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Abstract. We study reproducing kernel Hilbert and Pontryagin spaces of slice
hyperholomorphic functions. These are analogs of the Hilbert spaces of analytic
functions introduced by de Branges and Rovnyak. In the first part of the paper, we
focus on the case of Hilbert spaces and introduce, in particular, a version of the
Hardy space. Then we define Blaschke factors and Blaschke products and con-
sider an interpolation problem. In the second part of the paper, we turn to the case
of Pontryagin spaces. We first prove some results from the theory of Pontryagin
spaces in the quaternionic setting and, in particular, a theorem of Shmulyan on
densely defined contractive linear relations. We then study realizations of gener-
alized Schur functions and of generalized Carathéodory functions.

1 Introduction

Functions s analytic in the open unit disk D and contractive there, or equivalently

such that the kernel
1 —s(z)s(w)*

I — zw*
is positive definite in D, play an important role in operator theory, and their study
is a part of a field called Schur analysis. The present work is a continuation of [5]
and deals with various aspects of Schur analysis in the case of slice hyperholo-
morphic functions. To review the classical case, and to present the outline of the
paper, we first recall a definition. A signature matrix is a matrix J (say, with
complex entries; in the sequel, quaternionic entries are allowed) which is both
self-adjoint and unitary. We denote by sq_J the multiplicity (possibly equal to
0) of the eigenvalue —1. Now let J; and J, be two signature matrices belonging
to CV*N and CM*M respectively, and assume that sq_J; = sq_J>. Functions ®
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which are C¥*N _valued and meromorphic in D and such that the kernel

J» — O(2)J10(w)*

(1.1) Ko(z, w) = =——— =

has a finite number of negative squares in DD are called generalized Schur func-
tions. They have been studied by Krein and Langer in a long series of papers;
see, for instance, [46, 47, 49, 48, 50]. These authors also considered the case of
operator-valued functions and other classes and, in particular, kernels of the form

_ 9@ + Jp(w)”

(1.2) ko 2. w) o

where ¢ is CV*VN_valued and analytic in a neighborhood of the origin, J € CV*V
is a signature matrix, and the counterparts of these kernels when the open unit disk
is replaced by the open upper half-plane. Meromorphic functions ® for which the
kernel (1.1) has a finite number of negative squares are called generalized Schur
functions, and meromorphic functions ® for which the kernel (1.2) has a finite
number of negative squares are called generalized Carathéodory functions.
Associated problems (such as realization and interpolation questions) have been
studied extensively.

As mentioned above, a study of Schur analysis in the setting of slice hyper-
holomorphic functions has been initiated recently in [5], and it is the purpose of
the present paper to continue this study. The paper [5] was set in the Hilbert
space framework and presented, in particular, the notions and properties of Schur
multipliers, de Branges Rovnyak space, and coisometric realizations in the slice
hyperholomorphic setting. In the first part of this work, we also focus on the
Hilbert space case, while in the second part, we consider the case of indefinite
inner product spaces. The next steps in this study are as follows.

(1) The study of the indefinite case and, in particular, the Krein-Langer fac-
torization for generalized Schur functions and the characterization of de
Branges-Rovnyak spaces associated to generalized Schur functions in the
slice hyperholomorphic setting. This study is presented in [4].

(2) The study in [2] of the case of Hilbert spaces, of the classical Beurling-Lax
Theorem, and interpolation for Schur multipliers.

(3) The multiplicative structure of Schur multipliers, in a way similar to the
multiplicative structure of bounded analytic functions.

(4) The finite dimensional case, i.e., the analogue of the paper [9] and of part of
[7] here. Some results appear in the present paper in Section 9.

(5) Next, and as already mentioned in [5], we attack the case of several quater-
nionic variables; see [3].
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To set the present work into perspective, we recall that the theory of slice
hyperholomorphic functions represents a novelty with respect to other theories
of hyperholomorphic functions that can be defined in the quaternionic setting. In
fact, it allows the definition of a quaternionic functional calculus and its associated
S-resolvent operator. The importance of the S-resolvent operator in the context of
this paper is the definition of the quaternionic version of the operator (I — zA)™!
that appears in the realization function s(z) = D + zC(I — zA)™'B. It turns out
that when A is a quaternionic matrix and p is a quaternion, (I — pA)~! has to be
replaced by (I — pA)™ = (I — pA)(|p|’A? — 2Re(p)A + I)~!, which is equal to
p~'Sx(p~!, A), where S '(p~!, A) is the right S-resolvent operator associated to
the quaternionic matrix A.

Slice hyperholomorphic functions have two main formulations depending on
whether the functions we consider are defined on quaternions and are quaternion-
valued, in which case they are called slice regular (see [39, 21, 25]), or they are
defined on the euclidean space R¥*! and take values in the Clifford algebra Ry, in
which case they are called slice monogenic functions (see [31, 32]). We also
point out that there exists a non-constant coefficient differential operator whose
kernel contains slice hyperholomorphic functions defined on suitable domains;
see [23].

As already discussed, slice hyperholomorphicity has applications in operator
theory, specifically, in the case of quaternions, it allows the definition of a quater-
nionic functional calculus (see, e.g., [22, 24, 27]), while slice monogenic functions
admit a functional calculus for n-tuples of operators (see [30, 26, 28]). The book
[33] collects some of the main results on the theory of slice hyperholomorphic
functions and the related functional calculi.

Finally, we mention the papers [13, 14, 12], where Schur multipliers were in-
troduced and studied in the quaternionic setting using the Cauchy-Kovalevskaya
product and series of Fueter polynomials, and the papers [42, 54, 53], which treat
various aspects of a theory of linear systems in the quaternionic setting. Our ap-
proach is quite different from the methods used there.

In Sections 2 and 3, we review some basic definitions on slice hyperholomor-
phic functions. In Section 4, we discuss the notion of multipliers in the case of
reproducing kernel Hilbert spaces of slice hyperholomorphic functions. In Section
5, we discuss the Hardy space in the present setting and introduce Blaschke prod-
ucts. Interpolation in the Hardy space is studied in Section 6. Sections 7-10 are
in the framework of indefinite metric spaces. A number of facts on quaternionic
Pontryagin spaces, as well as a proof of a theorem of Shmulyan on relations, are
proved in Section 7. Negative squares are discussed in Section 8, while Section 9
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introduces generalized Schur functions and discusses their realizations. We also
consider in that section the finite dimensional case. Finally, in Section 10, we
briefly discuss the case of generalized Carathéodory functions.

2 Slice hyperholomorphic functions

The literature contains several different notions of quaternion-valued hyperholo-
morphic functions. In this paper, we consider a notion which includes power
series in the quaternionic variable, the so-called slice regular or slice hyperholo-
morphic functions; see [33]. In order to introduce the class of slice hyperholo-
morphic functions, we fix some preliminary notation. We denote the algebra of
real quaternions p = xy + ix; + jx, + kx3 by H. A quaternion can also be written
as p = Re(p) + Im(p), where xo = Re(p) and ix; + jx, + kx3 = Im(p). It can also
be written as p = Re(p) + I,|Im(p)|, where I, = Im(p)/|Im(p)|, as long as p is
non-real. The element 7, belongs to the 2-sphere

S ={p=xii+xj +x3k : x%+x%+x§ =1}
of unit purely imaginary quaternions.

Definition 2.1. Let Q C H be an open set and f : Q — H be a real differ-
entiable function. Let /I € S and f; be the restriction of f to the complex plane
C; :=R + IR passing through 1 and /. Denote by x + Iy an element in C;.

(1) We say that f is a left slice regular function (or left slice hyperholo-
morphic or slice hyperholomorphic) if forevery I € S,

1 /0 0
5 <a +15> fl(x+1y) =0.

(2) We say that f is a right slice regular function (or right slice hyper-
holomorphic) if for every I € S,

1
5 <§f1(x+ly) + EfI(JC+Iy)I> =0.
X 6y

2
Definition 2.2. The set of all elements of the form Re(p) + J|Im(p)|, where J
varies in S is called the 2-sphere defined by p and is denoted by [p].

The most important feature of slice hyperholomorphic functions is that on a
suitable class of open sets, they can be reconstructed from their values on a com-
plex plane C; by the so-called Representation Formula; see [21, 25, 33] and Theo-
rem 2.4 below.
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Definition 2.3. Let Q2 be a domain in H. We say that Q is a slice domain
(s-domain for short) if Q N R is non-empty and Q N C; is a domain in C; for all
I € S. We say that Q is axially symmetric if for all p € Q, the 2-sphere [p] is
contained in Q.

Theorem 2.4 (Representation Formula). Let Q C H be an axially sym-
metric s-domain. If f is a left slice regular function on Q C H, then for all
p=x+1,yeQ

1 1
Q1 f) = fatly) = 5[f@+ Q]+ 31 [0 - Q).

wherez :=x+1y, 7 :=x—1Iy € QN C,. If f is a right slice regular function on
Q C H then forallp =x+1,y € Q,

1 1
22 fp) = fa+hy) = S |[fQ+ @]+ 5 |[f@ - @)1,

The Representation Formula allows us to extend a function f : QCC > H
defined on a domain Q symmetric with respect to the real axis and in the kernel
of the corresponding Cauchy-Riemann operator to a function f : Q C H —» H
slice hyperholomorphic, where Q is the smallest axially symmetric open set in H
containing Q. In the above notation, the extension is obtained by means of the
extension operator

1 1
23) ext(N)(p):= 5 |[f@+ @] + 301 [f@ — f@). 2ZeQnCpeQ,

For example, in the case of the kernel associated to the Hardy space, the extension
operator applied to the function )2, z"w" gives the following result.

Proposition 2.5. (see [5, Proposition 5.3]) Let p and q be quaternionic vari-
ables. The sum of the series > p"q" is the function k(p, q) given by

(2.4) k(p, ) = (1—2Re(q)p+|qI’p*) ' (1—pq) = 1—pg)(1—2Re(p)g+|p|°G*) "

The kernel k(p, q) is defined for all p outside the 2-sphere defined by [¢q~'] (or,
equivalently, for all q outside the 2-sphere [p~']). Moreover;
(@) k(p, q) is slice hyperholomorphic in p and right slice hyperholomorphic in
G
(b) k(p,q) =k(g,p).
The function k(p, g) in Proposition 2.5 is positive definite and is the reproduc-

ing kernel of the slice hyperholomorphic counterpart of the Hardy space H,(IB) of
functions analytic in the open unit ball B; see [5] and Section 5 below.
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Remark 2.6. The two expressions for k(p, ¢g) given in (2.4) correspond to the
left slice regular reciprocal of 1 — pg in the variable p and to the right slice regular
reciprocal in the variable g, (see the discussion in [5, Proposition 5.3]) and these
two reciprocals coincide. Thus, henceforth, we often write (1 — pg) ™ instead of

k(p, q).

Remark 2.7. Note that whenever a function k(p, g) is slice hyperholomorphic
in p and Hermitian, it is also right slice hyperholomorphic in g.

3 Slice hyperholomorphic multiplication

Recall that it is possible to introduce a binary operation called the x-product
of two left slice hyperholomorphic functions f, g such that fx g is a left slice
hyperholomorphic function. Similarly, we can define the x-product of two right
slice hyperholomorphic functions. When considering both products in the same
formula, it is often useful to distinguish between them. In this case, we denote the
left slice regular product by %; and the right slice regular product by .. When no
subscript appears, the x-product is assumed to be the left x-product.

Let Q be an axially symmetric s-domain. Let f, g : Q C H be slice hyper-
holomorphic functions whose restrictions to the complex plane C; can be written
respectively as

f1@) =F@+G@)J, g2 =H@)+LZ)J,

where J € S, J L I. The functions F, G, H, L are holomorphic functions of
the variable z € Q N C; and exist by the Splitting Lemma; see [33, p. 117]. The
*;-product of f and g is defined as the unique left slice hyperholomorphic function
whose restriction to the complex plane C, is given by

(3.1) (F(@+G@)J)* (H(2)+ L(2)J)
1= (F()H (2) = G()L(Z) + (G()H (2) + F(2)L(2))J;
see [33, p. 125]. Analogously, one can define the %, product of two right slice

hyperholomorphic functions. While pointwise multiplication and slice multiplica-
tion are different, they can be related, as the following result shows.

Proposition 3.1. ([33, Proposition 4.3.22]) Let U C H be an axially sym-
metric s-domain, and let f, g : U — H be slice hyperholomorphic functions such
that f(p) #0 forallp € U. Then

(3.2) (f*)P) = fP)fP)'pf(P)),
forallp e U.
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Remark 3.2. The transformationp — f(p)~'pf(p) is clearly a rotation in H,
since |p| = |f(»)"'pf(p)|; this allows us to rewrite the x-product as a pointwise
product. Note also that if fxg(p) = 0, then either f(p) =0 or g(f(p)~'pf(p)) =0.

Corollary 3.3. Iflim,_, |f(re®)| = 1 forall I €S, then
lim | fx g(re”)| = |g(e")]
r—1
where 8 € [0,27) and I’ € S depends on 0, I, and f.

Proof. Setb = f(re’”) and write b = Re’* for suitable R, J, a. By hypothesis,
we can assume that b # 0 as » — 1; thus b~! exists. We have

b= reb = e (rel?)e’
=r(cosa — Jsina)(cos@ + I sinf)(cosa + J sina)
= r(cos@ + 1 cos®> a sin® — JI cos a sin a sin &)
+r(IJ cosasinasin@ — JIJ sin® a sin0)
= r(cos 0 + cos ae "I sin@ + e~'*I1J sin a sin 6)

= r(cos@ + e "*Ie’ sin0) = r(cosf + I’ sin ),
where I’ = e=/*Ie’*. The result now immediately follows from the equalities

lim | f* g(re™)| = lim | f(re")g(b™"re"b)| = lim |g(re’?)| = |g(e")].
r—1 r—1 r—1 O

It is possible to construct a slice regular reciprocal of a left slice regular func-
tion f, which is denoted by f~*. The general construction can be found in [33].
In this paper, we need the reciprocal of a polynomial or a power series with center
at the origin, which can be described in the easier way illustrated below.

Definition 3.4. Given f(p) =>_,2,p"ay, let

o0 o0 n
FP) =D p'an, Q)= P =Y p"Cns  Ca = arln .
n=0 =0 =0

If f converges in the ball of radius R centered at 0, the other series also converge
in that ball. The left slice hyperholomorphic reciprocal of f is defined as
7 1= (f)"'f¢. Analogously, we define the right slice hyperholomorphic
reciprocal of a right slice regular function f(q) =Y., a,q" as f = := f(f)~".

Note that the series f* has real coefficients.
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Remark 3.5. Let Q be an axially symmetric open set. Recall that if f is left
slice hyperholomorphic in g € Q, then f(g) is right slice hyperholomorphic in 7.
This fact follows immediately from (0, +10,) fi(x+1Iy) = 0, since conjugation gives
fix+Iy) (6, — 8,]) =0forall ] €.

Lemma 3.6. Let Q be an axially symmetric s-domain and f, g : Q — H be
two left slice hyperholomorphic functions. Then fx; g = g *, f, where %}, %, are
the left and right x-products with respect to q and g, respectively.

Proof. Let f;(z) = F(z) + G(2)J and g;(z) = H(z) + L(z)J be the respective
restrictions of f and g to the complex plane C;. The functions F, G, H, L are
holomorphic functions of the variable z € Q N C;, which exist by the Splitting
Lemma. Also, J is an element in the sphere S orthogonal to /. The «,-product of
the two right slice hyperholomorphic functions g and f in the variable 7 is defined
as the unique right slice hyperholomorphic function whose restriction to a complex
plane C; is given by

(H(@)—J L@)*(F(2)=J G(2)):=(H (2) F ()~ (DG ()~ J (L) F(2)+H (D)G(2)).

Thus, a comparison with (3.1) makes clear that f; x; g; = g7 *, f;. Taking the
unique right slice hyperholomorphic extension, we obtain the lemma. (|

Remark 3.7. For the sake of completeness, we adapt some of the previous
definitions to matrix-valued functions. We say that a real differentiable function
f:Q CH — HV*M js left (respectively, right) slice hyperholomorphic
if and only if for any linear and continuous functional A acting on HY*™ | the
function Af is left (respectively, right) slice hyperholomorphic in Q. It can be
shown using standard techniques that if, in particular, Q = B, then f is left slice
hyperholomorphic if and only if f(p) = > voy p"An, where A, € HY*M and the
series converges in B. Let f : B — HY*M ¢ : B — HM*L be left slice hy-
perholomorphic and f(p) = Y .02, p"An, ) = > neoP"Bn. The x-product of f
and g is defined as fx g := Y o2, p"C,, where C, = Y '_A,B,_,. Analogous
definitions can be given in more general cases (see [2]) and also for right slice
hyperholomorphic functions.

Remark 3.8. When considering the function Yoo, p"A", where A € HN*V
and |p| < 1/]|A|| or, more generally, a bounded right linear quaternionic operator
A from a quaternionic Hilbert space to itself, (I — pA)™ can be constructed using
the functional calculus; see [5, Proposition 2.16]. It is sufficient to construct the
right slice regular inverse of 1 — pg with respect to g and then replace g with the
operator A. Note that, for simplicity, we write (I — pA)~” using the symbol *
instead of x,; the discussion in Remark 2.6 justifies this abuse of notation.
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4 Multipliers in reproducing kernel Hilbert spaces

In this section, we study the multiplication operators and their adjoints. We show

that positivity implies slice hyperholomorphicity for a class of functions and we

prove that if a kernel is positive and slice hyperholomorphic, then the correspond-

ing reproducing kernel Hilbert space consists of slice hyperholomorphic functions.
Let us begin by recalling the following definition; cf. [11].

Definition 4.1. A quaternionic Hilbert space .# of H"-valued functions
defined on an open set Q C H is called a reproducing kernel quaternionic
Hilbert space if there exists a HY*" -valued function defined on Q x Q such that

(1) forevery g € Q and a € H", the function p — K (p, g)a belongs to
(2) forevery f € #,q e Q,anda € HY, (f, K(-, q)a) » = a*f(q).

The function K (p, g) is called the reproducing kernel of the space. As ob-
served in [11], Definition 4.1, one may impose the weaker requirement that 7
be a quaternionic pre-Hilbert space. However, the next result guarantees that a
reproducing kernel quaternionic pre-Hilbert space has a unique completion as a
reproducing kernel quaternionic Hilbert space. We denote this space by 7 (K).

Theorem 4.2 ([11]). Given an HY*N -valued function K (p, q) positive on a
set Q C H, there exists a uniquely defined reproducing kernel quaternionic Hilbert
space of HN -valued function defined on Q and with reproducing kernel K (p, q).

Recall that 7 (K) is the completion of the linear span %”EK ) of functions of
the form

(4.1) p> Kp,@a, geQ, aeH",
with the inner product

4.2) (K(-, q@)a, K(, s)b)jf?K) :=b*K (s, g)a.

Proposition 4.3. Let ¢ be a slice hyperholomorphic function defined on an
axially symmetric s-domain Q and with values in HN*M . Let K\(p, q) and K>(p, q)
be positive definite kernels in Q, respectively HY>*M - and HY*N -valued, and slice
hyperholomorphic in the variable p.

(1) If the slice multiplication operator My : H(K,) — H(K3) given by
My : f — ¢ [ is continuous, then the adjoint operator is given by the
formula

My(K>(-, @)d) = Ki(-, @) *r ¢*(q)d.
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(2) The multiplication operator My has norm less than or equal to k (in partic-
ular, My is bounded) if and only if the function

1
(4.3) Kx(p, q) — ﬁ¢(l’) *1 Ki(p, @) - p(q)*

is positive on Q.
Proof. We compute the adjoint of the operator My : H(K;) — H(K>):

c*(My(Ka(-, @) (p) = (Mz(Ka(-, )d), Ki(-, p)C)acx,
= (Ka2(-, @)d, %1 K1 (-, p)C)aciir)
= (¢ * K1(-, p)e, Ka(-, @)d)5cxcy
= (d*(¢(q) *1 Ki(q, p))o)*
= c"(¢(q) %1 Ki(q, p))*d.

Now observe that by Lemma 3.6, we have (¢(q) x; K1(q, p))* = Ki(p, ¢) *» $*(q),
and so M (K> (-, q)d) = Ki(-, @) * ¢*(q)d. The positivity of (4.3) follows from the
positivity of the operator k> — MyM, e

Conversely, the standard argument shows that ||My|| < k if (4.3) is positive. []

Example 4.4. Let us consider the case in which the kernel K is of the form

K@p,q) = Zp"ﬁ"an, a, € Rforalln e N.
n=0

In this case, -
dP) < K(p.q) =>_p"¢p)q
and ":
@)% K@, q)* =Y _ q'¢(p)' D e,
from which we obtain "

P(@) %1 (p(P) %1 K, 0)* = ¢(@) %1 Y d"¢0)P'an = ¢(q) 1 K(q, p) *r ().
n=0

Recall that in [5], a Schur function S is defined to be a HY *™ -valued function,

slice hyperholomorphic in B, whose kernel

44)  ks(p.q) =) _p'Un —SES@NT" = Uy — SP)S(@)*) * (1 — pg) ™
n=0
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is positive on B. We show, in Theorem 4.6 below, the converse for a subclass of
slice hyperholomorphic functions, i.e. that for a subclass of slice hyperholomor-
phic functions, positivity forces hyperholomorphicity. This subclass, denoted by
N, corresponds to those functions f such that f : BN C; — C; forall I € S. For
functions f € N, the pointwise multiplication of f with a monomial of the form
p" is well-defined and commutative. In fact, f takes the complex plane C;, to itself
and thus behaves, on each plane, like a complex-valued function.
We need the following preliminary result.

Proposition 4.5. ([11, Proposition 9.3]) Suppose Q is an arbitrary set. Let
K : Q— HY*N and K, : Q — HM*M pe positive functions and ¢ - Q — HV*M
The pointwise multiplication operator by ¢ has norm less than or equal to k (and,
in particular, is bounded) if and only if the function

1
4.5) K>(p, q) — ﬁ(b(p)Kl(p, DP(Q)”

is positive on €.

Theorem 4.6. Let S : B — HY*M be a function such that for every I € S,
S:BNC; — C¥Y*M | Then the following are equivalent.
(1) The function Y 2, p"(In — S(p)S(q)*)q" is positive on B.
(2) The operator My is a contraction from sz"’ (B) to H12v (B).
(3) S is a Schur function belonging to N(B).

Proof. The equivalence between (1) and (2) follows as in [1, Theorem 2.6.3],
and its proof is based on Proposition 4.5. Indeed, in (4.5) set

Kip,q) =Iy(1 —pd)™™, Kxp,q) =Iy(1 —pg)~".
Then

1

(4.6) In(1 —pg)~" — 2 wa —pd)"S(@)"

o0 1 o0 .
=Iv D "7 = ZSPQ_p"7HS(@)"
n=0 n=0
Now observe that, by hypothesis, S(p) commutes with p” since S takes the complex

plane C;, to itself; similarly, S(g)* commutes with §". So we conclude that (4.6)
equals

> 1
> Py = ZSOS@HT".
=0
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Thus, if (1) holds, then by Proposition 4.5, Mg is a contraction from H’z"’ (B) to
H12V (B). Conversely, if (2) holds, then again Proposition 4.5 allows us to conclude
that (1) holds.
The implication (3) implies (2) follows from the fact that S is a Schur function.
To see that (2) implies (3), notice that S is slice hyperholomorphic, since
Sc € H12V (B) for every c € HM . Moreover, S is contractive, since M § acts as

M3 (1= pgy—d) = (1 = pg) " S(9)"d
and Mg is also a contraction. g

Definition 4.7. A subset Q of B is called a set of uniqueness if every slice
hyperholomorphic function on B which vanishes on Q is identically zero on B.

Example 4.8. Every open subset Q of B N C; is a set of uniqueness. More
generally, every subset Q of BN C,, I € S, having an accumulation point in C; is
a set of uniqueness.

Theorem 4.9. Let Q be a set of uniqueness in B and S a function defined on
Q such that S : QN C; — CY*M for every I € S. Then S can be extended slice
hyperholomorphically to a Schur function in N(B) if and only if the kernel

4.7) > P'Un = SOS@HT"

n=0
is positive on .
Proof. If S can be extended hyperholomorphically to a Schur function, then

the kernel (4.7) is positive definite on Q.
To prove the converse, define the right linear quaternionic operator 7" as

T(U=pp™d) =1 —pD”'S@'d, qeQ
and reason as in the proof of Theorem 4.6. By assumption, the kernel

> Py —SPS@)T"

n=0
is positive; thus T is well-defined and contractive. Its domain is dense, since Q is
a set of uniqueness. So T extends to a contraction from H) to HY . Its adjoint is a
contraction; and for every g € Q and F € HY,

(T*F.(1=pg)™*d) = (ET((1 = pp)~*d))

=(F, (1 —pg)"S(¢)*d)
=d*S(@)F (q).
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Since we obtained a function equal to S(¢)F(q) on €, the choice F' = 1 shows that
S =T*1 is the restriction to Q of a Schur function. [

To conclude this section, we show that if a kernel K (p, ¢) is positive and slice
hyperholomorphic in p, then its corresponding reproducing kernel Hilbert space
consists of slice hyperholomorphic functions.

Theorem 4.10. Let K (p, q) be an HY*N -valued function defined on an open
set Q C H and let 77(K) be the associated reproducing kernel quaternionic
Hilbert space. Assume that for all g € Q, the function p — K(p, q) is slice
hyperholomorphic. Then the entries of the elements of 77 (K ) are also slice hyper-
holomorphic.

Proof. It suffices to consider the case of H-valued functions, as the matrix
case is similar. For any f € J#(K), p, q € €, and sufficiently small ¢ € R\ {0},

1 1
E(K(p, g+¢e)—K(p,q) = E(K(Q+ e,p)—K(q,p)).
Let (u + Iv, x + Iy) € C; x C;. Then

K(p,q) _ 9K(q,p)
ox ou

Similarly,

1 1
E(K(p, qg+le)—K(p,q) = E(K(q+18,p) — K(q,p)),

from which we deduce
K, q) _ oK(q,p)

oy ov

The two families

1 1
{E<K<p,q+s>—l<<p,q>>} , {;(K(p,que)—K(p,q))} ,

ceR\{0} ceR\{0}

are uniformly bounded in norm and therefore have weakly convergent subse-
quences which converge to oK (p, g)/0x and oK (p, q)/ 0y, respectively. Moreover,

1 1
E(f(P +¢e) — f(p) =(f(), E(K(~,p+8) — K, p)) )

and
1 1
g(f(l? +1e) — f(p)) = (f(), E(K(-,p +1e) — K (-, p))) swik)-

Thus, we can write

of

_ aK(ap)

ox

>J“/f(K)a
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and
of K (-, p)

To show that f is slice hyperholomorphic, we consider its restriction to an arbitrary

) K)-

complex plane C; and show that it is in the kernel of the corresponding Cauchy-
Riemann operator:

d d K (-, q) oK (-, q)
Ly (p BCDy (g, KLy
ou ov ox HK) oy HK)
= <fa a - I> B
X Oy HK)
oK (q, - oK (q, -
=<f, 4. ., (q,)> -0,
ou ov HK)
since the kernel K (g, p) is slice hyperholomorphic in the first variable g. (|

5 Blaschke products

The space H(B) was introduced in [5] as the space of power series

@ =>_p"fu.

n=0

where the coefficients f;, lie in H and satisfy

5.1) 1f e S | 2 1fl? < oo
n=0

H,(B) endowed with the inner product

[f.8l2 = Zufu Where g(p) = p"gn,

n=0 n=0

is the right quaternionic reproducing kernel Hilbert space with reproducing kernel
o0
kp.g) =) p'q" =1 —p~".
=0

The norm (5.1) admits another expression.

Theorem 5.1. The norm in Hy(B) can be written as

1 [ 1/2 1 (2= 1,2
sup —/ |f(re19)|2d0} = sup [—/ |f(re’9)|2d9} .
0 T Jo

O<r<l1, IeS [27[ O<r<1 2



PONTRYAGIN-DE BRANGES-ROVNYAK SPACES 101

Proof. The equality is clear from the power series expansion of f with center
at 0 and the Parseval identity. Thus the norm can be defined as in the classical
complex case by computing the integral on a chosen complex plane. (]

Let us prove some results associated to the Blaschke factors in the slice hyper-
holomorphic setting.

Definition 5.2. Leta € H, |a| < 1. The function

. a
(5.2) B,(p) =(1 —pa)" x(a —p)m
is called the Blaschke factor at a.

Lemma 5.3. Let a € B. Then B, is a slice hyperholomorphic function in B.
Furthermore,

5.3) B,(a)a =aB,(a).

Proof. Indeed, B,(p) is slice hyperholomorphic by its definition. Now

Bu(p) = (ip"ﬁ") * (a —p)z
n=0

|al
(54) — Z(pnana _pn+lan)|z_|
=0

> 1
=lal+>_p"™'a™ ! (la] — —),
~ lal

from which (5.3) follows. U

Remark 5.4. Set A(p) =1 — pa. Then

(1= pa)™ = Q@) * 2PN~ 2 ().

Applying formula (3.2) to the products A°(p) x A(p) and A°(p) x (@ — p), we can
rewrite (5.2) as

Bu(p) = (A5(p) % A(p) " 25p) % (a — p)-% = GE)2@) ™ A< (p)a — p)--

55 i al =" lal

=Ap) a—p)— = —pa)'(a —p)—,
jal jal

where p = A°(p)~!pA¢(p). Formula (5.5) represents the Blaschke factor B,(p) in
terms of pointwise multiplication only.
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Theorem 5.5. Leta € H, |a| < 1. Then

1. B, takes the unit ball B to itself;

2. B, takes the boundary of the unit ball to itself;
3. B, has a unique zero for p = a.

Proof. By Remark 5.4 we can write B,(p) = (1 — pa)~'(a — p)a/|al. Let us
show that |p| = |p| < 1 implies |B,(p)|> < 1. The latter inequality is equivalent to

la —pI* < |1 —pal®,
which is also equivalent to
(5.6) lal* +1pI* < 1+lal*|p|*.
Inequality (5.6) can be written as (|p|> — 1)(1 — |a|?) < 0 and holds when |p| < 1.
For |p| = 1, we set p = €', so that p = ¢/, by the proof of Corollary 3.3. Then

Ba(e™)] = |1 = e"al ™" a — e”"l% =le™" —a™a -’ = 1.
a
Finally, from (5.5) it follows that B,(p) has only one zero that comes from the
factor a — p. Moreover B,(a) = (1 — da)~'(a — @)a/|a|, where
i=(1-a"'a(l —a* =a,

and thus B,(a) = 0. O

Theorem 5.6. Let {a;} C B, j =1,2,..., be a sequence of nonzero quater-
nions such that [a;] # [a;] ifi # j and assume that ijl(l —lajl) < oco. Then
the function

~ =« a;
(5.7) B(p) :=1I%. (1 — pa;)™" * (a, —P)ﬁ,
J
where I1* denotes the x-product, converges uniformly on compact subsets of B.

Proof. Leta;(p):= By, (p) — 1. Remark 5.4 yields the chain of equalities

() =Bay(p) — 1 = (1 = pia))~ (a; — p)-- — 1

la;|
=(1 — pa;)”" [(aj — )L —q —ﬁa»]
la;|
=(1 — pa,)~" [(|aj| -1 (1 +’5|Z—;|ﬂ .

Thus, if [p| < 1 then |a;(p)| < 2(1 — |p))~'(1 — |a;]), since || = |p|, and since
> 521 (1 = laj) < oo, it follows that 327, |a;(p)| converges in BB. a
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Definition 5.7. The function B(p) defined in (5.7) is called a Blaschke
product.

Remark 5.8. In the complex case, the sequence of complex numbers {a;}
turns out to be the sequence of zeroes of the Blaschke product. The quaternionic
case is different, and we discuss it in the following results. In order to illustrate
the differences, let us consider the simpler case of a polynomial

Pp)=(p—a)*...x(p—ay,)

and assume that [a;] # [a;] foralli,j = 1,...,n. Then it can be verified that
p = a; is a zero of the polynomial P(p), while the other zeroes lie on the spheres
[a;] defined by a; for j = 2,...,n. Note that in case all the elements a;, j =
1,...,n,lie on a common sphere and a;,| # a;, the only zero of the polynomial is
a; and it has multiplicity n; see [16, Lemme 2] or [52, Lemma 2.2.1]. Moreover,
whenever a polynomial or, more generally, a slice hyperholomorphic function f
has two zeroes belonging to the same 2-sphere, then all the elements of the sphere
are zeroes of f. Thus the zeroes of a slice hyperholomorphic function are either
isolated points or isolated spheres; see [33].

Assume that the slice hyperholomorphic function f has zero set

Z ={ai,as,...} U{lc], [c2], ...}

Then it is possible to construct a suitable Blaschke product having Z; as zero set.
Let us begin with the case in which the zeros are isolated points. We require of the
following remark.

Remark 5.9. Direct computations show the following equality of polynomi-
als:
a

(1= payx(a—p) = (@=p)=) (1= pa) = @ = p)+ (1 = pa)

|al |al lal

Proposition 5.10. Let Z = {ay,as,...} be a sequence of elements in B,
aj # 0 forall j =1,2,... such that [a;] # la;] if i # j, and assume that
ij](l — la;|) < oo. Then there exists a Blaschke product B(p) whose zero set is
Z.

Proof. Let us prove the statement by induction. By hypothesis, the zero set
of the required Blaschke product consists of isolated points, all of them belonging
to different spheres. We have already proved that if n = 1, then Bi(p) := B,,(p)
has a; as its unique zero.
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Let us now assume that the statement holds for ay, ..., a;, so there exists a
Blaschke product By (p) vanishing at the given points. We construct a Blaschke
product vanishing at ay, ..., ax, ar+1. Observe that it is possible to choose an
element a;,, belonging to the sphere [a;41] such that Bi(p) * By, (p) has zeros
ai, ..., ags1- In fact, consider the product

oy a
B (p) 1= Bu(p) * (1 — paj,) " (@, — p)—=
Iak+1|

and rewrite it using Remark 5.9 in the form
- - 1 @
Bis1(p) := Bu(p) % (ajyy — p) > (1 = paj )1 = 2Re(@ )p + | Ip?) lla’,‘—“l-
k+1
We now observe that the zeros of By.i(p) belonging to the ball B come from the
zeros of the product B(p) := By(p) * (a,; — p). Also observe that

B(aks1) = Bi(ar1) @y — Bilarsn) ™ arei Bie(as)),
so in order for ax. to be a zero of B, and thus also of By, it suffices to choose

-1
Apy = Bi(aie1)™ ak1 Br(arer).

The convergence of the Blaschke product follows as in Theorem 5.6. (]

From now on, whenever we write Z = {(a, 1)}, we mean that Z consists of the
point a repeated u times. Let us now prove the analog of Theorem 5.5(3) in the
case a has multiplicity u.

Lemma 5.11. Let Z ={(a, w)} witha € B and a # 0. The Blaschke product

Bp) :=((1—pa~ x@—p) )"

lal

u times

has zero set Z.

Proof. Since
L = (1= 2Re(a)p +p2lal>)"'(1 = pa) * (a — p)—,

(1 —pa)™" x(a—p)
lal |al

using the fact that 1 — 2Re(a)p + p?|a|? has real coefficients, we can write

B(p) _ (1 _sze(a)+p2|a|2)—,u (1 _pa)*(a _p)% . (1 —Pa)*(a _p)% .

u times
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Thanks to Remark 5.9, we obtain
_ a \*u
B(p) = (1 = 2pRe(a) + pPlal®) ™" (@ = p)i )+ (1 = pa)'.
Thus B(p) has a unique zero in B at p = a of multiplicity x. Note that the zero on
the sphere [1/a] which (as can be proved) coincides with 1/a, has to be excluded
since B(p) is not defined there; moreover, 1/a ¢ B. O

Proposition 5.12. Let Z = {(ay, u1), (az, 12), ...} be a sequence of points
a; € B with respective multiplicities pj > 1, aj # 0 for j =1,2,.... Let a; be
such that [a;] # la;] ifi # j and Ejz] ui(l —laj|) < oo. Then there exists a
Blaschke product of the form

B(p) = [ [Bs )™
j>1
having zero set Z. Here, ay = a;, and a;- € la;] are suitably chosen elements,
j=2,3,...

Proof. We prove the assertion by induction on the number of distinct zeros. If
there is just one zero a; with multiplicity u, then the statement follows by Lemma
5.11.

Let us next assume that the proposition holds in the case of k different ze-
ros a; with respective multiplicities u;, and prove that it holds in the case of
k + 1 different zeros. Let Bi(p) be the Blaschke product having zeros at Z =
{(ar, 1), - .., (ax, up)} and consider Biy1(p) := Bi(p) x (Byy, (p))**, where a
is chosen such that By (p) x By, (p) has a zero at p = ag41. Then all the other zeros
of Bj,; must belong to the sphere [a;.1]. Moreover, they must coincide with a;;.
Otherwise, the Blaschke product (B, (p))™* vanishes at two different points on
the same sphere, and thus on the entire sphere. In particular, any two conjugate
elements on the sphere are zeros of the product and so

Bu(p)* Ba(p) = (1 = p@) ™ x (@ = p)yox (1 = pa) ™ x @ =pos
= (1 = 2Re(a)p +p*|a) ™' (la]” — 2Re(@)p +p?).

However, it is immediate that the product (B, (p))** does not contain factors of
the above form; thus all its zeros coincide with ay,; as stated. The convergence of
the Blaschke product now follows as in Theorem 5.6. (|

If a Blaschke product of two factors has an entire sphere of zeros then, as

discussed in the proof of the previous result, it has a specific form. We are thus led
to the following definition.
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Definition 5.13. Leta € H, |a|] < 1. The function
(5.8) Biy(p) = (1 — 2Re(a)p + plal*) ™" (|a|* — 2Re(a)p + p)
is called a Blaschke factor at the sphere [a].

Remark 5.14. Note that the definition of B,;(p) does not depend on the
choice of the point a that identifies the 2-sphere. Indeed, all the elements in the
sphere [a] have the same real part and module. It is easy to verify that the Blaschke
factor By,(p) vanishes on the sphere [a].

The following result is immediate.

Proposition 5.15. A Blaschke product having zeros at the set of spheres

Z ={([c1],vD), ([c2], v2), .. .},

where ¢; € B, the sphere [c;] is a zero of multiplicity v;, j = 1,2,... and
ijl vi(1—|c;|) < oo, is given by H]-ZI(B[C],](p))”f.

Proof. All the factors B )(p) have real coefficients and thus belong to the
class N (see Section 4), so we can use the pointwise product. The fact that the zeros
are the given spheres follows by taking the zeros of each factor. The convergence
of the infinite product follows as in Theorem 5.6. (|

Theorem 5.16. A Blaschke product having zeros at the set

Z ={(ai, p1), (az, u2), - .., ([e1], v1), ([e2], v2), ..}

where aj € B, a; have respective multiplicities p1; > 1, a; #0 for j =1,2,..,
la;] #la;lifi # j, ci € B, the spheres [c;] have respective multiplicities v; > 1,
J=L2 el #leglifi #jand Y, 0 (il = laih) +v;(1 = |e;) < oo,
is given by [[;~1(Bic, ()" H;21(Ba}(l9))*”ja where a} = a; and a;- € la;] are
suitably chosen elements, j =2,3, .. ..

Proof. The theorem follows from Propositions 5.10 and 5.12.

Theorem 5.17. Let B, be a Blaschke factor. The operator M, : f — B, % f
is an isometry from Hy(B) into itself.

Proof. We first consider f(p) = p“h and g(p) = p’k, where u,v € Ny and
h, k € H, and show that

(59) [B, * fa B, * g]2 = 5L¢th‘
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Using (5.4), and with f and g as above, we have

s 1
Ba* f)(p) = phlal + > p™1 @™ (ja] — —)h

n=0 | |

and

(5.10) (Bax 8)(p) = p'klal+ > p™'*a™ (la| — ﬁ>
n=0

If u = v, then

_ e 1 _
[Bu* f, Bax gla =kh <|a|2 +Y lal*™**(la| — Wz) =kh = [f, gl.

n=0
To compute [f, g]», we assume that u < v. Then, in view of (5.10), we have
[puhlala Ba *g]2 = 0

Thus,

> 1
[Bo* f,Bax gl = [Zp"*““a"“ (lal a |> h, p" lalklo+

=0

+[an+l+u—n+l (lal > Z m+1+v—m+1 <|a| | |) k]2

— 1
= |alka’™" (lal — —) h+
lal

+ [me+l+v—m+l+v u (l | _ ﬁ) ]’L me+l+v—m+l (lal | |) k]2

=0

1 1\? la|?
= |alka® ™" (lal — —) h+k (lal - —) a h
lal lal 1 —|al?

=0 =[f9g]2'

The case v < u is handled by symmetry of the inner product. Hence, (5.9) holds
for polynomials. By continuity and a corollary of Runge’s theorem (see [29]), it
holds for all f € H,(B). ]

Similar results hold for bicomplex numbers; see [8].

Finally we note the following. In the classical case, Blaschke factors have
counterparts in the matrix-valued case. More precisely, a rational matrix-valued
function which takes unitary values (with respect to a possibly indefinite metric)
on the unit circle and has McMillan degree 1 is called a Blaschke-Potapov
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factor of the first kind if its unique pole is outside D, a Blaschke-Potapov
factor of the second kind the second kind if the pole lies inside D, and a
Blaschke-Potapov factor of the third kind if the pole lies on the unit cir-
cle. These terms originate with the work of Potapov [55]; also see [36]. The
results in this section are a stepping stone toward the study of these notions in the
slice-hyperholomorphic setting.

6 Homogeneous interpolation in the Hardy space

In this section, we consider homogeneous interpolation in the space H,(B). We
first briefly discuss the Beurling-Lax theorem to set the problem in perspective.
Beurling’s theorem (see [17], [57]) characterizes the closed, shift-invariant, non-
trivial subspaces of the Hardy space of the disk H,(ID). These are spaces of the
form M = jH,(D), where the function j is inner, i.e., analytic and bounded by
1 in modulus in the open unit disk, and with non-tangential limits everywhere of
modulus 1. Thus M has reproducing kernel j(z)j(w)/(1 — zw), and its orthogonal
complement has reproducing kernel

©.1) 1— j(z)@'

1 —zw
In the vector-valued version of Beurling’s theorem (that is, the Beurling-Lax Theo-
rem), j is now operator-valued and takes isometric boundary values on the unit
circle; see, for instance, [56, Theorem A, p. 98]. In another direction, reproducing
kernel Hilbert spaces of vector-valued functions with reproducing kernel of the
form (6.1) (where now j need not take isometric values on the boundary, but is
merely contractive in the open unit disk) were characterized by de Branges and
Rovnyak in [19] in the scalar case; see also the papers of Guyker [40, 41]. In
the case of vector-valued functions, they have been characterized in [6, Theorem
3.1.2] in the setting of Pontryagin spaces. The counterpart of the result of [6] in
the setting of slice hyperholomorphic functions is presented in the preprint [4].

The problem considered in this section is set in the scalar case and gives a char-
acterization of the family of subspaces of Hy(B) which are invariant under slice
multiplication by the variable; see Problem 6.1 and Theorem 6.2. This amounts
to the simplest Beurling-Lax type theorem in the present setting. We note that the
computations made in Section 9 below (see, in particular, Theorem 9.4) help to
obtain finite dimensional matrix-valued versions of Theorem 6.2. In the study of
the infinite dimensional case, one encounters problems such as the counterpart of
singular inner functions in the slice holomorphic case. These problems will be
considered in [2].
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Problem 6.1. Given N points a;, ...,ay € B, and M spheres [c1], ..., [cu]
in B such that the spheres [a], ... [an], [c1], - - ., [cp] are pairwise disjoint, find
all f € Hy(B) such that

(6.2) f@) =0, i=1,...,N,
and
(63) f([cl]) =Oa .] =133M

Theorem 6.2. There is a Blaschke product B such that the solutions of Prob-
lem 6.1 are the functions f = B * g, when g runs through H,(B).

Iterative proof. We proceed in three steps. As a preliminary computation,
we consider in the first step the case N = 1 and M = 0. The problem itself is
solved by considering the interpolation at the spheres first.

STEP 1. We solve the problem for M =0 and N = 1.

Let B,, be the Blaschke factor (5.2) at a;. By (3.2), we have (B,, x f)(a;) =0
for all f € Hy(B). Furthermore, by Theorem 5.17, ||B,, * fll2 = || fll2. Thus, for
N =1, the set M of solutions of Problem 6.1 contains B,, x H»(B).

We now prove that M C B,, » Hy(B). Let f € M. By the reproducing kernel
property, f is orthogonal to (1 — pa;)™. The range ran /T — M, M;, is equal to
the span of (1—par)™; see [5]. In view of Theorem 5.17, we have /T — M, M, =
I — M, M;, and thus Hy(B) = (I — M, M; )H>(B) & (M, M,; )Hy(B). Therefore,
f € (Mg M; )Hy(B). Hence M = B, « Hy(B).

With this preliminary computation in hand, we solve the interpolation problem
by first considering the interpolation at the spheres [c1], . . ., [ca]-

STEP 2. Consider the sphere [c;], and let B|.,) be the corresponding Blaschke
factor given by (5.8), j = 1,2,...,M. An element f € H,(B) vanishes on the
spheres [c1], ..., [cy] if and only it can be written as

(6.4) f= B[Cl]B[Cz] to B[C'M]g’
where g € Hy(B).

Note that in (6.4), we have pointwise products since the Blaschke factors on
spheres have real coefficients. By [33, Corollary 4.3.7, p. 123], f vanishes on the
entire sphere [c;] if and only if f(c;) = f(cy) = 0. By STEP 1, the first condition
means that f = B, x g for some g € Hy(B). By (3.2), the second condition is
equivalent to

(6.5) B, (c1)g((B.,(€D)~'e1B,,(c1)) = 0.
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Since B, (c1) # 0, and because of (5.3), (6.5) is equivalent to g(cy) = 0. Thus,
once more using STEP 1, we have g(p) = Bz % h for some h € Hy(B). Therefore,

f =B, * B xh = B, h.

This argument can be iterated for the spheres [c3], . . ., [cm] since By,j(c1) # 0
(which in turn follows from the fact that the spheres do not intersect).

We now turn to the conditions (6.2). The function f is of the form (6.4), and
thus the condition f(a;) = 0 becomes

(Bie,1Bic,1 - - - Biey1) (@glar) =0.

Hence, by STEP 1, g = B,, x g for some g; € Hy(B). Now suppose f € Hy(B)
satisfies f(ap) = 0. By the previous argument, f is of the form

(Biei1Bies1 ** Biey1) Bay * 81
for some g; € Hy(B). The condition f(a;) = 0 and formula (3.2) give
g(ay) =0, where a) =X"'aX,

with

X = (BieBies) - BiewiBay) (a2).
Hence f is a solution if and only if g» = By, * g for some g1 € Hy(B). Iterating
this argument, we obtain the set of functions f € Hy(B) which vanish at the points
ai,...,ay. O

Remark 6.3. Itis also possible to avoid iteration and to give a “global”” proof
of Theorem 6.2. In other words, one can construct directly from the interpolation
data an N-dimensional backward shift invariant subspace, whose structure leads
to the function B.

7 Quaternionic Pontryagin spaces

Quaternionic Pontryagin spaces have been studied in [11]. In this section, we
review the main definitions and prove, in the setting of quaternionic spaces, an
important result due to Shmulyan in the complex setting; see [58] and [6, Theorem
1.4.2]. Consider a right vector space & on the quaternions endowed with a H-
valued Hermitian form [ -, -], meaning that [va, wb] = b[v, wla for all a, b € H
and v, w € &. & is called a (right, quaternionic) Pontryagin space if it
admits a decomposition

(7.1) P =P +7_,

where &7, and &7_ are subspaces such that
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(1) (&4, [+, -] is a (right, quaternionic) Hilbert space,
) (£—, —[-, -] is a finite dimensional (right, quaternionic) Hilbert space,
(3) the sum (7.1) is direct and orthogonal, i.e., . N #_ = {0} and [v,,0v_] =0
forallv, € &, andv_ € Z_.
The space & endowed with the form

(o, w) =[vg, -] —[Wy, -], vV =vs+v_, W =W, +W_

is a (right quaternionic) Hilbert space. The decomposition (7.1) is called a fun-
damental decomposition. It is not unique (except for the case where one of the
components reduces to {0}), but all the corresponding Hilbert space topologies are
equivalent; see [11, Theorem 12.3]. The number x = dim Z_ is called the index
of the Pontryagin space &2. It is the same for all the decompositions; see [11,
Proposition 12.6]. The reader should be aware that in some of the literature on the
complex-valued case, in particular in [18], [44], the convention is the opposite and
it is the space &7, that is required to be finite dimensional.

Example 7.1. Let J € HY*N be a signature matrix. The space H" endowed
with the Hermitian form [o, w]; = w*Jo is a right quaternionic Pontryagin space,
which we denote by HY .

Before turning to Shmulyan’s theorem, we recall the following definitions.
Given two right quaternionic Pontryagin spaces (£, [-, -11) and (2%, [+, -]2) a lin-
ear relation between &7 and &, is a right linear subspace, say R, of the product
P x P,. The domain of the relation is the set of elements v; € £ such that
there exists a (not necessarily unique) v, € &, satistying (v1, v2) € R. The relation
is called contractive if [v1, v1]; < [0v3, 02]> for all (v1, v3) € R. One example of a
relation is the graph of an operator. A relation is the graph of an operator if and
only it has no elements of the form (0, v;) with v, # 0.

Theorem 7.2. A densely defined contractive relation between quaternionic
Pontryagin spaces of the same index extends to the graph of a contraction from
Py into Y.

Proof. Following the strategy of [6, pp. 29-30], we divide the proof into a
number of steps. Recall that a strictly negative subspace is a linear subspace
V such that [v, v] < O for every non-zero element of V.

STEP 1. The domain of the relation contains a maximum negative subspace.

Indeed, every dense linear subspace of a right quaternionic Pontryagin space of
index x > 0 contains a x dimensional strictly negative subspace; see [11, Theorem
12.8 p. 470]. We denote such a subspace of the domain of R by 7_.
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STEP 2. The relation R restricted to V_ has zero kernel, and the image of ¥V_
is a strictly negative subspace of & of dimension k.

Let (v1, v2) € R with v; € ¥_. Since R is contractive, [v2, v2]» < [v1,01]1 <0,
and the second inequality is strict when v; # 0. Thus, the image of 7_ is a strictly
negative subspace of £2,. Next, let (v, w) € R and (v, w) with v, € ¥_ and
w e %,. Then (v — v, 0) € R. Since R is contractive, [0,0], < [v —v,v —v];.
This forces v =, since ¥_ is strictly negative, and proves the second step.

STEP 3. R is the graph of a densely defined contraction.

Choose 7_ as in the first two steps, and take a basis vy, ..., v, of _. There
exist uniquely defined vectors w; ..., w, € %, such that (v;, w;) € R fori =
1,...,x. Let #_ be the linear span of wi,...,w,. By STEP 2 and since the
spaces & and &, have the same negative index,

dim Y. =dim #_ =ind_ 91 =ind_ e@z,

and there exists fundamental decompositions &} = ¥_ + ¥, and &, = #_ + ¥4,
where (74, [+, -]1) and (#4, [+, -]2) are right quaternionic Hilbert spaces. Now let
(0, w) € R. We need to show that w = 0. Still following [6, p. 30], we write
w = w_ + w,, where w_ € #_ and w, € #,. Letw_ =3} ,_, w;q;, where each
g; € H,andsetvo_ =3, _,v;q,. Then (v_, w_) € R, and

(Oa U)) = (D—a U)_) + (_D—: w+)-

It follows that (—v_, w,) € R. Now, since R is contractive, [w,, wi], < [v_, v_]y,
and so [wy, wy]o < 0. Thus w, = 0. It follows that (0, w_) € R, and so w_ =0
because R is one-to-one on ¥_, as follows from STEP 2.

STEP 4. R extends to the graph of an everywhere defined contraction.

In the complex case, this is [6, Theorem 1.4.1]. Following the arguments there,
we consider the orthogonal projection from P, onto #_. Let T be the densely
defined contraction with graph the relation R. There exist H-valued right linear
functionals ¢y, ..., ¢, defined on the domain of R such that

To = fuca(®) + w,,
n=1
where w, € %, satisfies [f,, wi]» = 0 forn = 1,2,...,x. Assume that ¢ is
unbounded on its domain, let v, be such that ¢;(v,) = 1, and let v,, be vectors in
¥, such that ¢;(v,) = 1 and lim,,—, [0+ — 0y, v+ — 0,]1 = 0. Then v, belongs to
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the closure of ker ¢y, and so the closure of ker c; equals 7,. Thus ker c¢; contains
a strictly negative subspace, say #_, of dimension k. For v € J#_, we have
To =3, fuca(v). This contradicts STEP 2 and completes the proof. (]

8 Negative squares

The notion of kernels with a finite number of negative squares extends the notion
of positive definite kernels. For this notion in the quaternionic case, we refer the
reader to [11, Section 11]. Recall that an H¥*VN Hermitian matrix A has only
real (right) eigenvalues. We denote by sq_(A) the number of strictly negative
eigenvalues.

Definition 8.1. Let x € Ny. An HY*V-valued function K (z, ) defined for
Z, o in the set Q C H is said to have x negative squares if the following hold.
(1) K(z, w) is Hermitian, i.e.,

(8.1 K(z, w) = K(w,z)*, forallz, w € Q;

(ii) for every N € N and every choice of z,...,zv € Qand ¢y, ...,cy € H",
the N x N Hermitian matrix with £, j entry equal to c;K (z¢, zj)c; has at most
x strictly negative eigenvalues;

(iii) for some choice of N e N, z;,...,zv € Qandcy,...,cy € HY, the N x N
Hermitian matrix with £, j entry equal to ¢;K (z¢, z;)c; has exactly « strictly
negative eigenvalues.

We usually call such K(z, w)’s a kernel rather than function. When x = 0, the
kernel K (z, w) is positive definite.

In the following theorem, we recall the following quaternionic counterparts of
results well known in the complex case. We first give a definition. A positive
definite HV*N -valued function Q(z, w) is said to be of finite rank if it can be
factored as Q(z, w) = N(z, w)*N(z, w), where N (z, w) is HY*¥ -valued for some
M e N. The smallest such M is called the rank of Q.

Theorem 8.2. (a) Let K (z, w) be an Hermitian HY*N -valued function (see
(8.1)) for z, w in some set Q C H. Then K has k negative squares if and only
if it can be written as a difference K (z, w) = K,(z, w) — K_(z, w), where both
K, and K_ are positive definite in Q and K_ is of finite rank.

(b) There is a one-to-one correspondence between right quaternionic reproduc-
ing kernel Pontryagin spaces of index x, of H" -valued functions on a set Q,
and HY *N -valued functions with k negative squares in Q.
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For a proof of these facts, see [11, Theorems 11.5, and 13.1].

Theorem 8.3. Let K (p, q) be a HY *N-valued function with k negative squares
in an open non-empty subset Q of H. Then there exists a unique right quaternionic
reproducing kernel Pontryagin space & consisting of HN -valued function slice
hyperholomorphic in Q and with reproducing kernel K (p, q).

Proof. The fact that there exists a unique Pontryagin space P associated to K
follows as in [11, Theorem 13.1]. We have to show that the elements in & are
slice hyperholomorphic. Let WEK ) be the linear span of the functions of the form
p — K(p,q)a where g € Q and a € H". Since K has x negative squares, QEK)
has a maximal strictly negative subspace .#_ of dimension x. By [11, Proposition
10.3], it is possible to write @EK Y= A_ + ¥4 where 411 is a quaternionic
pre-Hilbert space. The space .4/ has a unique completion, denoted by .#;. Let
us define &7 := A, + A4_, with the inner product [ f, f] := [f+, fil s + 1=, =14
where f = fi + f_, fx € /L. If f1, ..., fi is an orthonormal basis of ./_, then

(8.2) Kp.9)— > _ fip)fi@)"

j=1
is a reproducing kernel for .#;,. The functions f;(p) are clearly slice hyperholo-
morphic in p since they belong to &(K), and so are the products f;(p)f;(q)* as
well as the kernel (8.2). Therefore, the elements in .44 are slice hyperholomorphic,
and so are the elements in <. (]

9 Generalized Schur functions

Definition 9.1. Let J; and J, be two signature matrices, respectively in HY*V
and HM*M | and assume that sq_J; = sq_J,. A HY*¥_yalued function @, slice
hyperholomorphic in a neighborhood V of the origin, is called a generalized
Schur function if the kernel

Ko(p.q) =Y p'(J— O(p)10(q)")q"
=0

has a finite number, say x, of negative squares in V.

We denote the class of such functions by .%(J2, J1) This class was introduced
in [5] forthe case N =M =1,x =0and J; = J, = 1. A pair of operators (C, A)
between appropriate spaces is called observable if

9.1) [ kerCA" = {0}.
n=0
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In the next result, we make use of the multiplication of operator valued slice hy-
perholomorphic functions. This multiplication is studied in detail in [2].

Theorem 9.2. Let ® be slice hyperholomorphic in a neighborhood of the
origin. Then, it is in .%.(J2, J1) if and only if it can written in the form

O(p) =D +pCx (5 —pA)B,

where & is a right quaternionic Pontryagin space of index x, the pair (C, A) is
observable, and the operator matrix satisfies

©2) (A B) (19 0) <A B) :<19 0>.
c p/]\o »)\lc b 0 J

Proof. Let #(0) be the right quaternionic reproducing kernel Pontryagin
space with reproducing kernel Kg(p, g). Following the proof of [6, Theorem
2.2.1], we use the same densely defined linear relation as was used in [5], but
this time in (2(0) & HY) x (2(0©) & H) ). More precisely, now

R =) [Ke® a)qu (Ko (p, q) — Ko(p, 0))u+ Ko (p, 0)qv
qv ’ (O(g)* — 6(0))u + 6(0)*gv ‘

Since sq_(J1) = sq_(J>), these Pontryagin spaces have same negative index The
proof then follows from Shmulyan’s result. The arguments are similar to those in
[5] and are thus omitted. U

We now characterize finite dimensional #(s) spaces. We begin with a prelim-
inary proposition.

Proposition 9.3. Let
S [N (i
and
9.4) s(p) =D +pC* (I — pA)™"B.
Then

I = s(P)is(@)* = Cx (I — pAY™* % (H — pHG) %, ((I — gA)™)" %, C*.
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Proof. We rewrite the matrix identity (9.3) as

J, — DJ,D* = CHC*
BJ\B* = H — AHA*
AHC* = —BJ,D*.

Let s(p) be given by (9.4), and consider the function J, — s(p)J1s(g)*, which is
slice hyperholomorphic in p and g on the left and on the right, respectively. Now

Jr—s(p)is(q)" =Jo — (D +pCx (I — pA)“B)J1(D +qC* (I — gA)™"B)".

In order to preserve the hyperholomorphicity in p, g we take, accordingly, the -
product in p and the x,-product in g and obtain

Jo = s(p)Jis(q)*
= Jy — (D +pCx (I — pA)y ™ *B)Jy(D* + B* %, (I — gA)™)" %, C*§)
= J, — DID* — pC+ (I — pAY*BJID* — D\B* %, (I — gA)™)" %, C*§
— pCx (I — pAY*BJB* %, (I — gAY ™) %, C*G.

Using the relations implied by (9.3) and the identities (9.6), we obtain

Jr — s(p)J1s(q)*
=CHC* + pC* (I — pA)"AHC* + CHA* %, (I — gA)™)* %, C*g
—pCx (I —pA)""(H — AHA™) %, (I — gA)™)" %, C*q
= Cx(I — pA)~*x {(1 — pAYHC™* + pAHC* + (I — pAYHA %, (I — gA) )" %, C*G
— p(H — AHA™) %, (I — gA) )" %, C*q
= Cx(I —pA) ™% [(1 — pAH( — gAY + pAH(I — gA)* + (I — pA)HA*G
— p(H — AHA")G| % (I — gA)™)" %, C*
= Cx(I —pA) ™% [H — HA*G — pAH + pAHA*G + pAH
— pAHA*G + HA*G — pAHA*G — pHG + pAHA*G| %, (I — gA)™)* %, C*
=Cx(I —pA) " x(H — pHg) », (I — gA)")" », C".
We can also write, equivalently.

Jr — s(p)15(q)* = Cx (I — pAY *Hx (1 — pg) x, (I — gA) ™ %, C*
= Cx (I — pA) ™ x (1 = pg) x, H(U — gA)™)* %, C*,
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or
Jo = s(p)is(q)" =(Cx (I —pA) ™) x (H — pHG) *, (C* (I — gA)™")".
Specializing Theorem 9.2 to the finite dimensional case we obtain the follow-
ing result.

Theorem 9.4. Let s be a generalized Schur function. The associated right
reproducing kernel Pontryagin space Z(s) is finite dimensional if and only there
exists a finite dimensional right Pontryagin space & such that

s(p) =D +pCx (I —pA)™ B,

where

A B
<c D) 2 oHY — 7 o H)

Is coisometric, i.e.,

©5) (A B) <19 0) (A B) =<19 0>.
c npJ]\lo »n)\c b 0 J

Proof. One half of the theorem follows from the Propositioin 9.3, while the
other half is a special case of Theorem 9.2. (]

Here we focus on the case M = N and Z(s) finite dimensional.

Definition 9.5. Let J € HY*" be a signature function. The H"*V-valued

generalized function s belongs to U, (J) if the space Z(s) is finite dimensional and
sq_(s) = k.

Theorem 9.6. s € U,(J) and is slice hyperholomorphic in a neighborhood
of the origin and only if it admits a realization

s(p) =D +pC* (I —pA)™ B
where A, B, C and D are matrices such that
A B\ (H o\[(a B\ _(H o
c p)J\o Js)\c p)] \o J

for some Hermitian matrix H € HN*V .
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Proof. First of all, observe that the definition of (left) slice hyperholomorphic
product immediately yields

(9.6) PCx f(p) =Cxipf(p) = Cx f(p)*i1p

in the case f(p) is a slice hyperholomorphic function, and C is a matrix. Analo-
gous equalities holds for the right slice hyperholomorphic product. It is also useful
to recall (cf. Section 3) that if f, g are left slice hyperholomorphic functions, then
(f*18)* =g" % f*and fx; C = fC; analogously, if 4 is right slice hyperholomor-
phic, Cx, h = Ch. U

In the positive case, the formulas above give the slice-hyperholomorphic ana-
logs of Blaschke factors of the first, second and third kind and of finite Blasckhe-
Potapov products. For the complex-valued counterparts of these notions, we refer
to [9], [7]. These last papers also suggest factorization results, which will be
considered elsewhere.

10 Generalized Carathéodory functions

We conclude this paper with a brief study the counterparts of the kernels (1.2).

Definition 10.1. Let J € HY*" be a signature matrix. A CV*¥_valued func-
tion ¢, slice hyperholomorphic in a neighborhood 'V of the origin, is called a gen-
eralized Carathéodory function if the kernel

ks @) =Y _ P (p(p)J + Jp(9)" )"

£=0
has a finite number, say «, of negative squares in V.

We denote the class of such functions by %,(J). In the case of analytic func-
tions, and for N = 1 and k¥ = 0, these functions appear in the work of Herglotz
[43], [37]. Still for analytic functions, these classes were introduced and studied
by Krein and Langer, also in the operator-valued case [45]. We now give a realiza-
tion theorem for such functions which is the counterpart in the present setting of a
result of Krein and Langer [45]. As for the realization of generalized Schur func-
tions, we build a densely defined relation and apply Shmulyan’s theorem (Theorem
7.2 above). We follow the arguments in [15, Theorem 5.2]. For the notion of ob-
servability in the statement of Theorem 10.2, see (9.1). The observability of the
pair (C, V) is equivalent to the condition

(10.1) Cx(I—pV)*f=0 = f=0.
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Theorem 10.2. An HV*N -valued function ¢ slice, hyperholomorphic in a
neighborhood V of the origin belongs to ©,(J) if and only if it can be written
as

(10.2) o(p) = %C* (U +pV)x Uy — pV)*C*J + w’

where & is a right quaternionic Pontryagin space of index k, V is a co-isometry
in 2, C is a bounded operator from & into HY, and the pair (C, V) is observable.

Proof. Let Z(p) denote the reproducing kernel right quaternionic Pontryagin
space of functions slice hyperholomorphic in V with reproducing kernel &,(p, q),
and proceed in a number of steps. In the sequel, for the sake of simplicity, /
denotes the identity without specification of the space on which it is defined.

STEP 1. The linear relation consisting of the pairs (F, G) € £(p) x ZL(p) with
F(p) =) kp,p)pjbj and Gp) =Y ky(p,pjbj — ky(p,0) <Z m) ,
j=l j=1 =1

where nvaries inN, py,...,p, € VCH, and by, ..., b, € H", is isometric. Here
pjbj means multiplication on the right by p; on all the components of b;.

We need to check that
(10.3) [F, Flegy =[G, Glye-

We have

[F, Flgq) = [Zk(p(p,p»p—jb,-, > k¢<p,pk>p—kbk} %)

j=1 k=1

= bipiky(pi, p)P7b,

jok=1

=33 bipl ()T + Jp(p )P b,

=1 jk=1

The inner product [G, G] ¢, is a sum of four terms, the first of which is

> btk p by =Y Y bipile(p)d + Jp(p))p;b;.

k=1 t=1 jk=1
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Letb =3 ;_, b¢. The second and third terms are

- (Z biky (P 0>> b==> bi(ppi)J + Jp0)")b
k=1 k=1
=— (Z chﬂ(pk)J) b — b*Jp(0)’b,
k=1
and
—b* (Z ky(0, pj)b ,-) = b (@(0)J + Jp(p;)*)bi
k=1 k=1

—b*p(0)Jb — b* (Z J¢(Pj)*bj) ;

Jj=1
respectively, and the fourth term is 5*k,(0, 0)b = b*(¢(0)J + Jp(0)*)b. Equation
(10.3) follows, since

[F, Flazg — Y bikopip)bj =Y Y bip™ (0(pi)J + Jop )P+ b —
jk=1 =1 jk=1

=Y "> biplpp) T + Jp(p )i b,
(=1 j,k=1

= bi(p(pi)J + Jo(p;)*)b;.
J.k=1

The domain of R is dense. Thus, by Shmulyan’s theorem (Theorem 7.2 above),

R is the graph of a densely defined isometry which extends as an isometry to all of
Z(p). We denote this extension by by 7.

STEP 2. We compute the adjoint of the operator T .
Let f € Z(p),h € HY and p € V. Then
R'p ((T*))P)) =T f, ky(-, PYPI 2(p)
=[f, T(ky(-, )W) z(p)
=Lf, kp(-, P)h — ko (-, 0)h] 2(y)
=h*(f(p) — f(0)),

and hence (with f(p) = > 72, p' f2)

P~ (f(®) = f(O), p #0,

(T* ) =
f(p {fla p=0
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STEP 3. Formula (10.2) holds.

We first note that f; = CR{f, and so

f(p) =) p'CRGf = C* (I —pRo)™* .

=0

Applying this formula to the function C*1 = k,(-, 0), we obtain
o(P)J +Jp(0)* =Cx (I —pRy)*C*1 and ¢(0)J + Jp(0)" =CC*1.
Multiplying the second equality by 1/2 and subtracting it from the first, we obtain
P()J + 5(9(0) = p(O)]) = 3Cx (L = pRo)™ 5 (I + pROYC"
STEP 4. Conversely, every function of the form (10.2) is in 6,(J).
From (10.2), we obtain
(104) o) +Jp(@)*J = Cx (I — pV) ™ % (1 = pg) %, (I — V) ™) %, C*;
and so the reproducing kernel of .Z(¢) can be written as
ko, q) = Cx (I —pV) (U —qV) )" % C",
since, in light of (10.4), the right side of the above equation satisfies
ky(p, @) — Pky(p, 9)q = p(p)J + Jp(q)* J.
In view of (10.1), Z(¢) consists of the functions of the form
fp)=C+xU —-pV)7¢, e,
with the inner product
Lfs 81z =& nle  (with g(p) =Cx I —pV) "),
and so the kernel k, has exactly x negative squares. (]

Corollary 10.3. IfJ = Iy and k = 0, then ¢ has a slice hyperholomorphic
extension to the whole unit ball of H.

Proof. This follows from (10.2), since V is then contractive. U
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When J = Iy, and in the complex variable setting, generalized Carathéodory
functions admit another representation, namely,

(10.5) 9(2) = g(2)po(2)g(1/2)",

where ¢ is a Carathéodory function (i.e., the corresponding kernel is positive
definite) and g is analytic and invertible in the open unit disk; see [38, 35, 34].
We note that in the rational case, generalized Carathéodory functions are called
generalized positive functions, and play an important role in linear system
theory. We refer to [10] for a survey of the literature and a constructive proof of
the factorization (10.5) (in the half-line case) in the scalar rational case.
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