Znfis oo f) = Balfis oo s fimtus PV fis fists oo S|, = O

asn — oo forall fi, ..., f; € L(u), where PV is the orthogonal projection onto
V.

The following proposition quickly leads to a proof of Theorem A. In fact,
it gives rather more than one needs for the proof of Theorem A, but that extra
strength is used during the proof of Theorem B.

Proposition 4.7. For1 <i < j <d, letF; ; be the functorial o-algebra
i—1 j
CEERV HEAVAVAD
£=0 =i+l
and letV; jx := L?(u| Z;"j ) be the associated functorial L?>-subspace. Let

J
Z H(f’ © T[gl;i])'

geF, i=1

1
|Ful

ADfr, o f7) 1=

If X is V; j-sated whenever 1 < i < j < d, then, for each j € [d], the subspaces

Vijxs -5 Vjjix
are partially characteristic in positions 1, ..., j for the averages A\).

Notice that we still have IA\fld) = A, (the averages in (1.1)), but otherwise these
averages differ from the averages A considered in Theorem 4.5.

Proof. This is proved by induction on j. When j = 1, alsoi = 1, and
Z;”j = Z,T(‘. This is always partially characteristic because the Norm Ergodic

Theorem gives
AP = Eu(fil 2) in -2

for any G-space. So now we focus on the recursion clause. For this it clearly
suffices to assume j = d — 1, and prove the result for the averages Kﬁf”), which
simplifies the notation.

Step 1. We first show that V, 4 is partially characteristic in position d.
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Let f; € L*(u). Decomposing it as P;/("'d fa+(fa — P;/(""” f4) and using the
multi-linearity of KE,‘”, we see that it suffices to show that P;/("“’ fa = 0 implies
||1A\§ld)(f1, oo flla = Oforall fi, ..., fa_y € L®(w); equivalently, if there exist
fis .o fa € L¥(u) such that [AD(f1, ..., f)ll2 /> 0, then Py £, #0.

So suppose that limsup, . ||/A\§ld)(f1, oy fOll2 > 0 for some fi,..., fi1.
Then Theorem 4.5 gives [y (HWE{O,I}J elf, o n%‘”) dv@ # 0. However, recall-

ing relation (4.3c) from Lemma 4.3, we see that if # € {0, 1}¢ \ {0¢} and ¢ € [d]
is maximal such that 7, # 0, then € f; o 2" o S, _,.,; = €M f; o 7 for all
g € G, and so the function [T, (o, 1je\01) € fa © 7\ is measurable with respect to

S(d E
\/5 lz(dé’d _zdd

(d) )

The‘r{efore the Eon vanishing of the above 1ntegral implies that Pw) (fa on(d)) #
0. Since X is V4 4-sated, this implies that also PX" ‘fa #0, as required. This proves
that the required subspace is partially characteristic fori = j =d.

Step 2. By Step 1, AD(f1, ..., fi) — AD(fr, ..., fae1, Py* f4) — O for all
fisoos fa € L®(u). Also, Py* f, still lies in L(u), because Py** is actually
a conditional expectation operator. It therefore suffices to check that the required
factors are partially characteristic in the other positions under the additional as-
sumption that f; is Z;“ -measurable.

This assumption implies that f; may be approximated in || - ||, by a finite sum
of products of the form

(4.8) hg----- ha_1,

where 7; is 2y T4 _measurable for each i. By multi-linearity, it therefore suffices
to prove that the required factors are partially characteristic in the other positions
when f; is just one such product function. However, at this point, a simple re-
arrangement and the partial invariances of each of the &;s give

ADSr, o famtiho - has) —ﬁ (H(f,oTﬁ, ) (o ha-1) 0 T )
geF, i=1
= hy - > H((flh)oT[ll
|F | geF, i=1

=hy - /A\Eld Y(fin, .y famiha—).

Therefore, by the inductive hypothesis for j = d — 1, if these averages do not
vanish as n — oo, then Py~ (fil;) = E, (fih; | = §41) 20 for each i € [d — 1].
Since A; is EX" “I_measurable, this implies that

Eu(fi | ZX v EX™) =E.(fi| £x*) #0.
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By an argument as at the start of Step 1, this implies that for the averages A, the
subspace V; 4 x is partially characteristic in position i for eachi < d —1. Therefore
the induction continues. (]

Proof of Theorem A. The proof is by induction on d, and uses only the
partially characteristic factor in position d. When d = 1, convergence is given
by the Norm Ergodic Theorem for amenable groups. So suppose d > 2 and that
convergence is known for all commuting tuples of fewer than d actions.

By Theorem 3.5, we may ascend from X to an extension which is V; 4-sated;
and so we simply assume that X is itself V; 4-sated. This implies that

IARfis o f) = Aulfis ooy famt, P f)|, = O asn— oo,

as in the proof of the Proposition 4.7. It therefore suffices to prove convergence
for the right-hand averages inside these norms. However, again as in the proof of

Proposition 4.7, for these, we may approximate E, (f; | Zx Fad

) by a finite sum of
products of the form in (4.8) and then re-arrange the resulting averages into the

form

ZH((f,h)o )

geF, i=1

ho -

| I‘ll

Without the factor /g, which is uniformly bounded and does not depend on 7, this
is now a system of non-conventional averages for a commuting (d — 1)-tuple of
G-actions, so convergence follows by the inductive hypothesis. (Il

5 Proof of multiple recurrence

Given a G¢-space, the convergence proved in Theorem A implies that the sequence
|

of measures 4, := i Egepn 5(fo,Tﬁ;21x .... TS

on the convex set of d-fold couplings of x. (This is the same as the topology

v converges in the usual topology

on joinings when one gives all spaces the action of the trivial group; the joining
topology is explained, e.g.,, in [Gla03, Section 6.1].)
Let A :=1im,_, o 4,. It follows that

S uTEAN - NTE L A) - AAY)
geF,

I nl
for every measurable A C X. To complete the proof of Theorem B, we show that
5.1 AA; X --- xAy) =0 implies pu(A;N---NAy) =0

for any G?-space X = (X, u, T) and measurable subsets A;, ..., A; C X. This
gives the desired conclusion by setting A} :=...:=A; :=A.
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First, by replacing X with a suitable extension and lifting each A; to that ex-
tension, we may reduce this task to the case in which X is sated with respect to
any chosen family of functional o-subalgebras. After doing this, we prove the re-
sult by making contact with a modification of Tao’s Infinitary Removal Lemma
from [Tao06]. This is the same strategy as in [Aus10a]. The modification of the
Removal Lemma is essentially as in [Aus10a], but we use its more explicit formu-
lation from [Aus10b]:

Proposition 5.1 ([AuslOb, Proposition 4.3.1]). Let (X, u) be a standard
Borel probability space with c-algebra X. Let m; : X — X be the coordinate
projection for each i < d. Let 0 be a d-fold coupling of u on X¢. Finally, suppose
that (¥,). is a collection of o-subalgebras of X, indexed by e € ([f%), such that

() ifa C e, then ¥, D ¥, ; B
(ii) if i, j € e and A € ¥,, then O(z; ' (A)An7'(A)) = 0, so that we may let ¥,
denote the common 0-completion of the lifted o-algebras 7' (¥,) fori € e;
(iii) the o-algebras @g and ‘/{\13 are relatively independent under 60 over ‘/{\ljmg,
where Wy :=\/,_; P, for each up-set I C (D).
Suppose also that J; j fori =1,2,...,d and j = 1,2,...,k; are up-sets in (lfzj)
such that [d] € J;; C (i) for each i, j, and that A; ; € \/eeJ,-,, Y, for each l:]
Then

eed

o(T1((4,)) =0 impties ((1(V4u)) =0.
i =1 i=1j=1

This result is proved by a rather lengthy induction on the up-sets J; ;, which
requires the full generality above: see [Aus10b, Subsection 4.3] for a proof and
additional discussion. However, as in [Aus10a], we apply it only for k; = 1 and
Ji,1 = (i) for each i, in which case it asserts that, if A; € W) for each i, then

(5.2) OA; x ---xAy) =0 implies u(A;N---NAy) =0.

We apply Proposition 5.1 with 8 equal to the limit coupling 1, and with the
following family of g-subalgebras. Suppose that e = {i; < ... < iy} C [d] is
non-empty, and define a new functorial o-subalgebra of G%-spaces X by

=Tk ={Ae Sx: (T, ANA) = w(TE , ANA) =
T 'u(T(%f—l;i(’]AAA) =0Vg e G}’

where we interpret this as £x in case |e|] = 1. Observe thatif a C e, then L, < L.,
and so ®§ D ®%. For any up-set J C (1), let @ :=V/, 4 Pk

Most of our remaining work goes into checking properties (i)-(iii) above for the
joint distribution of the lifted o-algebras z;!(®%), subject to a certain satedness

assumption on X.
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Definition 5.2. The G¢-space X = (X, u, T) is fully sated if it is sated for

every functorial o-subalgebra of the form \/;_, CD§ forsome ey, ..., e, € ([2‘12])

Theorem 5.3. Let X be fully sated, and let 1 be its limit coupling as above.
(1) The coordinates factors m; : X¢ — X are relatively independent under 1.
over the further o-subalgebras 71',-_1((1)§>), i=1,2,...,d.
(2) The collection (D%). satisfies properties (i)—(iii) of Proposition 5.1.

Proof of Theorem B from Theorem 5.3. Passing to an extension as
given by Corollary 3.6, we see that it suffices to prove Theorem B for fully sated
G?-spaces. Specifically, we prove the implication (5.1).

LetAy, ..., A; C X be measurable. Theorem 5.3(1) gives

/I(Alx-~~><Ad)=/f1®"'®fdd/1,
X

where f; 1= E, (14, | ®Y). Let B; := { f; > 0} for each i. It follows that
AA]; X -+ xAy) =0 implies M{fi® --Qf; >0} =A(B; x---xBy) =0.

On the other hand, each B; is CDQ—measurable. By Theorem 5.3(2), we may
therefore apply Proposition 5.1 in the form of the implication (5.2) to conclude
that A(B; x --- x By) = 0 implies u(B; N --- N By) = 0. Since u(A; \ B;) =
J 14, - Ix\g,dpe = [ fi - 1x\g,du = 0O for each i, this completes the proof. O

The rest of this section is devoted to proving Theorem 5.3. Subsection 5.1
establishes various necessary joint-distribution properties of the g-algebras ®% in
(X, w) itself, and then Subsection 5.2 deduces the required properties of the lifts
m7 1 (@%) from these.

5.1 Joint distribution of some g-algebras of invariant sets. The next
proposition is the second major application of satedness in this paper. It shows that
if a G?-space X is sated relative to a suitable family of functorial o-subalgebras
constructed out of the collection ®%, ¢ C [k], then this forces some relative inde-
pendence among those o-subalgebras.

Proposition 5.4. Suppose that {i < j} C [d], suppose thatey, ..., e, € ([zdzl)
andletX =X, u, Ty, ..., Tg) bea G-space.
(1) IfesN1i;j) = {i} for every s < r and X is F-sated for =% :=\/'_, CD;‘UU},
then 7} and \/"_, ©% are relatively independent over .
(2) Ifes N (i5 7] ={j} for every s < r and X is G-sated for £§ :=\/"_, CD;gu{i},
then ®7) and \/_, ©% are relatively independent over 8.
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Proof of Part (1). As always, the appeal to satedness depends on construct-
ing the right extension. Lete :=¢; U ... Ue, U {j}, so that our assumptions give
enfisjl ={i j}.

Step 1. We first construct a suitable extension of the L,-subaction X%,

Since e N [i; j1 = {i, j}, Corollary 4.2 assures that (Dg’j} is globally L.-
invariant, so the relative product measure v := u ®¢>§;’~ 5 u is invariant under the
diagonal action of L, on ¥ := X?. We make use of this by constructing a non-
diagonal action of L, on Y which still preserves v.

Let e be enumerated as {i; < ... < i,,}. Our assumptions imply that {i, j} =
{i¢,, igg+1) for some £p < m — 1. In these terms, L, is generated by its m — 1
commuting subgroups Ly, i,..; = 9¢(G),{ =1,...,m — 1, where ¢, : G — G? is
the injective homomorphism defined by

g ifi € (irsiel,
e otherwise.

(W(g))l =

Specifying an action of L, is equivalent to specifying commuting actions of its
subgroups ¢,(G). We define our new, non-diagonal action S : L, ~ (Y, v) by

ey X Ty (e, diagonal) if € & {€o, Lo+ 1},
§Pc@) . — T(g e o] X id if £ =4¢
igg3icg+l
TS x TE if¢ =0+ 1.

(eg+13ieg+2l (ieg»ieg+2]

(where the last option here is vacuous in case £y =m — 1).

Each of these transformations leaves v invariant. We have already remarked
this for the diagonal transformations; and for the last two possibilities, we need

=T

only observe that v is a relative product over a g-algebra on which T .
(¢, (GY)

sigg+
acts trivially for all g € G. o
Now let 1, f> : Y — X be the two coordinate projections. The above defi-
nition gives B o §¢® = T%® o B, for every £ and g. So, letting Y denote the
L.-space given by the above transformations S on (Y, v), we have a factor map

Y ﬂ X'Ze, On the other hand, recall that {iey> icg+1} = {i, j}. Thus the above
definitions give that the subgroup Ly; ;; < L. acts trivially under S on the second
coordinate in Y.

Step 2. Next, applying Theorem 2.1 enlarges this to an extension X 5 X of
G“-spaces which factorizes through some L.-extension XrlL“ 5Y.
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Step 3. Now suppose that f € L*(u|qu.0n) and that g € L>(u|g) for each
X

s < r. From the definition of v and the fact that f is (I)g’j }—measurable, we have

3 [ r-Tledu = [¢opo-([Jops)av = [ rop- ([Lsope)a

s<r

Our next step is to show that for s < r, the function g;o /8, is invariant under the
whole of S''evt), Enumerating e; U { j} =: {p; < ... < p,} shows that it suffices
to prove invariance under each subgroup Ly, ., fork € {1,2,...,n —1}.

There are three cases to consider: p; & {i, j}, pr =i and p; = j. If p & {i, j},
then, since e N [i;j) = {i}, it follows that (pi;pi+1] is disjoint from (ig,; igy+2]
(again we are using the notation from Step 1). In this case, the definition of S
gives B2 0 Sl = Tpezpen] © P2, 50 the required invariance follows from the fact
that g, itself is L, -invariant.

If pr =i, then the assumption e; N [i; j) = {i} implies that p;,; = j. Hence the
definition of S implies that > o S¢,.,.,1 = B2, from which the S,,.,,,,j-invariance
of g, o > is obvious.

Finally, if p; = j, the definition of S gives f> o S¢,.p.11 = T(izpean1 © P2- Since
{i, pr+1} C e (even if j & e;), once again the L, -invariance of g, gives

gsop2o Sék;}’kﬂ] =8&8s° T(§;Pk+1] 02 =850 p,
as required.
Step 4. In light of Step 3, the function [[,_,(gs o f2 o @) is measurable with
respect to /., (I)gglu“ ) = 3% . By the assumed F-satedness, it follows that the

right-hand integral in (5.3) equals [, (E,(f| £%) o f) - (HSS, g5 0 /32)du; and by
the same reasoning that gave (5.3) itself,, this equals

[ e 20 [san = [ a1 20 -E0([ e

s<r s<r

2§)d,u.
Since f and each g, were arbitrary subject to their measurability assumptions,
this implies that (D;” "and V4., @% are relatively independent over Tf. g

Proof of Part (2). This follows exactly the same steps as Part 1, except that
now the new L,-action S on (¥, v) := (X%, u R 1) is defined as
X

T(f.'[;im] X T(‘f[’im] (i.e., diagonal) if € & {£y — 1, Lo},
§oc(®) . = T(“;T[O;l.[oﬂ] x id if £ =4y,
iy riieg) * Tlioy 1vicgorl itl=4o—1,
where now ¢ := ey U ---Ue, U{i} = {ii < ... < iy}, and £, is such that

{i, j} = {ie,, iry+1}, as before. 0
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The next two propositions contain the consequences of full satedness that we
need. The first modifies the conclusion of Proposition 4.7 in the case of integrated
averages, rather than functional averages.

Proposition 5.5. Suppose that X is fully sated, that {i; < ... < iy} C [d]
and that f1, ..., fir € L°°(u). Then

. 1
lim
n—oo Jx |Fn|

k k
. 1
ST o T pdn = lim [ o S TIES 18 T pdu,

geF, j=1 geF, j=1

where

j—1 - k T
. Gpsijl Gjsigl
Aji=\ = v\ o
=1 =j+1

Proof. This is proved by induction on k. When k = 1, the result is trivial, by
the 77;,;,j-invariance of . So suppose k > 2.
Because u is Ty;;;,j-invariant, the desired conclusion is equivalent to

Jon Qlim ey & [T 75.,.) d

geF, j=2

1 k
T Yo IEG 140 (f"l;i,-])>d“'

geF, j=2

:/Eﬂmml» (lim
X

However, X being fully sated implies that the G*~'-space X' defined by T} :=
Tii J =1,2,...,k — 1, is also fully sated: otherwise, we could turn a G*~'-
extension witnessing the failure of satedness for X’ back into a G¢-extension of X
using Theorem 2.1. Therefore Proposition 4.7 applied to this G-space gives

/xfl ‘ (nllg)lo |;"| Z ﬁ(fj ° T(fl;ijj))d#

geF, j=2

1
- 1
/Xf' (nl>rgo |Fol

since the g-algebras A; for j > 2 are those that arise by applying the functorial
o-subalgebras F, , of that proposition to the G~ !-space X'.
This almost completes the proof. To finish, observe that, as in the proof of

k
Z H(E/z(fj | Aj) o T(i;,'i]))dﬂ;

geF, j=2

Theorem A, we may now approximate f; (say) by a finite sum of finite products
. . Ti i .

of functions measurable with respect to ZX(”] for{ =1,...,k— 1; and having

done so, we may re-arrange the above into an analogous system of averages with
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only k — 1 transformations. At that point, the inductive hypothesis allows us to
replace fi with E,(f1 | A1), completing the proof. (]

Proposition 5.6. Suppose that X is fully sated. Let eq, ey, ..., e, € (\]) be
sets such that (Yo, es # @. Let g be ®Y-measurable and f; be ®Y-measurable
for 1 < s < r. Suppose g and every f; are bounded. Then

/g~f1 ----- £ du =/Eﬂ(g|\lf>-f1 ----- £ du,
X X

where W 1= \/i_, ®L7.

As is standard, this is equivalent to the assertion that
r
E.(g| V 0%) =Eu(e1W).
s=1

Proof. If e =e¢; = e, =--- = ¢,, then CD;g = W for all s, so the result is
trivial.

The general case is proved by an outer induction on r, and an inner induction

The base case corresponds to r =1 and |A,, ., | = 1; hence ey =e; = [k]. This
is among the trivial cases described above.

For the recursion, we may assume that there exist at least two distinct sets
among the e, for 0 < s < r, 50 o<y, €5 # Up<s<, €5 (else we would be in the
trivial case treated above). We have also assumed that (o, e; # @, so there
must be {i < j} C [k] suchthate;N[i+1;j) = forall0 <s < r,and

e citheri € ¢; forall 0 < 5 < r, but j lies in some but not all e,;

e or j eesforall 0 < s < r,buti lies in some but not all e;.

We complete the induction in the first of these cases, the second case being exactly
analogous. In this first case, e;N[i; j) = {i} for all s. It now breaks into two further
sub-cases: j € eg and j & eg.

Case 1. First assume that j € ey. Then, since @y C CDQ’”, Proposition 5.4(1)
gives

/Xg.(fl ..... £du =/XE”(g’ S\:/lq);gu{j}) (freee Fodu.

Now observe that A ¢,u(j},...e,u(j} & Hey,....e,- The inclusion is strict because
the right-hand family contains some set that does not contain j, whereas every
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element of the left-hand family contains j. Therefore we may apply the inductive
hypothesis to ep and e; U {j}, e U {j}, ..., e, U{j}, to conclude that

E, (g‘ \/ o) =k, <g’ \/ OP) = E, (g1 W),
s=1 s=1

Case 2. Now assume that j € ep. Re-labeling the other sets if necessary, we
may assume j € e;. Then the argument used in Case 1 gives

/g-f1 ----- £ du =/g-Eﬂ(f1I‘P1)-fz ----- £ du,
X X

/E#(g|lP).fl ..... frdﬂ =/Ey(g|‘1')'Ey(f1 |\Pl)‘f2 ..... frd‘u_
X X

It therefore suffices to prove the desired equality when f; is ¥;-measurable. Since
such an f| can be approximated in || - ||, by finite sums of products of ®g"*-
measurable functions for s € {0} U [r] \ {1}, it suffices furthermore to assume that

fi=fio-fiz---- f1, is one such product.
However, now the integral of interest may be written as

/X(gflo) ~(fafi2) e (frfir)du;

and, by the inductive hypothesis on r, this equals

/XE#(gflo |Y¥2) - (faf12) -+ (frf1r)du

with W, 1= \/I_, L.
Since ¥ > YW, and fjp is W-measurable, the Law of Iterated Conditional
Expectation gives

Eu(gfi0| ¥2) =EL(Eu(g | ¥)f10] Y2).
Substituting this back into the integral completes the desired equality. (]
Corollary 5.7. Suppose that X is fully sated and that ey, ..., e, € ([2‘12]) are
such that (\;, es # D. Let s 1= \/ g\ DY fors = 1,2,...,r, and let f; be
@S -measurable for each s. Then

/ng”‘ du :/XHE/‘(JCS | W,)du.

Proof. Simply apply Proposition 5.6 to each factor of the integrand. (]

s<r
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5.2 Structure of the limit couplings. We now turn to the structure of the
limit coupling A, as discussed at the beginning of this section.

Lemma 5.8 ([AuslOa)). Ifi,jeee (>2) and A € ®%, then
Az (A)axT(A) =0
In particular, ©7'(®%) and n_l((l) ) agree up to A-negligible sets.

Proof. If i = j, the result is trivial; so assume without loss of generality that
i < j. By definition,

. 1
Ma7 Ay na;iA)) 1m1W|§:quAmﬁLA)

n— o0

geF,
= lim — TS ANTE TE A
nir§o|p|;/‘( it SaTEn
= (T§ AﬁT‘g A) (A),
i |F,1|§“ e = A

since § < CDQ’j ). s0A s T ;. j)-invariant. Therefore,
A (A) N7l (A) = Az H(A) = Aas @A),
and so i(ni_l(A)Anfl(A)) =0. O

Definition 5.9. In the setting above, the common A-completion of the lifted
o- algebras n_l(d) ) fori € eis called the oblique copy of ®% and is denoted
by d)e If J is a non-empty up-set in ( ) and X is a G?-space, then CDX =V
is called the J-oblique o-algebra.

eeJ

The remainder of the proof of Theorem B follows almost exactly the same lines
as [Aus10b, Subsection 4.2]; again we include the following lemma for complete-
ness.

Lemma 5.10 (cf. [Aus10b, Proposition 4.2.6]). If J and J are non-empty up-
sets in ([jz]) and X is a fully sated G*-space, then &)i and @% are relatively inde-

pendent over &)g(mg under 1.

Proof. Step 1. Suppose first that J = (e¢) where e is a maximal member of
([>dz]) \ J. Let {a;, as, ..., a,} be the antichain of minimal elements of J, so that
&5;’( = Viem &)Q The maximality assumption on e implies that e U { j} contains
some a; for every j € [d] \ e, and so J N J is precisely the up-set generated by
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these sets e U {j} for j € [d] \ e. We must therefore show that CT)§ is relatively
independent from \/, _,, Cf)g(‘ under 4 over the o-subalgebra \/ ;14\, CT);}UU I,

Since ¢ & J we can find some j; € a; \ e for each k < m. Moreover, each
Jj € [d]\ e must appear as some j in this list, since it appears for any k for which
ar CeU{j}.

Now Lemma 5.8 implies that (I)“‘ agrees with 7, ((I)“‘) up to A-negligible sets.
On the other hand, we clearly have z;'(®¥) < 7; 1(ZX) so it suffices to show
that % is relatively independent from \/ jeldne T7 (EX) over V crane o,

Choose i € e. Then Lemma 5.8 also implies that d)e agrees with ;7 1(®%) up
to A-negligible sets. On the other hand, for the sets A; e n;l(ZX) for j € [d]\ e
and B € ®%, the definition of 1 gives

H( N w'@p) 0 @) = fim [ Ahi. fodn

Jjeld]\e
with
14, if €e[d]\e,
Jei=q 1 if € =1,
1 otherwise.
Proposition 5.5 gives the same limit from lim, o [ Au(f], ..., f;)du, where
La, if £ e€[d]\e,
= E,(1p|A) if £ =i,
1 otherwise,
and

A= \/ v o\ =\ ol
teld|\e, £<i teld|\e, £>i jeld\e

This implies that 71_1((1) ) is relatively independent from \/ jetane T 1(Zx) over

77 1(A) under A. On the other hand, Corollary 5.7 gives that ®% is relatively

independent from A over \/ jelde q);u” ), Combining these conclusions completes
the proof in this case.

Step 2. The general case can now be treated for fixed J by induction on J. If

d C 7, the result is clear; so let ¢ be a minimal member of J \ J of maximal size,

and let X := J \ {e}. It suffices to prove that if ¥ € L*°(4) is &)i-measurable,

then E;(F | ®%) = E;(F | ®%?). Furthermore, by an approximation in | - || by

finite sums of products, it suffices to prove this only for F that are of the form

Dle)

F1 - F> with F; and F, being bounded and respectively ®x’- and dA)gf—measurable.
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However, for such a product,
EA(F | ®%) = E; (Ex(F | ™) | @%) = E; (E2(F1 | OF™) - F> | ©%).
By Step 1,
Ex(F1 | 9%%) = B (Fy | F7707),

while on the other hand, (J U X) N (e) C X (since X contains every subset of [d]
that strictly includes e, since J is an up-set). Therefore (JU X) N (e) = X N (e).
Another appeal to Step 1 gives E; (Fy | (ID(jUjQm< >) =E,(F| 635), and hence the
above expression for E; (F | F | I %) simplifies to

E (E.(F1 | %) - F2| 9%) = E; (Ei(Fy - F2 | 9%) | D)
=B (E.(F 19| 0%) = E,(F | 0™ =E,(F | 0),
where the third equality follows by the inductive hypothesis applied to X and J.[J

Proof of Theorem 5.3. Part (1). Since X is fully sated, in particular it is
sated with respect to the functorial o-subalgebra

\/ZT(M\/ \/ ZT('“ \/(D{fz v \/ (D{té’}

C=i+1 ¢=i+1

for each 1 < i < d. Therefore, Proposition 5.5 gives

n—>o<> |F | Z/H(f’OT[ll)d’u

geF,

/f1®---®fddi
Xd

Il
s
\

n—)oolFlZ/H(E (ﬁ|cI) )OT%l])d,u

[ Eriio e a0 a

forall f, ..., fu € L®(X, ).
Part (2). Proposition 5.1(i) holds by construction of the o-algebras ®%; prop-
erty (ii) is given by Lemma 5.8; and property (iii) is given by Lemma 5.10. (]
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