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This paper presents a simple equation for the stress relaxation modulus, G(t),
of nanocomposite biosensor and blend films by relaxation time, yield stress,
zero complex viscosity, and power-law index. The correctness of the advanced
model is assessed by the measured results for the examples containing poly
(ethylene oxide) (PEO), poly (lactic acid) (PLA) and carbon nanotubes. Fur-
thermore, the roles of whole factors in G(t) are justified to approve the pre-
dictability of the advanced model. The model’s predictions correctly fit the
experimental facts and whole factors reveal acceptable trends. All parameters
including yield stress, relaxation time, zero complex viscosity, power-law in-
dex, and the width of the transition section directly affect G(t). The sensible
results validate the advanced model, providing a simple procedure for
approximating and optimizing G(t) in blend and nanocomposite systems.

INTRODUCTION

Poly (lactic acid) (PLA) as a biocompatible and
biodegradable polymer demonstrates the outstand-
ing potential for replacement of oil-based poly-
mers.1–5 Moreover, PLA shows desirable
biodegradability, nontoxicity, and high mechanical
performance.6–8 These attractive properties have
stimulated studies on the properties and potential
applications of PLA. However, some limitations,
such as low toughness and slow degradation rate of
PLA have restricted its development and applica-
tion. Earlier studies have suggested many tech-
niques to overcome these problems by mixing,
plasticization, copolymerization, and fortification
by filler.2,9–12 It seems that the utilization of
another polymer or nanoparticles is a beneficial
and suitable way to control the degradation rate and
improve the mechanical properties of PLA.13,14

Carbon nanotubes (CNT) are a superlative nano-
filler for yielding high-grade nanocomposites. The
high flexibility, small density, and great aspect ratio
(relation of length to diameter) along with the
excellent electrical, mechanical, and thermal per-
formance of CNT have attracted researchers to
CNT-based nanocomposites.15–22 The large number
of papers in this field confirms this statement. The
electrical and mechanical performance of CNT-
reinforced nanocomposites principally correlates to
percolation onset and network size influenced by
CNT size and interphase depth around CNT.23–26

The viscoelastic properties of polymer nanocom-
posites obtained by rheology can elucidate the
nanostructure of nanoparticles.27,28 So, rheological
behavior is a powerful tool for investigation of
morphology, because the viscoelastic characteristics
are mostly sensitive to chain mobility and diffusion
as well as interfacial interactions.29,30 Generally,
nanoparticle microstructure, polymer limitation by
nanoparticles, or chemical or physical bonds to the
solid surfaces of particles cause solid behavior in
nanocomposites at the frequency sweep test, which
restricts chain flexibility and lengthens the(Received May 11, 2021; accepted August 19, 2021;
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relaxation time.31,32 Since network breakdown in
nanocomposites quickens the shear thinning per-
formance in frequency tests,33,34 it is acceptable to
use rheological measurements to examine the
extent of networks in nanocomposites. From a
theoretical point of view, few models can examine
the loss modulus, storage modulus, complex viscos-
ity, and complex modulus in polymer nanocompos-
ites.35–38 The earlier reports mainly applied these
models to analyze rheological measurements.39,40

They commonly calculated some parameters such as
relaxation time, power-law index, and zero complex
viscosity by comparing the experimental results
with the predictions. However, the models express-
ing the stress relaxation modulus [G(t)] for polymer
systems are extremely limited.

Schwarzl41 suggested a numerical formula for the
variation of G(t) with time by storage and loss
moduli. Tayefi et al.40 have applied this equation to
estimate the G(t) for nanocomposites containing
uncured and cured ethylene-octene copolymer and
organoclay. The present study aims to develop this
equation by formulation of storage and loss moduli
using Casson42 and Carreau-Yasuda36 models. Both
storage and loss moduli are correlated to relaxation
time, yield stress, zero complex viscosity, and
power-law characteristics to extract a model for
G(t). Moreover, the storage and loss moduli of the
specimens encompassing PEO, PLA, and CNT are
measured at dissimilar frequencies. The model’s
predictions for G(t) are associated with the mea-
sured facts to approve the model and to calculate
the parameters. Additionally, the influences of
different factors on G(t) are justified to approve
the model’s estimations. The current model provides
a simple approach, which can guide the authors
when adjusting the G(t) and viscoelastic terms in
various polymer systems.

EQUATIONS

Schwarzl41 proposed a numerical equation for
G(t) by storage (G¢) and loss (G¢¢) moduli as well as
frequency (w) by:

GðtÞ ffi G0ðwÞ � 0:56G00ðw=2Þ þ 0:2G00ðwÞ ð1Þ

However, the higher levels of G¢¢ compared with G¢
produce negative G(t), which is not acceptable.
Therefore, we properly develop and simplify this
model by numerical analyses as:

GðtÞ ffi G0ðwÞ þ 0:5G00ðwÞ ð2Þ

This model can present the experimental results of
G(t) by the experimental extents of moduli.

Now, G¢¢ and G¢ are formulated to express G(t) as
a function of the viscoelastic parameter.

Bae et al.43 suggested an equation for relaxation
time (k) of polymer chains in nanocomposites by:

k ¼ G0

g�j jw2
ð3Þ

where g* is complex viscosity. This model can be
reorganized to propose the storage modulus as:

G0 ¼ k g�j jw2 ð4Þ

which correlates the G¢ to relaxation time and
complex viscosity. Many models have been sug-
gested for complex viscosity in nanocomposites,38

but the best known model is Carreau-Yasuda,36

which is defined as:

g� ¼ g�0½1 þ ðkwÞa�
n�1
a ð5Þ

where g*0 shows zero complex viscosity, n is the
power-law index and a denotes the breadth of the
Newtonian–power-law transition section. g*0 is the
complex viscosity at extremely low frequencies (w �
0). This equation has been used in many studies to
simulate complex viscosity.29,38

When g* is substituted from the last equation into
Eq. (2), G¢ is suggested as:

G0 ¼ kg�0½1 þ ðkwÞa�
n�1
a w2 ð6Þ

expressing the storage modulus by various vis-
coelastic parameters.

Additionally, the loss modulus of a heterogeneous
system was given based on the Casson model42 as:

G
001=2 ¼ s1=2 þKw1=2 ð7Þ

where s is yield stress and K is a constant. This
model was applied in previous articles to calculate
the yield stress and K.31,43 Using the Bingham
model,44 the flow happens in nanocomposites above
yield stress, because the physical nets in nanocom-
posites inhibit the melt flow.45

The reorganization of the latter equation results
in:

G00 ¼ ðs1=2 þKw1=2Þ2 ð8Þ

When G¢ [Eq. (6)] and G¢¢ [Eq. (8)] are substituted
into Eq. (2), G(t) is specified by:

GðtÞ ffi kg�0½1 þ ðkwÞa�
n�1
a w2 þ 0:5ðs1=2 þ Kw1=2Þ2 ð9Þ

which represents G(t) as a function of many param-
eters such as relaxation time, zero complex viscos-
ity, yield stress, and power-law index. Undoubtedly,
the strong interactions at the nanofiller-polymer
interface produce the interphase section in the
samples, which affects the nanocomposite’s perfor-
mance.46–49 The interphase section influences the
g*0, s, and K, as expected. Actually, the interphase
characteristics affect the mentioned parameters,
but the interfacial/interphase section in the samples
cannot affect the predictability of the developed
model.
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EXPERIMENTAL PART

Materials

Biopolymers PLA (ME346310) and PEO (Mv =
200.000 g/mol) were delivered from Sigma-Aldrich.
Also, Hanhwa Nanotech Co., Korea, provided the
multi-walled CNT (MWCNT) (CM-95 grade) and
Shindo Co., Korea supplied chloroform as the sol-
vent for solution mixing.

Preparation of Films

All films were made by solution processing in
chloroform. The details for this technique are
mentioned in Ref. 50. There is no residual solvent
in the prepared films, because the films were dried
at 45 �C under vacuum for 12 h. The samples are
named PLAx/PEOy/CiNTz in which x, y, and z
present the weight portion of PLA, PEO, and CNT,
in that order.

Characterization

A Paar-Physica rheometer, with disk-type paral-
lel plates with a diameter of 25 mm and 1-mm gap
measured the dynamic rheological properties under
a constant nitrogen atmosphere. The isothermal
dynamic frequency sweep test was conducted at 1%
strain and 180 �C from 0.01 to 628 rad/s. The
morphology of samples was investigated on gold-
coated samples using scanning electron microscopy
(SEM) (XL30S) at an accelerating voltage of 10 kV.

RESULTS AND DISCUSSION

Morphology of Films

Figure 1 depicts the morphological images of
nanocomposite films containing 1 wt% CNT. Fig-
ure 1a shows that the addition of 1 wt% CNT to the
PLA60/PEO40 blend causes PEO islands in the PLA
matrix, which can be seen as a matrix-droplet
morphology. This image shows the uniform disper-
sion of small PEO particles in the PLA phase.
Moreover, the light strips display the well-dispersed
CNT in the film without aggregation/agglomeration,
representing the strong interfacial interaction
between polymer matrix and CNT. Figure 1b exhi-
bits the morphology of the PLA75/PEO25/CNT1
sample demonstrating the PEO particles in the PLA
phase. The dispersion of CNT in the PLA phase is
homogeneous and CNT size does not exceed 100 nm,
confirming the formation of nanostructure. Figure 1-
c shows the morphology of the PLA90/PEO10/CNT1
sample in which the separated PEO islands in the
continuous PLA matrix are evident. It can be said
that CNT encourages the blend to disperse the PEO
particles in the PLA matrix. Also, the fine disper-
sion of CNT as light strips is distinct in the PLA
without aggregation/agglomeration.

Comparison Between Experimental
and Theoretical Data

The experimentally measured storage and loss
moduli are inserted into Eq. (2) to estimate the

Fig. 1. SEM images of (a) PLA60/PEO40/CNT1, (b) PLA75/PEO25/CNT1, and (c) PLA90/PEO10/CNT1 samples. The labeled zones signify the
CNT.
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experimental levels of G(t). In addition, Eq. (9) can
offer the calculation of G(t) as a function of fre-
quency. The empirical quantities and the forecasts
of G(t) were compared to test the established model.

Figure 2 illustrates the investigational data and
the calculations of G(t) for the examples comprising
60 wt% PLA. The G(t) increases as frequency rises
and thus a high frequency improves the G(t). This
trend is reasonable because the polymer chains
resist short-range deformation (high frequency),
while they easily relax at a long time period (low
frequency). Moreover, the model’s outputs follow the
investigational data for all examples. This accept-
able agreement confirms the model’s predictability
for G(t) as a function of the main parameters. The
model’s factors are presented in Table I. The PLA60/
PEO40 sample demonstrates a poor yield stress, but

the nanocomposites exhibit high yield stress,
because of the CNT physical nets. Also, the K
constant increases when CNT is added to this blend.

The zero complex viscosity increases when CNT is
added, because the nanoparticles and the intercon-
nections between them mainly enhance the zero
complex viscosity. In addition, the relaxation time
enhances in nanocomposites, because the nanopar-
ticles inhibit polymer movement. n also decreases in
nanocomposites because the nanofiller strengthens
the shear thinning of polymers. Also, the breadth of
the transition section is narrower in nanocompos-
ites, demonstrating that the nanofiller shortens the
transition region and promotes power-law behavior.
These reasonable calculations validate the devel-
oped model for G(t) in polymer systems.

Fig. 2. Measured and calculated data for G(t) at different frequencies for (a) PLA60/PEO40, (b) PLA60/PEO40/CNT1, and (c) PLA60/PEO40/
CNT2 samples.

Table I. The model’s calculations for the examples

Samples s (Pa) K (Pa.s)1/2 g0* (Pa.s) k (s) n a

PLA60/PEO40 3 6 100 0.001 0.25 0.03
PLA60/PEO40/CNT1 120 13 1000 0.007 0.15 0.01
PLA60/PEO40/CNT2 15 13 25000 0.020 0.05 0.01
PLA75/PEO25 2 7 1000 0.002 0.25 0.20
PLA75/PEO25/CNT1 50 25 25000 0.040 0.15 0.05
PLA75/PEO25/CNT2 37000 18 95000 0.100 0.04 0.01
PLA90/PEO10 0.5 8 100 0.002 0.35 0.25
PLA90/PEO10/CNT1 2000 35 15000 0.100 0.23 0.02
PLA90/PEO10/CNT2 9000 50 100000 0.200 0.10 0.01
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Figure 3 represents the empirical and hypothet-
ical levels of G(t) for the samples at 75 wt% PLA as a
function of frequency. A high frequency increases
the G(t) and the G(t) in nanocomposites is higher
than that of polymer blends. This is due to the
interactions among polymer chains and nanofiller
restricting the relaxation. Furthermore, the calcu-
lations acceptably follow the experimental data in
the samples at different frequency series. Hence,
the advanced model properly predicts the G(t) in the
blends and nanocomposites.

The parameters’ calculations for the current
examples are shown in Table I. The yield stress
increases as expected in the nanocomposites,
because CNT establish continuous nets in the
samples, promoting yield stress. In addition, K
changes in the blends and nanocomposites. Never-
theless, the incorporation of particles to the blend
raises the zero complex viscosity, since the nets of
CNT raise the solidity of nanocomposites at small
frequencies. The relaxation time in nanocomposites
is higher than in the polymer blend, owing to the
polymer–nanoparticle connections, restricting chain
movement. Moreover, the values of n and a reduce
in the nanocomposites, because the CNT strength-
ens the power-law performance and shortens the

transition section. All results are meaningful, and
validate the developed models for G(t).

Figure 4 displays the empirical and hypothetical
data for G(t) for the industrialized models for the
examples with 90 wt% PLA. G(t) expectedly pro-
gresses by frequency, since the polymer molecules
do not have sufficient time for relaxation at high
frequencies presenting high G(t), while the simple
relaxation of chains at low frequency (extensive
time) produces a poor G(t).

The G(t) in the nanocomposites is more than that
of polymer blends, due to the positive role of
nanoparticles in the stiffness of nanocomposites.
The calculations of G(t) successfully fit to the
experimental measurements indicating that the
developed model acceptably predicts the G(t) in
polymer products. Actually, the developed model
properly estimates the G(t) assuming the yield
stress, zero complex viscosity, K, relaxation time,
and power-law parameters. Table I represents the
values of terms for the cited examples. The incor-
poration of CNT in the blend enhances the yield
stress, owing to the CNT net, which enhances the
required stress for flowing. Additionally, K changes
from 8 to 50 (Pa.s)1/2 for the prepared samples,
demonstrating the positive role of CNT in K. The
zero complex viscosity also increases in the

Fig. 3. Experimental and theoretical levels of G(t) at different frequencies for (a) PLA75/PEO25, (b) PLA75/PEO25/CNT1, and (c) PLA75/
PEO25/CNT2 specimens.
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nanocomposites, since CNT nets establish a solid-
form performance at low frequencies.51,52 Further-
more, the nanoparticles lengthen the relaxation
time, because they limit the polymer’s flexibility.
Also, n and a parameters reduce in nanocomposites,
because the nanoparticles tend to strengthen and
quicken the power-law behavior in nanocomposites.
These results are expected, confirming the devel-
oped model for G(t).

Analysis of Parameters

All parameters’ impacts on G(t) were examined to
confirm the advanced model [Eq. (9)]. Undoubtedly,
the reasonable effects of whole factors on G(t)
authenticate the current model and guide the
optimization of G(t). 3D and contour designs show

the impacts of two variables on G(t) at normal
values of other factors. In this study, the middling
values of terms are K = 20 (Pa.s)1/2, w = 1 rad/s, s =
1000 Pa, g0* = 300,000 Pa.s, k = 0.1 s, n = 0.1 and a =
0.1.

Figure 5 exhibits the correlation of G(t) to relax-
ation time and zero complex viscosity based on
Eq. (9). The maximum values of k = 0.2 s and g0* =
69105 Pa.s result in a G(t) of 1800 Pa, while k< 0.05
s and g0* < 29105 Pa.s diminish G(t) to 1350 Pa.
Accordingly, both relaxation time and zero complex
viscosity directly affect G(t). The high values of
relaxation time and zero complex viscosity increase
G(t), while a short relaxation time and a minor zero
complex viscosity produce a low G(t).

Fig. 4. Variation of G(t) data at different frequencies for (a) PLA90/PEO10, (b) PLA90/PEO10/CNT1, and (c) PLA90/PEO10/CNT2 specimens.

Fig. 5. G(t) dependence on relaxation time and zero complex viscosity by Eq. (9): (a) 3D and (b) contour patterns.
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A long relaxation time reveals the difficult relax-
ation of polymer molecules under packing. Accord-
ingly, a long relaxation time limits polymer
distortion during the test, which induces a big
G(t). Actually, a big relaxation time reduces the
polymer tendency for distortion, which raises the
G(t). On the other hand, a small relaxation time
introduces the simple relaxation and deformation of
polymer molecules during the test, creating a poor
G(t). Therefore, the advanced model correctly
demonstrates the relaxation time role in G(t). In
addition, a high zero complex viscosity is indicative
of the large networks of CNT in the sample. In fact,
the big networks cause a solid-form performance at
small frequencies, which produces a high zero
complex viscosity. Since the CNT nets confine the
polymer’s relaxation and stand against stress, the
zero complex viscosity affects the G(t) in a desirable
way. However, a low zero complex viscosity reveals
the deprived networks in the sample, which cannot
improve the G(t), because they insignificantly
manipulate the relaxation of polymer chains. There-
fore, the zero complex viscosity positively governs
G(t), as shown by the advanced model.

Figure 6 depicts the effects of yield stress and K
on G(t) using the developed model. The highest G(t)
of 3500 Pa is obtained by s = 2000 Pa and K = 40
(Pa.s)1/2, while the G(t) mainly deteriorates to 650
Pa at s< 700 Pa and K< 15 (Pa.s)1/2. Thus, the
yield stress and K parameter directly manipulate

G(t). Actually, the high levels of yield stress and K
are necessary to raise the G(t) in nanocomposites. In
contrast, the lower values of both yield stress and K
meaningfully weaken the G(t).

An extraordinary yield stress reveals how robust
the CNT nets are in nanocomposites,45 which
develop the G(t), because the big networks limit
the relaxation of polymer chains. Conversely, a
lower yield stress shows the formation of insignif-
icant networks in the sample, which facilitates the
relaxation of polymer chains and worsens the G(t).
Moreover, a high K enhances the loss modulus
based on Eq. (8). Indeed, a big K increases the
modulus of viscous components in the samples,
which positively controls the G(t). It can be said that
a high K shows the hard deformation of viscous
components, which lengthens the relaxation time.
On the other hand, a small K demonstrates the
large deformation of the viscous part during load-
ing, reducing the G(t). These results show the direct
roles of yield stress and K in G(t), confirming the
established model.

Figure 7 exhibits the disparities of G(t) at unlike
ranges of a and n using the advanced model. a = 0.2
and n = 0.2 maximize the G(t) to 5500 Pa, whereas
the G(t) diminishes to 1400 Pa at a < 0.08.
Accordingly, the high values of a and n parameters
desirably support the G(t), but only a low magnitude
of a is enough to deteriorate the G(t). These results

Fig. 6. Forecasts of G(t) at different values of yield stress and K according to Eq. (9): (a) 3D and (b) contour plans.

Fig. 7. Correlation of G(t) to a and n factors by the advanced model: (a) 3D and (b) contour plots.
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demonstrate the vital character of a in the reduction
of G(t).

The wide Newtonian–power-law transition sec-
tion delays the decrement of complex viscosity
during the shear thinning process. Therefore, a
high level of a positively increases the complex
viscosity, which increases the storage modulus
[Eq. (4)] and the G(t) [Eq. (2)]. In fact, a big
transition section desirably raises the complex
viscosity, which restricts the polymer’s relaxation
and promotes G(t). On the other hand, a low level of
a creates a short transition part, which extremely
diminishes the complex viscosity and negatively
develops the relaxation of polymer chains. The
dominant role of poor a in G(t) reveals the impor-
tance of a short transition region on G(t). These
explanations show that the developed model appro-
priately reveals the significance of a on G(t).

A low extent of n as power-law index establishes a
strong shear thinning performance, which dimin-
ishes the complex viscosity and the relaxation time.
Actually, low n seriously reduces the complex
viscosity and facilitates the polymer’s relax-
ation.53,54 Nevertheless, a high value of n confines
the reduction of complex viscosity during the fre-
quency sweep test, which strengthens the polymer
chains against relaxation and deformation produc-
ing a high G(t). As a result, the n factor directly
handles the G(t) in polymer systems, as expressed
by the developed model.

CONCLUSION

A reliable model for G(t) was established by
various viscoelastic parameters using known mod-
els for storage and loss moduli. The model’s results
were matched to the experimental results of PLA/
PEO and PLA/PEO/CNT systems. Furthermore, the
parametric examinations of G(t) were expressed to
legalize the advanced model. The forecasts success-
fully agreed with the experimental data. The blends
demonstrate poor yield stress, but the attachment of
CNT in nanocomposites results in a large yield
stress. Also, CNT addition increases the relaxation
time and zero complex viscosity, whereas the power-
law index and transition width decrease in
nanocomposites signifying that the nanoparticles
deepen the shear thinning of polymers. Further-
more, the parametric analyses demonstrate that all
parameters including zero complex viscosity, relax-
ation time, K, yield stress, power-law index and
transition breadth directly affect G(t). These rea-
sonable impacts of whole factors on G(t) confirm the
advanced model. This model suggests a simple
methodology for calculating G(t) and viscoelastic
terms in polymer blends and nanocomposites.
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