THE GOHBERG LEMMA, COMPACTNESS, AND ESSENTIAL
SPECTRUM OF OPERATORS ON COMPACT LIE GROUPS

By

APARAJITA DASGUPTA!AND MICHAEL RUZHANSKY?2

Abstract. We prove a version of the Gohberg Lemma on compact Lie groups
giving an estimate from below for the distance from a given operator to the set of
compact operators. As a consequence, we obtain several results on bounds for the
essential spectrum and a criterion for an operator to be compact. The conditions
are given in terms of the matrix-valued symbols of operators.

1 Introduction

The original Gohberg Lemma was obtained during Gohberg’s investigation of in-
tegral operators [Goh60], and its version on T! = {z € C : |z] = 1} was obtained
recently by [MW10], with application to the spectral properties of operators; see
[Moll1, Pir11]. Related questions have been also considered on manifolds; see,
e.g., [See65, Sch88] and related papers.

In this paper, we establish the Gohberg Lemma on general compact Lie groups,
using the matrix quantization of operators developed in [RT10, RT12]. In particu-
lar, we give estimates for the distance from a given operator to the set of compact
operators, as well as for the essential spectrum of the operator in terms of some
quantities associated to the matrix symbols. The results contain the corresponding
results obtained in [Moll1, Pir11] on T'.

Matrix-valued symbols have been quite useful in other studies of compactness
of operators in cases when conditions on the kernel are less effective, for example,
by providing criteria for operators to belong to Schatten classes [DR13b] and for
nuclearity in L”-spaces [DR13a].
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The structure of the paper is as follows. In Section 2, we briefly recall the
necessary notions of Fourier analysis on compact Lie groups and of the matrix
quantization of operators. In Section 3, we state our results. In Section 4, we
prove the Gohberg Lemma (Theorem 3.1); and in Section 5, we give an application
(Theorem 3.2).

2 Fourier analysis and matrix symbols on compact Lie
groups

Let G be a compact Lie group and e its unit element. Let G be the unitary dual
of G, i.e., the set of equivalence classes [¢] of the continuous irreducible unitary
representations ¢ : G — C%*% of dimension d:. We define the Fourier coefficient
at& of f € C*®(G) by

7@ = /G FOOEE) dx € Clxd:,

where the integral is (always) taken with respect to the Haar measure on G. The
Fourier series becomes

FO) = 3 deTr ((WF)).
[€1eG

and Plancherel’s identity takes the form

1/2
2.1) £ 26y = (Z dgllf(f)llis) = [ fllp):
[

&1eG

We take (2.1) as the definition of the norm on the Hilbert space 52(6). Recall that
IF (N2 = Tr(f(E)f(&)*) is the Hilbert—Schmidt norm of the matrix f(&).

We define the matrix symbol of an operator T : C*°(G) — C°°(G) (or even
T :C*®(G)— D'(G)) by

or(x, &) 1= E)N(TE)(x) € Chxd,

where T¢ means T applied to the matrix components of £(x). It then follows that

22) Tf() = Y d: Tr (EWor(x, OF ().

[€leG
The correspondence between operators and symbols is one-to-one, and we write
T, for the operator given by (2.2) corresponding to the symbol a(x, ¢). The quan-
tization (2.2) has been studied extensively in [RT10, RT12], to which we refer for
properties of the quantization and for the corresponding symbolic calculus.
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Recall that the matrix components of &(x) are the eigenfunctions of the
Laplacian (Casimir element) £ on G corresponding to one eigenvalue, which
we denote by 1Z, i.e., LE(x);; = —AZE();; forall 1 < i, j < ds. We write
(&) 1= (14212,

Let ¥Y°(G) be the usual class of operators that have symbols in Hérmander’s
class S?’O(R") in every local coordinate system. Let gy, ..., g, € C°®(G) satisty
qj(e) =0,Vgj(e) #0forall 1 < j < m, e is the only common zero of the fam-
ily {q; 7’21, and rank{ Vq(e), --- , Vgn(e)} = dimG. We call such a collection
of functions strongly admissible. We then define A, f &) := q/l? (¢) and the
difference operators A% := A7 --- A7». We refer to [RT10], and especially to
[RTW10], for the analysis of such difference operators.

It was proved in [RTW10] that T € W°(G) is equivalent to the condition that
the matrix-valued symbol ¢ of T satisfies

(2.3) 18 ALo(x, E)llop < Cop (&)™

forall x € G and [£] € G and for all a, B, where || - ||,, stands for the operator
norm of the matrix multiplication. It was also shown in [RTW10] that the operator
T € Y°(G) is elliptic if and only if its matrix symbol o(x, &) is invertible for all
but finitely many [£] € G and for all such &,

(2.4) llox, &) g < C

forallx € G.

3 The Gohberg Lemma and applications

We formulate a version of the Gohberg Lemma first for operators in the Hormander
class P in order to relate it to well-known theory and for application in Theorem
3.2. Later, in Remark 4.2, we note that the result remains valid for a much more
general class of operators.

Let 41(x,$), 42(x, £), ..., Aq.(x, &) = O be the eigenvalues of a(x, {)a(x, &)*
and define [lo(x, $)o(x, €)*[lmin := minj<i<q. 4i(x, <).

Theorem 3.1 (Gohberg Lemma). Let T, € Y)(G) and o(x, &) be the matrix
symbol of T,. Then for all compact operators K on L*(G),
(3.1) 176 — Kl 226y = dmins

where

din ;= lim sup
(&)—> o0

sSu
e 110G o

{ llo(x, Ho(x, 5)*|Imm} ‘
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Note that d,;, is well-defined. Indeed,
lo(x, E)o(x, ) lmin < llolx, E)alx, E)*|lop < llolx, f)llgp,
which, in view of (2.3) with a = f =0, implies

(3.2) dimin < limsup{sup [lo(x, Hlop} < 0.
(&)y—>o0  xeCG
We note again that the condition T, € W°(G) in Theorem 3.1 can be substan-
tially relaxed; see Remark 4.2.
Before formulating our application of the Gohberg Lemma, let us first intro-
duce some notation. Let X be a complex Banach space and A : X — X be a closed
linear operator with dense domain D(A). The resolvent ®(A) of A is defined by

O(A) = {1 € C: A — Al is bijective}

and the spectrum X(A) of A by X£(A) := C\®(A). The essential spectrum
Y ss(A) of Ais Z,5(A) 1= C\D,(A), where

O,(A) ={2 € C:A— Al is Fredholm and i(A — AI) = 0}.

Theorem 3.2. Let o be the matrix symbol of a pseudo-differential operator
T, € YU(G), and let dppay 1= lim sup@_)oo{supxeG lloCx, Elop). Then for T, oper-
ating on L*(G),

(3.3) Zess(To) © {2 € C:|A] < dimax} -
Moreover; if dymax =0, then T, is a compact operator on L*(G).

In fact, T, is compact if and only if d,, = 0. Indeed, taking K = T, in
Theorem 3.1 shows that if d,,;;, # 0, then T, is not compact.
In view of (3.2), diin < dmax. In case G = T" is the torus, dmin = dmax-

4 Proof of Theorem 3.1

First observe that by (3.2), dnin is well-defined; and hence, for every [{] € é,
there exists xz € G such that

lo(xe,, €n)o(xe, > €n)* llmin _ laCx, $n)a(x, €)™ llmin
||0'(x¢f,,a fn)”op xeG llo(x, fn)”op

The definition of dyi, gives a sequence {x¢,, u ), such that

lim <fn> — 0o and lim Ila(xfn: fn)o-(xﬁ,,a ¢n) Il min = dyyin.

n—00 n—00 ”O-(xaf,,a én)”op
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Define the L>-matrix norm of a matrix-valued function w = w(x) € C%*% by

1/2
lwll 2y := </G IIw(x)IlfIde> .

For sufficiently smooth u € L*(G), define ug (x):=d ; Y 2é‘n()c)u(x . xgnl). Then

s oy = [ e OlEace = [ a2 W33 B

= d5 1&gy = el
Therefore,
(4.1) luz Iz = Null ) = lill -
Now let ¢ € C*°(G). Then, with y =x - xZ', we have

[ weopar a2 [ &m0 3y
= dz U (e ENEz,),

where & (x) = &,(x)". Since ||ug(-xg)|l2 < Cllu||2 with a constant C independent
of xz, up(-xg,) € fz(GA) uniformly in x¢,. Hence it follows from (4.1) and (2.1) that
dg lugp(-x: )END % — 0as (EF) — oo. This implies

H /G e, (WPx| = d; ud(xe)EDE) ns < lud(xg)ED s,

HS

so that uz, — 0 as (£,) — oo weakly. Hence, for a compact operator K,
| Kug, |l 126y = 0 as (&) — oo.
Then, by compactness, for € > 0 and sufficiently large n,
| Kug, 126y < €llug, iy = €llullize),
where u is fixed and [|Kug, [l 2y = (fi; | Kue, ()]|2edx) />

Lemma 4.1. |lug,0(, &) — Toue, 2y —> 0 as (&) — oo, where Toug, =
(To(”g*n)ij)lgi’jidél e Qe xds,

We postpone the proof of Lemma 4.1 and continue with the proof of Theo-
rem 3.1.

Let us fix nonzero u € C*°(G). Then for each € > 0, there exists N (u) such
that for all n > N (u),

4.2) llug,o(-, E)lli2gy — 1 Toue, |2y < €llull 2
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for sufficiently large (&,). Now, since o satisfies (2.3) with a = 0, the derivatives

of ¢ in x of are uniformly bounded; hence, for each € > 0, there exists an open

neighborhood V' C G of e such that ||o(x, &,) —o(xe,, &i)llop < € forall x-xg"l eV.

Let now u € C*°(G) be such that u(x) = O for all x ¢ V. Then ug (x) = 0 for all
x &xgV, ie., forall x such that x - x;' ¢ V. Hence

lug,o(xe,, Sn)o(xs,, $n)* 26

Ila(xén: ‘fn)”op
< llug,0(xs,, E)ll 2oy — llug,o(-, Sz

< lug,0(xe,, &) — ue,0(-, $)ll2e)

(1

<n

(L.

<n

— llug,0(-, E)ll 2

4.3)

IA

1/2
) lo(x, &) — o(xe,, S, llug, (x>||§sdx>

IN

1/2
2
”uéfn(x)HHS> = €llug, 12y = €llull 2

the last inequality following from (4.1). Therefore,

letll 2 ) 1 To — Kl 226y = Nue, 2oyl To — Kl 2wy
> |(Ts — K)ug, |l 12)
(4.4) > | Toue, ll126) — I1Kug, | 26
lug, 0, E)llr26y — 2€llull 26
llug,o(xes,, S)o(xe,, $)* 26y
lo(xes,, Sn)llop

the last inequalities following from (4.2) and (4.3), respectively. Moreover, since

Y

- 36”””L2(G):

o(xz,, &)o(xg,, &y)* is normal, there exist a unitary matrix U such that

O'(Xgn, C.:Zn)o-(xafn, én)* = UAU*,

where ) )
A O 0
0 Axn 0
A =
0 0 ... Aa,a,

Here, A;i(x¢,, &) are the eigenvalues of o(xg,, &)o(xg,, &)™
Let Adum(xs,, &) = mingci<g. Aii(xg,, &). Now UAU* is symmetric, and
I (xz,, &) is the maximum eigenvalue of UAT'U*, i.e.,

NUAT U lop = Aph (s E0).
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Hence |lug,(x)UAU*||gs > ﬂmm(xgv”,é‘n)llugv”(x)UAU*(UAU*)_l||HS, from which
it follows that

(4.5) lug, OUAU* s = A lltts, )|l s-

Using (4.4) and (4.5), we obtain

(s ez, 0, €010, E0)* )

”0'()(?5", fn)”op

= (B S e, () Fsct) 2

leell 2 )1 To — Kl 22cy) = — 3ellull 2

> — 3ellull 26
lo(xz,, EDllop @
N1 2
(4.6) = @ _ 3ellull 2
Ila(xén: ‘fn)”op
imm

- U2y — 3€llull;2
||o-(x§naé:n)||0p” HL (G) Il ”L (G)

— < lmm(-xgﬂ,: En)

- 36) lluell 26
llo(xz,s Ellop @

Now, for sufficiently large (&) —, llull26) | Ts — K« = (dmin — 36€) lull126),
ie.,

T, — K|« > dmin — 3€ forall e > 0,

from which it follows that ||7, — K||. > dunin. This completes the proof of Theo-
rem 3.1.

Proof of Lemma4.1. Forx,z € G, letR(x, ) := } 4.6 de Tr (o(x, $)E(2)).
Thus

Tou(x) = > de Tr(E@)o(x, &)

[€1eG

- /G 3 d: Tr (E@otx, OEB)) uG)dy

[€1eG

(4.7) = /G > de Tr (o0r, HEG™0) u)dy

[£1eG

- /G R, y~'%) u(y)dy

- / R(x, 2) vz Vs,
G

where z = y~'x. From the definition of u, (x) = d;'/*&,(Yu(xxz") and (4.7), we
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obtain

Toug,(x) =d; ' / R(x, )&, (xz™ Dulxz™ x5, dz
(4.8) ;

=d; " / R(x, )&@uxz™"xz HE ()dz.
- G
Letting
(4.9) 037N 1= vg ) 1= d G oulz ),
we have
(4.10) Toug,(x) = / R(x, 20} (27 HEN(2)dz.
G

For a given collection Ay, ..., A,, of strongly admissible difference operators with
corresponding functions g, ..., g, € C®(G) satisfying Ajf(f) = q;f(), we
have the Taylor expansion formula (see [RT10, RTW10])

N—1

u(x) = u(@)+ Y (j, g“ (D u(e) + O™,

laj=1

where h(x) is the geodesic distance from x and e, &) are left-invariant differential
operators on G, and g*(x) = q;(x)* ---gu(x)*". For u sufficiently smooth, the
Taylor expansion formula gives

N-T

v H =05 @+ Y] a @IV @)+ O0h@Y).

laj=1

By the left-invariance of &), we obtain

N—-1 1
(4.11) 0z =0, 0+ Y- g @05, + 0.

lal=1 "

Using (4.10) and (4.11), we can now write
N-1
T,us (x) = / R(x, 2)vg, ()& (2)dz + / R(x,2) Z o q“(2)0““vg, (X)EX(2)dz
G G =1 &
+ / R(x, 2)O0(h(2)")Ex (2)dz.
G
Defining

I = / ROx, 20, (0E(2)d,
G

N—-1

1
b= [R@D Y @0 0@z,

lal=1 "
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and
L= /G Rx, D0V (dz,
we have
I = /G RGx, 202 (D2 = 02, (00(x, &)
(4.12) =d: & Wuta;Nox, &) = ug, (Do(x, &),
@ N-—1 1
L = | R(x,2)0%vs (x)E) (2) q“(2)dz
/G |§::1 al
N-—1 1 @
- ME; 0, ) /G RGo (g (D)dz
N-—1 1
(4.13) =Y 8000 (5T o) (&)
laj=1 °
N-—1 1
=y a'a<“>05n(x)Aqaa(x, En)s
lal=1 "
and
Iy = /G R(x, 2)O(h()M)Er (2)dz = /G R(x, 2)¢" (2)&F (2)dz
4.14) = Aqwa(x, &),

where the matrix-valued function ¢" := O(h(x)") vanishes at e to order N. Hence

N—-1
(4.15)  Toug, (1) — ug, (Do, &) = ) ;, 0o, () Ageo(x, &) + Agvo(x, &).

lal=1 """

Defining T,\l, 1= Zf;_l ! 6(“)1)5”(x)Aqm(x, &) and T,\z, := Apo(x, ¢,), we obtain

=1 q!
1
IT8 @l < 1800 Elp D 130 @llss,
O<la|<N
where z € G. Using (4.9) and (2.3), we have
1T () lus < C( > |5§“>u(x-x¢;1>|)d;/2||én(x>||Hs<5n>—'“'

0<|a|<N

<C Y Nullga(E) T < CE)!

0<|a|<N
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for some operator 5;“), where N is fixed, 1 < |a| < N, and || - ||z« is the Sobolev
norm. Similarly, || 73]lss < C(&,)™".

Therefore, || Th(x)|lzs — O and [|[T3(x)|lss — 0 as (&) — oo for all
x € G, which gives ||T1\l,||iz(G) = [ 1Ty |liedx — 0 as (&) — oo. Simi-
larly, || T3 ll;2g) — O. This implies ||Touz, — ug,o(-, E)lli2) — 0 as (&) — oo.
We complete the proof by observing that it suffices to take N = 1 in the above
argument. (]

Remark 4.2. With the same proof (and with N = 1), we have the following
extension of the Gohberg Lemma without the assumption that the operator 7,
belongs to W(G).

Let T, : L>(G) = L*(G) be a bounded operator whose matrix symbol o(x, &)
satisfies

loCe, Hlop < €, 00, Ollop < C, 1Ag0(x, Elop < C(E)™7

for some p > 0 for all g € C*(G) with g(e) =0 and all x € G and [£] € G. Then
the conclusion of the Gohberg Lemma in Theorem 3.1 remains true, namely, the
estimate (3.1) holds for all compact operators K on L*(G).

5 Proof of Theorem 3.2

We first recall the following theorem, which gives another (equivalent) definition
of Fredholm operators.

Theorem 5.1 (Atkinson’s Theorem [Atk51]). Let A be a closed linear op-
erator from a complex Banach space X into a complex Banach space Y with a
dense domain D(A). Then A is Fredholm if and only if there exist a bounded linear
operator B : Y — X, a compact operator K| : X — X and a compact operator
K>, :Y — Y suchthat BA =1+ K, on D(A)and AB =1 +K, onY.

Recall that the Wolf spectrum X, (A) of A is defined by X ,(A) := C\ D, (A),
where ®,(A) = {4 € C:A — Al is Fredholm}. Clearly, £,(A) C X,(A) C
2(A).

Proof of Theorem 3.2. Let A € Cbesuchthat |1]| > dnax. Then there exists
€ > 0 such that |A| > dpax + €. Now, by the definition of dy.x in Theorem 3.2,
there exists R > 0 such that for all (¢) > R,

sup {sup [|o(x, OHllop} < (dmax +€/2).
(&)>R xeG
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Then for (&) > R,

(.1 (o, &) = 2D lop < Y A Mlo(x, &) llop
k=1
g i (dmax +€/2)"_ i (dimax + €/2)" _ Ci (dmnax + €/2)F

< OQ.
M|k+l (dmax + 6)k+1 B (dmax + e)k

k=1 k=1 k=1

It follows from (2.4) that the operator T, — AI : L>(G) — L*(G) is elliptic and
hence a Fredholm operator; see, e.g., [H6r07, Section 19.5]. Thus

{2 € CiAl > dmax} C Pu(Ty),

which implies Z,,(T,) C {41 € C: || < dnax}. Since {1 € C : || > dpax} is a
connected component of ®@,(7,), i(T, — Al) is constanton {1 € C : |1] > dpax}-
Now, again ©(T,) N {A € C: |1]| > dnax} # 9. Therefore i(T, — AI) = 0 for all
{A € C:|A] > dmax}, Wwhich implies Z,.(T,) C {1 € C : |1] < dmax}, completing
the proof of (3.3).

We now turn to the proof of the last part of Theorem 3.2. Let .Z(L*(G)) and
be the C* algebra of bounded linear operators on L*(G) and .# (L*(G)) the ideal
of compact operators on L>(G). Define multiplication on .Z(L*(G))/# (L*(G))
by [A][B] := [AB] and involution by [A]* := [A*]. These operations make
L(L*(G))/#(L*(G)) into a -algebra, known as the Calkin algebra. For
[A], [B] € Z(L*(G))/# (L*(G)), [A] = [B] if and only if A — B € #(L*(G)).
The norm || - || in .2 (L*(G))/# (L*(G)) is given by

lATlc:= _inf A =Klzawey [Ale 2 (LG)/#IXG)).
Ke X (L*(G))

Using the Calkin algebra, we can reformulate (3.1) as ||[[75]]|¢ > dmin-

Assume now that d;,,x = 0 and observe that T, is compact if and only if [T,] =
0 in the Calkin algebra. Observe also that T, is essentially normal on L*(G),
ie., T,T; — T;T, is compact. Indeed, 7,7, — T,;T, is an operator of order —1,
so its compactness follows from the compactness of the embedding H'! — L2
Consequently, [T,] is normal in .Z(L*(G))/# (L*(G)); and, therefore, r(T,) =
I[T;]llc, where r(T,) is the spectral radius of [7,]. On the other hand, by (3.3),
2 .ss(Ty) {0}, which implies that 7, — Al is Fredholm for 4 # 0. In light of
Atkinson’s Theorem, this implies that there exists a bounded operator B such that
(T,—AI)B =I1+K,where K is a compact operator; i.e., [(T,— Al)] is invertible for
A # 0, which implies that 1 ¢ X([T,]) if A # 0. Thus Z([T,]) C {0}, from which
it follows that ||[T,]||c = r(T,) = 0; and so [T,] = 0. Hence T, is compact. O
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