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The single-crystal yielding and hardening behavior of polycrystals is impor-
tant for understanding their mechanical behavior. Many parameters (> 10)
are usually required to achieve this for magnesium alloys based on physics-
based models. However, the efficient and precise determination of these
parameters is a very challenging task. An efficient and practical method is
proposed herein to determine the parameter set by dividing the parameters
into those for yielding and hardening, thereby significantly reducing the time
cost of automatic parameter calibration. This method is then applied to cali-
brate the parameter set used in the viscoplastic self-consistent (VPSC) model
to describe the mechanical behavior of the rare-earth magnesium alloy
ZEK100 from multiple mechanical test data. The obtained best-fit parameters
can be considered realistic and nearly unique, and can successfully reproduce
the mechanical behavior and textural evolution. This procedure can be gen-
erally applied to calibrate near-unique parameters in other materials and
constitutive models.

INTRODUCTION

In recent years, magnesium (Mg) alloys, as light-
weight materials with high specific strength, have
attracted much attention from both academia and
industry.1 Because of the hexagonal close-packed
(HCP) crystallographic structure of Mg alloys, sev-
eral concurrent deformation mechanisms, such as
slip systems and extension twinning, will be acti-
vated differently depending on the loading.2,3 The
less active pyramidal slip system explains the poor
room-temperature formability of conventional Mg
alloys. However, addition of rare-earth (RE) ele-
ments, such as Nd, Ce, Y, and Gd, can overcome this
limitation4–9 by drastically changing their
properties.10

Carrying out mechanical measurements on sin-
gle-crystal Mg alloys is a common approach to
investigate the effect of RE elements on the defor-
mation mechanism. This can determine the corre-
sponding single-crystal properties describing the
mechanical behaviors, e.g., channel die compression
tests on pure Mg, Mg-0.5%Th, and Mg-4%Li,11

micropillar compression measurements of pure Mg
and Mg-0.2%Ce,10,12–15 etc. However, because of the
difficulty in growing sufficiently large single crys-
tals and the strong size effect observed for small
specimens, direct measurement of single-crystal
properties is either unlikely or not applicable for
bulk polycrystalline Mg alloys. Given that more
data are available on the mechanical response of
polycrystalline Mg alloys, an alternative method for
determining the single-crystal properties is to fit
these polycrystalline data using physics-based
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polycrystalline models.3,16,17 In these crystal plas-
ticity models, a particular set of single-crystal
parameters usually represent the single-crystal
properties.

However, precise determination of the single-
crystal parameters of Mg alloys relies strongly on
the twinning model applied. Therefore, the use of an
inadequate twinning model can result in an unsat-
isfactory match between certain experiments and
simulations.17 During the last few decades, various
twinning models have been developed.18–22 Among
others, the twinning and detwinning (TDT)
scheme exhibits better performance, not only for
the macroscopic stress–strain response but also the
microscopic internal elastic strain and texture evo-
lution.22–25 The single-crystal parameters of Mg
alloys might be more accurately determined by
using the TDT scheme.

Therefore, these single-crystal parameters can be
obtained by calibrating the macroscopic mechanical
response. The polycrystalline model can then repro-
duce the relative activity of the deformation mech-
anisms and the texture evolution, which is difficult
to obtain experimentally but can help understand
the deformation mechanism of the RE-Mg alloy.
However, the determination of a unique set of these
parameters is challenging. Due to the multiple
deformation mechanisms operating in such materi-
als, which have different hardening properties, the
large number of combinations of these parameters
makes it very difficult to obtain a unique set of
single-crystal parameters.

An often-used approach is to calibrate two
mechanical tests: one dominated by twinning and
another that is hardly relevant to twinning, such as
monotonic tension and compression along the roll-
ing direction (RD) of an Mg alloy sheet and com-
mercial pure Ti grade 1.16,25 This method can
effectively separate the calibration of the twinning
parameters from those associated with other defor-
mation mechanisms. However, the uniqueness of
the obtained parameters is always questionable,
and the calibration of such parameters is still time
consuming, even when adopting automatic opti-
mization methods such as the genetic algorithm.17

An approach that can precisely determine the
parameter set is highly desired for understanding
and modeling the mechanical behavior of such
polycrystals.

In the current work, a practical approach to
efficiently calibrate the parameter set of Mg alloy
sheets using the multi-island genetic algorithm
(MIGA) is proposed and further applied to obtain
the parameter set for ZEK100 Mg alloy sheet. The
physics-based model employed is the viscoplastic
self-consistent model incorporating the TDT
scheme (denoted as the VPSC-TDT model). An
extended Voce hardening law that has been demon-
strated to be able to describe the hardening behav-
ior of Mg alloys is used to demonstrate the efficiency

of the proposed approach. The combined effect of the
various deformation mechanisms is also discussed
in detail.

PROBLEM FORMULATION AND SOLUTION
METHOD

Simulation Method

The VPSC-TDT model is only briefly described
here. Detailed descriptions can be found else-
where.22 The shear rate for both slip and twinning
systems is expressed in power-law form as

_c ¼ _c0 s=scrj j
1
msgnðsÞ ð1Þ

where _c0 is a reference shear rate, s is the resolved
shear stress, scr is the critical resolved shear stress
(CRSS), and m is the strain rate sensitivity. Equa-
tion 1 is valid for twinning only when the RSS is in
the right direction, while the shear rate is zero
otherwise. The twinned and untwinned portions are
the twin and matrix, which are treated as indepen-
dent grains to interact with the homogeneous
effective medium (HEM). The orientation of the
twin is updated via the twin–matrix orientation
relation. Along with deformation, the twin will
evolve through growth (twinning) or shrinkage
(detwinning), but their summed volume fraction
remains the same as in the original grain.

For both slip and twinning, the CRSS is updated
as

sacr ¼
dŝa

dC

X

b

hab _cb
�� �� ð2Þ

where hab are the latent hardening coupling coeffi-
cients, which empirically account for the obstacles
to deformation system a associated with system b. ŝa

is the threshold stress and is given in Eq. 1. Its
evolution with the accumulated shear strain is
described by an extended Voce hardening law of
the form26

ŝa ¼ sa0 þ sa1 þ ha
1C

� �
1 � exp �ha

0

sa1
C

� �� �
ð3Þ

where C ¼
P

a

R
_caj jdt is the accumulated shear

strain, s0 and s0 þ s1 are the initial and back-
extrapolated CRSSs, and h0 and h1 are the initial
and asymptotic hardening rates, respectively.
Apparently, only four parameters need to be deter-
mined (sa0; s

a
1;h

a
0;h

a
1) to accurately reproduce the

CRSS evolution for an explicit deformation system
a, making the Voce law a practical model that is
widely adopted in most such works.17,27–29

The threshold volume fraction Vth used to turn-
off twinning is defined as

Vth ¼ min 1:0;A1 þ A2
Veff

Vacc

� �
ð4Þ
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where A1 and A2 are two material constants. The
two statistical variables Vacc and Veff are the
weighted volume fraction of the twinned region
and the volume fraction of twin-terminated grains,
respectively. According to Eq. 4, the minimum twin
volume fraction (TVF) allowed among the grains is
A1, while the maximum TVF allowed is not a
constant but depends on the twinning history.

Procedure for Calibrating the Model
Parameters

ZEK100 magnesium alloy sheet (1.3%Zn, 0.2%Nd,
0.25%Zr, and 0.01% Mn) is the investigated object.
A servohydraulic tensile tester (Instron 1331) was
used in the quasistatic tension and compression
experiments. Mechanical tests were conducted
along four orientations, namely the RD, 45� with
respect to the RD (45), the transverse direction
(TD), and the normal direction (ND), at a strain rate
of 0.001 s–1. The sample size and specific test
procedure are referred to Kurukuri et al.30

Here, seven experimental datasets for ZEK100
sheet, viz. compression along the RD (C-RD), the
transverse direction (C-TD), 45� with respect to RD
(C-45), and the normal direction (C-ND), as well as
tension along the RD (T-RD), the TD (T-TD), and
45� with respect to RD (T-45),30 are used to deter-
mine the parameters as uniquely as possible. To
evaluate the consistency between the experimental
data and corresponding simulation results, the
respective R2 values are calculated as

R2 ¼ 1 �

P
i

rsimi � rexpi

� �2

P
i

rsimi � rsim
� �2

ð5Þ

where rsimi and rexpi represent the simulated and

experimental stresses at a plastic strain, and rsim is
the average of the simulated stresses. Previous
work suggests that a reasonable calibration is
obtained once R2 is greater than 0.93. Of course,
the higher the R2 value, the better the calibration.

The main concurrent deformation mechanisms in
ZEK100 considered in the VPSC-TDT model are
basal slip, prismatic slip, pyramidal slip, and exten-
sion twin. Four parameters associated with the Voce
hardening law for each system must be calibrated.
Among these parameters, h1, which matters at
relatively large deformation, is set to zero for all
the deformation mechanisms. In addition, a plateau
in the stress–strain curves of Mg alloys associated
with twinning indicates that the hardening of
extension twins is negligible. Therefore, s1, h0, and
h1 for the extension twin are assumed to be zero.
The above considerations reduce the number of
parameters to be calibrated from 16 to 10.

MIGA is adopted to find the global optimum in the
ten-parameter space. Based on the genetic algo-
rithm, MIGA separates the ‘‘population’’ into

several ‘‘islands’’ that are evenly distributed in the
whole space. In each generation, the first-class
individuals will be selected in all islands while
immigration between islands is forbidden, which
avoids searching only for local optima. This algo-
rithm has been broadly applied in many optimiza-
tion works on research and engineering problems
recently.31–33 However, such a ten-dimensional
optimization problem requires a large population
and evolution for several generations configured in
MIGA to guarantee accuracy, which will make the
optimization process time-consuming. As the ten
parameters have physical meanings, the efficiency
of the optimization can be improved by following a
‘‘two-stage’’ procedure:

(1) The range of the yielding and hardening
parameters comes from previous related studies
about Mg alloys3,22,24,29,34–37 and listed in Table I.

(2) The hardening parameters are divided into

two groups: four yielding parameters sbas0 ; spri0 ; spyr0

and stw0 for basal slip, prismatic slip, pyramidal slip,
and extension twin, and six hardening parameters

sbas1 ; spri1 ; spyr1 ;hbas
0 ;hpri

0 and hpyr
0 for three slip systems.

(3) The six hardening parameters are randomly
selected within the parameter range first. Then,
MIGA automatically optimizes the four yielding
parameters using the first 2% strain data from the
seven experimental case data. The optimization
strategy in this step is to find the lowest root-mean-
squared error (RMSE) between the simulated and
experimental results.

(4) After determining the yielding parameters,
the remaining six hardening parameters are cali-
brated based on the full-range experimental data.
The optimization strategy is to maximize the mean
R2 values of all seven cases.

RESULTS AND DISCUSSION

Parameter Calibration

To demonstrate the efficiency of the procedure
proposed in ‘‘Procedure for Calibrating the Model
Parameters’’ section, direct optimization of all ten
parameters using MIGA was also conducted. Table -
II lists the parameter configurations of MIGA in the
ten-dimensional optimization (‘‘10-d calibration’’ in
short) and two-stage optimization (represented as
‘‘4+6-d calibration’’). Clearly, in the 4+6-d calibra-
tion, the required population, the number of islands,

Table I. Range of material parameters for the Mg
alloy sheets

Mode s0(MPa) s1(MPa) h0 (MPa)

Basal 5–18 1–17 10–200
Prismatic 80–120 1–30 30–500
Pyramidal 110–140 110–160 1000–3000
Extension twin 25–50 – –
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and the number of generations are significantly
decreased.

The high efficiency of the 4+6-d calibration can be
attributed to the lower dimension and higher elite
rate. The four yielding parameters are determined
based on the stress–strain relation in the first 2%
strain (step 3), which costs only � 10% the time of
the 10-d calibration. The other six hardening
parameters are then calibrated based on the
remaining stress–strain relation, which costs �
36% of the time of the 10-d calibration (step 4, also
referred to as ‘‘6-d calibration’’). The dimensional
reduction allows the reduction of the required
population in the MIGA configuration. Besides, the
determination of the four yielding parameters
improves the elite rate in the ensuing 6-d calibra-
tion. Here, an elite is defined as an ‘‘individual’’ with
R2 value greater than 0.9. Figure 1 shows the
distribution of the populations’ R2 values in the 10-d
calibration and the 6-d calibration. The elite rate is
only 6.7% in the 10-d calibration but reaches 41.3%
in the 6-d calibration among all generations. With a
significantly higher elite rate, MIGA can find the
optimum solution in the 6-d calibration much more
quickly, which reduces the number of generations
required. The smaller population and fewer gener-
ations make the new approach more efficient and

lead to a nearly 54% reduction of the total time
consumption.

The 10-d and 4+6-d calibrations do not yield the
same optimized results. Table III compares the two
optimum sets of parameters. The R2 value of the 10-
d calibration optimum is 0.932, while that of the 6-d
calibration optimum is 0.962. The set of parameters
obtained from the 4+6-d calibration is the ‘‘best fit.’’
This result shows that the new calibration approach
can achieve even higher accuracy as well as higher
efficiency.

Due to the random search and random mutation
of the MIGA, the obtained ‘‘global optimum’’ may
not be rigorously optimal locally. To determine
whether it is optimal locally, auxiliary simulations
were conducted with 10% variation in both the
yielding and hardening parameters. The corre-
sponding R2 values (Table IV) are all smaller than
that of the ‘‘best-fit’’ parameters, indicating that the
‘‘best-fit’’ parameters can be regarded as the global
optimum.

Texture Evolution

The initial texture of the ZEK100 sheet is pre-
sented in Fig. 2, exhibiting a relatively weak basal
texture compared with that of commercial Mg alloy
AZ31 sheet due to the addition of RE elements. The
basal poles are spread in the TD with two prominent
peaks, which is an essential characteristic of the
grain orientation distribution of ZEK100 sheet.
Using the ‘‘best-fit’’ set of parameters (Table III),
the VPSC-TDT model predicts the deformation
textures under different loading conditions at
strains of 10% and 20% (Fig. 2), which is in good
agreement with the measured textures.30

The texture evolution indicates which deforma-
tion mechanisms are mainly activated under differ-
ent loadings. When basal and prismatic slips are the
dominant active deformation mechanisms (e.g., T-
RD, T-TD, T-45, and C-ND), the deformation tex-
tures show a generally similar characteristic to the
initial texture (Fig. 2). The quantitative difference
among these deformation textures is ascribed to the
relatively different activity of basal slip and pris-
matic slip. However, when the extension twin is the
dominant active deformation mechanism (e.g., C-
RD, CTD, C-45, and T-ND), the deformation

Fig. 1. Distribution of populations’ R2 values in the 10-d and 6-d
calibrations.

Table II. List of MIGA parameters for the two optimization problems

Problem
Population

size
No. of
Islands

No. of
generations

Crossover
rate

Mutation
rate

10-d calibration 50 10 10 1 0.1
4+6-d calibration (yielding parame-
ters)

50 10 10 1 0.1

4+6-d calibration (hardening
parameters)

30 6 6 1 0.1
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textures are drastically different from the initial
texture, with the basal poles nearly perpendicular
to the initial basal poles. This phenomenon is due to
the 86.3º rotation of the grain orientation by exten-
sion twin. The different basal pole intensity results
from the relatively different contribution of the
extension twin (see the twin volume fraction (TVF)
in the loading cases).

Mechanical Behavior

According to Table III, the ‘‘best-fit’’ single-crystal
parameters for the ZEK100 sheet are quite different
from those for the conventional Mg alloy AZ31B29

(Table III, last row). The ratios between the CRSSs
of the nonbasal and basal slips of the ZEK100 sheet
are significantly reduced, consistent with the corre-
sponding experimental observations. Relatively, the
nonbasal slip modes become easier to be activated,
thereby improving the formability of Mg alloys with
addition of rare-earth elements.

Based on the ‘‘best-fit’’ parameters, the simulated
stress–strain curves (lines in figures) under both
tension and compression along the RD (T-RD and C-
RD) agree well with experiment (Fig. 3a). The
relative activities of the deformation mechanisms

of slips and twinning are presented in Fig. 3b, c. In
the C-RD case, with increasing strain, basal slip
becomes more active with continuously declining
twinning activity. Pyramidal slip is activated with a
relatively small fraction at plastic strain beyond 6%
(Fig. 3b). As the CRSS values of basal slip and
extension twin are relatively low (Table III), the
stress under C-RD initiates at a low value of �
150MPa and ends up to � 450 MPa because of the
participation of prismatic slip and pyramidal slip. In
the T-RD case, nearly equivalent fractions of defor-
mation are sustained by the basal and prismatic
slip, resulting in a high initial yielding stress (� 220
MPa) but ending up at only � 270 MPa.

Figure 4 presents the stress–strain curves and
relative activity of various deformation mechanisms
under compression and tension along TD (C-TD and
T-TD). The relative activities indicate that, under C-
TD, basal slip and extension twin accommodate the
plastic deformation in the initial deformation phase
with a certain amount of prismatic and pyramidal
slip providing further plastic deformation, but the
corresponding activities are lower than that of C-RD
(Fig. 4b). Meanwhile, under T-TD, the extension
twin is noticeable at small strains, which is different

Table III. Optimum set of parameters for ZEK100 sheet in the 10-d problem and 4+6-d problem, alongside
corresponding values for AZ31B sheet for comparison29

Parameter/MPa sbas0 s
pri
0 s

pyr
0 stw0 sbas1 s

pri
1 s

pyr
1 hbas

0 hpri
0 hpyr

0

10-d calibration optimum 14 105 124 38 7 11 133 25 362 1236
4+6-d calibration optimum ‘‘best-fit’’ 9 110 125 48 2 11 105 93 412 1790
AZ31B sheet 5 95 105 37 7 30 110 150 350 3000

Table IV. R2 values of auxiliary simulations with 10% variation of each parameter

Adjusted parameter sbas0 s
pri
0 s

pyr
0 stw0 sbas1 s

pri
1 s

pyr
1 hbas

0 hpri
0 hpyr

0

+10% 0.952 0.804 0.933 0.958 0.954 0.956 0.946 0.957 0.956 0.952
–10% 0.954 0.822 0.960 0.955 0.952 0.954 0.958 0.957 0.958 0.960

Fig. 2. Initial and developed textures of rolled ZEK100 sheet under different loadings in terms of {0001} pole figures at strain of 10% (top) and
20% (bottom).
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from T-RD, indicating that the mechanism changes
from twinning to slip (Fig. 4c).

For loadings of T-45 and C-45 (Fig. 5), the defor-
mation mechanism is similar to C-RD, and pyramidal
slip is active after a certain strain. From Fig. 5b, c, it
can be seen that the active pyramidal slip is respon-
sible for the rapid hardening of C-45 due to the high
CRSS of pyramidal slip. With respect to C-ND
(Fig. 6), the plastic deformation is dominated mostly
by basal slip and coordinated by prismatic and
pyramidal slips, similar to C-TD (Figs. 4b , 6b).
Though experimental results are not available, an
auxiliary simulation of T-ND (Fig. 6c) was performed.
A large amount of twinning coordinate deformation

and prismatic slip becomes more active with the less
deformation induced by twin.

According to the results shown in Figs. 3, 4, 5, and
6, the simulated stress–strain curves are consistent
with the corresponding experiments. Based on these
results, the twinning activity is worth further
analysis. The deformation twinning nearly satu-
rates beyond strain of 10% in all the loading cases,
after which the slip mechanisms dominate to
accommodate the plastic deformation. Besides,
higher TVF (more twinning) induces a longer
plateau in the stress–strain curves.

In conclusion, the different combinations of the
operating deformation mechanisms result in

Fig. 3. (a) Stress–strain curves under C-RD and T-RD, and relative activities of various deformation mechanisms under (b) C-RD and (c) T-RD.

Fig. 4. (a) Stress–strain curves under C-TD and T-TD, and relative activities of various deformation mechanisms under (b) C-TD and (c) T-TD.

Fig. 5. (a) Stress–strain curves under C-45 and T-45, and relative activities of various deformation mechanisms under (b) C-45 and (c) T-45.
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different mechanical responses and texture evolu-
tion in the different loading cases.

CONCLUSIONS

A two-stage calibration procedure with MIGA is
proposed to calibrate the single-crystal parameters
associated with a polycrystal plasticity model
(VPSC-TDT model + Voce hardening law here)
based on multiple mechanical testing results,
exhibiting superior efficiency and accuracy. The
new procedure saves � 54% of the calibration time
of the ten-dimensional calibration. Moreover, the
obtained set of parameters is the global optimum.

The optimized set of parameters for ZEK100 alloy
reproduces well the strain–stress response, the
relative activity of deformation mechanisms, and
the texture evolution under seven loadings. The
differences between the mechanical responses
under different loadings are due to the different
deformation mechanisms operating. Principally, the
proposed calibration approach does not rely on the
constitutive model used and could thus be applied to
any other crystal plasticity models or hardening
laws.
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