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Abstract

This paper reviews the state of the art of soil behavior in the range of small strains and its constitutive modeling, which is
an important issue when predicting displacements under serviceability conditions. The factors that control nonlinear,
hysteretic and dependent on recent history soil behavior are described. Likewise, concepts of soil constitutive modeling are
explored in detail and two criteria are explained and used to classify the analyzed models: (1) a first criterion based on the
concept of tensorial zones; and (2) a second criterion based on the elements that defines the hysteretic soil behavior,
including reversal criteria, memory rules and the effects of reversals on soil degradation and on soil stiffness recovery. The
fundamentals of the formulation of the analyzed models are provided, as well as their scope of application, advantages and

disadvantages.

1 Introduction: The Kinematic Nature of Soil
Stiffness

The stiffness of a body, understood as its resistance to
deformation under applied forces, depends on its shape, its
boundary conditions and the stiffness of its constitutive
materials [1].

From the experiments carried out by Hardin and Drne-
vich [2], Simpson et al. [3], Jardine [4] and Smith et al. [5],
Jardine [6] developed the idea previously stated by Skinner
[7] and supported by a large number of researchers [8—13],
to explain soil stiffness behavior depending on the range of
stress and strain to which it is subjected, within the
framework of the theories of Kinematic Yield Surfaces
(KYS) and plasticity. Jardine [6] differentiated four zones
around any point in stress space, which move and change
their shape according to the stress paths followed. In each
of these zones, Jardine identified a characteristic behavior
of the soil, which was related to the nature of the strains
that take place in them (Fig. 1).
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Zone  Externally limited by Y, (Fig. 1a), soil behavior in

1 this area is linear reversible [6, 14-21]. Some
researchers indicate that a purely linear elastic
behavior does not occur in any strain range,
although it is a sufficient approximation from a
practical point of view [1]. Likewise, Hueckel and
Nova [22] affirm that irreversible deformations
occur in all primary loading processes. Zone I of
Jardine can be very small [23-25], especially in
uncemented and normally consolidated soils
[26, 27].

Zone Internally limited by Y; and externally by Y,

II (Fig. 1a), soil behavior in this zone is nonlinear
reversible, hysteretic and dependent on recent
history [3, 4, 6, 15, 16, 20, 22, 28-34].

Zone Internally limited by Y, and externally by Y3

111 (Fig. 1a), soil behavior in this zone shows a first
degree of irreversibility (plastic deformations),
which depends on the OCR [6, 35]. As can be seen
in Fig. 1b, if OCR > 1, plastic strains in this zone
tend to increase linearly with the strain, while if
OCR = 1, they tend to do it in a nonlinear way.

Zone Internally limited by Y3 (Fig. la), soil behavior in

v this zone shows a high degree of irreversibility
[6, 35]. The plastic strains in this zone always
increase in a nonlinear way with the strain
(Fig. 1b).

The definition of these zones is useful to understand and
to classify the soil response in the context of mechanical
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Fig. 1 aZones 1-4 (I-IV) in the stress space. b Axial plastic strains (81,) normalized by the maximum axial total strain (&,,,) vs. total shear strain

(&5,max)- From [6]

constitutive equations, and they will be used in this paper
for this purpose.

2 The Range of Small Strains in Engineering
Practice

The application of Soil Mechanics to the new problems faced
by civil engineers at the beginning of the twentieth century
was focused on the prevention of collapse, but this concep-
tion changed in the 70 s due, among other reasons, to: (1) a
good knowledge of most soil failure mechanisms; (2) the
need to build new structures in dense urban areas and to
protect nearby existing structures; (3) the need to build
especially sensitive structures, such as nuclear plants; and (4)
the advances in numerical analysis tools and in computing
power [1]. During the 70 s, it was observed how the soil
stiffness obtained in conventional laboratory tests did not
coincide with the stiffness obtained in dynamic field tests [8].
The dynamic field tests stiffness was usually an order of
magnitude higher than the one of laboratory tests [36]. Later,
researchers [15, 37, 38] realized that these differences were
due to stiffness measurement at different strain levels, which
allowed unifying the theories that tried to explain, until that
moment, the value of the soil shear modulus. These facts
suggested that conventional laboratory tests were not ade-
quate to assess natural soil stiffness. In addition to that, it was
shown that the low stiffness measured in conventional lab-
oratory tests also came, among others, from deficiencies in
the strain measurement techniques and from the disturbance
of the samples during their extraction process [9]. During the
subsequent years, measurements of soil displacements in
various London works, new instrumentation techniques in
laboratory tests and advances in numerical analysis methods,
helped to improve the understanding of soil behavior in the
range of small strains, in which stiffness plays a fundamental
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role [15, 36]. These findings promoted the development of
new instrumentation techniques for field and laboratory
tests, which Clayton [1], Elhakim [39] and Cudny [40]
classify as follows:

e Dynamic field tests: Cross-hole [41], Down-hole
[42—44], Spectral Analysis of Surface Wave SASW
[45, 46], Continuous Surface Wave System CSWS [47],
Suspension logger [48], Seismic cone CPTU [49] and
Seismic dilatometer SDMT [50].

e Laboratory tests: Resonant column [2], Hollow cylinder
[18, 51], triaxial devices with internal strain measure-
ments [9, 20] or bender elements and compression and
shear seismic wave measuring devices [52, 53] in
oedometers [18, 54-57], in direct simple shear appara-
tus [55], in triaxial apparatus [55, 58, 59], in resonant
column apparatus [60-62], in double simple shear
apparatus [63] and in unconfined samples immediately
after their extraction [64, 65].

There are numerous advanced constitutive models cap-
able of simulating soil behavior in the whole range of
strains (Zones I, II, III and IV of Jardine [6]), which is
essential for a complete analysis of geotechnical problems,
although the use of many of these models is reduced to an
academic ambit and according to Tamagnini and Viggiani
[66] this is due to: (1) its complex formalism; (2) the use of
a large number of parameters which are difficult to obtain
experimentally; (3) the use of a large number of state
variables which are difficult to initialize; and (4) the dif-
ficulties associated with the formulation of precise, effi-
cient and robust algorithms for the numerical
implementation of equations (although there have been
significant advances in recent years regarding this point).
However, some of these advanced models have managed to
extend to the professional practice, for example, the Har-
dening Soil Small model (HS-S) [67].
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Fig. 2 Surface settlements during the construction of the St James’s
Park tunnel in London. a Numerical simulations with a linear elastic
model with perfect plasticity and two nonlinear isotropic models, L4
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and J4, from [68]. b Numerical simulations with a linear elastic model
with perfect plasticity and two nonlinear models, Brick and SRD-
Brick, from [69]
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Fig. 3 Soil displacements during an excavation between diaphragm walls in the Taipei Enterprise Center (TNEC), from [70]. a Numerical
simulations with the MCC model. b Numerical simulations with the USC model

Fig. 4 Load-displacement
curve under an experimental
spread footing of 3 x 3 m on
sand, conducted by the Texas
A&M University National
Geotechnical Experimentation
Site (NGES), extracted from
[67]. a Numerical simulation
with the HS model (OCR > 1).
b Numerical simulation with the
HS-S[MC] (OCR > 1)

Figures 2, 3 and 4 show the need to consider soil
behavior in the range of small strains in different
geotechnical problems. It can be observed that models
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incorporating small strain stiffness improve the prediction
of soil displacements with respect to the conventional
elastoplastic models.
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3 Soil Behavior in the Range of Small Strains
3.1 The Range of Small Strains

Jardine [6] identifies soil behavior in the range of small
strains with Zones I and II. Zone I usually corresponds to
strains less than 107¢ in sands and 10~ in clays, while
Zone II does so with strains within the interval 107 to
1073 [40]. On the other hand, the range of intermediate and
large strains is identified with Zones III and IV defined by
Jardine. These zones usually correspond to strains greater
than 1073,

3.2 Considerations About Stiffness
3.2.1 Bulk Modulus

Regarding the drained bulk modulus, it is not usual to
distinguish between values at small, intermediate or large
strains, unlike what happens with the shear stiffness mod-
ulus. Duncan et al. [71] proposed the expression (1) to
calculate the apparent bulk secant modulus (Fig. 5).

/ m
K = Kyp, (ﬁ) (1)
Pa

The use of the confinement ¢4 as a variable in the
expressions of the stiffness moduli is a common practice in
many hypoelastic and quasi-hypoelastic models. This is
because soil parameters of many models are usually
adjusted to theoretical curves based on the results obtained
in the deviatoric phase of triaxial tests, in which the con-
finement remains constant, which simplifies the fitting.
However, the use of the o} as a variable in these expres-
sions makes it difficult to generalize these models to
multiaxial loading states. The expression (2) for K!* is
considered more appropriate.
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Fig. 5 Dependence of the apparent secant bulk modulus (B = K/*)

on o%/p, in high plasticity clays from Barind, according to the
expression (1), from [72]
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Duncan et al. [71] proposed an expression analogous to
(2) for the drained tangent elastic longitudinal modulus
E;W "), from which it is possible to calculate the drained
tangent elastic bulk modulus K], = E; ./ (3(1 —2v,,)).

Likewise, Roscoe and Schofield [73] and Roscoe and
Burland [74] proposed the following expression for the
elastic tangent bulk modulus in their critical state models
(Fig. 6).

K =Ly (3)
K

Lade and Abelev [76] analyze the hysteretic volumetric
soil behavior through the study of the variation of volu-
metric stiffness during isotropic loading and unloading in
sands due to the introduction of small loading cycles
(Fig. 7). In the primary loading branch, they observed that
the cycles led to a significant increase in volumetric stiff-
ness, which did not happen during the cycles in the
unloading branch, in which any differences in the value of
such stiffness were hardly observed.

3.2.2 Shear Stiffness Modulus

Unlike the bulk modulus, shear stiffness modulus in soils is
more difficult to specify and there are many studies about
the parameters controlling it. The parameters considered
most relevant are: shear strain (), mean stress (p’), void
ratio (e), plasticity index (PI), overconsolidation ratio
(OCR, Ry), diagenesis, recent history, loading rate and
anisotropy.
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Fig. 6 Tests in silty clays, from [75]. Isotropic compression,
v—1=(1+ep)e.
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Fig. 7 Stiffening of the bulk modulus in sands of Nevada during small
loading and unloading cycles in the primary loading branch and
during the unloading branch [76], extracted from [67]

e Shear strain (y): There are many evidences indicating
that shear stiffness modulus G degrades with shear
strain. To generalize the concept of shear strain to a
multiaxial state of stress and strain, it is usual to work
with the octahedral shear strain. Figure 8 shows the
results of diverse experimental tests involving the
degradation of the apparent shear modulus with the
total shear strain in clays and sands.

Normalised shear modulus, G/G,

on dry-wet reconstituted
and undisturbed samples
of clean sands, silty and
gravelly sands, sandy
gravels for every soil
state and drainage

061 conditions

0-4 4

0-2 1

0 '
0-0001 0-001 0-01 01 1 10
Shear strain, y: %

(b)

Mean stress (p'): Shear modulus depends on confine-
ment. Authors such as Ohde [79], Hardin [80], Janbu
[81], Hardin and Richart Jr. [82] or Hardin and
Drnevich [2], based on experimental observations,
proposed relations as Gy o (p')" between the value of
maximum shear modulus Gy and mean stress (Fig. 9).
The introduction of the Hertzian contact theory in
spherical particles for the calculation of Gy results in
m = 0.33 [86, 87]. Experiments in sands provide values
of m=0.40 —0.60 [88-90], while in clayey soils,
values of m = 0.50 — 1.00 are usually taken, being
close to 0.50 for low plasticity clays and to 1.00 for
high plasticity clays.

Void ratio (e): Hardin and Richart [82] observed the
dependence of the maximum shear modulus Gy on the
void ratio from experiments with Ottawa sands, and

proposed expressions like Gy o (B: - e)z/(l +e).
Authors such as Biarez and Hicher [91] or Lo Presti
and Jamiolkowski [92] proposed expressions as
Gy x e %, and Bui [93] proposed expressions as Gy x
1/(1+e)® (Fig. 10).

Plasticity Index (PI): It is experimentally observed that
higher values of the plasticity index in a soil result in a
shift of the degradation curve of the apparent shear
modulus towards higher shear strain values (Fig. 11).

Fig. 8 a Degradation of the apparent shear modulus in clay tests with
different plasticity index, from [77]. b Degradation of the apparent
shear modulus in sand tests, from [78]

Vucetic and Dobry [94] proposed patterns for this
dependence.
e Overconsolidation ratio (OCR, Ry): Hardin and Black

[86] proposed correlations like Gy o (OCR)k, based on
experimental observations between the maximum shear
modulus Gy and the overconsolidation ratio OCR. On
the other hand, Houlsby and Wroth [95], based on the
works of Hardin and Black [86] and Atkinson and Little

[96], proposed correlations as Gy oc (Ro)k between the
maximum shear modulus Gy and the overconsolidation
ratio R, (Fig. 12).

e Diagenesis: The diagenesis is the physicochemical
process by which a sediment is transformed into a
sedimentary rock. This process gradually alters the
stiffness of the soil. Some of the main processes that
alter soil stiffness are cementation [98] and aging
[99—-104], understood as the alteration of mechanical
properties of the soil resulting from secondary com-
pression under a constant external loading. Trhlikova
et al. [105] proposed a relation between the maximum
shear stiffness modulus Gy and the structure as
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Fig. 10 Results of experiments with resonant column on well graded sands and reconstituted clays, from [93]

I
Gy x (s* /sf*) On the other hand, Anderson and

Stokoe [106] proposed a relation between Gy and the
aging like Go(f) o< Go(1,) (1 + Ng,1log(t/1,)).

e Recent history: Atkinson et al. [30] defined the concept
of recent history as that corresponding to recent stress
or strain path in relation with the previous one, from
which it is differentiated by a change in its direction
(reversal) or by an extended period of rest. Soil
behavior after a reversal and before a subsequent

@ Springer

monotonous strain suggests a gradual adaptation of its
internal state until it exclusively depends on ¢’ and e
[107]. In such state, that it is inside the SOM region
[108], proportional strain paths lead to proportional
stress paths. It is for the latter that the influence of the
internal state of the soil over its behavior can only be
revealed during small strains after reversals [107]. The
studies of soil recent history require the use of tests with
different stress or strain paths. Sayao [109] show these
tests as indicated below:
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Fig. 12 Gy = Go(Ry) in reconstituted samples of kaolinite clay, from
[97]

e Tests without rotation of the principal stresses
(o, = 0).

— Axisymmetric triaxial tests (control over
6y >0y, =0} in triaxial compression (Lode
angle is equal to 0°) and over ¢| = g5 > g} in
triaxial extension (Lode angle is equal to 30°).

— Biaxial tests with plane strain (¢, =0 and
control over ¢ and d%).

— True triaxial tests (control over ¢/, 65 and d%).

— Triaxial hollow cylinder (control over ¢}, ¢, and
a%).

e Tests with rotation of the principal stresses (d, # 0)

— Axisymmetric triaxial tests with torsion (control
over o¢y>0y,=gq5 or o¢)=0,>0; and

sin*(a5) = (0 — 0%) /(o) — d4)).

— Simple shear tests (e, =¢, =0, 1, =0 and
control over ¢}, % and d5).

— Tests with directional shear cell (¢, =0 and
control over a/, g%, and o).

— Hollow cylinder with torsion (control over
o', 05, a5 and o).

Volumetric strain reflects the effect of isotropic loadings
that tend to increase the value of the contact forces between
particles, while deviatoric strain, usually generated by a
deviatoric loading, modifies the direction of such forces
and affects the stiffness of the soil. Some notable works in
which soil recent history has been studied in relation to
deviatoric loadings and deviatoric strains are those carried
out in triaxial tests by Richardson [29], in hollow cylinder
tests by Sayao [109], in biaxial tests by Topolnicki et al.
[110] and in true triaxial tests by Sture et al. [111], Fig. 13.
Nevertheless, there are few tests in which, in addition,
suitable measurement methods have been implemented for
the range of small strains, among which stand out the tri-
axial tests with local strain measurement [29] (despite the
limitations they present in terms of the possible stress and
strain paths), as well as the hollow cylinder tests
[112, 113].

The work of Atkinson et al. [30] shows the results of a
set of triaxial tests on reconstituted overconsolidated
samples (OCR = 2) with London clay (Fig. 14). All of
them were initially brought to the same stress state (O in
Fig. 14a) using different stress paths (PO and QO in
Fig. 14a). After a rest period of 3 h, they were subjected to
a deviatoric phase of Ag = 90kPa with Ap’ =0 (OA in
Fig. 14a). As it can be seen in Fig. 14b, the stiffness of the
soil during the OA path depends on the angle of such path
with respect to the previous paths (PQ and QO). The wider
the angle between paths, the higher is the value of the shear
stiffness Gy at the beginning of the new path.

Clayton and Heymann [20] conducted tests on natural
samples of London clay, applying the stress paths depicted
in Fig. 15a. After completing the AB phase, they allowed
the samples to rest for a period of 6-12 days before starting
the triaxial extension (BE) and compression (BC) phases,
thus allowing the soil yielding, which did not happen in the
tests of Atkinson et al. [30], in which only a rest period of
3 h was left. Thus, Clayton and Heymann observed how
plastic strains significantly reduced the effect of soil recent
history on the Gy value (Richardson [29] had observed a
similar behavior in his experiments). Nevertheless, despite
this attenuation of the path rotation effect on the Gy value,
Fig. 15b shows how, even allowing soil yielding, the stress
history still has some effect on the shape of the degradation
curve.
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Fig. 13 a Triaxial test: stress paths in ¢/p’ — & space with different
angles tan(0,,) = Ag/Ap’ in reconstituted London clay, with
OCR = 2 and p’ = 200 kPa, from [29]. b Hollow cylinder test: stress
and strain paths in R = ¢} /a5 — 7,..c space, where « = o, is the
rotation angle of the principal stress, in Ottawa sand with p’ =
300 kPa and Dy = 36%, from [109]. ¢ Biaxial test: stress and strain

Gasparre [75] studied the effects of plastic deformations
on the value of soil stiffness (through the control of resting
times of the sample before applying new loads), as well as
the effects of the loading magnitude prior to the rotation of
stress paths, extending the research of Atkinson et al. [30]
and Clayton and Heymann [20]. Gasparre et al. [34] con-
ducted a set of tests on natural samples of London clay
(Fig. 16), in which the following was observed:

@ Springer

-]
4 —+
+
+
+
+
3 T
-2 -+
2 -
+
$ -t
+
T+
° 4
-] 2 4 e 8 10 12 14 16
10 DEV—STR PATH

(d)

paths in the respective deviatoric planes in reconstituted Karlsruhe
clay, from [110]. d True triaxial test: strain path in the deviatoric
plane and deviatoric stress /5;5; — deviatoric strain /¢;€; space in a
Leighton Buzzard sand with D = 72%, from [111]

1. When the stress state in recent history remains within
the contour Y, (Zone I or II according to Jardine),

If plastic deformations are allowed, the effect of
stress path rotation on the shear stiffness of the soil
is reduced, Fig. 16a (as observed by Clayton and
Heymann [20]).
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(a)

Fig. 14 Undrained triaxial tests on reconstituted London clay, from [30]. a Paths followed in the tests. b Effect of stress recent history on soil

stiffness
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Fig. 15 Undrained triaxial tests on London clay with a rest period of 6—12 days after AB and before BC and BE, from [20]. a Stress paths

followed. b Undrained longitudinal modulus E, in trajectories BC and BE

— If plastic strains are not allowed, the same behavior
observed by Atkinson et al. [30] is obtained, that is,
a clear dependence of the Gy value on the stress

path rotation, Fig. 16b.

When the stress state in recent history tends to
overcome and displace the contour Y, (Zone III or
IV according to Jardine [6]),

— There is a clear dependence both on Gy and on the
shape of the degradation curve with the stress path
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Fig. 16 Degradation curves in undrained triaxial tests in London clay
(Gegan = Gi¥ = G/3¢,), from [34]. a Within Y, (Zones I or II),
allowing plastic strains. b Within Y, (Zones I or II) without allowing

rotation, regardless of whether plastic strains are
allowed or not before starting the stress path after
the rotation conducted, Fig. 16c¢.

e Strain rate and inertia effects: There are numerous

experimental tests on plastic soils that show the
dependence of their stiffness on the strain rate [36],
an effect attributed to their viscosity and plasticity. In
sands, generally, this effect is very small or non-existent
[114]. On the other hand, this effect is negligible in the
range of small strains y<0.001% [115], and increases
its relevance for larger strains 0.01% <y <0.1% [116],
as it can be seen in Fig. 17. Yong and Japp [117]
defined the strain rate shear modulus parameter
(Fig. 18) as ag = AG/A(log(7)).
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Fig. 17 The effect of strain rate on stiffness during the deviatoric
phase of an undrained triaxial test on an intact sample of London clay,
from [116]
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e Anisotropy: Multiple correlations have been proposed

to calculate the soil maximum shear modulus value,
several of which can be found in the work of Obrzud
and Truty [119]. Below there are some expressions for
the calculation of Gy ) in a plane i according to
direction j, based on the relations discussed above,
which also introduce the effect of soil anisotropy:

Hardin and Black [89]:
Goy) = Af(€) (OCR) (ply ) " (p')"™
Hardin and Blandford [14]:

- (l—n,—n/) n; n;
Goy = Sif©OCR) () ()" ()" (5)
Rampello et al. [120]:

Gog) = Suf (€)(OCR)"p'B

Pennington [121]:

n/2

(1_”11)—n,-j/2

Goiyy = Sif @) ORI ()" () "' B}

Pennington [121]:

Gogij) = Sif (e)(OCR)]g<p:*ef) (1ommmymn) (aﬁ)"i (q’-)nj (ai)nk

3.3 Considerations about the Hysteretic
Behavior

A fundamental aspect of soil behavior in Zone II of Jardine
[6], along with the nonlinearity and dependence on recent
history, is the hysteresis (Fig. 19).
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Soils are formed by particles and, therefore, will expe-
rience energy dissipation during loading cycles, which will
result in a hysteretic behavior [124]. Nevertheless, the
micromechanical mechanism through which the soil dis-
sipates energy during such cycles is not clear and Cudny
[40] points out to two possible explanations: (1) the dis-
sipated energy is the result of a process of local yield and
friction in the contacts between particles, which are sub-
jected to normal and shear forces, in which case, the energy
absorbed by the soil would be a function of the deformation
amplitude [125]; and (2) the dissipated energy is the result
of a viscous behavior due to the presence of fluid in the soil
pores [126].

As Hueckel and Nova [22] indicate in their fundamental
work on hysteretic behavior in soils, hysteretic cycles are
characterized by having different apparent stiffness after
rotations in stress or strain paths. In addition to that, if a
perfect hysteretic behavior is considered, the deformations
would only be recoverable if the cycles starting from the
same reversal point were closed. Nevertheless, according
to Hueckel and Nova, there are no perfect hysteretic cycles,
generally observing: (1) certain permanent strain after the
closing of the cycles, which depends on the number of
these; (2) viscous effects or cyclic hardening/softening; and
(3) dependence of the stiffness in unloadings/reloadings on
the magnitude of the accumulated plastic strain (elasto-
plastic coupling).
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As Gudehus [107] points out, when reproducing the
hysteretic soil behavior, the state of a representative soil
element is not sufficiently characterized by the void ratio e
and the effective stress tensor ¢’. In these cases, it is nec-
essary to define hidden state variables %"’ that cannot be
observed macroscopically and represent the spatial fluctu-
ation of the chains of internal forces between soil particles
(called force-roughness effect). It is also possible to attri-
bute to these variables the nonlinearity and the soil
behavior dependence on its recent history. As previously
commented, soil behavior after a reversal and before a
subsequent monotonous strain path suggests a gradual
adaptation of its internal state (characterized by the men-
tioned hidden state variables) until it depends exclusively
on the stress tensor and the void ratio, state in which pro-
portional strain paths lead to proportional stress paths. It is
for this last reason that the influence of the internal state of
the soil on its behavior can only be revealed during small
strains after reversals. Furthermore, the state variables 1’”” ,
within the set of state variables yx, are, in general, of two
types: a (back stress) normally in elastoplastic or vis-
coelastoplastic models (these models tend to underestimate
the hysteretic effects of the soil) and 6 (internal strain)
normally in hypoplastic or viscohypoplastic models (these
models tend to overestimate the hysteretic effects of the
soil) [107]. Although a and é can be formally treated as
strains and stresses respectively, they cannot be interpreted
physically as such [107], which is due to the fact that the
internal variables a and d are obtained, respectively, from
6’ and ¢ (a is obtained from stress through the establish-
ment of an elastic center & = ¢’ when a reversal takes

place, and dis proportional to ¢ and is calculated from it).

4 Constitutive Modeling

As proposed by Popper [127], theoretical models can
capture part of reality if they are logically consistent and
the hypotheses they use are not refuted by observations.
Nowadays, there are several theoretical frameworks that try
to explain distinct aspects of soil behavior. Within these
theoretical frameworks, several constitutive soil models
that consider the mechanical behavior of the soil in the
range of small strains have been developed over the last
decades.

The mechanical soil behavior must be explained by the
interaction of the distinct phases that constitute the soil
along with the internal and external actions on it. Despite
the discontinuous nature of soil, most of the models used in
the professional practice consider soil as a continuous
medium. Although there has been important progress in
models that considers soil as a discontinuous medium

@ Springer

[128-131], the scope of this paper has been limited to
continuous ones.

According to Tobita [132], any type of soil microme-
chanical behavior (slide, rotation, deformation or breakage
of the particles or aggregates) leads to a nonlinear incre-
mental type of macromechanical behavior, therefore, any
constitutive model that considers soil as a continuous
medium should be able to reproduce this behavior.

Mechanical constitutive modeling of soils can be framed
in Continuum Mechanics problems, which involve a set of
well-known general conservation and balance equations
and a particular constitutive equation, which for simple
materials [133], is expressed in (9).

o' (1) = F[F(r)] —oo<t<t 9)

The consideration of a functional F, and not a function,
is due to the irreversible soil behavior that should be
reproduced. In this type of behavior, knowing the state of
deformation &(¢) at a given instant ¢ does not allow to know
the stress state at that instant and vice versa [134]. Fur-
thermore, not any functional F will represent a valid
constitutive relation [133].

As Owen and Williams [135] show, in the case of non-
viscous type materials, which are the kind of materials
analyzed in this paper, it is common to resort to incre-
mental type formulations in which the functional F is
reduced to a tensorial function of the type
¢ = G(e, 6y, ¢). Considering that the tensorial function G
is homogeneous grade one in the term of &, allows
expressing the constitutive equation as
¢ =E(e, 6, 2,1) : &

The dependence of the tensor E, on § = /||| leads to
the tensorial zone concept defined by Darve [136, 137] and
Darve and Labanieh [138], which will be very useful to
classify the analyzed models. A tensorial zone Z is defined
as the part of strain increments space in which the tensorial
function G is linear with &. This will imply that in a certain
tensorial zone Z, the tangent stiffness tensor will be inde-
pendent from #, and the relation between ¢’ and & will be
incrementally linear, that is, ¢’ = E“(¢,a',y) : é, where
E\(e,a',y,n) = E%(¢,0’,7),¥n € Z. Different tensorial
zones conform different adjacent hypercones with the
vertex in common, and the condition of continuity does not
allow the election of any tangent stiffness tensors in two
adjacent tensorial zones.

4.1 Some Previous Considerations About
Constitutive Modeling in the Range of Small
Strain

To approximate soil behavior in Zone II, it is necessary to
use nonlinear hysteretic models that consider the effect of
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recent history on stiffness. A common way to simulate this
nonlinearity is by using nonlinear elastic stiffness moduli.
Such moduli depend exclusively on the elastic strain &° or,
equivalently, on the effective stress o¢’. However, the
experimental measurement of soil stiffness is normally
conducted in tests in which soil is subjected to primary
loading processes. During such processes, it is usual to
obtain stiffness values lower than those measured during
unloading or reloading processes. According to Hueckel
and Nova [22], this is due to the fact that irreversible
strains occur in every process of primary loading. Based on
this, it is possible to define the concept of apparent stiffness
moduli of the soil, which are calculated using the total
strain and not the elastic ones.

The apparent stiffness moduli usually depend on the

total strain ¢, the effective stress ¢’ and the state variables
hist

X
K;ap — K;ap (8, 0'/, xhist) G?p _ G?p (8, 0'/, xhist) (10)
Kt/ap _ Kt/ap (8, 0'/, xhist) G;,lp _ G;zp (8, 0'/, xhist) (] 1)

From a numerical point of view, using the apparent
stiffness moduli instead of the elastic ones within an
elastoplastic model significantly simplifies the calculation
algorithms (Fig. 20), although it can lead to theoretical
inconsistencies.

Tensorial zones [136—138] can be bijectively related to
the apparent stiffness of the soil and, therefore, to the
aforementioned apparent stiffness moduli. In this way, for
each tensor zone Z; a value of K, and G will be
obtained. Table 1 summarizes these correspondences.

In any model that uses elastic theory, it should be con-
sidered what is pointed out by Zytynski et al. [139] regarding

to the choice of elastic moduli. They showed that considering
constant values of drained Poisson’s ratio in a model implies
that this model will not be conservative and the generation of
energy in closed loading cycles will take place. In fact,
several incrementally multilinear models that consider soil
behavior in the range of small strains, such as those of
Papadimitriou et al. [140], Wongsaroj [141], SSOM and HS-
S [67] or HS-SS of Plaxis, use as elastic parameters the shear
modulus G and a constant value of the drained Poisson’s
ratio. Based on these parameters, such models internally
calculate the value of drained bulk modulus K’ using
expression (12). Other incremental multilinear models that
consider soil behavior in the range of small strains, such as
those of Whittle [142], Al-Tabbaa and Wood [10], Yu [143],
Gryczmanski et al. [144] or Gryczmanski and Uliniarz [145],
use the drained bulk modulus K’ and a constant value of the
drained Poisson’s ratio as elastic parameters. Based on these
parameters, such models internally calculate the value of the
shear modulus G through expression (12).

I — M <G G= M x K’
3 (1 - 2‘)20"5’) 2(1 + vi’onsr)

(12)

From the previous expressions it follows that the fact of
adopting a constant value of drained Poisson’s ratio implies
the proportionality K’ o< G, which generally does not respond
to experimental observations in the range of small strains
(Fig. 21). The expression of Poisson’s ratio as a function of K’
and G is given by (13), as well as the elastic thermodynamic
limitations and the condition v > 0 that must be satisfied in all
soils, based on experimental observations. On the other hand,
in the expression (14), v is deduced from expression (13).

Fig. 20 Algorithms for

Explicit algorithm to obtain stress using apparent stiffness moduli

obtaining the value of stress in
elastoplastic models

1) Initial strains: €™, Ae™*D e+ = ) L A+

2) Calculation of the stiffness moduli: K'% (€™, €™*) and G (™, e™*D)

3) Calculation of stress (elastic or plastic regime): ¢'™*1

4) New calculation step: If n < ngnq:n = n + 1 and GOTO(1); Elself n = nypq, END

Implicit algorithm to obtain stress using elastic stiffness moduli

[i+1]

1) Initial strains: €™,e>™, Ae*D e+ — (W) 4 Ae+D)

2) Hypothesis of the initial value of elastic strain: Ae®™" = Aem+D), ef(')(]"H) =e*™ + Aef(')(]"H)
2.1) Calculation of the stiffness moduli: K’ (Ee'("), Eﬁ.']("ﬂ)) and G (ee'("), efi'](nﬂ))
2.2) Calculation of stress (elastic or plastic regime): o

2.3) Elastic strains update: €

e,(n+1) _

2.4) Error calculation €,

and convergence criteria:
Ifecai* < TOLee, andef™™" < TOL.c , GOTO(3);
Else €™ = f(

e,(n+1) _e,(n+1)

e, €)Y, GoTo(2.1)
3) New calculation step: If n < ngpg:n = n + 1 and GOTO(1); Elself n = ngpq, END

[0]

/(n+1)
[i]
e,(n+1) (n+1)

fi+1] (" i1 )

e,(n+1)
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* for incrementally linear, multilinear and nonlinear models
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Table 1 Tensor zones and values of K, and G
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Experimentally, it is observed how, in the range of small
strains, the drained bulk modulus K’ does tend to stiffen
with the volumetric deformation, while the shear modulus

(13)

) <0.50

0<v

9GK' — K'G

-/

v

G tends to degrade with the octahedral shear strain.

(14)

2 (3K 4+ G)*
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Considering on the one hand G=G(y,,) with
GY,., <0 (degradation of G with 7,.,), and on the other
hand K’(go¢;), With K'é,e; > 0 (stiffening of K’ with g,;),
leads to values v/ > 0 if G<0 and K’ > 0, and values v/ <0
if G>0and K'<0. For vV =0 (v/ = V. .s)s according to
the expression (14), K’ /K = G/ G must be complied, that
is K" = (K{/Go)G x G, which is equivalent to expression
(12).

4.2 (lassification of Models Using the Elements
that Define the Hysteretic Behaviour

To reproduce the hysteretic soil behavior in a constitutive
model it is necessary to define hidden state variables "™
[107], within the set of state variables .

In addition to that, it is necessary to distinguish and
define the following concepts in each model, which are
directly related to the state variables x"*' and define a
specific classification criterion for constitutive models: (1)
reversal criteria; (2) memory rules; (3) effect of reversals
on the variables that control degradation; and (4) effect of
reversals on maximum soil stiffness.

4.2.1 Reversal Criteria

The models that consider the hysteretic behavior of the soil
use reversal criteria to identify points where changes of
direction occur in the stress or strain paths, whose effect
induces changes in soil stiffness. These criteria can be
divided as follows:

Extrinsic Reversal Criteria One or more loading and
unloading criteria are defined and added to the model
equations. These criteria are usually formulated based on
stress [143, 144], strain [67, 140, 142, 148, 149] or energy/
power [150].

Intrinsic Reversal Criteria

The loading or unloading criteria arise naturally from
the own equations of the constitutive model
[3, 10-12, 22, 31, 123, 151-156].

4.2.2 Memory Rules

Memory rules are those that allow models to store infor-
mation of a certain number of active reversal points,
understanding as an active reversal point that which
appears in #y and can influence the soil behavior for ¢ > t,.
Depending on the number of active reversal points from
which information is stored, all or part of the recent history
of the soil will be considered. Furthermore, the models that
store only part of this information may reproduce a certain
finite number of symmetric loading cycles without trans-
gressing the 1st Principle of Thermodynamics. It is

possible to distinguish three types of models based on the
number of reversal points from which information is
stored.

Information storage from a single active reversal point

These models store information of the last active
reversal point and, therefore, only consider the history
between such reversal point and the current state, offering
important limitations to reproduce hysteretic behavior but
requiring little computational memory to store such infor-
mation. Some models that belong to this group are the
following: Simpson et al. [3]; Whittle [142]; Al-Tabbaa
and Wood [10]; Bolton et al. [148]; Yu [143]; Puzrin and
Burland [152]; Gryczmanski et al. [144]; Pestana and
Whittle [149]; Papadimitriou et al. [140].

Information storage of several active reversal points

These models store information of a certain number of
active reversal points, so they can better reproduce the
hysteretic behavior with respect to the previous ones and,
therefore, they will have a greater computational memory
requirement. Likewise, these models use different typolo-
gies of state variables to store information, such as, for
example, the situation of yield surfaces in multisurface or
bubble models, or state variables in diverse elastoplastic
and hypoplastic models. The effect of reversals on these
variables depends on the rotation angle of reversal that
takes place, and it may be the case that an important
reversal erases the effect of previous active reversal points,
although these are recent. Some models that belong to this
group are the following: Prévost [11, 12]; Simpson [31];
Stallebrass and Taylor [123]; Niemunis and Herle [151];
Benz [67]; Cudny and Truty [155].

Information storage of all active reversal points

These models can store information of all the active
reversal points, improving their capability to reproduce the
hysteretic soil behavior, although they will generally
require a high computational cost. Nevertheless, for prac-
tical purposes, this type of models ends up limiting the
number of reversal points from which they store informa-
tion. The maximum number of reversal points considered
will depend on the number of expected loading cycles.
Some models that belong to this group are the following:
Hueckel and Nova [22]; Niemunis et al. [153]; Schiadlich
and Schweiger [154]; Castellon and Ledesma [156] and
those that fulfill the Generalized Masing Rules [157, 158].

4.2.3 Effect of the Reversals on the Variables that Control
Stiffness Degradation

The nonlinear models consider shear stiffness degradation

with deformation. The mechanisms that control this
degradation are identified here with the variables Y; >0,
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which can be considered as part of the variables 3. These
models can be grouped in two categories:

The variables Y; that controls the degradation are al-
ways fully reinitialized after a reversal

These models consider that the variables Y; adopt a
value of O after a reversal (Fig. 22) (Y; = Yff > 0 before
the reversal R and Y; = Yf* = 0 after the reversal R). This
implies that in these models the maximum value of stiff-
ness is reached after a reversal, which does not allow
simulating the experimental soil behavior described in the
work of Atkinson et al. [30] (Fig. 14), Clayton and Hey-
mann [20] (Fig. 15), Gasparre [75] or Gasparre et al. [34]
(Fig. 16). Some models that belong to this group are the
following: Hueckel and Nova [22]; Simpson et al. [3];
Whittle [142]; Al-Tabbaa and Wood [10]; Bolton et al.
[148]; Yu [143]; Stallebrass and Taylor [123]; Grycz-
manski et al. [144]; Puzrin and Burland [152]; Pestana and
Whittle [149]; Papadimitriou et al. [140]; Niemunis et al.
[153] and those that fulfill the Generalized Masing Rules
[157, 158].

The variables Y; that controls the degradation are fully
or partially reinitialized after a reversal depending on the
reversal rotation angle

These models consider that the variables Y; reduce their
value after a degradation process (Fig. 22) (Y; = Yff >0
before the reversal R and Y; = Yf“ <YfF after the

reversal R). Depending on the values Yf+ different stiff-
ness values are obtained after a reversal. This type of
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Fig. 22 Effect of reversals on the variables that control degradation,
drawn on the graphic of the shear modulus degradation of a London
clay, extracted from the work of Atkinson et al. [30]
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models allows partially simulating the experimental soil
behavior described by Atkinson et al. [30] (Fig. 14),
Clayton and Heymann [20] (Fig. 15), Gasparre [75] or
Gasparre et al. [34] (Fig. 16) Some models that belong to
this group are the following: Prévost [11, 12]; Simpson
[31]; Niemunis and Herle [151]; Benz [67]; Schddlich and
Schweiger [154]; Cudny and Truty [155]; Castellon and
Ledesma [156].

4.2.4 Effect of the Reversals on Maximum Soil Stiffness

Experimentally, it is observed how the magnitude of shear
stiffness recovery depends on the stress/strain reversal
rotation angle, as shown in Fig. 23. Considering this aspect
of soil behavior, it is possible to classify the models fol-
lowing two different criteria: (1) depending on whether the
soil stiffness recovery is continuous or discontinuous with
the rotation of stress/strain recent path; and (2) depending
on whether such recovery is always total after a reversal or
can be partial or total after it. Introducing the second cri-
terion within the first, the models can be classified as
follows:

Discontinuous recovery of stiffness with the rotation
angle of stress/strain recent path

This group integrates those models in which the recov-
ery of soil stiffness occurs discontinuously (staggered)
according to the rotation angle of the stress/strain recent
path. This is because the variables Y;, that control the
degradation process of shear stiffness, experience finite
jumps in their value for certain values of such rotation
(Fig. 23a). These models will be, therefore, incrementally
multilinear. In turn, the models that consider a total
recovery after a reversal or a recovery that can be partial or
total are distinguished in this group (Fig. 23b). Some
models with a total recovery after a reversal are the fol-
lowing: Hueckel and Nova [22]; Simpson et al. [3]; Whittle
[142]; Al-Tabbaa and Wood [10]; Bolton et al. [148]; Yu
[143]; Stallebrass and Taylor [123]; Puzrin and Burland
[152]; Gryczmanski et al. [144]; Pestana and Whittle [149];
Papadimitriou et al. [140]; Niemunis et al. [153] and those
that fulfill the Generalized Masing Rules [157, 158]. Some
models with a partial discontinuous recovery according to
the rotation angle of the stress/strain after a reversal are the
following: Prévost [11, 12]; Simpson [31]; Benz [67];
Cudny and Truty [155].

Continuous recovery of stiffness with the rotation angle
of stress/strain recent path

This group integrates those models in which the recov-
ery of soil stiffness occurs continuously according to the
rotation angle of the stress/strain recent path. This is
because the variables Y; that control the degradation pro-
cess of the shear stiffness vary continuously with the values
of such rotation (Fig. 23a). These models will therefore be
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Fig. 23 Effect of reversals on maximum stiffness according to the two
defined criteria, drawn on the London clay degradation graph
extracted from the work of Atkinson et al. [30]. a Continuous or

incrementally nonlinear, and the recovery of stiffness is
continuous with the rotation of the strain path. Some
models that can be considered to have a partial continuous
recovery according to the rotation angle of the stress/strain
after a reversal are the following: Niemunis and Herle
[151]; Schiddlich and Schweiger [154]; Castellon and
Ledesma [156].

4.3 Classification of the Models Using
the Tensorial Zone Criterion

The tensorial zone criterion has been used to classify the
models that consider soil behavior in the range of small
strains (Zones I and II of Jardine [6]), as follows:

(A) Incrementally linear models associated to one ten-

sorial zone (Fig. 24a)

(A.1) Elastic models
(A.1.1) Linear elastic models
— Anisotropic
— Isotropic
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(b)

discontinuous recovery according to the rotation angle of the recent
path of stress/strain. b Total or partial/total recovery of stiffness

(A.1.2) Nonlinear elastic models

— Algebraic formulation (Cauchy
elastic models and pseudoelastic
models)

— Integral formulation (hyperelas-
tic models)

— Differential formulation (hypoe-
lastic models stricto sensu)

(B)

Incrementally multilinear models associated to sev-
eral tensorial zones (Fig. 24b)

(B.1) Hysteretic models
(B.1.1)  Paraelastic models
(B.1.2)  Quasi-hypoelastic models
— Generalized Masing rules
(B.2) Advanced models
(B.2.1) Classic elastoplastic models
(B.2.2) Multisurface models
(B.2.3) Brick models
(B.2.4) Bounding plasticity models
(B.2.5) Bubble models
(B.2.6) Multilaminated models
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Fig. 24 Schematic representation of the tensorial zones for distinct types of models. a Incrementally linear models. b Incrementally multilinear

models. ¢ Incrementally nonlinear models

(C) Incrementally nonlinear models associated to infinite
tensorial zones (Fig. 24c)

(C.1)
(C2)

Hypoplastic models
Hypoplastic hybrid models

The set of incrementally linear models include the
elastic models, although both linear elastic models and
nonlinear elastic models can also be formulated non-in-
crementally, that is, according to ¢’ = F(&°).

Finally, it should be noted that the fact of not having the
numerical codes of most of analyzed models complicates
and limits their study, idea shared by Gudehus [107].

(A) Incrementally linear models

The number of tensorial zones #Z considered in the
incrementally linear models is reduced to one. These
models can reproduce soil nonlinear behavior in Zone II,
but not its hysteretic and dependent on recent history
behavior.

(A.1) Elastic models

Elasticity constitutes one of the fundamental pillars of
mechanics of deformable solids.

Two fundamental characteristics of these type of models
are: (1) the proportionality between effective stress ¢’ and
elastic strains ¢°; and (2) the possibility of determining the
stress state ¢’ (x, ) at any point of the continuous medium
and at any instant, only from the state of elastic strains
&°(x, t) in such point and instant, without the need to know
the previous history.

Soil behavior in Zone I can be approximated by a linear
elastic model. In addition to that, it is common to find
inherent and induced anisotropy in most soils, although it is
often complex to separate the influence of each of them on
the test results. Several discrepancies in numerical simu-
lations regarding experimental results come precisely from
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the fact that the effects of anisotropy are not considered.
Piriyakul [159] demonstrates the need to consider inherent
and induced anisotropy in the range of small strains, and
Poulos [160], Simpson [6], Simpson et al. [161], Adden-
brooke et al. [68], Zwanenburg [162], Kung et al. [163] and
Whittle [36] point out the importance of considering soil
anisotropy when elastic models are used. Nevertheless, the
difficulty to obtain the parameters associated with aniso-
tropic linear elastic models leads, on multiple occasions, to
the use of isotropic linear elastic models.

The elastic stiffness moduli in the range of strains
characteristic of Zone I correspond to the dynamic elastic
stiffness type that are G = Gy and K’ = K, when consid-
ering isotropy. These can be calculated from the soil den-
sity p,,;; and the speed at which the shear waves S (v;) and
compression waves P (v,) are transmitted through its
skeleton, according to the following expressions:

Go = psoiIV? (15)
4
Ky = pooit (V,Z; - 3vf,> (16)

(A.1.1) Linear elastic model
Linear elastic models use a linear tensorial function F(-)
for the total constitutive equation.

¢ =F()=E:¢ (17)

Since the elastic stiffness tensor E' is constant (E' = 0),
the incremental constitutive equation can be expressed as
follows:

6 =F(&)=E : & (18)
Considering the symmetry of ¢’ and ¢°, and some elastic

thermodynamic considerations, the components of E’ can
be reduced from 81 to 21.
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Anisotropic linear elastic model

The most general expression of E’ for a general aniso-
tropic linear elastic material has 21 independent compo-
nents. In anisotropic materials, it is common to use E,’--, v§j 0
Gj; as elastic parameters. In case the material properties
present three planes of symmetry, the material is said to be
orthotropic, and the independent components are reduced
from 21 to 9. And if the properties of the material have an axis
of symmetry, it is said that it has transversal isotropy and the
independent components are reduced from 21 to 5. Ortho-
tropic elastic models are rarely used. In contrast, elastic or
hypoplastic models that consider soil transversal anisotropy
have been used in professional practice to reproduce soil
behavior in the range of small strains [14, 154, 159, 164].

Isotropic linear elastic model

In case the material properties present three symmetry
axes, the material is said to be isotropic and the indepen-
dent components are reduced from 21 to 2. The constitutive
equation of an isotropic linear elastic model can be
expressed as follows:

2
o =FE :& = (<K’—§G>I ®1+2G|]) e

=3K'e%, 1 + 2Ge (19)

oct

On the other hand, considering s = ¢’ awl with

=p' =1/30); and the invariants 7,,, = /1/3|ls|| and

.. = \/4/3||e¢||, it is possible to uncouple the volumetric

and deviatoric behavior of the soil in the expression (19),

obtaining the expressions o/ , = 3K'¢%, and 7, = GY°,,.
Linear elastic models:

UL[

OC[

e Are linear models.

e Do not distinguish between stiffness in loading and
unloading/reloading and, therefore, cannot reproduce
the hysteretic behavior of the soil.

e Do not consider the effect of recent history on soil
stiffness.

e Constitute the theoretical base of nonlinear elastic
models and other advanced models.

e Constitute very simple formulations from a conceptual
and mathematical point of view.

e The parameters of the models are, in general, easy to
obtain from simple tests.

e In closed stress/strain cycles, they conserve the values

of stress and strain, § E' : & =0 and § (E’)flz ¢ =0.
& o

e Do not generate energy in closed stress or strain cycles,
$6' & =0.
b

(A.1.2) Nonlinear elastic models
The classification proposed by William [165], based on
the structure of the tensorial function F(-) that relates stress

to elastic strain, is used to define the nonlinear elastic
models.

The hypoelastic models stricto sensu are not elastic
models per se. As previously commented, one of the fun-
damental properties of the elastic models is the possibility
to determine ¢'(x,7) only knowing &°(x,7), without the
need of knowing the previous history. On the contrary, in
hypoelastic models, the stress state at a given point and
instant does depend on such previous history. Despite this,
the hypoelastic models have been traditionally considered
within the framework of elastic materials, therefore, such
classification has been respected in this work.

Algebraic formulation (Cauchy elastic models and
pseudoelastic models)

Cauchy elastic models

Cauchy elastic models use a nonlinear tensorial function
F(-) for the constitutive equation of the material.

o/ = F(s) = ¢ () + )& + 3 () () (20)

A priori, and given the arbitrariness in the functions ¢;,
this type of models can generate energy during the appli-
cation of cyclic loading, thus transgressing the thermody-
namic principles.

The linearized constitutive incremental equation is
expressed as follows:

s )<s€>"“+¢2<ef>e'e +2gs(e)e - &
(1)

Pseudoelastic models

Pseudoelastic models are a particular case of Cauchy
elastic models. In this case, the nonlinearity in F(-) is
incorporated through the secant elastic stiffness tensor. As
with linear elastic models, if an isotropic material is con-
sidered, the secant elastic stiffness tensor E’ depends on
two parameters, being able to be expressed according to the
drained secant elastic bulk modulus K and to the secant
elastic shear modulus G, which leads to the known K — G
nonlinear models formulation.

2
6 =F()=E :&= ((K’ 3G5)1®1+2GS|]> s ef

(22)

In the same way it was deduced for the constitutive
equation of an isotropic linear elastic material, it is also
possible in this case to uncouple the volumetric and devi-
atoric behavior from expression (22), provided that G, =
G,(7%,,) and K| =
3K§( m) & and T, = G (ym)yoct. In case of considering

!
K (e,,), leaving the expressions ¢}, =
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transversal anisotropy, it is necessary to introduce the
secant coupling modulus J; into the previous formulation,
resulting afm = SK;ef)cl + e, and to = Jsel, + Gyl

The linearized constitutive incremental equation of the

pseudoelastic models is the following:
d’:E;:ée+E; & =E.: &
OE. 0K ,  OFE. 3G, ., . (23)
—E =7, ] ¢
0K deg,, *" 0G; 0yg, o

The above expression can be rewritten as ¢’ = E; 1 E°,

where E: can be written as follows:
8 (G; — G
E,=E. + (K, —K)I®1 +§—( (’ )2‘)ee®e“ (24)
Voct

In the previous expression K, and G, are the tangent

moduli  which,  considering G, = G,(7,) and
K/ = K!(¢,,), can be expressed as:
1do’ dK’
K/ — oct __ K/ e‘ s 25
t 3 dgﬁc; N + sz)cl dgf;ct ( )
doc dG;
G =25 _ G, 4, (26)
[ dy5e tdyf)ct

Based on the above and considering that
e 1 é° =3/4y V¢, the constitutive incremental Eq. (23)
becomes expression (27), which is possible to express

uncoupled as ¢/, = 3K](&-,,) €, and Toer = G (1or) Vs
& = 3Kz 1+ 26 + 219 O je e @)

oct
Cauchy elastic models and pseudoelastic models:

e Are nonlinear models.

e Do not distinguish between stiffness in loading and
unloading/reloading and, therefore, cannot reproduce
the hysteretic behavior of the soil.

e Do not consider the effect of recent history on soil
stiffness.

e Constitute simple formulations from a conceptual and
mathematical point of view.

e The parameters of the models are, in general, easy to
obtain from simple tests.

e In stress/strain closed cycles, they conserve stress and

strain, $ E, : & =0 and ¢ (E;)_l; ¢ =0.
SE o—/

e Depending on the selection of soil parameters, they can
generate energy in stress/strain closed cycles, thus
transgressing the thermodynamic principles,
$6' & #0. If a Cauchy elastic model or a K — G
b

pseudoelastic model comply with G = G(yf;a) or G =
G* (1) and K' = K’ (sgct) or K' = K"* (0’ ) it will be

oct
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conservative, since, under these conditions, the elastic
energy W, is independent from the followed path,
complying with W,; = 0 in a closed cycle, where

We = ?{ (3/2Gs (v5er) Voer) Toer + 7{ (9K (e2,,) ., ).

e o
.
Voct oct

Integral formulation (hyperelastic models)

The hyperelastic models define an energy potential from
which the expression of F(-) is derived. This potential is
called elastic strain energy W = W(&°). In the case of iso-
tropic materials, W(¢&°) depends on the invariants of ¢’ and

oY ()
'=F(¢) = 28
o =F() == (28)
From expression (28), it is verified that this type of
models complies with the Ist Principle of Thermodynam-
ics, thus not allowing energy to be generated in stress/strain

closed cycles (expression 29).
oW (& .
7{0’:#’: ag);g:?{\y(ae):o (29)

Hereunder, the most general expression of F(-) for
isotropic materials is derived. For that purpose, the strain

tensor invariant moments ¥ = (1/i)tr((&f)") are defined.
Using the chain rule and the  notation
V(&) = 0W(e¢) /Ol the expression (30) is obtained:

6 = Wi () + Wo(e)ef + Ws (&) (&) (30)

As it can be seen, expression (30) has the same form as
expression (20). Nevertheless, the coefficients W;(&f),
unlike ¢;(¢°), satisfy the theorem of Schwartz, which
implies the integrability conditions
0*W(e0)/ 61}061;{’” = 0% (&) /I;f’e@f;’p, from which it follows
that the tangent elastic stiffness and compliance tensors
have greater symmetry in hyperelastic models and it can be
shown that this is a necessary condition to satisfy the 1*
Principle of Thermodynamics. These conditions do not
have to be complied in the Cauchy elastic models or in
pseudoelastic models.

The constitutive incremental equation in the hyperelas-
tic models is expressed as follows:

2 e
¢ =E: & :7668:?8@;:5 (31)

Several authors developed hyperelastic models that
consider the relation G = G(p') [166—171]. Such models,
in the case of isotropic materials, adopt the following
uncoupled form 6., = 3K/, + I, and
fﬂCl = ny.f)cr + Jfé(e;cl'

Hyperelastic models:
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e Are nonlinear models.

e Do not distinguish between stiffness in loading and
unloading/reloading and, therefore, cannot reproduce
the hysteretic behavior of the soil.

e Do not consider the effect of recent history on soil
stiffness.

e Introduce a great number of parameters, which are often
difficult to obtain from simple tests.

e In stress/strain closed cycles, they conserve stress and

strain, § E/ : ¢ = O and § (E/)"': ¢/ = 0.
& a

e Satisfy the theoretical requirements of continuity,
stability, uniqueness and the 1% Principle of Thermo-
dynamics, ¢ ¢’ : & =0.

b

The hyperelasticity framework has allowed the subse-
quent development of hyperelastic-plastic models. This is
the case of the model of Likitlersuang and Houlsby [172],
from which it is possible to deduce multisurface models
with kinematic hardening, or the model of Zhang et al.
[173], that is able to consider, among others, soil cemen-
tation, stress-induced anisotropy, cyclic shear behaviour or
shear modulus degradation under small strain conditions
due to the fact that energy dissipations and irreversible
strains are allowed within all strain ranges.

Differential formulation (hypoelastic models stricto
sensu)

Incrementally linear hypoelastic models stricto sensu
consider the existence of tensorial functions that relate the
stress increments with total strains, total stresses and strain
increments. Such models do not directly define the tenso-
rial function F(-), but this results from integrating the
incremental constitutive Eq. (32), leading to expression
(33).

¢ =E|d): & (32)
¢ = [E|(d'): &dt (33)
where Ej(¢’), in its most general form, depends on 12
functions C;, which in turn depend on the three invariants
of ¢, as
El(6)=C121+Ci6' @1+ Ci6?* 21+ Cil®d

+ Cid @6 + Cia?* ® 6 + C31 @ 6" + Cj6' @ 6

+ Cya”* @ 6% + Cj,(IB1 + 121)

+ C},(0'®1 + 1®4") + C, (6”®1 + 1207)

Unlike what happens with the algebraic formulation and
the integral formulation exposed in the previous sections,
the recent history in the constitutive law of the material is
considered in the hypoelastic formulation. This is why

hypoelastic models stricto sensu are not elastic models per
se.

Incrementally linear hypoelastic models stricto sensu:

e Are nonlinear models.

e Do not distinguish between stiffness in loading and
unloading/reloading and, therefore, cannot reproduce
the hysteretic behavior of the soil.

e The extension of these models led to the appearance of
quasi-hypoelastic models, framed within the incremen-
tally multilinear models (see Sect. B.1.2). Quasi-
hypoelastic models do allow the hysteretic behavior
of the soil to be reproduced, since they introduce
different stiffness depending on whether the processes
are of loading or unloading type, and define the reversal
criteria, the memory rules and the effect that reversals
have on the variables which control the degradation of
stiffness and on the maximum soil stiffness.

e Consider the effect of recent history on soil stiffness.

e Constitute simple formulations from a conceptual and
mathematical point of view.

e The parameters of the models are, in general, easy to
obtain from simple tests.

e In stress/strain closed cycles, they do not conserve the
values of stress and strain, f E; :&#0 and

4

f(E;)*‘; 6 # 0.

e Depending on the selection of soil parameters, they can
generate energy in stress/strain closed cycles, thus
transgressing the thermodynamic principles,

$o' & #£N0.

e Simulations with these types of models should be
limited to the stress and strain paths corresponding to
the tests with which their parameters were obtained.

(B) Incrementally multilinear models

The number of tensorial zones #Z considered in the
incrementally multilinear models is a finite number greater
than one. These models can reproduce nonlinear, hysteretic
and dependent on recent history soil behavior, character-
istic of Zone II.

(B.1) Hysteretic models

Hysteretic models emerged with the aim of simulating
hysteretic soil behavior in the range of small strains orig-
inally in dynamic problems. Assuming that the hysteretic
behavior of the soil was perfect, deformations would be
recoverable only if the stress/strain cycles that started from
the same reversal point were closed. This behavior differs
from the reversible behavior of elastic models and from the
irreversible behavior of elastoplastic models, as can be seen
in Fig. 25.
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Fig. 25 Schematic
representation of soil behavior
in different types of models.
a Nonlinear elastic.

b Hysteretic. ¢ Elastoplastic

Fig. 26 a Loading cycle
according to the model of
Hueckel and Nova. b Real
loading cycle with jump in the
strain between a and d when
reaching the same level of
stress. From [22]
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Nevertheless, reality does not show a perfect hysteretic
soil behavior. Indeed, Hueckel and Nova [22] point to the
elements described in Sect. 3.3 that separate the real soil
behavior from such idealization (Fig. 26).

(B.1.1) Paraelastic models

A particular type of hysteresis is the so-called parae-
lastic hysteresis or paraelasticity, a theory that was devel-
oped by Hueckel and Nova [22], being one of the
fundamentals in this field.

The term paraelastic refers precisely to the fact that
strains reversibility is conditioned to the closure of the
cycles (Fig. 27). The paraelastic models consider that soil
stiffness degrades as a function of variables that depend on
the paraelastic strains & = ¢° 4 ¢"", sum of the elastic

Cy
Co

(b)

strains ¢° and the microplastic strains &, the latter rever-
sible only under the condition of the corresponding stress/
strain cycle closure. The cycles of this kind of models can
overlap one another using simple memory rules with two
information levels, 1st for the constitutive equation and 2nd
for recent history.

Table 2 analyzes the stiffness formulation, the treatment
of hysteretic behavior and general aspects of some parae-
lastic hysteretic models.

The clear, robust and intuitive way in which the parae-
lastic theory defines the hysteretic behavior of the soil, in
addition to its versatility to be combined with other theo-
retical frameworks, endows it with a high potential. So far,
interesting models have been developed using concepts

(b)

A
[
A
Co
Cy o
E
> >
€ €

(©)

Fig. 27 Idealization of the hysteretic behavior of paraelastic models, from [22]. a One simple cycle. b One minor cycle overlapped to a major

cycle. ¢ Closure of minor overlapped cycles
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Table 2 Paraelastic hysteretic models

Model Small strain stiffness Hysteretic behavior Comments
Hueckel ALgpe — C(X""A’"L) AL g 1. Reversal criterion:intrinsic, The model proposes the fundamental theoretical
and Nova C(7H) = Cy - (1 + 71 Q) Alg . C(ysL) - C(y"st) : ¢’ >0  framework of paraelasticity
22] . ’ 12 2. Memory rules: can store
sl = ((ALS”") AL spe) information of all reversal points
using two levels of memory
3. Effect of reversals on degradation
variables: total reinitialization
after reversals
4. Effect of reversals on soil
stiffness: discontinuous stiffness
recovery
Niemunis H’(f 7 dARl) _ <1 -7 A ) E 1. Reversal criterion: intrinsic, Based on the model of Hueckel and Nova [22]. The
et al. o ARL ™ max At <dip, model of Niemunis et al. modifies the norm dyg;
ARI1 ,.AR1 . . . . o
[153, 174] dag1 = — '““j:NRf 2. Memory rules: can store with which the distance to the last reversal point is

information of all reversal points
using two levels of memory

measured, considering the diameter of the loading
circle instead of its radius to avoid discontinuities

3. Effect of reversals on degradation
variables: total reinitialization

after reversals

4. Effect of reversals on soil
stiffness: discontinuous stiffness

recovery

from paraelastic theory combined with elastoplastic,
bounding plasticity, multilaminate or hypoplastic models
[140, 153, 154, 156, 174-177].

(B.1.2) Quasi-hypoelastic hysteretic models

Among the incrementally multilinear models stand out
the ones here called quasi-hypoelastic hysteretic models,
which have been normally used to simulate soil behavior in
the range of small strains. A widespread methodology to
build quasi-hypoelastic hysteretic models is to incorporate
the elements that allow reproducing the hysteretic behavior
of the soil into quasi-hypoelastic models, for example,
through the Generalized Masing Rules [157, 158]. Quasi-
hypoelastic models simulate soil behavior during mono-
tonous loadings and resemble hypoelastic models, although
instead of elastic stiffness moduli they use apparent stiff-
ness moduli which act on total strains (and no just on
the elastic ones). Following the classification by Sellers
[124], quasi-hypoelastic models can be classified into two
types depending on how their parameters are defined:

e Variable parameter models [178-180] are those that
propose a relation between stress and strain based on
nonlinear functions (hyperbolic, elliptical, logarithmic,
spline, etc.). Variable parameter models can generally
be reformulated as variable moduli models.

e Variable moduli models [181-184] are those that
propose nonlinear functions to describe apparent vol-
umetric and shear stiffness moduli in a constitutive

equation with an algebraic structure equal to that of an
elastic model.

The general constitutive equation of the variable moduli
models usually adopts the following expression:

OJ = 3K5,ap (p/a Eoct Xhm) gocrl + ZG?p (p/7 Yoct> th)e (34)
d-/ = 3Ktlap (p/a Eoct th) éoctl + ZG;IP (p/v Yoct> th)é (35)

The following decomposition of secant stiffness modu-
lus is usually considered based on experimental observa-
tions [66]:

K:ap (Gi)cm Soct s ZhiSt> = K;‘g’ /)fK;“” (Soctv lhiSl)

and
Gy (O-:)ct? Yoct th) = G?,IZ) (p/)f(;fgﬂ (“/Uct, th) .

The popularity of quasi-hypoelastic hysteretic models
come from its relative simplicity and easy incorporation
into finite element numerical codes for solving practical
engineering problems [66], as can be seen in the work of
Jardine and Potts [185] and St. John et al. [186]. Some
disadvantages in relation to the quasi-hypoelastic hysteretic
models are pointed out [66, 182, 187]:

e Lack of continuity during neutral loading processes.

o Functions fyw (¢oer, ™) and fga (7o ™) are cali-
brated from tests with specific stress or strain paths that
can be very different from paths followed by the soil in
practical applications.
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e The constitutive equation implies that stress and strain
increases are coaxial, which does not always corre-
spond to experimental observations [188]. Neverthe-
less, it should be considered that in the tests used to
calibrate these models this coaxiality will generally be
complied.

e To reproduce the hysteretic behavior of the soil,
loading/unloading criteria that can lead to numerical
instabilities are introduced.

o The dependence of G{y(p') implies that the shear

modulus depends on the volumetric strain G =

G (Vactv oct lhm)
coupling modulus J;, may not be thermodynamically

consistent.

which, in case of not considering the

Generalized Masing rules

A common and widespread way to build hysteretic
models from models that simulate the nonlinear behavior
of soil during monotonous loading is through the applica-
tion of the original and extended Masing Rules [157, 158],
jointly denominated as Generalized Masing Rules, to
which the corresponding loading/unloading criteria must
be added. Such rules are formulated in a one-dimensional
stress or strain context, although the extension to multiaxial
states can be made with an appropriate change in the
variables. For the one-dimensional case, the Generalized
Masing Rules consider that the state variables y"* are
identified with the total strain &. However, despite these
variables #"*" can be formally treated as strains, they
cannot be physically interpreted as such (see Sect. 3.3).
The original Masing rules Nr. 1 and Nr. 2 [157] for sym-
metric loading, along with the extended Masing rules Nr. 3
and Nr. 4 [158] are the following:

1. Rule Nr. 1: For the primary loading, the constitutive
law adopts the expression ¢’ = F(¢). In general, this
relation considers the total strain &. This is because in
the tests used to calibrate the nonlinear function F(-),
the reversible and irreversible strain components are
not separated.

2. Rule Nr. 2: In loading or unloading, after a reversal
point R, the constitutive law considers a two-scale
factor, as compared to the constitutive law for primary
loading, taking as reference the local origin given by
the reversal point (a'R, &Ry, as
o —® =2F((e — &R)/2). In general, this relation
also considers the total strain ¢, although in elastoplas-
tic models, this will coincide with the elastic strain, as
this law is activated within elastic domain. Rule Nr. 2
can also be applied through different strategies
[158, 189].
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3. Rule Nr. 3: If the unloading or reloading curves
intersect the initial loading curve, they resume such
curve.

4. Rule Nr. 4: If the unloading or reloading curves
intersect a previous unloading or reloading curve, they
resume such curve.

Some quasi-hypoelastic hysteretic models

Some models that are classified as quasi-hypoelastic
hysteretic models are described and analyzed hereafter.
They all are variable parameter models, except for the
SSOM model [67] and the HQH model [156, 175], which
are variable moduli models. Nevertheless, practically all of
them can be reformulated as variable moduli models,
which allows obtaining the equivalent apparent stiffness
moduli in each case. In this type of models, the state
variables that control the value of the stiffness moduli are
identified with those proposed by Gudehus [107] to
describe the hysteretic behavior of the soil.

In all the models studied in this section, excluding the
SSOM and HQH models, it is necessary to define ad hoc
components that allow reproducing hysteretic soil behavior
for example, through the Generalized Masing Rules.

Tables 3 and 4 analyze the small strain stiffness for-
mulation and general aspects of some quasi-hypoelastic
hysteretic models.

The SSOM [67] and HQH [156] models have great
potential to be used in professional practice, given their
ability to integrate multiple aspects of the soil in the range
of small strains, in addition to their capacity to be com-
bined with plastic models which let extend its applicability
to the range of medium and large strains.

Both models: (1) are based on the apparent secant shear
modulus G degradation curve provided by the Dos Santos
and Correia model [231], which is limited by a minimum
value of the tangent shear modulus G,,; (2) consider the
recent history of deviatoric strains; (3) use history tensors
that act as Simpson block models [31]; (4) consider similar
thermodynamic-type corrections; and (5) can be combined
with multiple plastic models leading to advanced elasto-
plastic models.

When both models are used by themselves, they use the
Hashiguchi [189] criterion to differentiate primary load
from unloadings/reloadings, but when they are combined
with an elastoplastic model, they consider, on the one hand,
a factor ¢ =2 in the expression of the apparent secant
shear modulus G{ and, on the other hand, a factor h; that
modifies the hardening laws to avoid overlapping the
mechanisms of these models and the plastic models with
which they are combined, that try to explain the reduction
of soil stiffness during the primary loading.

The SSOM model describes the elastic part of the well-
known HS-SS model, implemented in Plaxis and based on
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Table 3 Quasi-hypoelastic models (1/2)

Model

Small Strain Stiffness

Comments

Ramberg and
Osgood [190]

Kondner and
Zelasco [194]

Hansen [197]

Duncan and
Chang [178]

Desai [179]

Hardin and
Drnevich [2]

Pyke [158]

Jardine et al.
[203]

Prévost and
Keane [204]

Jardine et al. [8]

Tatsuoka and
Shibuya [115]

Matasovic and
Vucetic [210]

Ishibashi and
Zhang [213]

Fahey and Carter
[219]

Mayne [220]

Shibuya
et al. [221]

Bolton and
Whittle [222]

Lee and Salgado
[225]

G
G =G
I+o é
tap _ 1 _
ES a+tbe
lap __ 1
ES - e1(a'—b'er)
E/up — 1 -
s 1/E+2Le,

iy

Spline functions

ap _ _Go
Gs - 1+,
b=t (14w
r
ap __ Gy
GS T EN
1,

ER A CCO)

G = G <11+T;3w - Q>
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A di
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or a1 -7(%) ) (8)"

Based on Ramberg and Osgood [190] model according to Idriss et al. [191] and
Hara [192]. Numerical examples can be found in Ishihara [193]

Hyperbolic model initially developed by Kondner [195]. Parameter setting can
be found in Duncan and Wrong [196]

Parabolic model conceived to reproduce soil behavior under spread footings
subjected to static loadings

Hyperbolic model based on previous models [194, 195]. It introduces the factor
Ry. Duncan et al. [71] proposed an expression for K/’ and E;vm_. Kulhawy et al.
[198] proposed an expression for v,. The model has been successfully applied
in various boundary value problems [71, 199, 200]

Spline functions [201] are used to set experimental data with nonlinear curves
that represent constitutive relations. Some applications can be found in Desai
[179] and Yniesta et al. [202]. Despite the precision in curve fitting, the
computational cost is high

Hyperbolic model based on tests with resonant column

Hyperbolic model

Model for undrained isotropic materials. It provides satisfactory results in
simulations of triaxial compression tests in slightly overconsolidated low
plasticity clays under undrained conditions

Hyperbolic model to reproduce soil behavior subjected to static and dynamic
loadings under small and large strains

Generalization to the multiaxial case of the model of Jardine et al. [203]

Hyperbolic model for small, medium and large deformations. It is applicable to
sands under compression, constant confinement and plane strain conditions.
Applications can be found in Chiaro et al. [205], Tatsuoka and Shibuya [206],
Siddiquee [207] and Siddique et al. [208, 209]

Based on Kondner and Zelasko model [194] and in the work of Matasovic [211].
Comparison with the hyperbolic model is done in the work of Stewart et al.
[212]

Model for plastic soils based on the research of Hardin and Drnevich [2], Iwasaki
et al. [125], Tatsuoka et al. [214], Kokusho [215], Kokusho et al. [216],
Ishibashi [217] and Dobry and Vucetic [218]

Model for sands

This model is equivalent to that of Fahey and Carter [219] form =f =g = 1.0

Hybrid model of those of Fahey and Carter [219] and Mayne [220]

Based on previous works such as those of Gunn [223] or Bolton et al. [224]. The
model provides a good approximation in the simulation of pressuremeter tests
[222]

Subsequently developed by Lee and Salgado [226, 227], it is a generalization to

the multiaxial case of the model of Fahey and Carter [219]. Some applications
can be found in the work of Lee et al. [228]
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Table 3 (continued)

Model Small Strain Stiffness Comments
Lehane and Cosgrove  prap — Epar _if e>ey, Hyperbolic model for the calculation of settlements in spread footings on sands
[147] ’ 1o (= =
P
E® =E, .. if e<en
Atkinson [32] g\ Atkinson model is applicable to drained or to undrained loading, with
E"=E . i if &>¢y  appropriate values for the parameters. For typical values of stiffness and degree
1- (Tf,’) of non-linearity for soil the value ' is generally in the range 0.1 to 0.5 [32]
E"=E . if e<en
Darendeli [229] G» = G?m Based on the model of Hardin and Drnevich [2]. The model is applied to both
lf”’ cohesive soils and granular soils [229, 230]
="/
Dos Santos and P = HG_; Based on the model of Hardin and Drnevich [2]. The value of the parameter a
Correia [231] / " has been selected through a least square adjustment
Y ="/707

Table 4 Quasi-hypoelastic models (2/2)

Model Small Strain Stiffness Hysteretic Behavior Comments
SSOM [671  yp6r = V3|16 - (H — 1)||/||é]] 1. Reversal criterion: extrinsic, As,(H; — 1)) <0 See Sect.
if Yprer < 7e 2. Memory rules: stores information of a limited number of reversal points B.1.2
i cote \ M 1 (which allows complying the generalized Masing Rules Nr. 1, Nr. 2, Nr. 3
a. ¢ COl Yyrer .
G» = G(rff (W) (l + a(ﬁ)) and, partially, Nr. 4)
w267 (1+,) 3. Effect of reversals on degradation variables: total or partial reinitialization
K" = S0-2,) after reversals
i Vst > Ve 4. Effect of reversals on soil stiffness: discontinuous stiffness recovery
_ of (dy+c cotg’ \™
Giur = G;,(W‘ (I’Ir:/ +c’ cot rp’)
;26w (1+,)
K = 3(1-2v,,)
HQH if 7?5 <y% 1. Reversal criterion: intrinsic, considers reversals that affects stiffness when  See Sect.
(156, 1751 _ NZYE h:é< cos(@"), and reversals that as well affects memory variables when B.1.2
loct —

3 -1
ap _ capaHref (g ™ ( (‘/"Z: ))
G = G% (p:m) 1+ a(fe

K =K' (”—) "

Pref
AR o
if Yoet = Vur
m
—_ oY (.
Gr.m' - t,ur( )

7
Prer2

(] oot
KI - Ks’ 1+ P e
Iy Coct

after reversals

&Mk . ¢ < cos(d*)
2. Memory rules: stores information of an unlimited number of reversal points

(which allows complying the generalized Masing Rules Nr. 1, Nr. 2, Nr. 3
and, partially, Nr. 4)

3. Effect of reversals on degradation variables: total or partial reinitialization

4. Effect of reversals on soil stiffness: continuous stiffness recovery

the HS-S model [67] (see Sect. B.2.1). However, despite its
great advantages, the SSOM model presents some limita-
tions that the HQH model solves, with the following con-
siderations: (1) the use of an intrinsic reversal criterion
(and not an extrinsic one like in the SSOM model); (2) the
ability to recover the stiffness continuously with the rota-
tion angle of strain recent paths, through the use of a his-
tory tensor inspired by the intergranular strain tensor of the
Niemunis and Herle model [151] (and not discontinuously
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like the SSOM model); (3) the consideration of infinite
degradation curves of the shear modulus, which provides
the model with versatility and great adaptability to exper-
imental results (and not just a single degradation curve like
the SSOM model); (4) the consideration of a variable
Poisson’s ratio v/ > v/, . that does not limit the values of the
bulk modulus (and not of a constant Poisson’s ratio v =
v/ like the SSOM model, that forces the proportionality

const
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K « G); (5) the consideration of multiple state variables
that define different short and long-term memory levels in a
similar way to how the Hueckel and Nova model [22] does,
which endows the HQH model with robustness to repro-
duce the hysteretic behavior of the soil; (6) the consider-
ation of the strain-induced anisotropy; or (7) a higher level
of compliance with the Generalized Masing Rules, espe-
cially with Rule No. 4, thanks to the greater amount of
information that the HQH model stores at the reversal
points. In summary, the HQH model unifies different
concepts with great potential from several proven models.

Both models (SSOM and HQH) require the same or
equivalent few and simple parameters, except for an
additional parameter required by the HQH model, which is
the maximum shear modulus after a reversal of the devi-

atoric strains of 90° (G%’%’H’mf ). This parameter must be

obtained from biaxial, true triaxial or hollow cylinder with
torsion tests with internal strain measures, or it can be

) 180,H,
estimated from Gy ref

GO — NGO taking A values of 0.40 — 0.58
for sands and of 0.50 for clays [156] (A & mr/mg, where
my and mpg are the parameters that control stiffness in the
Niemunis and Herle model [151]).

(B.2) Advanced models

The advanced models are those incrementally multilin-
ear models that are capable of reproducing soil behavior in
the entire strain range (Zones I, II, III and IV of Jardine
[6]).

(B.2.1) Classic elastoplastic models

Classic elastoplastic models that consider soil behavior
in the range of small strains add, to the elastic regime of the
classic elastoplastic formulation, the nonlinear, hysteretic
and dependent on history behavior of the soil through the

incorporation of new state variables y*"**' to the constitu-
Lhist
el his , 8) .

throughout the relation

tive equation within yield surfaces ¢’ = G(s, .y
This is normally attained by adopting the structure of a
quasi-hypoelastic hysteretic model to describe the elastic
formulation of the elastoplastic model. In this case, to
calculate the stress, the apparent stiffness moduli are
operated with the elastic strains and not with the total ones.
According to Jardine [6] and Jardine et al. [8], this
semiempirical methodology allows attaining very precise
predictions thanks to the wide range of strains considered,
although its use entails a loss of generality and a lack of
consistency of the theoretical framework on which it is
based. Among others, these assumptions lead to the fol-
lowing: (1) it is not correct to apply the elastic relations to
the apparent stiffness moduli; and (2) the mechanisms of
the quasi-hypoelastic hysteretic models and the elasto-
plastic models that try to explain the reduction of soil
stiffness during the primary loading processes, in

comparison with the stiffness in unloading or reloading
processes, are being overlapped. The basic equations used
in classic elastoplastic models, generalized to the case of
k = 1...q yield surfaces are widely known.

The number of tensorial zones #Z that present these
models will depend on the number of yield surfaces and
their intersections. In general, it will be complied that
#7 =2 in models with a single yield surface and #Z > 2
in models with multiple yield surfaces.

Table 5 analyzes small strain stiffness formulation,
hysteretic behavior treatment and general aspects of some
elastoplastic models that consider soil behavior in the range
of small strains.

The widespread use of the elastoplastic formulation and
its balance between complexity and usability, gives the
models that are based on it the greatest potential to be used
in the practical applications, among all those analyzed in
this paper, of which stand out the HS-SS model (based on
the HS-S model [67]), and the EPHYSS model [156]. The
incorporation of formulations that can reproduce soil
behavior in the range of small strains within models used in
professional practice (as it was achieved with the HS-SS
model in Plaxis), would allow professional engineers to
familiarize themselves with the characteristics and com-
plexity of non-linear, hysteretic and dependent on recent
history soil behavior in the range of small strains. Once this
first goal has been achieved, introducing more complex
models into commercial software could be less traumatic.

The HS-SS model is one of the few models widely used
in professional practice that considers soil behavior in the
range of small strains and it uses known and relatively easy
to obtain/estimate parameters. The HS-SS model is based
on the HS-S model which adds, to the elastic formulation
of the SSOM, the plastic formulation of the HS model
[233] with two modifications: (1) it replaces the dilatancy
criterion of Rowe [238] with that of Li and Dafalias [239]
to describe the contractive behavior of the soil; and (2)
modifies the hardening laws and introduces the factor
h; = (Gm)HE;-"'/ Ei The HS-S model significantly improves
the approach to soil behavior provided by the HS model,
although it has certain limitations [67]. Some applications
can be found in [240-242].

The HS-SS model presents some small differences with
respect to the HS-S model on which it is based. These
differences appear in the expressions both models use to
calculate the dilatancy angle and in the expression of the
Cap-surface hardening law, where the increase of the state
variable depends on the confinement in the HS-S model
and on the state variable itself in the HS-SS model.

Despite its great advantages, some aspects of the HS-SS
model could be improved, and some inconsistencies whose
effects can have a considerable influence on the numerical
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Table 5 Elastoplastic models that consider soil behavior in the range of small strains

Model Small Strain Stiffness Hysteretic Behavior Comments
SDMCC Gy = Agp"" OCR™ 1. Reversal criterion: extrinsic Ae® : Ag"tD) <0 In the elastic zone, it is assumed
. ap _ -5
(148, 232] G (2,) = Bgp"™ OCR™ (c’; 2. Memory rules: stores information of the last G; = Gg for &, <1077, and
P s reversal point and applies the original Masing Rules G" =G/ (gq) for
Ko = Cxp™OCR V [157] 105 <, <1072, The
K" (&,) = Dxp™ OCR™ 364 3. Effect of reversals on degradation variables: total elastoPlastic formulation of th"iz
The plastic part is described reinitialization after reversals MCC is assumed when ¢, > 10~
with the MCC model 4. Effect of reversals on soil stiffness: discontinuous Some applications O.f the SDMCC
stiffness recove ’ model can be found in Osman and
i Bolton [232]
HS-S [67] Same elastic formulation as Idem SSOM See Sect. B.2.1
SSOM. The plastic part is
described with HS model
[233]
HS-SS Same elastic formulation as the Idem SSOM See Sect. B.2.1
implemented HS-S model. Same plastic
in Plaxis formulation as the HS-S
model with two small
differences (see comments)
FC 4+ MCC It uses the same elastic Not defined The FC 4+ MCC model
[145] formulation as the model of incorporates elastic nonlinearity to
Fahey and Carter [219] the elastic formulation of the
within the yield surface of the MCC model through the model of
MCC model Fahey and Carter [219]. Uliniarz
[234] improves the FC + MCC
model with the RU + MCC
model, and some applications and
comparasions with HS-SS can be
found in Uliniarz [235]
SC1SS [236] Not defined Based on the S-CLAY1 [237] in

GP =Gy 1 — a1
s 0 a+b* (1;4710’5)

EPHYSS
[156, 175]

Same elastic formulation as the
HQH model

The plastic part is described
with HSyop model which
reproduces the plastic
formulation of HS-SS model
(see comments)

Idem HQH model

which introduces small strain
stiffness and its degradation, an
inclined yield surface on p’ — ¢
space and the effect of Lode angle
on the yield surface shape on
deviatoric plane

See Sect. B.2.1

simulations of boundary value problems, as these are
cumulative, should be corrected [156, 175, 243-245]. This
is achieved with the EPHYSS model.

The EPHYSS model adds to the elastic formulation of
the HQH model, the plastic formulation of the HSyop
model [156], which is the same as that used in the HS-S
model and, like this one, also uses known and relatively
easy to obtain/estimate parameters. EPHYSS model
improves the approach to the soil behavior in the range of
small strains with respect to the HS-SS model (see Sect.
B.1.2) and corrects the numerical inconsistencies detected
in it. Simulations with EPHYSS model of different element
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tests and several boundary value problems can be found in
Castellon [175].

Although unsaturated soil models are not analyzed in
this paper, it should be pointed out that recently some
advanced elastoplastic models for unsaturated soils capable
of reproducing soil behavior in the range of small strains
have been proposed, such as, for example, the model of Ng
et al. [246].

(B.2.2) Multisurface models

The multisurface models with kinematic hardening were
initially developed by Iwan [247] and Mr6z [13], based on
previous works, as those of Duwez [248] and Besseling
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Fig. 28 a Schematic representation of a multisurface model. b Experimental curve g — &; (left) and curve g — ¢ resulting from multisurface

model (right). From [250]

[249]. Subsequently, Prévost [11, 12] extended these
models and applied them to Soil Mechanics. These models
consider various nested yield surfaces (f"") =0, m" >2),
generally in the stress space (Fig. 28a). Each of these
surfaces is activated at the moment when the stress state
reaches its boundary, leading to a finite decrement in the
global plastic hardening modulus, which, at the same time,
generates greater plastic strains (Fig. 28b).

Multisurface models can reproduce a discontinuous
variation of elastoplastic stiffness. When j nested yield
surfaces are activated, and depending on the followed
stress path, they are displaced keeping them tangent at the
contact points. The number, form, size and situation of the
nested surfaces constitute the state variables y"'. The
approximation to the soil behavior that these models pro-
vide depends on the number of nested yield surfaces con-
sidered, since a greater number of surfaces implies a softer
variation in stiffness. However, if this number is high,
using these models can be computationally expensive.
Based on this limitation, bounding surface plasticity
models and bubble models were created.

The multisurface models have two tensorial zones #Z
[66].

Table 6 analyzes small strain stiffness formulation,
hysteretic behavior treatment and general aspects of some
multisurface models.

Puzrin and Burland [152], after studying and evaluating
the models of Kondner [195], Hardin and Drnevich [2],
Griffiths and Prévost [253], Tatsuoka and Shibuya [115]
and Jardine et al. [203], and based on the works of Puzrin
and Burland [254], developed a model based on the theo-
retical framework of Jardine [6], distinguishing, in the
stress space, three zones where the soil has different
behaviors around any local origin constituted by a point of
the stress path. Addenbrooke et al. [68] proposed the

generalization of the model of Puzrin and Burland to the
multiaxial case and Puzrin et al. [255] extended the original
model, introducing the plastic behavior in a thermody-
namically consistent formulation. However, Puzrin and
Burland [152] model requires unusual parameters in the
professional practice, which may be a handicap for its use.
On the other hand, this model has certain limitations to
reproduce the hysteretic behavior of the soil, since: (1) it
only stores information of the last reversion point; (2) after
a reversion the state variables that control degradation can
only be fully reinitialized; and (3) stiffness recovery is
discontinuous with the rotation of the recent path.

The approach proposed by Seyedan and Solowski [252]
seems more promising for future practical applications, due
to its ability to introduce soil behavior in the range of small
strains in classical models. Seyedan and Solowski devel-
oped a methodology to introduce shear stiffness nonlin-
earity to classic elastoplastic models that have a constant
elastic shear modulus. A new Small Strain Yield Surface is
defined to reproduce the small strain shear stiffness non-
linearity following the expression from Dos Santos and
Correia [231]. This methodology increases the total num-
ber of parameters of the original model by only two, and
does not affect its original plastic formulation. Seyedan and
Solowski apply this methodology to the MCC and MC
models. State variable «, replaces ¢ in the calculation of
the hardening law to include errors caused by G§;. Once
G reduces its value to Gj., it is maintained within an
elastic behavior until stress state reaches MCC Yield Sur-
face or a reversal occurs. The movement of the Small
Strain Yield Surface does not produce any volumetric
plastic strain and, therefore, does not affect the MCC Yield
Surface, but the deviatoric plastic strain of the MCC Yield
Surface does affect the Small Strain Yield Surface. In
Seyedan and Solowski [256] it is showed how Fj; is well
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Table 6 Multisurface models

Model Small Strain Stiffness Hysteretic Behavior Comments
Prévost Linear elastic model within f(m”) =0, 1. Reversal criterion: intrinsic, when Anisotropic models based on the
[11, 12] m' =1..p stress trajectory is directed towards models of Mréz [13], one for
] o the interior of the nested surfaces undrained conditions and another
For undrained conditions: and no take-off of them takes place  for drained conditions. Some
H") = g0 ( J(2/3¢ér - € )Y 2) 2. Memory rules: stores information ~ applications of the model for
_ - of several reversal points based on undrained conditions can be found
s the number of surfaces that have in the work of Prévost et al. [251]
& = ﬁ (Q’ ") s Q") ! ) (P“"’”) 4 prn) 1) been taken-off from the previous
tangent contact point. This
information defines surfaces
position until surfaces are displaced
again
3. Effect of reversals on degradation
variables: total or partial
reinitialization after reversals,
depending on the number of
surfaces that remain in contact
4. Effect of reversals on soil stiffness:
discontinuous stiffness recovery. If
a large number of surfaces is
considered, for practical purposes,
it can be considered an almost
continuous recovery
Simpson Small Strains: 1. Reversal criterion: intrinsic, when The KYS is defined in strain space.
etal. [3]  |jpear elastic behavior within KYS (which is strain trajectory is directed towards ~ Some applications can be found in
assumed to be circular) the interior of the KYS the work of Simpson et al. [3]
Intermediate strains: 2. Memory rules: stores information
. . . . . .. of the last reversal point. This
Elastoplastic behavior with anisotropic elasticity infe tion defines the position of
over the KYS and during its displacement. IE OEH;S Tt is di lp d acai
Strains are not controlled by the plastic flow rule the until it s displaced again
Ia o 3. Effect of reversals on degradation
rge strains: variables: total reinitialization after
Elastoplastic behavior reversals
Strains are controlled by the plastic flow rule 4. Effect of reversals on soil stiffness:
discontinuous stiffness recovery
Puzrin and Within LER (linear elasticity): 1. Reversal criterion: intrinsic, 1_5’ <0 See Sect. B.2.2
l[gll;r;?nd Freg = 1 +n2(J/p')*~(arer/p')? or J<0
, wef (1) I3 2. Memory rules: stores information
Kipr = Kiir (P / pref> of the last reversal point. This
X 5 information defines the position of
Guer = Gz (p’/P’mf) the LER and the SSR until the SSR
Within SSR and outside LER (nonlinear 18 displaced again, which
elasticity): S{multaneously causes LER
R o displacement
Fssg = 1+n(J/p')"—(asse/p') 3. Effect of reversals on degradation
K' = Kjpp(1 — dAr) variables: total reinitialization after
G = Guer(1 — GA;) reversals
4. Effect of reversals on soil stiffness:
discontinuous stiffness recovery
Seyedan Within Small Strain Yield Surface: This model does not reproduce soil ~ See Sect. B.2.2
and Foo— 3Gy _ hysteretic behavior.
Solowski ~* ~ (Vr(u))alew 1
[252]

N L
G = Go(1+a(2))
Error _ — 1 1
Within MCC Yield Surface:
Soil behaviour is described by the MCC model
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defined within an hyperplastic framework. Despite the
remarkable potential of this methodology, the resulting
models are not capable of reproducing soil hysteretic
behavior, for which it would be necessary to define new
state variables. Future research lines should focus on this
aspect.

(B.2.3) Brick models

Most of the elastoplastic models for soils are formulated
in the stress space, although some have been formulated in
the strain space [31, 67, 257, 258]. Yoder and Iwan [259]
and Iwan and Chelvakumar [260] highlight some of the
advantages of the models that are formulated in the strain
space. Many of them have not prospered, but the brick
model of Simpson [31] has led to a theoretical framework
that has subsequently been successfully applied to various
models. Among them are the model of Clarke [69], the
model of Ellison [261] or the HS-Brick Model [155].

To explain how the brick models work, Simpson [31]
uses an analogy in which he considers that soil behavior in
the range of small strains resembles a man pulling a set of
bricks attached to him by inextensible strings. The move-
ment of the man represents the imposed strains path and the
movement of the bricks represents the plastic strains. When
any of the strings is not tensioned, the part of the plastic
strain corresponding to such string is not generated. But
when such string is tensioned, as the man is at a distance
equal to that of the length of the string and in its direction
of stretching, the respective plastic strains are activated,
with the consequent decrease in the elastoplastic stiffness
of the soil (Fig. 29). The number and situation of the bricks
constitute the state variables ™',

To explain the advantages of working in the strain
space, Ellison et al. [262] state that, despite the connection
between stress and strain, the changes in soil behavior are
determined by micromechanical changes in its fabric,
which is reflected at the macroscopic level as an accumu-
lation of strains. Furthermore, they affirm that anisotropy
due to the orientation of soil particles changes when large
strains occur, even if the stress is the same at the beginning
and at the end of these strains. Finally, they remember the
well-known statement of Burland (1967) cited by Simpson
[31]: “stress is a philosophical concept—deformation is the
physical reality”. Ellison et al. conclude that the models
formulated in the strain space are more suitable to explain
the mechanisms that govern soil behavior. This approach
allows explaining, in a relatively simple way, the obser-
vations made by Atkinson et al. [30], Clayton and Hey-
mann [20], Gasparre [75] and Gasparre et al. [34]. From a
practical point of view, the models formulated in the strain
space can be easily implemented in numerical models
without the need to isolate, in each calculation step, the
strain as an independent variable [260], just as the models

formulated in the stress space should do. In addition, as
Yoder and Iwan [259] demonstrate, the models formulated
in the strain space do not have the problem of surface
intersection, nor some of the instability problems that the
models formulated in the stress space do.

Brick models consider as many tensorial zones as pos-
sible combinations of active and non-active bricks exist. If
n bricks are considered, the maximum number of tensorial
zones can be calculated as the sum of the possible com-
binations with repetition of 1...n" bricks, plus the case in
which no brick 18 active, that 18,

47 = 3 (R — k),
k=0

Table 7 analyzes stiffness formulation, hysteretic
behavior treatment and general aspects of some brick
models.

The original model of Simpson [31] is formulated in the
strain space, considering a plane strain state. A finite
number of bricks is required to define the degradation
curve. This model introduces the effect of soil overcon-
solidation through the parameter f3,,,,. A higher proportion
of volumetric and shear elastic strains is assumed for
higher mean stress. It reproduces well the undrained tra-
jectories, and worse the drained ones, unless the effect of
dilatancy is introduced. It does not reproduce the critical
state, therefore it should be used in stiff clays or its for-
mulation should be extended.

The Simpson model [31] formulation that reproduce the
behavior of the soil in the range of small strains can be
used with relative ease in classic or advanced models (for
example, in the HS-Brick Model [155], which improves the
HS-SS model). The ability of Simpson model to be com-
bined with other models provides it with great potential.
Moreover, the Simpson model establishes a theoretical
framework that allows to easily understand part of the
formulation of other models, as happens with the history
tensors of the advanced elastoplastic models HS-SS and
EPHYSS (see Sect. B.2.1).

(B.2.4) Bounding surface plasticity models

Bounding surface plasticity models were initially
developed by Dafalias [263], Krieg [264], Dafalias and
Popov [265] and Dafalias and Herrmann [266] with the aim
of attaining a continuous evolution of the elastoplastic
stiffness, which is extended to the interior of the yield
surface in the range of small strains in these models, and of
reducing, therefore, the computational cost of the multi-
surface models. Bounding surface plasticity models gen-
erally use two surfaces: an exterior surface, named
bounding surface, and an interior surface, called current
loading surface (Fig. 30). Between both surfaces, unlike
the multisurface models, which consider m” surfaces that
give place to a discrete variation in stiffness, bounding
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Fig. 29 Brick model of Simpson, from [31]. a Scheme of the analogy of man pulling bricks attached to him by inextensible strings.

b Degradation curve of the model

surface plasticity models consider continuous functions to
represent the plastic hardening modulus, obtaining con-
tinuous variations of stiffness (which is equivalent to
consider m” — oo in multisurface models). The form, sit-
uation and orientation of both surfaces, along with other
information stored at the last reversal point, constitute the
state variables y"'.

The formulation of these models is based on that of the
classic elastoplastic models, although unlike the latter, the
bounding surface plasticity models consider plastic strains
also during loading processes within the bounding surface
(OCR > 1). Such plastic strains are made to depend on the
distance between the current stress state, located on the
current loading surface, and the denominated image point,
located on the bounding surface plasticity, according to the
mapping rules.

The number of tensorial zones #Z of these models is
reduced to two when there is only one bounding surface
and more than two in case there is a greater number of
bounding surfaces [66] (similar to the case of classic
elastoplastic models with yield surfaces).

Table 8 analyzes small strain stiffness formulation,
hysteretic behavior treatment and general aspects of some
bounding surface plasticity models.

Although these models can reproduce different aspects
of the soil in a wide range of strains, including also
small strains, they require parameters difficult to obtain
experimentally and with which geotechnical engineers
are not familiar. During the coming years it is very
possible that these models will remain limited to an
academic use.
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(B.2.5) Bubble models

Bubble models were developed to solve some of the
limitations posed by the bounding surface plasticity mod-
els. The latter allow reproducing the nonlinear plastic
isotropic hardening or softening behavior of the soil during
loading processes and assume that part of the deformations
corresponding to these loading processes are plastic, even
in the range of small strains. Conversely, they consider that
soil behavior is elastic during unloading processes, which
restricts the degree of coupling between volumetric and
deviatoric behavior [84] and limits their ability to repro-
duce the hysteretic soil behavior in the range of small
strains. Bubble models are based on the concepts of
bounding surface plasticity models and multisurface mod-
els and include one or more surfaces, called bubbles
(Fig. 31), with kinematic hardening, in addition to the
isotropic hardening within the bounding plasticity surface.
The number, shape, size and situation of the bubbles con-
stitute the state variables xh”’ . Likewise, bubble models
must include, apart from the mapping rules that control the
plastic hardening modulus as the bubbles move, translation
rules that control the movement of such bubbles.

The number of tensorial zones #Z of these models, as in
multisurface models, is two.

Table 9 analyzes small strain stiffness formulation,
hysteretic behavior treatment and general aspects of some
bubble models. Other bubble models have introduced the
effect of soil destructuration [294, 295], soil anisotropy
[296] and some improvements to the Three Surface Kine-
matic Hardening model (3-SKH) [297].
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Table 7 Brick models

Model Small Strain Stiffness Hysteretic Behavior Comments
Simpson  Maximum elastic stiffness when all 1. Reversal criterion: intrinsic, when strain ~ See Sect. B.2.3
[31] bricks are deactivated trajectory deactivates some of the active
Reduction of stiffness due to the bricks
appearance of plastic strains 2. Memory rules: stores information of
associated with active bricks several reversal points based on the
@ =>8 number and position of the bricks
3. Effect of reversals on degradation
variables: total or partial reinitialization
after reversals depending on the position
of the bricks
4. Effect of reversals on soil stiffness:
discontinuous stiffness recovery. If a large
number of bricks are considered, for
practical purposes, it can be considered an
almost continuous recovery
HS- HS-SS formulation (as implemented in Idem Simpson Brick model [31] The HS-Brick model corrects the
Brick ZSoil FE Code) combined with a overshooting of the original HS-SS model.
[155] Brick model to describe shear HS-Brick model replaces the procedure

stiffness degradation:

F . activebricks
G =Gy (1 - Awg>
i=1

ref  ref
Gy -G

tur

G Ny

b o_
Awg, =

The b—th brick is active when y* = s*

based on the history tensor H of the HS-
SS model. The new proposal is based on a
Brick model that represents N, nested
circular yield surfaces in a six-
dimensional strain space to reproduce the
shear stiffness degradation curve

The ability of bubble models to reproduce the hysteretic
behavior of the soil is potentially greater than that of
bounding surface models. However, bubble models use has
been very limited in practical applications, and present a
great sensitivity to the exponent that appears in the
expressions of the plastic modulus, which has a significant
effect on the stress—strain curves [298].

(B.2.6) Multilaminated models

The concept of multilaminated model was initially for-
mulated by Batdorf and Budiansky [299]. Zienkiewicz and
Pande [300] extended the concept to the analysis of joints
in rocks. Subsequently, Pande and Sharma [301] and
Sadrnejad and Pande [302] extended these models to Soil
Mechanics. Multilaminated models are based on the con-
cept that the three-dimensional stress or strain state at a
point of the continuous medium (global state) can be
obtained as the sum of the two-dimensional stress or strain
state on different i planes with different orientations that
pass through such point (local state). For that purpose, a set
of fundamental equations are established in each plane:
6, = (T,)"-6,6 = C;-6),6 =i + & & = },08:/d6). The
number of planes considered in multilaminated models is
reduced to a finite number and, through the formulation
adopted in the model, they are able to represent all orien-
tations in space, grouped by sectors. Bazant and Oh [303]
and Ehret et al. [304] demonstrate that using 33 planes in
the calculation of € offers acceptable results and an

surface

/_ Bounding surface
F({c'},{k})=0
First yield surface

Fig. 30 Schematic representation of surfaces of a bounding surface
plasticity model, from [84]

acceptable computational cost. Global strain increments,
which correspond to an increment in global stress, are
calculated from the integration of local strains into the
planes. For the deduction of the expression that relates
these magnitudes, the principle of virtual works is used

Woacro = (4/3)Vé' : é = / WicrodS' = / 6! : &dS
ov ov
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Table 8 Bounding surface plasticity models

Model

Small strain stiffness

Hysteretic behavior

Comments

MIT-E3 [142]

CASM-c
[143, 273]

NAHOS [144]

MIT-S1 [149]

7

K=
! rq,(lJrCn*(lnyLwX)“ I)
3K] (1-2V1)
O = ()
v {p,/prev if 1’7( Zp,rev
’ Y / /
Plo/P i P <P,
)_(A‘ = ”’Il - ”/rev”
K =2
t K
3K (1-2V,40)
= )

Plastic modulus during primary loading:

H

n (17,,/(()!7)"
o

3 <3+2M _

3-M +
(Z—x)In7 3pj’+2q/ 3pj’ +q;

Plastic modulus during unloading:

H =

Hy (155

Plastic modulus during reloading:

H

K =

G =

*

3v 342M _ 3-M (=) -
(A—K)InF <3pj’+2q/ 311;.+q/> + Hg 7 1+ 8!]
vy
K
3K, (1=2V, )

2(14V, g0 )

Plastic modulus:

— PR
Kp =Ko+ 750 (75) f
, N 1/3 , 1/6
K _ 1+€ (4% V& o
H=a(®@) (i ()
K _ (14€)p
Pa ©p pa
P I+, & N 2/3

o, :D(l _ C/r) + ( Jrle,\) e (ZT,)

AE®

-0

A
26,/ _ (1 + UJCL) 1 if p'<pl,,
T (1 ede) i P 2p,

&= {p,/p;ev

it p'>pl,

Pre/P i P <pl,

é/r = ”ﬁ - ﬁrev”

1. Reversal criterion: extrinsic, 7' <0
[267]

2. Memory rules: stores information
of the last reversal point (&, ey,
E,.,), which also determine the size
of the first yield surface

3. Effect of reversals on degradation
variables: total reinitialization after
reversals

4. Effect of reversals on soil stiffness:
discontinuous stiffness recovery

1. Reversal criterion: extrinsic,
elastic unloading

2. Memory rules: stores information
of the last reversal point, which
also determines the size of the first
yield surface

3. Effect of reversals on degradation
variables: total reinitialization after
reversals

4. Effect of reversals on soil stiffness:
discontinuous stiffness recovery

1. Reversal criterion: extrinsic,
g (o) — 6" V) <0

2. Memory rules: stores information
of the last reversal point (elastic
center a"S), which also determines
the size of the first yield surface

3. Effect of reversals on degradation
variables: total reinitialization after
reversals

4. Effect of reversals on soil stiffness:
discontinuous stiffness recovery

1. Reversal criterion: extrinsic,
X‘H X” < 0

2. Memory rules: stores information
of the last reversal point (&, ey,
e,.,), which also determines the
size of the first yield surface

3. Effect of reversals on degradation
variables: total reinitialization after
reversals

4. Effect of reversals on soil stiffness:
discontinuous stiffness recovery

Based on the MIT-E1 model [268], and
subsequently developed by Whittle
[269] and Whittle and Kavvadas [270].
Ganendra [267] and Whittle [271]
analyze discrepancies in the previous
formulations of the model and propose
some alternative formulations. Several
applications can be found in the work
of Whittle [36, 269] and Whittle et al.
[272]

Based on critical state models [73, 74]
and on sand models that include the
concept of state parameter [274, 275].
The CASM-c model simulates
nonlinear soil behavior and
differentiates loading and unloading
stiffness so it can reproduce soil
hysteretic behavior. Some applicacions
can be found in Khong [276]

NAHOS model is based on Cam Clay
model and allows reproducing the
nonlinear and hysteretic behavior of
cohesive soils. The model was
subsequently developed in the works of
Gryczmanski et al. [277], Jastrzebska
[278, 279] and Sternik [280]. Purely
elastic soil behavior is reduced to a
single point in the stress space, which
agree with the observations of Hueckel
and Nova [22]. Gryczmanski et al.
[144] comment on the need to
introduce a nonlinear elastic law to
improve the predictions of the cyclic
behavior of the soil. Some applications
can be found in the work of Jastrzebska
and Sternik [281]

Based on the works of Whittle [142],
Whittle [269], Whittle and Kavvadas
[270] and Pestana [282], MIT-S1
model is as a generalization for clays
and sands of the MIT-E3 model [142].
It introduces the void ratio as a new
independent variable with the aim of
reproducing the characteristic
contractive/dilating behavior of sands
at different confinement pressures. As
well, it considers the hysteretic,
nonlinear and plastic anisotropic
behavior of the soil, and the critical
state behavior of clays. Some
applications can be found in the work
of Whittle [65] and Nikolinakou et al.
[283]
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Table 8 (continued)

Model Small strain stiffness Hysteretic behavior Comments
Papadimitriou G, = Go ~ > Go 1. Reversal criterion: extrinsic, This model allows simulating sands
et al. [140] 142 (ﬁ—l) (Q,’—,l) 142 (ﬁ—l) Q‘R <0 behaviour. It is based on the work of
, ¢ . . Manzari and Dafalias [284] and
K = 26,(1+;; st) 2. Memory rules: stores.mformatlon Papadimitriou [285] and has been
3(1-2v00e) of the last reversal point

Plastic modulus:

3. Effect of reversals on degradation
variables: total reinitialization after
reversals

4. Effect of reversals on soil stiffness:
discontinuous stiffness recovery

subsequently developed by
Papadimitriou and Bouckovalas [286].
It uses various concepts: (1) plasticity
with kinematic hardening; (2)
nonlinearity with hysteresis in the
range of small strains based on the

Kp = p'hyhyd®

models of Ramberg and Osgood [190]
and Hueckel and Nova [22]; (3) state
parameter for sands [275]; and (4) the
effect of the soil fabric. It adopts the
expression of Hardin [287] for the
calculation of Gy

Fig. 31 a Bounding surface and

bubble of a bubble model. d
b Conceptual scheme of the

bubble movement of a bubble

model. From [84]

Bounding surface

Bubble@ _

(@)

and assuming dS’ =~ AS' = (sin &) (sin [}) AGAP where Ad
and Af are finite spherical sectors, & = 3 S (T - é&)w; and

w; = (sind)AGA/(4V) are satisfied. In this type of mod-
els, the state variables that control the value of stiffness
modulus in each plane, the number of considered planes
and variables that store information of reversion points are
identified with the state variables y"*'.

The number of tensorial zones #Z in multilaminated
models will depend on the amount of planes considered.
Nevertheless, this number is generally high; therefore,
despite not being incrementally nonlinear models, for
practical purposes, it can be considered that the stiffness of
this type of models does depend continuously on the
increments in the total strain tensor &.

Table 10 analyzes small strain stiffness formulation,
hysteretic behavior treatment and general aspects of
Schidlich and Schweiger [154] multilaminated model that
considers soil behavior in the range of small strains.

Schédlich and Schweiger model considers the elasto-
plastic behavior of the soil using a Cap-Cone type model
(based on the model of Wiltafsky [305] and Wiltafsky et al.

J
f
@
,/v ’ b
- &a‘;‘? P
< Qoijs,o}\" C
e 20 d
P7 p'
(b)

[306]), which allows describing plastic behavior in each
plane. It also considers the following concepts to describe
the nonlinear, hysteretic and history dependent behavior of
the soil within yield surfaces: (1) inherent and strain-in-
duced cross-anisotropy (using the spectral decomposition
of the global elastic compliance matrix [307]); (2) depen-
dence on stiffness with stress; (3) degradation of elastic
stiffness with the strain &4,; and (4) dependence on strains
history satisfying the Generalized Masing Rules. Schédlich
and Schweiger model is based on the model of Scharinger
et al. [308], but it introduces some differences: (1) it uses a
linearization for the degradation curve of the shear modu-
lus in each plane instead of the expression proposed by
Soga et al. [309]; and (2) it reproduces the effect of loading
history using an approach similar to that of Simpson’s
brick model [31] instead of the linear approximation of the
experimental results from Richardson [29].

Multilaminate models can reproduce multiple soil
characteristics, including its complex behavior in the range
of small strains. To do this, these models use parameters
known in professional practice and a clear and not con-
trived formulation, which places them in an advantageous
position compared to other incrementally multilinear
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models. Even so, its use has been very limited in practical
applications, although some commercial software, such as
ZSoil, already incorporate basic multilaminate models in
their libraries.

(C) Incrementally nonlinear models

Incrementally nonlinear models emerged from the gen-
eralization of the hypoelastic theory of Truesdell [310] and
from the theoretical framework of elastoplasticity [66]. The
most important characteristics of incrementally nonlinear
models are: (1) the absence of explicit decomposition of
strain increments in reversible and irreversible parts; and
(2) the continuous nonlinear dependence of the tangent
stiffness tensor on the direction of the increment strain
tensor. The most general constitutive equation of this type
of models is expression (36) [136, 311] and it is composed
of a linear part L(¢’,y):d and a nonlinear part

[a="|lQ(6’,2) = [d @ d].
¢ =L(o',y):d+|[d"||Q(,7) :: [d ©d] (36)

It is considered that incrementally nonlinear models
have an infinite number of tensorial zones #Z — oo. In
some cases, nevertheless, as in hypoplastic models with
intergranular strain J, the incremental nonlinearity in the
range of small strains is linked to the sign d:d, not
appearing the strain rate tensor d in the resulting tangent
stiffness formulation for é:d >0 nor for o:d <0.
Therefore, for practical purposes, such models can be
considered conceptually closer to multilinear models than
to incrementally nonlinear models when describing soil
behavior in the range of small strains.

These models can reproduce nonlinear, hysteretic and
dependent on recent history soil behavior, characteristic of
Zone II.

(C.1) Hypoplastic models

Hypoplastic models represent a particular case of
incrementally nonlinear models. Specifically, hypoplastic
theory was initially developed by Kolymbas [312]. Sub-
sequently, two hypoplastic formulations were distin-
guished: K-hypoplasticity [313] and CLoE hypoplasticity
[314, 315]. Afterward, these formulations were extended
by Gudehus [316], Bauer [317], Wolffersdorff [318],
Niemunis and Herle [151] and Herle and Kolymbas [319],
among others. The first generation of hypoplastic models
considered L(¢’, 1) = L(6’) and Q(d’, ) = N(6¢’) ® |, that
is, ¢/ =L(d"):d+ N(d')|d||. Using the envelopes of
Gudehus in the Rendulic space, it is possible to decompose
the effect of the linear and nonlinear part of the previous
constitutive equation (Fig. 32).

Hypoplasticity offers a theoretical framework for
describing the nonlinear mechanical behavior of granular
materials, which is capable of reproducing soil strains by
reordering their solid skeleton. Furthermore, unlike
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elastoplastic theory, in hypoplastic theory it is not neces-
sary to neither define yield surfaces nor flow rules, since
these can be derived from expression (36).

Nevertheless, classic hypoplastic models have some
limitations. Among them, the requirement of a large
number of parameters that limit their practical use, as well
as the fact that they are not able to reproduce correctly soil
behavior in the range of small strains during cyclic load-
ings due to ratcheting effect. Classic hypoplastic models
must incorporate new state variables to describe the hys-
teretic and dependent on recent history soil behavior [107].
To solve this problem, diverse strategies have been pro-
posed, some of them exposed by Tamagnini and Viggiani
[66]:

e Include the void ratio as a state variable to obtain a
unified formulation for soils with different densities and
to incorporate the concept of critical state. In this case,
L(o',y) = L(6',e) and Q(6’,3) = N(6',e) ® [l are con-
sidered. An expression of the tensors L(¢’,e) and
N(d’,e) appears in the work of Wolffersdorff [318] or
Gudehus [316], including the barotropy and picnotropy
factors.

e Introduce a structure tensor to consider the inherent soil
anisotropy.

e Introduce an internal variable dependent on strains for
modelling the cyclic soil behavior.

e Combine a hypoplastic model with a paraelastic one
(hypoplastic hybrid models).

Table 11 analyzes small strain stiffness formulation,
hysteretic behavior treatment and general aspects of the
hypoplastic model with intergranular strain of Niemunis
and Herle [151] that considers soil behavior in the range of
small strains.

According to Niemunis and Herle [151], the strain in a
granular material is composed of the granular interface
strain, which should be understood as a macroscopic
measure of the microdeformations of the interface between
particles, and the strain caused by the reordering of the
grains that constitute the solid skeleton. The intergranular
strain tensor é, which aims to characterize the strain of the
granular interface in the range of small strains, is defined
and partially solves the effect of excessive stress or strain
accumulation during cycles. Other remarkable aspect is
that this model allows considering different degradation
curves based on the rotation of the strain path which pro-
vides versatility to the model and adaptability to experi-
mental results. However, it requires parameters that are
unusual in the engineering practice. Soil model parameters
for different sands can be found in Mohammadi-Haji and
Ardakani [320]. Masin [321] proposed some modifications
in this model to solve the effect of 7 = ¢/p’ on G, and the
effect that the axis p’ = 0 has on the degradation curve
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Table 9 Bubble models

Model Small Strain Stiffness

Hysteretic Behavior

Comments

Al-Tabbaa and Wood [10] Elastic behavior (f; <0):

K=k
_ 3K (1-2v,,,)
O = ()
Plastic strains (fi =0,f" = 0):
h=h,+h

o= (528) (07 =)+ (5)7)

_ ~\ Y
By = () (G2) v

3-SKH [123] Elastic behavior (f, <0):

K =L

=
G, = A(/)%)" (Ro)rﬁ/

Plastic strains (f = 0,, = 0,f" = 0):
h=hy,+h +h

ho = (525) (0 (0 = 2}) + (5)a)

= () () s

D1max

B e\
hy = (/'fllc*) (b{il) p?

1. Reversal criterion: intrinsic,
when stress trajectory is
directed towards the bubbles
interior

2. Memory rules: stores
information of the last
reversal point. This
information defines the
bubble position until it is
displaced again

3. Effect of reversals on
degradation variables: total
reinitialization after reversals

4. Effect of reversals on soil
stiffness: discontinuous
stiffness recovery

1. Reversal criterion: intrinsic,
when trajectory is directed
towards the bubbles interior

2. Memory rules: stores
information of the two last
reversal points. This
information defines the
bubbles position until they
are displaced again

3. Effect of reversals on
degradation variables: total
reinitialization after reversals

4. Effect of reversals on soil
stiffness: discontinuous
stiffness recovery

Originally developed by Al-Tabbaa

[288]. This model intends to
reproduce the nonlinear behavior of
slightly overconsolidated soils in the
range of small strains. It considers a
bubble f; = 0 within the bounding
plasticity surface f/ = 0. Both surfaces
are based on the formulation of the
MCC model. It requires only two

additional parameters (R and l/;) with
respect to the MCC model

* /
v, A", k", My, and v/, )

Initially developed by Stallebrass [289].

It is an extension of the model of Al-
Tabbaa and Wood [10], in which a
new bubble /| = 0 is considered to
introduce the influence of the soil
history. The expression given by
Viggiani [290] is adopted for the
tangent elastic shear modulus G;. The
three surfaces are based on the
formulation of the MCC model.
Messerklinger [291] identifies some
contradictions in the predictions of the
model, which are resolved by
McDowell and Hau [292] and Masin
[293]

when it is crossed by a stress path. Wong and Masin [322]
introduced the behavior of unsaturated soil to the Niemunis
and Herle model, and recent applications can be found in
Mohyla et al. [323].

Hypoplastic models have historically been barely used
in professional practice due to their formulation and
parameters away from the elastoplastic “standard”. How-
ever, considerable efforts are being made to incorporate
these models into commercial software. In the case of the
Niemunis and Herle model, it is considered especially
useful, beyond its ability to reproduce certain aspects of
soil behavior, the mathematical definition of the concept of
intergranular strain by means of the state variable ¢ that
takes the role of internal strain in the sense given by
Gudehus [107]. The mathematical structure of & allows
extending its use to elastoplastic models [324], taking
advantage of its great potential, as is the case of the
EPHYSS model [156].

(C.2) Hypoplastic hybrid models

Some recent advanced hypoplastic models combine
different concepts from previous theoretical frameworks.
This section briefly shows the specific case of the combi-
nation between hypoplasticity and paraelasticity, proposed
by Niemunis and Prada-Sarmiento [176].

Table 12 analyzes small strain stiffness formulation,
hysteretic behavior treatment and general aspects of
Niemunis and Prada-Sarmiento hypoplastic hybrid model
that considers soil behavior in the range of small strains.

The Niemunis and Prada-Sarmiento model improves
the hypoplastic model with integranular strain, providing it
with greater robustness to reproduce soil hysteretic
behavior, however, as an hybrid model, it not only inherits
the strengths of the base models, but also the weaknesses,
such as the unusual parameters and the lack of familiarity
with these theoretical frameworks in the professional

practice.
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Table 10 Multilaminated models that consider soil behavior in the range of small strains

Model Small Strain Stiffness Hysteretic Behavior Comments

Schidlich and r & r—1 1. Reversal criterion: intrinsic, £gee <0 See Sect.
Schweiger Ci=(T) X ()mE:n) ((Ti) ) L L ; B.2.6
[154] m=1 2. Memory rules: it can store information of all reversal points through

Ci=Ci(a),, e
i l( mn eg) Masing Rules

Endev,centres Vs.centre A0 Y copsre» Which allows complying the generalized

3. Effect of reversals on degradation variables: total or partial reinitialization
after reversals, depending on the number of affected planes

4. Effect of reversals on soil stiffness: discontinuous stiffness recovery (finite
planes). For practical applications it can be considered an almost
continuous recovery

5 Conclusions

Soil behavior in the range of small strains should be con-
sidered in the analysis of geotechnical problems, especially
when it is necessary to build new structures in dense urban
areas and to protect nearby existing structures, or when
sensitive constructions are built or affected.

Several circumstances during the 70 s of the twentieth
century motivated the development of new theoretical
frameworks and constitutive models that tried to explain
the soil behavior in the range of small strains, characterized
by being nonlinear reversible, hysteretic and dependent on
recent history.

The theoretical framework of Jardine [6], based on the
theories of KYS and plasticity, allows describing the
behavior of soil stiffness according to the range of stress
and strain to which it is subjected, giving place to four
differentiated zones (Zones 1 to IV). This theoretical
framework has been very useful to identify the strategies to
reproduce soil behavior in the range of small strains used in
the different constitutive models that have been analyzed.

Furthermore, in order to classify these constitutive
models, the concept of tensorial zone [136, 137] has been
used, grouping: (1) within the incrementally linear models
with a single tensorial zone, the linear and the nonlinear
elastic models (Cauchy elastic models, pseudoelastic
models, hyperelastic models and hypoelastic models stricto
sensu); (2) within the incrementally multilinear models
with several tensorial zones, the hysteretic models (parae-
lastic and quasi-hypoelastic models) and the advanced
models (classic elastoplastic models, multisurface models,
brick models, bounding surface plasticity models, bubble
models and multilaminated models); and (3) within the
incrementally nonlinear models with infinite tensorial
zones, the hypoplastic and the hypoplastic hybrid models.

In addition to that, there have been established four
elements considered fundamental for the characterization
of soil hysteretic behavior and which have led to a specific
model classification criterion. These elements are: (1)
reversal criterion, which can be extrinsic or intrinsic; (2)
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memory rules, which allow storing information of one,
several or all active reversal points; (3) the effect of
reversals on the variables that control the degradation,
which can be fully or partially reinitialized after a reversal;
and (4) the effect of reversals on maximum soil stiffness,
where the stiffness recovery can occur continuously or
discontinuously with the rotation angle of the recent stress/
strain path, being total or partial.

Using the previous classification criteria, a total of 54
constitutive models that consider soil behavior in the range
of small strains have been analyzed and classified. The
study of these models has focused on describing and
explaining the constitutive relations that allow the repro-
duction of nonlinear reversible, hysteretic and dependent
on recent history behavior of the soil, as well as their
applications, advantages and disadvantages. It should be
noted that the fact of not having the numerical codes of
most of these models complicates and limits their study,
idea shared by Gudehus [107].

The most relevant aspects of the formulation of those
models have been presented. All of them are capable of
reproducing, to a greater or lesser extent, the behavior of
the soil in the range of small strains. Some features that
should be highlighted follow:

i. The robust, clear and intuitive formulation of parae-
lastic models, based on the Hueckel and Nova model
[22], to reproduce soil hysteretic behavior, in addi-
tion to its versatility to be combined with other
theoretical frameworks. So far, interesting models
have been developed using concepts from paraelastic
theory combined with elastoplastic, bounding plas-
ticity, multilaminate or hypoplastic models
[140, 153, 154, 156, 174-177].

ii. The ability of quasi-hypoelastic hysteretic models
[67, 156] to integrate multiple aspects of the soil in
the range of small strains, in addition to their
flexibility to be combined with plastic models, give
them a great potential to be used in practical
applications. However, these models also present
some disadvantages [66, 182, 187].
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Fig. 32

iii.

iv.

Graphical interpretation L
of the hypoplastic constitutive
equation, from [66] a Unitary
circle in strain space. b Effect of
the linear part of equation.

¢ Effect of the nonlinear part of / )
equation -

NV

(a)

The balance between complexity and usability of
elastoplastic models that gives them the greatest
potential to be used in professional practice. Among
all those analyzed in this paper, the Plaxis HS-SS
model (based on the HS-S model [67]) and the
EPHYSS model [156] stand out. The latter improves
the HS-SS model and resolves some inconsistencies
whose effects can have considerable influence on the
numerical simulations of boundary value problems,
as they are cumulative [156, 175, 243-245].

The potential use of brick models, based on the
Simpson model [31], in the development of future
constitutive models. This is due to their ability to be
easily combined with classic or advanced models
(such as the HS-Brick Model [155], which improves
the HS-SS model), in addition to its clear theoretical
framework that allows to easily understand part of
the formulation of other models, as happens with the
history tensors of the advanced elastoplastic models
HS-SS and EPHYSS.

The ability of multilaminate models, such as the
Schédlich and Schweiger [154] model, to reproduce
multiple soil characteristics, including its complex
behavior in the range of small strains, using
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parameters known in professional practice and a
clear and no contrived formulation. This place them
in an advantageous position compared to other
incrementally multilinear models, and although their
use has been limited in practical applications, some
commercial software, such as ZSoil, already incor-
porate basic multilaminate models in their libraries.

vi. The advantages of hypoplastic models with inter-
granular strain, based on the Niemunis and Herle
model [151], to define the soil behavior in the range
of small strains through the state variable d (inter-
granular strain), whose mathematical structure
allows its use to be extended to elastoplastic models
[324], such as the EPHYSS model [156]. However,
hypoplastic models have historically been barely
used in professional practice due to their formulation
and parameters away from the elastoplastic
“standard”.

In addition to these considerations, and regarding the
behavior of the soil in the range of small strains, it is
considered that the multisurface, bounding plasticity,
bubbles or hypoplastic hybrid models that have been ana-
lyzed in this paper do not present great potential for their
use in practical applications, due to: (1) their complex

Table 11 Hypoplastic models that consider soil behavior in the range of small strains

Model

Small Strain Stiffness Hysteretic Behavior Commentss

Niemunis M = (p*mr + (1 - pX)mR)L(o",e) +B 1. Reversal criterion: intrinsic, 5 d<o0 See Sect.

and Herle o= ||6||/1€

[151]

2. Memory rules: stores information of several reversal points

C.1

if£é:d>0: given the structure of d, which constitutes a short-term
’ ’ L . memory variable that is reinitialized after a total reversal, but
B = (p*(1 —mr))L(d’,e) : 0® 0+ p*N(0',€) ®0  not after a partial one

o= (U —® Spﬁ;*) d 3. Effect of reversals on degradation variables: total or partial
R reinitialization after reversal
if 6:d<0: S . .
L 4. Effect of reversals on soil stiffness: continuous stiffness
B = p*(mg —mr)L(d’,e) : 0 ® b recovery
o=d
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Table 12 Hybrid models that consider soil behavior in the range of small strains

Model Small Strain Stiffness

Hysteretic Behavior Comments

Niemunis and Prada-Sarmiento [176]

W/ — dari—do P
di—dy

_ ARIgARI,

dARl T T ARTgNRT

6 =A:é+N(a,e)||é|w + 67"
A=L(de)—H(f,7,dr)(1 —w)

Not defined See Sect. C.2

formulations; (2) the requirement of numerous unusual
parameters in professional practice; (3) the lack of
description of the hysteretic and dependent on recent his-
tory soil behavior in some cases; or (4) their limited use in
solving boundary value problems. Future improvements of
these models, especially in the case of multisurface models
[252], might allow them to be considered in practical
applications. It should be mentioned, however, that these
models can correctly reproduce other soil characteristics,
such as irreversible strains, plastic anisotropy, plastic
hardening, contractive/dilatant behavior, critical state in
clays and the effect of the soil fabric.

Finally, the incorporation of formulations that can
reproduce soil behavior in the range of small strains within
well-known models used in professional practice, would
allow professional engineers to familiarize themselves with
the characteristics and complexity of non-linear, hysteretic
and dependent on recent history soil behavior in the range
of small strains. Once this first goal has been achieved,
introducing more complex models into commercial soft-
ware could be less traumatic.

6 List of symbols

a Parameter whose value is a = 0.385 according
to Dos Santos and Correia [231]
a Soil parameter in the model of Hansen [197]

Soil parameter in the model of Hardin and
Drnevich [2]

a Soil parameter in the model of Kondner
and Zelasco [194]
a Soil parameter in the model of Darendeli [229]
a* Soil parameter in the NAHOS model [144]
a* Soil parameter in the SC1SS model [236]
ALER = n'Ji
assg = n'Ji
ai Soil parameter in the model of Papadimitriou
et al. [140]
a, =14x,—x,
ar =14+xp—x.
a =1/E}
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2 |

Soil parameter in the expression of Viggiani
[290] used for the calculation of G; in the
3-SKH model [123]

Soil parameter in the model of Jardine et al. [207]
Soil parameter in the expressions that relate
Gy with e, OCR and p’

Functions of soil parameters

Ci(X=0), (X - 0),C(X=0),

C>2(X — 00) in the model of Tatsuoka and
Shibuya [115]

Soil parameter in the SDMCC model [148]

—(1/a) ((xv —x,)R(Ina, )R’*l) +(Ina)¥
—(1/a) ((xD —xe)R'(lnaz)R’*l) +(In@)®

= GSSR/ Grer = KéSR/ K/LER

Soil parameter in the model of Hansen [197]
Soil parameter in the model of Hardin and
Drnevich [2]

_ 1 <(p/_p/)(p’—p;_(p,_gi))
Rp./2 * R 2
T—=J,(T—1,

R

()

= 1/q,u; soil parameter in the model of
Kondner and Zelasco [198]

= (1-R)p
1 —p/b(p’ — P} (p/ —Ph . ,)>
== = — — —+p, — P,
q—4qv(9=9p __ (9=9v
(e (5 a))
[J/*P,,
= (=) (52— (' - 1)
58 (5~ @ - a0))
2(1-T)p.
27(1 - S)p.
Soil parameters in the SDMCC model [148]
that control stiffness strain dependency,

fori=2,4
Soil parameter in the SC1SS model [236]
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B

=

=,

do

db
ref

Dg
Dg

Cimax
Cimin
€o

Soil parameter in the expression of Hardin
[287] for the calculation of Gy used in the
model of Papadimitriou et al. [140]

Soil parameter in the model of Jardine

et al. [203]

Soil parameter in the expressions of Hardin
and Richart [82] that relates Gy with e
Functions of soil parameters

C](XZO),C1 (X—>OO),C2(X=O),C2(X—>OO)
in the model of Tatsuoka and Shibuya [115]
Soil parameter in the SDMCC model [148]
Effective cohesion

Undrained shear stregth

Soil parameter in the MIT-E3 model [142]
Soil parameter in the NAHOS model [144]
Soil parameter in the model of Jardine

et al. [203]

Soil parameter in the MIT-S1 model [149]
related to soil compressibility after a reversal
i =1...6, soil parameters in the model

of Jardine et al. [8]

Functions that depend on ¢’ invariants

in the expression of E|

i = 1,2 soil parameters in the model

of Tatsuoka and Shibuya [115]

Soil parameter in the SDMCC model [148]
Secondary consolidation coefficient

— CO . (1 + Xhist,LQ)

Constitutive elastic flexibility tensor in

the i-th plane that relates ¢; and £ in
multilaminated models

Maximum flexibility tensor in the model
of Hueckel and Nova [22]

i = 1,2 soil parameters in the model

of Tatsuoka and Shibuya [115]

Soil parameter in the model of Niemunis
and Prada-Sarmiento [176]

Soil parameter in the model of Niemunis
and Prada-Sarmiento [176]

=s5(M" — )

=M+ Mb —2m

Soil parameter that controls nonlinearity during

an unloading in the MIT-S1 model [149]
Soil parameter in the SDMCC model [148]
= (€max — €)/(€max — €min) is the relative
density of the soil

Strain rate tensor (¢ ~ d)

Void ratio

Maximum void ratio

Minimum void ratio

Initial void ratio

(ecs),

erev

AR
AR1

E®

S,
lap
s

E

max

tur

Jap

~

El

El

max

Erev

max

Void ratio on the critical state line for p’ = p,
=& — &oerl

Value of e in the last reversal point in the
MIT-S1 model [149]

= 88 - 82611

=& — sgctl

State variable that stores the total deviatoric
strain tensor value at the last reversal point
R that conforms the endpoint of the active
strain cycle in the HQH and EPHYSS
models [156, 175]

=e—eR

— gPe _R1 &e

Undrained elastic modulus

Apparent undrained secant elastic modulus
Apparent drained secant elastic modulus
Initial drained modulus (Janbu [81] proposed
an expression for E})

Maximum stiffness modulus

Drained tangent stiffness modulus during
unloadings and reloadings

Drained apparent tangent elastic modulus
Transformed variable E; = (E);= II;(¢)

in the MIT-E3 model [142]

Elastic stiffness tensor

Eigenvector of the spectral decomposition
of ¢

=1 ®1+ 20l

Value of E; = (E);= II,(¢) in the last
reversal point in the MIT-E3 model [142]
Maximum stiffness tensor

Tangent stiffness tensor

Tangent stiffness tensor corresponding

to the tensorial zone Z;

Soil parameter in the model of Fahey and
Carter [219]

Function that represents the dependence

of Gpone

<*1 +Go/Ghyec +12(2g) = \/(l = Go/Gyce — 12 (“tl))2+4f2(“z/)>
2(a/eqr)

= (a/eqr)oq

= 0 equation that defines the bounding
plasticity surface in the model of Al-Tabbaa
and Wood [10] and in the 3-SKH model [123]
Soil parameter in the model of Niemunis

et al. [153, 174]

Soil parameter in the model of Lee and
Salgado [225]
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1 —1/2 ( a* + sign(n,) |np‘1/W> G?{(’)»“vHva State variable that stores the @aximum value
) . . ” of the secant apparent shear stiffness modulus

T Function that considers the hardening of K* for the active degradation curve o for p/'=pl,; ,

fG;w Function that considers the degradation of G in the HQH and EPHYSS models [156, 175]’ '

Je K-th yield surface G .., Minimum apparent tangent shear modulus

N = 0 equation that defines the bubble within T for primary loading (¢ = 1)
which an elastic soil behavior is considered G Tangent apparent shear modulus
in the model of Al—Tab.baa and Wood. [10] G Value of G, for ¢} = pl,; in the SSOM and
.and a d'epende.nt behavior on recent history ’ HS-S models [67] and in the HS-SS
is considered in the 3-SKH model [123] . . .

H = 0 equation that defines the bubble within n}odelllmp.lemented in Plaxis, and
which an elastic soil behavior is considered P = Prgrz in the HQH and EPHYSS
in the 3-SKH model [123] models [156, 175] Lo

Fake) Yield surfaces in multisurface models G :;gsfrlal function that relates ¢° with ¢, 6", 1

F = Fo(ph/pa) " (W) h Soil parameter in the CASM-c model [143]

Frer Linear Elastic Region of the Puzrin and hy, =h | dh| /( dfef _ } db‘)

Burland [152] model ) i

F Small strain yield surface function of the y _ (1 Y J'é’;(,,(%)Q)) /<1 _F <—é"3n(%)>>
Seyedan and Solowski [252] model R-1

Fssr Small Strain Region of the Puzrin and factor that consider the macroscopic effect
Burland [152] model of soil fabric during deviatoric stress path

Fy Soil parameter in the model of Papadimitriou in the model of Papadimitriou et al. [140]
et al. [140] h; Factor that modifies hardening laws in the

g Soil parameter in the model of Fahey and models HS-S [67], HS-SS and
Carter [219] EPHYSS [156, 175]

g :0111 Pgragggf;r in the model of Lee and A Soil parameter in the model of Papadimitriou

algado et al. [140]

gi Plastic potential associated to the i-th plane h State variable that stores recent total

G Shear modulus ot o hi ;

G0)ij Maximum drained elastic shear modulus gszlggg;sstgaﬁolgssra ;21510 ;SI]H the HQA
a?corQing to the i-th plane and the j-th (,; i ;)* Cosine of the rotation angle in the recent
direction ' total deviatoric strain path from which

G = Gzlr;m,éﬂ/ Grur reversals appear in the HQH and EPHYSS

Gy Secant elastic shear modulus models [156, 175]

Gssr Shear modulus on the SSR Hgy Soil parameter in the CASM-c model [143]

G; Tangent elastic shear modulus Hy Soil parameter in the CASM-c model [143]

Grur Minimum value of the tangent elastic H™) Hardening modulus of the yield surface f"")
shear modulus H State variable that stores recent total

Go Maximum shear modulus deviatoric strains history tensors in the SSOM

el Maximum apparent shear modulus for p'=p;,, and HS-S models [67] and in the HS-SS

G% Apparent shear modulus model implemented in Plaxis

G” Apparent shear modulus associated to the H Stiffness tensor in the model of Niemunis
tensorial zone Z; et al. [153, 174] and in the model of Niemunis

Gice Elastic shear modulus used in the MCC and Prada-Sarmiento [176]
model J = /1/2lls

GZ?R Value of Grgg when p' = p’ref 7 — %” .

G Constant elastic shear modulus of the MCC na Maximum value of J
model Js Secant coupling modulus

G» Secant apparent shear modulus J; Tangent coupling modulus

G Maximum value of G¢ which depends on p’ Jssr Projection of the deviatoric stress on the SSR

' Jo Initial value of J
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u
‘ISSR

K(y, PI)

K,

/
K;
/
KSSR
/
Kz

/
Kt,ur
Ko

/
KO
K/ap

lap
Ki

Iref
KLER
lap
Ks
lap,ref
Ks
Iref
I$
lap
Ks,O
K
Kp

L(d',2)

Value of J in the center of the bubble f

in the model of Al-Tabbaa and Wood [10]
Deviatoric stress in the LER boundary
obtained from triaxial tests

Deviatoric stress in the SSR boundary
obtained from triaxial tests

Soil parameter that relate Gy with OCR or Ry
Soil parameter in the CASM-c model [143]
Soil parameter in the model of Papadimitriou
et al. [140]

Soil parameter in the model of Papadimitriou
et al. [140]

Drained elastic bulk modulus

05 (1 + tanh(In((0.000102 + n(PI)) /V))0.492)

Parameter with the value of K!* for ¢} = p, in
the expression proposed by Duncan et al. [71]
Drained secant elastic bulk modulus

Drained bulk modulus on SSR

Drained tangent elastic bulk modulus

Drained linear elastic bulk modulus in
unloadings or reloadings

Coefficient of lateral earth stress

Maximum drained elastic bulk modulus
Drained apparent bulk modulus

Apparent bulk modulus associated to the
tensorial zone Z;

Value of K;,, when p’ =p,

Drained secant apparent bulk modulus

Value of K for p' = p,

Value of K| for p' = p},;,

Maximum value of K/’ which depends on p’

Drained tangent apparent bulk modulus

= <<4/3)M‘* (v}~ (1/R) +6(R - 1)4%?) .
(/.= 1) (/R M*P, (5} + (R = 2)pL) (7} — (1/RPL)

Soil parameter in the expression that relates
Gy with s* [105]

Fourth-order linear tensor in the first
generation of hypoplastic models
Fourth-order linear tensor in an hypoplastic
model that introduces void ratio as a state
variable [316, 318]

Fourth-order linear tensor in hypoplastic
models

Soil parameter that controls stiffness
dependence on stress in many models

3

E:

*

33 3

4
~

mg

Soil parameter in the model of Prévost and
Keane [204] that must comply m' > 4y,u — 1
Number of surfaces in multisurface models
Soil parameter in the CASM-c model [143]
Soil parameter in the model of Mayne [220]
Soil parameter in the model of Shibuya et al.
[221]

Soil parameter in the expression of Viggiani
[290] used for the calculation of G; in the
3-SKH model [123]

Soil parameter that controls the opening

of the yield surface in the model of
Papadimitriou et al. [140]

— o.272<1 - tanh(ln(0.000556/y))“-4> ¢0014sPI

Soil parameter that controls the dependence
of Gy on p'/p,, in the expression of Hardin
and Black [89]

Soil parameter that controls stiffness value
before a rotation of the total strain path of
180° in the model of Niemunis and Herle
[151]

Soil parameter that controls stiffness value
before a rotation of the total strain path of
90° in the model of Niemunis and Herle [151]
Soil parameter that controls the dependence
of K! on p in the HQH and EPHYSS
models [156, 175]

Soil parameter that controls the dependence
of G¥ and G,,, on p’ in the HQH and
EPHYSS models [156, 175]

Soil parameters in the SDMCC model [148]
that control stiffness dependency with OCR,
fori=1..4

Slope of the critical state line in the plane g — p’
Slope of the critical state line in the plane J — p’
= §(M(s) + Mg (—s))

= M + k(=)

Soil parameter in the model of Papadimitriou
et al. [140]

=M + k(=)

Soil parameter in the model of Papadimitriou
et al. [140]

Tangent stiffness tensor in the hypoplastic
model with intergranular strain of Niemunis
and Herle [151]

Soil parameter that relate Gy with y

0 if PI=0
) 337-107°°P1'4%* if 0<PI<15
T ) 7.00-1077PI'70 if 15<PI<70
2.70 - 107°PIM15 if PI > 70
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Soil parameter in the MIT-E3 model [142]
Soil parameter in the model of Lehane and
Cosgrove [147]

Soil parameter in the model of Shibuya

et al. [221]

Soil parameter in the expression of Viggiani
[290] used for the calculation of G; in the
3-SKH model [123]

Soil parameter in the model of Lee and
Salgado [225]

Soil parameter that relates Gy with a;/p]
and pj,

Soil parameter that relates Go with p'/p];, P,
and Rj

Factor of NAHOS model [144] which varies
from n, = 1 (¢/p’ = 0) on the wet side,

n, =0 (q/p' =M) and n, = 0 (¢/p’ = 0)
on the dry side

Soil parameters in the SDMCC model [148]
that control stress stiffness dependency,
fori=1..4

Number of Bricks in the HS-Brick Model
[155]

Factor related to the secondary
consolidation coefficient C, (Ng; = VC,
according to Lo Presti et al. [325])
Second-order tensor in the first generation
of hypoplastic models

Second-order tensor in an hypoplastic model
that introduces void ratio as a state

variable [316, 318]

Normal exterior to the loading circle from
the last reversal point R1

= 0}/

= o-i)ct = 1/30-§i

=P /Psse

Atmospheric pressure

Water pressure

Value of p’ in the center of the f; of the
3-SKH model [123]

Value of p’ in the center of the bubble f,
of the 3-SKH model [123]

Size of the major axis of the bounding
plasticity surface (consolidation stress)
in the NAHOS model [144] and bubble
models of Al-Tabbaa and Wood [10]
and Stallebrass and Taylor [123]
Mean stress in the image point on the
bounding plasticity surface in the models
CASM-c [143] and NAHOS [144]

p :"ef
Pi-ef, 1

Plref,z
Plev
Plssr
Po
ptm)

P/(m//)

PI

qb
qr

4

qmax

Gult
Q//(m”)

QR
Q(d', 1)
Q,(m//)

SE oS

>

i

=|

Reference confinement stress

Reference mean stress in the expression of
K in the HQH and EPHYSS models [156, 175]
Reference mean stress in the expressions of
G% and G, in the HQH and EPHYSS
models [156, 175]

Transformed variable p’ = Iy ,(6”) on the
last reversal point in the models MIT-E3
[142] and MIT-S1 [149]

Projection of the mean stress on the SSR
Values of p’ in the center of the bubble f
in the model of Al-Tabbaa and Wood [10]

Mean stress that fulfills Go(p' = p) = G;7

Projection of P"") = 9g™") /3¢ on the
hydrostatic axis

Projection of P"") = 9g("™") /d¢ on the
deviatoric plane

Plasticity index

=0} —d}

Value of ¢ in the center of the bubble f;

of the 3-SKH model [123]

Value of ¢ in the center of the bubble f,

of the 3-SKH model [123]

Deviatoric soil strength (it can be estimated
with the Mohr—Coulomb criterion)
Deviatoric stress in the image point on

the bounding plasticity surface in the
models CASCM-c [143] and NAHOS [144]
Maximum value of the deviatoric stress
increment in triaxial compression
Maximum deviatoric stress

Projection of Q") = 9f"") /de on the
hydrostatic axis

= \/3/2]le — 8|

Sixth order tensor in hypoplastic models
Projection of Q") = 9f("") /06 on the
deviatoric plane

Soil parameter in the model of Atkinson [32]
Soil parameter in the CASM-c model [143]
Soil parameter in the model of Ramberg
and Osgood [194]

Soil parameter that controls nonlinearity during
an unloading in the MIT-S1 model [149]
—|lg’ — 7|

= [[&" = a5

= ((1 = xe)/(xu — x¢) = b)((1 + xu — xc)
In(14x, —x.)/(x, — 1))

Soil parameter in the NAHOS model [144]
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R

X

@ X
S

¢

TOL,

“abs

TOL l;iel

Ratio between the sizes of the bubble f; and
the bounding plasticity surface f’ in the
model of Al-Tabbaa and Wood [10]
Parameter with the maximum value of ||d|| in
the model of Niemunis and Herle [151]

= gy /qu (this factor takes values between
0.75 and 1.0)

= Pax/P'

= (0} +0)/2

Soil parameter in the model of Matasovic
and Vucetic [210]

Soil parameter in the model of Papadimitriou
et al. [140] which adopts values § = +1
ify—a>0and §=—-1if n —a<0
Parameter that represents the soil structure
Initial value of s’

Reference value of s* for reconstituted soil
Soil parameter of the HS-Brick model [155]
that represents the string length of b-th brick
=0 —d 1

Transformed variable s; = (s),= I1;(¢”)
Value of s’ in the last reversal point in
MIT-E3 model [142] and value of s in the
last reversal point in MIT-S1 model [149]
Deviatoric stress tensor in the reversal point R
Surface of V

Ratio between the sizes of the bubbles f, and
fi in the 3-SKH model [123]

Dimensionless soil parameters in the
expressions that relate GO(ij) with e, OCR
and o}

Time

= (0} +05)/2

Time required to finalize primary consolidation
Time in which a reversal appears

Ratio between the size of the bubble f; and
the bounding plasticity surface f’ in the
3-SKH model [123]

Transformation matrix that relates the

plane direction with the global reference
system in multilaminated models

Absolute error tolerance szgﬁl) considered
e,(n+1)
for the convergence of Aa[l. )
: (1 :
Relative error tolerance """ considered
e,(n+1)
for the convergence of As[l. )

= 0.50¢; g5/ 5sx is @ measure of the strain
incremental energy

Compression waves speed

Shear waves speed

Representative volume

w

Wel
Winacro
Wmicm
X

XD
Xe

Xu

Xy

X

X
X/

X

ymax

V1

vV R R R R~

Soil parameter in the NAHOS model [144]
Elastic energy

Global power in a sphere of volume V
Local power in the considered planes

Soil parameter in the expressions that
relate Gy with e

= |8q|GLER/JSSR

= ALER / Aassr

= 2K gl [ aggp

= lev|K] er/Plssk

= @(X, 1) position of point X € Q in the
current configuration

=9/ Vref

Soil parameter in the model of Papadimitriou
et al. [140]

X € Q point of the initial configuration

= Timar/ G0V max

= (o = 124 VU&= a4 1)) 0 00 1) = 10

= (/P (/P s

Soil parameter in the model of Ramberg

and Osgood [190]

Soil parameter in the model of Jardine et al. [203]
= (% — 1)/ ((xu — %) (In(1 + x, — x.))™)
State variable in the model of Papadimitriou
et al. [140] that controls kinematic hardening
Angular coordinate in multilaminated models

~ ~\ ¥
= arccos (h : é) is the rotation angle in

the recent total deviatoric strain path from
which reversals appear in the HQH and
EPHYSS models [156, 175]

Soil parameter in the model of Bolton and
Whittle [222]

Internal variable of the Seyedan and
Solowski [252] model that replaces alq’ in the
calculation of hardening law to include
errors caused by constant Gj-~

Rotation angle of principal stresses

Soil parameter in the model of Simpson [31]
Soil parameter in the model of Matasovic
and Vucetic [210]

=1+n/3-20*/9

Soil parameter in the model of Puzrin and
Burland [152]

Angular coordinate in multilaminated models

Soil parameter in the model of Bolton and
Whittle [222]

=1+ B(ey — &v0 — 2" In(s'/sp))
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fr Soil parameter in the model of Niemunis K Soil parameter in the model of Jardine et al. [§]
and Prada-Sarmiento [176] 8 Intergranular strain tensor in the model
ﬁ;e Soil parameter in the model of Niemunis of Niemunis and Herle [151]
and Herle [151] e Total strain in 1D
Bi =(1-n/3) Edeg E 2 2
BU _ le -1 + ’1/3 _ 2;72/9 = \/(Sn‘dt‘v - gmdﬂnz't‘mre) +(7s - )"x.cemre) +(7r - N/’I;fmtre)
Y Total shear strain
P =p'/p; & Axial strain at failure
b Soil parameter in the model of Jardine et al. & I-th principal strain, i = 1,2,3
[203] En,dev Total deviatoric strain due to the normal
P Soil parameter in the model of Puzrin and stress to the considered plane
Burland [152] Endeveenre  Value of &, 40, in the last reversal point
Ve _ £ ref ;| ~ref Eoct = 1/3811
= &/ ( \/ Gy /Grar — 1) &g Deviatoric strain
VHIST History variable that controls the degradation &g Reference deviatoric shear strain equal to
of G% in the SSOM and HS-S models [67] deviatoric shear strain in which sear
and in the HS-SS model implemented in Plaxis modulus reduces to 70% of its maximum value
Vimax Maximum or reference shear strain ér Reference strain equivalent to £'/E, . = 0.50
Vuc = \/4 3lle &g = 2/3(?1 — 83)
' / ” | . _ & Total threshold strain that separates linear
Yy Shear strain that complies 7, = Go?, " i behavi
rom nonlinear behavior
Vref = (t/P)max/ (Go/Ph)
max v = Soct = 1/3 ii
Vs Total shear strain in the s direction of the z Iniiiafl Valu/e gof c
considered plane EV-O Value of ¢, in thi: last reversal point in the
Vs,centre Value of v, in t.he .last rever.sal pomt ’ models MIT-E3 [142] and MIT-S1 [149]
;s Total shear strain in the t direction of the ok Total strain in reversal point R
considered plane E .
rror \Y% le of th 1 of
Yt cent Value of y, in the last reversal point % ariab © 0 the model of Seyedan and
wcenire i ) Solowski [252] that stands for the error caused
Yo7 Sh(elaé stra?n E/2a3h;6]: ;n thehpll(l)del of Dos Santos by a constant elastic shear modulus G§;.
and Correia or whic .
in the MCC model
G =0. e ¢
$ (y0,7) 0 722G0 . 8001 = 1/381'1'
Y1 Threshold shear strain in the model of o = 1/3¢
Papadimitriou et al. [140] from which 8;“ Plastic l;hear strain
G, =Go/(1+2(1/a; — 1 ini 1 M
o ff G) i(;/ c(on—is_i de(re/dal )) (minimum value €y SSR Shear strain value on the SSR surface
YR Shear strain at the last reversal point in the & Total strain tensor
model of Pyke [158] & Total strain tensor of the i-th plane
Py Shear strain in the model of Darendeli [229] gfnp EI?SUC stra'm ten§0r .
which complies G (,) = 0.50G, € Microplastic strain tensor in the model
d Shear strain invariant of actual relative , of Hl.]ede. and Nova [22]
strain distance between the man 'gpe Plasetlc sgl:?u.n tensor . .
(following Simpson’s analogy) and b-th & = + &" is the paraelastic strain tensor
brick in the HS-Brick model [155] in the m(.)del of Huec.kel and Nova [22.]
3P Plastic shear strain epel Paraelastic strain &’ in the reversal point L
e = VAl A
H — J273\hll is a hi iable th | Rlg Strain tensor in the last reversal point in the
Toct =V4/3 H 15a 1stor}./ varable that controls model of Niemunis and Prada-Sarmiento [176]
the degradation of G in the HQH and AL pe — e _ gpel
2 EPHYSS n;odels [156, 175] & ki Plastic strain tensor corresponding to i-th
Yoct = /4/3|le"|| brick in the model of Simpson [31]
Var = &9 /a( Gt | Gref 1) & Elastic strain tensor on i-th plane
JAR — 7 R , & Plastic strain tensor on i-th plane
oct — Joct — loct
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=q/p

Soil parameter in the model of Jardine et al. [8]
= (G(r)ef/Pf))Vl

= &/||¢l

=§'/p’ in the MIT-E3 [142] model

=s/p’ in the MIT-S1 model [149]
=¢,,/Dh, in the MIT-E3 [142] model
=s,,/D.., in the MIT-S1 model [149]
Slope of the swelling line in the plane v — In(p’)
Slope of the swelling line in the

plane In(e) — In(p’)

Maximum slope of the swelling line in the
plane v — In(p’)

Slope of the primary consolidation line in
the plane In(e) — In(p’)

Lambda coefficient of Lamé

Slope of the primary consolidation line

in the plane v — In(p’)

Plastic multiplier associated to g;
Eigenvalue of the spectral decomposition of ¢’
I-th eigenvalue of e in the SSOM and

HS-S models [67] and in the HS-SS

model implemented in Plaxis

Soil parameter in the EPHYSS model [156]
Mu coefficient of Lamé

Soil parameter in the NAHOS model [144]
Drained Poisson’s ratio

Drained Poisson’s ratio of constant value
Undrained Poisson’s ratio

Drained Poisson’s ratio according to the i-th
plane and the j-th direction

Minimum value of drained Poisson’s ratio
Tangent drained Poisson’s ratio

Drained Poisson’s ratio in reversible
unloading/reloading processes

Drained Poisson’s ratio for small strain
Scale factor that controls the shape of the
degradation curve of G¥. A value of { =1
is considered for the calculation of G{¥
during primary loading and ¢ = 2 for the
calculation of G{ during unloading/reloading
Variable that measures the mean stress

with respect to the last reversal point in the
MIT-S1 model [149]

Variable that measures the deviatoric stress
with respect to the last reversal point in the
MIT-S1 model [149]

Iinux

IUC'I

hist

el,hist

4
W

Functions to calculate the transformed variables,

H0(¢) = Z?:l ¢i’

I (¢) = 2¢, — ¢y — ¢3)/\/6’
IL() = (265 — ¢1)/V2,

H3(¢) = \/§¢12, H4(¢) = \/§¢23=
HS((b) = \/5(1531

in the MIT-E3 [142] model

= 1/3 Z?:l <¢p)i

~ |l6]l/R

Effective i-th principal stress, i = 1,2,3
=1/3d};

Effective vertical stress

Maximum historic effective vertical stress
=a,(1+2Ko)/3

Effective stress in the reversal point R

Total stress tensor

= o6 — p,1 is the effective stress tensor
Effective stress tensor of the image point on
the bounding plasticity surface in the
NAHOS model [144]

Effective stress tensor on the i-th plane

in the multilaminated models

Elastic centre in the NAHOS model [144]
Effective stress tensor in the reversal point L
— o_/ _ o_/L

Shear stress

= Go),

Maximum shear stress

=V/1/3]is|

=N GO/ Ymax

=1+e

i = 1,2 soil parameters in the model of
Tatsuoka and Shibuya [115]

Maximum effective friction angle
Position of material point X € Q at time t
Parameter of the model of Niemunis and
Herle [151]

= \/9(8\) - Sv,rev)2+(E —E,..,):(E—-E,.,)
_ { (60— &oper)dy for 4 7&0} B { >0 — load }

(e—ew):é for & =0 | <0 — unload

Soil parameter in the model of Niemunis
et al. [153, 174]

State variables

State variables responsible for describing
nonlinear, hysteretic and dependent on
recent history behavior of the soil

State variable y"* in elastoplastic models

= e — (ecs), +41In(p'/pa)
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1/; Soil parameter in the model of Al-Tabbaa HSviop Modified Hardening Soil model [156, 175]
and Wood [10] and in the 3-SKH model [123] (based on plastic part of HS-S)
Yo =ey — (eCS)aJr)Jn(p{, /pa) HS-S Hardening Soil Small model [67]
¥y Hyperelastic energy potential HS-S[MC] Hardening Soil Small model with
) Soil parameter in the models MIT-E3 [142] Mohr-Coulomb limit surface [67]
and MIT-S1 [149] HS-SS Hardening Soil with Small Strain Stiffness
N Soil parameter that controls nonlinearity model of Plaxis (based on the HS-S and
during the application of shear stress in the recently implemented in other software)
MIT-S1 model [149] KYS Kinematic Yield Surfaces
Q Domain on which the problem to be LER Linear Elastic Region in the model of
solved is defined Puzrin and Burland [152]
Q Second order symmetric tensor of constant MC Mohr-Coulomb model
coefficients that complies that Cg - € is MCC Modified Cam Clay model [74]
semi-defined positive [22] MIT-E3 MIT-E3 model [142]
#7 Number of tensorial zones MIT-S1 MIT-S1 model [149]
1 ( 1)ij: 3;j NAHOS Elastoplastic NAHOS model [144]
[ ()= 1/2 (80 + ) OCR Overco.nsohdatlon.Ratlo .
1]l _ A RU+MCC Reloading-Unloading Modified Clam
vy Clay model [234]
lal la| =aifa>0and |af = —aifa<0,a € R g LAYl  Anisotropic Clay model [237]
sign(a)  sign(a) = +1if a > 0 and sign(a) = —1 SDMCC  Strain Dependent Modified Cam
ifa<0,a€R Clay model [148]
a The superscript (n) indicates that a is evaluated SOM Swept Out Memory region [108]
at the end of the calculation step (n) — (n+ 1) SSOM Small Strain Overlay Model [67]
aj The subscript [i] indicates that a is evaluated SSR Small Strain Region in the model of
in the i-th iteration Puzrin and Burland [152]
(@) Parenthesis of Macauley, where UsC Undrained Soft Clay model [326]
{a) =aifa>0and (@) = 0if a<0 3-SKH Three Surface Kinematic Hardening
A,jk ij. ..k — th component of A model [123]
A Infinitesimal rate of A
éA Iiinite rate of A N Acknowledgements The collaboration from Lilia Maria Grover
A A=A/|A| if [|A]|#0 and A =0 if [|A]| =0 Pimienta in the final edition of the manuscript is gratefully
AT Transposed of A acknowledged.
A Inverse of A Authors’ contributions Following submission guidelines, no infor-
ARB A® B)ijkl: A;iBy mation is provided.
A®B (A®B)iﬂd: AuBji Funding Open Access funding provided thanks to the CRUE-CSIC
ARB (A®B )ijkl: AyBji agreement with Springer Nature. The content of this article results
A:B = A;B; from the research carried out in the PhD thesis of the first author.

7 Abbreviations

ARCS Axis Rotation and Cubic Spline [202]
CASM-c Clay and Sand Model — c [143]
EPHYSS Elastoplastic Hysteretic Small Strain

model [156, 175]
FC+MCC  Fahey Carter Modified Cam Clay model [145]
HQH Hysteretic Quasi-Hypoelastic model [156, 175]

HS Hardening Soil model [233]
HS-Brick Hardening Soil Brick Model [155]

@ Springer

Availability of data and material No data provided.

Code availability Request about the code of the model developed by
the main author can be sent to the mail provided.

Declarations

Conflict of interest There is not any conflict of interest or any com-
peting interest.

Open Access This article is licensed under a Creative Commons
Attribution 4.0 International License, which permits use, sharing,
adaptation, distribution and reproduction in any medium or format, as
long as you give appropriate credit to the original author(s) and the
source, provide a link to the Creative Commons licence, and indicate
if changes were made. The images or other third party material in this



Small Strains in Soil Constitutive Modeling

3271

article are included in the article’s Creative Commons licence, unless
indicated otherwise in a credit line to the material. If material is not
included in the article’s Creative Commons licence and your intended
use is not permitted by statutory regulation or exceeds the permitted
use, you will need to obtain permission directly from the copyright
holder. To view a copy of this licence, visit http://creativecommons.
org/licenses/by/4.0/.

References

10.

11.

13.

14.

15.

16.

. Clayton CRI (2011) Stiffness at small strain: research and

practice. Géotechnique 61(1):5-37. https://doi.org/10.1680/geot.
2011.61.1.5

. Hardin BO, Drnevich VP (1972) Shear modulus and damping in

soils: measurement and parameter effects. J Soil Mech Found
Div 98(6):603-624

. Simpson B, O’Riordan NJ, Croft DD (1979) A computer model

for the analysis of ground movements in London clay.
Géotechnique 29(2):149-175. https://doi.org/10.1680/geot.1979.
29.2.149

. Jardine RJ (1985) Investigations of pile-soil behaviour with

special reference to the foundations of offshore structures. PhD
Thesis. London, England: University of London (Imperial Col-
lege London)

. Smith PR, Jardine RJ, Hight DW (1992) The yielding of

Bothkennar clay. Géotechnique 42(2):257-274. https://doi.org/
10.1680/geot.1992.42.2.257

. Jardine RJ (1992) Some observations on the kinematic nature of

soil stiffness. Soil Found 32(2):111-124. https://doi.org/10.
3208/sandf1972.32.2_111

. Skinner AF (1975) The effect of high pore water pressures on

the mechanical behavior of sediments. PhD Thesis. London,
England: University of London (Imperial College London)

. Jardine RJ, Potts DM, St. John HD, Hight DW (1991) Some

practical applications of a non-linear ground model. In: Asso-
ciazione Geotecnica Italiana (ed) Proceedings of the Tenth
European Conference on Soil Mechanics and Foundation
Engineering. Florence, Italy, 26-30 May. Rotterdam, Brook-
field: A.A. Balkema, vol 1, 223-228

. Jardine RJ, Symes MJ, Burland JB (1984) The measurement of

soil stiffness in the triaxial apparatus. Géotechnique
34(3):323-340. https://doi.org/10.1680/geot.1984.34.3.323
Al-Tabbaa A, Wood DM (1989) An experimentally based
“bubble” model for clay. In: Pietruszczak S, Pande GN (eds)
Proceedings of the Third International Conference (NUMOG
III), Numerical Models in Geomechanics. Niagara Falls,
Canada, 8-11 May. London; New York: Elsevier Applied Sci-
ence, 5, pp 91-99

Prévost JH (1977) Mathematical modeling of monotonic and
cyclic undrained clay behavior. Int J Numer Anal Meth Geo-
mech 1(2):195-216. https://doi.org/10.1002/nag.1610010206

. Prévost JH (1978) Plasticity theory for soil stress-strain behav-

ior. J Eng Mech Div 104(5):1177-1194

Mréz Z (1967) On the description of anisotropic workhardening.
J Mech Phys Solids 15(3):163-175. https://doi.org/10.1016/
0022-5096(67)90030-0

Hardin BO, Blandford G (1989) Elasticity of particulate mate-
rials. J Geotech Eng 115(6):788-805

Burland JB (1989) Ninth Laurits Bjerrum Memorial Lecture:
“Small is beautiful ’—the stiffness of soils at small strains. Can
Geotech J 26(4):499-516. https://doi.org/10.1139/t89-064
Vucetic M (1994) Cyclic threshold shear strains in soils.
J Geotech Eng 120(12):2208-2228. https://doi.org/10.1061/
(ASCE)0733-9410(1994)120:12(2208)

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

Shibuya S, Mitachi T (1994) Small strain shear modulus of clay
sedimentation in a state of normal consolidation. Soils Found
34(4):67-77. https://doi.org/10.3208/sandf1972.34.4_67
Jamiolkowski M, Lancellotta R, Lo Presti DCF (1995) Remarks
on the stiffness at small strains of six Italian clays. In: Shibuya
S, Mitachi T, Miura S (eds) Proceedings of the first international
conference on pre-failure deformation characteristics of geo-
materials. Sapporo, Japan, 12-14 September 1994. Rotterdam,
Netherlands: A.A. Balkema, pp 817-836

Shibuya S, Mitachi T, Hosomi A, Hwang SC (1996) Strain rate
effects on stress-strain behaviour of clay as observed in mono-
tonic and cyclic triaxial tests. In: Measuring and Modeling Time
Dependent Soil Behaviour. Ed. by Sheahan TC, Kalialin VN,
New York, USA: Geotechnical Special Publication, ASCE, 61,
pp 214-227

Clayton CRI, Heymann G (2001) Stiffness of Geomaterials at
very small strains. Géotechnique 51(3):245-255. https://doi.org/
10.1680/geot.2001.51.3.245

Santagata M, Geremaine JT, Ladd CC (2005) Factors affecting
the initial stiffness of cohesive soils. J Geotech Geoenviron Eng
131(4):430-441. https://doi.org/10.1061/(ASCE)1090-
0241(2005)131:4(430)

Hueckel T, Nova R (1979) Some hysteresis effects of behaviour
of geologic media. Int J Solids Struct 15(8):625-642. https://doi.
org/10.1016/0020-7683(79)90076-3

Tatsuoka F, Shibuya S, Teachavorasinskun S, Park C-S (1990)
Discussion: An experimental and theoretical comparison
between static and dynamic torsional soil tests, by M.D. Bolton
and J.ML.R. Wilson. Géotechnique 40(4):659-664. https://doi.
org/10.1680/geot.1990.40.4.659

Bressani LA (1990) Experimental Properties of Bonded Soils.
PhD Thesis. London, England: University of London (Imperial
College London)

Smith PR (1992) Properties of high compressibility clays with
special reference to construction on soft ground. PhD Thesis.
London, England: University of London (Imperial College
London)

Bowden FP, Tabor D (1964) The friction and lubrication of
solids. part II. Oxford University Press, London

Johnson KL (1985) Contact Mechanics. Cambridge University
Press, Cambridge. https://doi.org/10.1017/CB0O9781139171731
Jardine RJ (1995) One prespective of the pre-failure deformation
characteristics of some geomaterials. In: Shibuya S, Mitachi T,
Miura S (eds) Proceedings of the first international conference
on pre-failure deformation characteristics of geomaterials.
Sapporo, Japan, 12-14 September 1994. Rotterdam, Nether-
lands: A.A. Balkema, 855-885

Richardson D (1988) Investigations of threshold effects in soil
deformations. PhD Thesis. London, England: City University
London

Atkinson JH, Richardson D, Stallebrass SE (1990) Effect of
recent stress history on the stiffness of overconsolidated soil.
Géotechnique 40(4):531-540. https://doi.org/10.1680/geot.1990.
40.4.531

Simpson B (1992) Retaining structures: displacement and
design. Géotechnique 42(4):541-576. https://doi.org/10.1680/
geot.1992.42.4.541

Atkinson JH (2000) Nonlinear soil stiffness in routine design.
Géotechnique 50(5):487-508. https://doi.org/10.1680/geot.2000.
50.5.487

Viggiani G (2005) A key issue in Small Strain Modeling: cap-
turing the dependence of soil response on the direction of
loading. [Power Point]. Workshop on Nonlinear Modeling of
Geotechnical Problems: From Theory to Practice. Available at:
https://www.ce.jhu.edu/rajah/My%20Web%?20Page/nsf%

@ Springer


http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1680/geot.2011.61.1.5
https://doi.org/10.1680/geot.2011.61.1.5
https://doi.org/10.1680/geot.1979.29.2.149
https://doi.org/10.1680/geot.1979.29.2.149
https://doi.org/10.1680/geot.1992.42.2.257
https://doi.org/10.1680/geot.1992.42.2.257
https://doi.org/10.3208/sandf1972.32.2_111
https://doi.org/10.3208/sandf1972.32.2_111
https://doi.org/10.1680/geot.1984.34.3.323
https://doi.org/10.1002/nag.1610010206
https://doi.org/10.1016/0022-5096(67)90030-0
https://doi.org/10.1016/0022-5096(67)90030-0
https://doi.org/10.1139/t89-064
https://doi.org/10.1061/(ASCE)0733-9410(1994)120:12(2208)
https://doi.org/10.1061/(ASCE)0733-9410(1994)120:12(2208)
https://doi.org/10.3208/sandf1972.34.4_67
https://doi.org/10.1680/geot.2001.51.3.245
https://doi.org/10.1680/geot.2001.51.3.245
https://doi.org/10.1061/(ASCE)1090-0241(2005)131:4(430)
https://doi.org/10.1061/(ASCE)1090-0241(2005)131:4(430)
https://doi.org/10.1016/0020-7683(79)90076-3
https://doi.org/10.1016/0020-7683(79)90076-3
https://doi.org/10.1680/geot.1990.40.4.659
https://doi.org/10.1680/geot.1990.40.4.659
https://doi.org/10.1017/CBO9781139171731
https://doi.org/10.1680/geot.1990.40.4.531
https://doi.org/10.1680/geot.1990.40.4.531
https://doi.org/10.1680/geot.1992.42.4.541
https://doi.org/10.1680/geot.1992.42.4.541
https://doi.org/10.1680/geot.2000.50.5.487
https://doi.org/10.1680/geot.2000.50.5.487
https://www.ce.jhu.edu/rajah/My%20Web%20Page/nsf%20workshop%202005/Presentations/Session%203/viggiani.pdfage/nsf%20workshop%202005/Presentations

3272

J. Castellén, A. Ledesma

34.

3s.

36.

37.

38.

39.

40.

41.

42.

43.

44,

45.

46.

47.

48.

49.

20workshop%202005/Presentations/Session%203/viggiani.pdf.
Accessed 06 Apr 2015

Gasparre A, Nishimura S, Minh NA, Coop MR, Jardine RJ
(2007) The stiffness of natural London Clay. Géotechnique
57(1):33-47. https://doi.org/10.1680/geot.2007.57.1.33

Mitchell JK, Soga K (2005) Fundamentals of soil behaviour, 3rd
edn. Wiley, New Jersey

Whittle A (2020) Reflections on the Importance of Small Strain
Non-Linearity in Soils. Geotech Eng J] SEAGS & AGSSEA
51(3):25-36

Abbiss CP (1979) A comparison of the stiffness of the Chalk at
Mundford from a seismic survey and a large scale tank test.
Geotechnique 29(4):461-468. https://doi.org/10.1680/geot.1979.
29.4.461

Abbiss CP (1981) Shear wave measurements of the elasticity of
the ground. Géotechnique 31(1):91-104. https://doi.org/10.
1680/geot.1981.31.1.91

Elhakim AF (2005) Evaluation of shallow foundation dis-
placements using small-strain stiffness. PhD Thesis. Atlanta,
USA: Georgia Institute of Technology.

Cudny M (2013) Some aspects of the constitutive modelling of
natural fine grained soils. PhD Thesis. Gdansk, Poland:
Politechnika Gdanska

Hoar RJ, Stokoe KH (1978) Generation and measurement of
shear waves in situ. In: Silver M, Tiedemann D (eds) Dynamic
geotechnical testing. West Conshohocken, Pennsylvania: ASTM
International, 3-29. https://doi.org/10.1520/STP35669S

Woods RD (1978) Measurement of dynamic soil properties. In:
Proceedings of the ASCE geotechnical engineering division
specialty conference, earthquake engineering and Soil Dynam-
ics. Pasadena, California, 19-21 June. American Society of Civil
Engineers, New York, vol 1, pp 91-178

Campanella RG, Stewart WP, Roy D, Davies MP (1994) Low
strain dynamic characteristics of soils with the downhole seis-
mic piezocone penetrometer. In: Ebelhar R, Drnevich V, Kutter
B (eds) STP1213-EB Dynamic Geotechnical Testing II, 73-87.
https://doi.org/10.1520/STP13207S

Clayton CRI, Heymann G (1999) Stiffness of geomaterials from
small strain triaxial and field geophysical tests. In: Jamiolkowski
M, Lancellotta R, Presti D Lo (eds) Second international con-
ference on pre-failure deformation characteristics of geomate-
rials. Turin, Italia: A.A. Balkema, vol 1, pp 65-71

Rix GJ, Leipski EA (1991) Accuracy and Resolution of Surface
Wave Inversion. Recent advances in instrumentation, data
acquisition and testing in soil dynamics. American Society of
Civil Engineers, New York, pp 17-32

Stokoe KH, Wright SG, Bay JA, Roesset JM (1994) Charac-
terization of geotechnical sites by SASW method. In: Publica-
tions Committee XIII ICSMFE (ed.) Proceedings of the
thirteenth international conference on soil mechanics and
foundation engineering. New Delhi, 5-10 January. Rotterdam,
Netherlands: A.A. Balkema, vol 1, pp 15-25

Matthews MC, Hope VS, Clayton CRI (1996) The use of surface
waves in the determination of ground stiffness profiles. Proc Inst
Civ Eng-Geotech Eng 119(2):84-95. https://doi.org/10.1680/
igeng.1996.28168

Nigbor RL, Imai T (1994) The suspension P-S velocity logging
method. In: Publications Committee XIII ICSMFE (ed.) Pro-
ceedings of the thirteenth international conference on soil
mechanics and foundation engineering. New Delhi, 5-10 Jan-
uary. Rotterdam, Netherlands: A.A. Balkema, vol 6, pp 57-61
Robertson PK, Campanella RG, Gillespie D, Rice A (1986)
Seismic CPT to measure in situ shear wave velocity. J Geotech
Eng 112(8):781-803.  https://doi.org/10.1061/(ASCE)0733-
9410(1986)112:8(791)

@ Springer

51.

52.

53.

54.

55.

56.

57.

58.

59.

60.

62.

63.

64.

65.

66.

. Hepton P (1988) Shear wave velocity measurements during

penetration testing. Penetration Testing in the UK, ICE. London,
England: Thomas Telford 35:275-278

Teachavorasinskun S, Shibuya S, Tatsuoka F (1991) Stiffness of
sands in monotonic and cyclic torsional simple shear. Geotech
Eng Congress ASCE 2(27):863-878

Shirley DJ (1978) An improved shear wave transducer. J Acoust
Soc Am 63(5):1643-1645. https://doi.org/10.1121/1.381866
Shirley DJ, Hampton LD (1978) Shear wave measurements in
laboratory sediments. J Acoust Soc Am 63(2):607-613. https://
doi.org/10.1121/1.381760

Yun TS, Santamarina JC (2005) Decementation, softening, and
collapse: changes in small-strain shear stiffness in KO loading. J
of Geotech Geoenviron Eng 131(3):350-358. https://doi.org/10.
1061/(ASCE)1090-0241(2005)131:3(350)

Schultheiss PJ (1981) Simultaneous measurement of P and S
wave velocities during conventional laboratory soil testing
procedures. Mar Geotechnol 4(4):343-367. https://doi.org/10.
1080/10641198109379831

Dyvik R, Olsen TS (1989) Gmax measured in oedometer and
DSS tests using bender elements. In: Proceedings of the twelfth
international conference on soil mechanics and foundation
engineering. Rio de Janeiro, Brazil,13-18 August. Rotterdam,
Netherlands: A. A. Balkema, vol 1, pp 3942

Thomann T, Hryciw R (1990) Laboratory measurements of
small strain shear modulus under KO conditions. Geotech Test J
13(2):97-105. https://doi.org/10.1520/GTI10700J

Bates CR (1989) Dynamic soil property measurements during
triaxial testing. Géotechnique 39(4):721-726. https://doi.org/10.
1680/geot.1989.39.4.721

Wichtmann T (2005) Explicit accumulation model for non-co-
hesive soils under cyclic loading. PhD Thesis. Bochum, Ger-
many: Ruhr-Universitit Bochum

Bennell JD, Taylor Smith D, Davis AM (1984) Resonant col-
umn testing of marine sediments. Oceanography International.
Brighton, England, 84

. Dyvik R, Madshus C (1985) Lab measurements of Gmax using

bender elements. In: ASCE convention on advances in the art of
testing soils under cyclic conditions. Detroit, USA, 24 October.
New York, USA: American Society of Civil Engineers,
pp 186-196

Ferreira C, da Fonseca AV, Santos JA (2006) Comparison of
simultaneous bender elements and resonant column tests on
Porto residual soil. In: Ling HI, Callisto L, Leshchinsky D,
Koseki J (eds) Geotechnical symposium on soil stress—strain
behavior: measurement, modeling and analysis. Rome, Italy,
16-17 March. Dordrecht, Netherlands: Springer-Verlag, vol
146, pp 523-535

Lanzo G, Vucetic M, Doroudian M (1997) Reduction of shear
modulus at small strains in simple shear. J Geotech Geoenviron
Eng 123(11):1035-1042. https://doi.org/10.1061/(ASCE)1090-
0241(1997)123:11(1035)

Hight DW, McMillan F, Powell JIM, Jardine RJ, Allenou CP
(2003) Some characteristics of London clay. In: International
workshop on characterization and engineering properties of
natural soils. Singapore, 2—4 December 2002. CRC Press, 2,
851-907

Landon MM, DeGroot DJ, Sheahan TC (2007) Nondestructive
sample quality assessment of a soft clay using shear wave
velocity. J Geotech Geoenviro Eng 133(4):424-432. https://doi.
org/10.1061/(ASCE)1090-0241(2007)133:4(424)

Tamagnini C, Viggiani G (2002) On the incremental nonlin-
earity of soils Part I: theoretical aspects. Rivista Italiana di
Geotecnica 36(1):44-61


https://www.ce.jhu.edu/rajah/My%20Web%20Page/nsf%20workshop%202005/Presentations/Session%203/viggiani.pdfage/nsf%20workshop%202005/Presentations
https://doi.org/10.1680/geot.2007.57.1.33
https://doi.org/10.1680/geot.1979.29.4.461
https://doi.org/10.1680/geot.1979.29.4.461
https://doi.org/10.1680/geot.1981.31.1.91
https://doi.org/10.1680/geot.1981.31.1.91
https://doi.org/10.1520/STP35669S
https://doi.org/10.1520/STP13207S
https://doi.org/10.1680/igeng.1996.28168
https://doi.org/10.1680/igeng.1996.28168
https://doi.org/10.1061/(ASCE)0733-9410(1986)112:8(791)
https://doi.org/10.1061/(ASCE)0733-9410(1986)112:8(791)
https://doi.org/10.1121/1.381866
https://doi.org/10.1121/1.381760
https://doi.org/10.1121/1.381760
https://doi.org/10.1061/(ASCE)1090-0241(2005)131:3(350)
https://doi.org/10.1061/(ASCE)1090-0241(2005)131:3(350)
https://doi.org/10.1080/10641198109379831
https://doi.org/10.1080/10641198109379831
https://doi.org/10.1520/GTJ10700J
https://doi.org/10.1680/geot.1989.39.4.721
https://doi.org/10.1680/geot.1989.39.4.721
https://doi.org/10.1061/(ASCE)1090-0241(1997)123:11(1035)
https://doi.org/10.1061/(ASCE)1090-0241(1997)123:11(1035)
https://doi.org/10.1061/(ASCE)1090-0241(2007)133:4(424)
https://doi.org/10.1061/(ASCE)1090-0241(2007)133:4(424)

Small Strains in Soil Constitutive Modeling

3273

67.

68.

69.

70.

71.

72.

73.

74.

75.

76.

71.

78.

79.

80.

81.

82.

83.

84.

Benz T (2007) Small-Strain Stiffness of Soils and its Numerical
Consequences. PhD Thesis. Stuttgart, Germany: Institut fiir
Geotechnik der Universitét Stuttgart.

Addenbrooke TI, Potts DM, Puzrin AM (1997) The influence of
pre-failure soil stiffness on the numerical analysis of tunnel
construction. Géotechnique 47(3):693-712. https://doi.org/10.
1680/geot.1997.47.3.693

Clarke SD (2009) Enhancement of the Brick constitutive model
to incorporate viscous soil behaviour. PhD Thesis. Sheffield,
England: University of Sheffield

Aswin L, Ou C-Y, Hsieh PG (2010) Evaluation of clay consti-
tutive models for analysis of deep excavation under undrained
conditions. J GeoEng 5(1):9-20

Duncan JM, Byrne P, Wong KS, Mabry P (1980) Strength,
stress-strain and bulk modulus parameters for finite element
analyses of stresses and movements in soil masses. Report No.
UCB/GT/80-01. Berkeley, California, USA: Office of Research
Services, University of California, pp 20-49

Mofiz SA, Sobhan MA, Sarker DC, Rahman MM, Awall MR
(2005) Effective stress nonlinear model parameters and simu-
lation of stress-strain for expansive soil. In: Bilsel H, Nalban-
toglu Z (eds) International conference on problematic soils.
Famagusta, Northern Cyprus, 25-27 May. Eastern Mediter-
ranean University

Roscoe KH, Schofield AN (1963) Mechanical behaviour of an
idealised ‘wet’ clay. In: Second European conference on soil
mechanics and foundation engineering. Wiesbaden, Germany,
vol 1, pp 47-54

Roscoe KH, Burland JB (1968) On the generalized stress-strain
behaviour of “wet” clay. In: Heyman J, Leckie FA Engineering
Plasticity. Cambridge, England: Cambridge University Press,
pp 535-609

Gasparre A (2005) Advanced laboratory characterisation of
London clay. PhD Thesis. London, England: University of
London (Imperial College London)

Lade PV, Abelev AV (2005) Characterization of cross-aniso-
tropic soil deposits from isotropic compression test. Soils Found
45(5):89-102. https://doi.org/10.3208/sandf.45.5_89

Okur DV, Ansal A (2007) Stiffness degradation of natural fine
grained soils during cyclic loading. Soil Dyn Earthq Eng
27(9):843-854. https://doi.org/10.1016/.s0ildyn.2007.01.005
Oztoprak S, Bolton MD (2013) Stiffness of sands through a
laboratory test database. Géotechnique 63(1):54—70. https://doi.
org/10.1680/geot.10.P.078

Ohde J (1951) Grundbaumechanik. Hiitte III (Bautech-
nik) Berlin, Germany: W. Ernst & Sohn 27:886-945

Hardin BO (1961) Study of Elastic Wave Propagation and
Damping in Granular Materials. PhD Thesis. Gainesville, Flor-
ida, USA: University of Florida

Janbu N (1963) Soil Compressibility as determined by
oedometer and triaxial tests. In: Proceedings of the European
conference on soil mechanics and foundation engineering,
Problems of Settlements and Compressibility of Soils. Wies-
baden, Germany, 1963. Vol 1, pp 19-25

Hardin BO, Richart FE Jr (1963) Elastic wave velocities in
granular soils. J Soil Mech Found Div 89(1):33-66

Soga K, Nakagawa K, Mitchell JK (1995) Measurement of
stiffness degradation characteristics of clays using a torsional
shear device. In: Ishihara K, Kogakkai J, International Society of
Soil Mechanics and Foundation Engineering. TC4, Earthquake
Geotechnical Engineering (eds) Proceedings of the first inter-
national conference on earthquake geotechnical engineering.
Tokyo, 14-16 November. Rotterdam; Brookfield: A.
A. Balkema, pp 107-112

Potts DM, Zdravkovic L (1999) Finite element analysis in
geotechnical engineering. Theory. Thomas Telford, London

85.

86.

87.

88.

89.

90.

91.

92.

93.

94.

95.

96.

97.

98.

99.

100.

101.

102.

103.

104.

105.

106.

Wichtmann T, Triantafyllidis T (2004) Influence of a cyclic and
dynamic loading history on dynamic properties of dry sand Part
I: cyclic and dynamic torsional prestraining. Soil Dyn Earthq
Eng 24(2):127-147. https://doi.org/10.1016/j.s0ildyn.2003.10.
004

Duffy J, Mindlin RD (1957) Stress-strain relations and vibra-
tions of granular medium. J Appl Mech 24:585-593

Goddard JD (1990) Nonlinear elasticity and pressure-dependent
wave speeds in granular media. Proc R Soc Lond A Math Phys
Sci 430(1878):105-131. https://doi.org/10.1098/rspa.1990.0083
Hardin BO, Black WL (1966) Sand stiffness under various tri-
axial stresses. J Soil Mech Found Div 92(2):27-42

Hardin BO, Black WL (1968) Vibration modulus of normally
consolidated clays. J Soil Mech Found Div 94(2):353-370
McDowell GR, Bolton MD (2001) Micro mechanics of elastic
soil. Soils Found 41(6):147-152. https://doi.org/10.3208/sandf.
41.6_147

Biarez J, Hicher P-Y (1994) Elementary Mechanics of Soil
Behaviour: Saturated Remoulded Soils. Rotterdam, Netherlands:
A. A. Balkema

Lo Presti DCF, Jamiolkowski M (1998) Discussion: estimate of
elastic shear modulus in Holocene soil deposits. Soils Found
38(1):263-265

Bui MT (2009) Influence of some particle characteristics on the
small strain response of granular materials. PhD Thesis.
Southampton, England: University of Southampton

Vucetic M, Dobry R (1991) Effect of soil plasticity on cyclic
response. J Geotech Eng 177(1):89—-107. https://doi.org/10.1061/
(ASCE)0733-9410(1991)117:1(89)

Houlsby GT, Wroth CP (1991) The variation of shear modulus
of a clay with pressure and overconsolidation ratio. Soils Found
31(3):138-143. https://doi.org/10.3208/sandf1972.31.3_138
Atkinson J, Little JA (1988) Undrained triaxial strength and
stress-strain characteristics of a glacial till soil. Can Geotech J
25(3):428-439. https://doi.org/10.1139/t88-048

Viggiani G, Atkinson JH (1995) Stiffness of fine-grained soil at
very small strains. Géotechnique 45(2):249-265. https://doi.org/
10.1680/geot.1995.45.2.249

Fernandez AL, Santamarina JC (2001) Effect of cementation on
the small-strain parameters of sands. Can Geotech J
38(1):191-199. https://doi.org/10.1139/t00-081

Lambe TW, Whitman RV (1969) Soil Mechanics. John Wiley &
Sons, New York, USA

Bjerrum L (1973) Problems of soil mechanics and construction
on soft clays and structurally unstable soils (collapsible,
expansive and others). In: Eighth international conference on
soil mechanics and foundation engineering. Moscow, Russia,
6-11 August. 3, 111-159

Mesri G, Feng TW, Benak JM (1990) Post-densification pene-
tration resistance of clean sands. J Geotech Eng
116(7):1095-1115. https://doi.org/10.1061/(ASCE)0733-
9410(1990)116:7(1095)

Schmertmann JH (1991) The mechanical aging of soils.
J Geotech Eng 117(9):1288-1330. https://doi.org/10.1061/
(ASCE)0733-9410(1991)117:9(1288)

Mitchell JK (1993) Fundamentals of Soil Behaviour, 2nd edn.
Wiley, New Jersey

Terzaghi K, Peck RB, Mesri G (1996) Soil Mechanics in
Engineering Practice, 3rd edn. John Wiley & Sons, New York
Trhlikova J, Bohac J, Masin D (2012) Small-strain behaviour of
cemented soils. Géotechnique. https://doi.org/10.1680/geot.9.P.
100

Anderson DG, Stokoe KH (1978) Shear modulus: a time-de-
pendent soil property. Dynamic Geotechnical Testing. ASTM
STP 654. American Society for Testing and Materials, pp 66-90

@ Springer


https://doi.org/10.1680/geot.1997.47.3.693
https://doi.org/10.1680/geot.1997.47.3.693
https://doi.org/10.3208/sandf.45.5_89
https://doi.org/10.1016/j.soildyn.2007.01.005
https://doi.org/10.1680/geot.10.P.078
https://doi.org/10.1680/geot.10.P.078
https://doi.org/10.1016/j.soildyn.2003.10.004
https://doi.org/10.1016/j.soildyn.2003.10.004
https://doi.org/10.1098/rspa.1990.0083
https://doi.org/10.3208/sandf.41.6_147
https://doi.org/10.3208/sandf.41.6_147
https://doi.org/10.1061/(ASCE)0733-9410(1991)117:1(89)
https://doi.org/10.1061/(ASCE)0733-9410(1991)117:1(89)
https://doi.org/10.3208/sandf1972.31.3_138
https://doi.org/10.1139/t88-048
https://doi.org/10.1680/geot.1995.45.2.249
https://doi.org/10.1680/geot.1995.45.2.249
https://doi.org/10.1139/t00-081
https://doi.org/10.1061/(ASCE)0733-9410(1990)116:7(1095)
https://doi.org/10.1061/(ASCE)0733-9410(1990)116:7(1095)
https://doi.org/10.1061/(ASCE)0733-9410(1991)117:9(1288)
https://doi.org/10.1061/(ASCE)0733-9410(1991)117:9(1288)
https://doi.org/10.1680/geot.9.P.100
https://doi.org/10.1680/geot.9.P.100

3274

J. Castellén, A. Ledesma

107.

108.

109.

110.

111.

112.

113.

114.

115.

116.

117.

118.

119.

120.

121.

122.

123.

Gudehus G (2011) Physical soil mechanics. Springer-Verlag,
Heidelberg

Gudehus G, Goldscheider M, Winter H (1977) Mechanical
properties of sand and clay and numerical integration methods:
some sources of errors and bounds of accuracy. In: Gudehus, G.
(ed.). Finite Elements in Geomechanics, Chinchester, England:
John Wiley & Sons, pp 121-150

Sayao A (1989) Behaviour of sand under general stress paths in
the hollow cylinder torsional device. PhD Thesis. Vancouver,
Canada: The University of British Columbia

Topolnicki M, Gudehus G, Mazurkiewicz BK (1990) Observed
stress-strain behavior of remoulded saturated clay under plane
strain conditions. Géotechnique 40(2):155-187. https://doi.org/
10.1680/geot.1990.40.2.155

Sture S, Alawi M, Ko H (1988) True triaxial and directional
shear cell experiments on dry sand. Contract Report GL-88-1.
Boulder, Colorado, USA: Department of Civil, Environmental
and Architectural Engineering, University of Colorado at
Boulder

Nishimura S (2005) Laboratory study on anisotropy of natural
London Clay. PhD Thesis. London, England: University of
London (Imperial College London)

Nishimura S, Jardine R, Brosse A (2008) Simple shear testing of
London Clay in hollow cylinder apparatus. In: Burns SE, Mayne
PW, Santamarina JC (eds) Proceedings from the fourth inter-
national symposium, deformation characteristics of geomateri-
als. Atlanta, USA, 22-24 September. IOS Press, Amsterdam,
Netherlands; Fairfax

Hicher P-Y (1996) Elastic properties of soils. J Geotech Eng
122(8):641-648. https://doi.org/10.1061/(ASCE)0733-
9410(1996)122:8(641)

Tatsuoka F, Shibuya S (1992) Deformation characteristics of
soils and rocks from field and laboratory tests. In: Proceedings
of the ninth Asian regional conference on soil mechanics and
foundation engineering. Bangkok, Thailand, 9-13 December
1991. Southeast Asian Geotechnical Society, vol 2, pp 101-170
Sorensen KK, Baudet BA, Simpson B (2007) Influence of
structure on the time-dependent behaviour of a stiff sedimentary
clay. Géotechnique 57(1):113—124. https://doi.org/10.1680/geot.
2007.57.1.113

Yong RN, Japp RD (1967) A flow law for clays in dynamic
compression. Wave propagation and dynamic properties of earth
materials. University of New Mexico Press, Albuquerque, New
Mexico, pp 183-188

Vucetic M, Tabata K, Matesic L (2003) Effect of average
straining rate on shear modulus at small cyclic strains. In: Di
Benedetto H, Doanh T, Geoffroy H, Sauzéat CL (eds) Defor-
mation characteristics of geomaterials. Abingdon; Exton;
Tokyo: A.A. Balkema, pp 321-328

Obrzud R, Truty A (2018) The hardening soil model: a practical
guidebook. ZSoil.PC 100701 report. Switzerland: Zace Services
Ltd

Rampello S, Viggiani GMB, Amorosi A (1997) Small-strain
stiffness of reconstituted clay compressed along constant triaxial
effective stress ratio paths. Géotechnique 47(3):475-489. https://
doi.org/10.1680/geot.1997.47.3.475

Pennington DS (1999) The anisotropic small strain stiffness of
Cambridge Gault clay. PhD Thesis. Bristol, England: University
of Bristol

Swidzinski W (2000) Determination of elastic moduli of sands
from triaxial compression test. Arch Hydro-Eng Environ Mech
47(1-4):51-73

Stallebrass SE, Taylor RN (1997) The development and evalu-
ation of a constitutive model for the prediction of ground
movements in  overconsolidated clay.  Géotechnique
47(2):235-253. https://doi.org/10.1680/geot.1997.47.2.235

@ Springer

124.

125.

126.

127.

128.

129.

130.

131.

132.

133.

134.

135.

136.

137.

138.

139.

140.

141.

142.

Sellers EJ (1989) Constitutive modelling of the behaviour of
clays under cyclic loading. Master Thesis. University of Cape
Town, Cape Town, South Africa

Iwasaki T, Tatsuoka F, Takagi Y (1978) Shear modulus of sands
under torsional shear loading. Soil Found 18(1):39-56. https://
doi.org/10.3208/sandf1972.18.39

Abbiss CP (1986) The effects of damping on the interpretation
of geophysical measurements. Géotechnique 36(4):565-580.
https://doi.org/10.1680/geot.1986.36.4.565

Popper KR (1959) The logic of scientific discovery. Hutchinson,
London

Goudarzy M (2015) Micro and macro mechanical assessment of
small and intermediate strain properties of granular material.
PhD Thesis. Bochum, Germany: Ruhr-Universitit Bochum
Otsubo M, O’Sullivan C (2018) Experimental and DEM
assessment of the stress-dependency of surface roughness
effects on shear modulus. Soils Found. https://doi.org/10.1016/j.
sandf.2018.02.020.

Recchia G, Magnanimo V, Cheng H, La Ragione L (2020) DEM
simulation of anisotropic granular materials: elastic and inelastic
behaviour. Granular Matter. https://doi.org/10.1007/s10035-
020-01052-8.

Goudarzy M, Magnanimo V, Kénig D, Schanz T (2020) Ani-
sotropic stress state and small strain stiffness in granular mate-
rials: RC and DEM simulations. Meccanica 55:1869-1883.
https://doi.org/10.1007/s11012-020-01229-8

Tobita Y (1997) Importance of incremental nonlinearity in the
deformation of granular materials. In: Fleck NA, Cocks ACF
(eds) IUTAM symposium on mechanics of granular and porous
materials. Cambridge, UK, 15-17 July 1996. Springer-Verlag,
139-150

Truesdell CA, Noll W (1965) The nonlinear field theories of
mechanics. Springer, New York

Darve F, Servant G (2004) Fundamentals of constitutive equa-
tions for geomaterials. In: Darve F, Vardoulakis I (eds) Degra-
dations and Instabilities in Geomaterials. Springer Wiem
Publication, New York, pp 1-34

Owen DR, Williams WO (1969) On the time derivatives of
equilibrated response functions. Arch Ration Mech Anal
33(4):288-306. https://doi.org/10.1007/BF00247688

Darve F (1978) Une formulation incrémentale nonlineaire de
lois rhéologiques; application aux sols. PhD Thesis. Université
Scientifique et Médicale de Grenoble, Grenoble, France

Darve F (1990) The expression of rheological laws in incre-
mental form and the main classes of constitutive equations. In:
Darve F (ed) Geomaterials: constitutive equations and mod-
elling. Elsevier, London

Darve F, Labanieh S (1982) Incremental constitutive law for
sands and clays, simulations of monotonic and cyclic tests. Int J
Numer Anal Meth Geomech 6(2):243-275. https://doi.org/10.
1002/nag.1610060209

Zytynski M, Radolph MF, Nova R, Wroth CP (1978) On
modeling the unloading-reloading behavior of soils. Int J Numer
Methods Geomech 2(1):87-93. https://doi.org/10.1002/nag.
1610020107

Papadimitriou AG, Bouckovalas GD, Dafalias YF (2001) Plas-
ticity model for sand under small and large cyclic strains.
J Geotech Geoenviron Eng 127(11):973-983. https://doi.org/10.
1061/(ASCE)1090-0241(2001)127:11(973)

Wongsaroj J (2005) Three-dimensional finite element analysis
of short and long-term ground response to open-face tunnelling
in stiff clay. PhD Thesis. Cambridge University, Cambridge,
England

Whittle AJ (1987) A constitutive model for overconsolidated
clays with application to the cyclic loading of friction piles. PhD


https://doi.org/10.1680/geot.1990.40.2.155
https://doi.org/10.1680/geot.1990.40.2.155
https://doi.org/10.1061/(ASCE)0733-9410(1996)122:8(641)
https://doi.org/10.1061/(ASCE)0733-9410(1996)122:8(641)
https://doi.org/10.1680/geot.2007.57.1.113
https://doi.org/10.1680/geot.2007.57.1.113
https://doi.org/10.1680/geot.1997.47.3.475
https://doi.org/10.1680/geot.1997.47.3.475
https://doi.org/10.1680/geot.1997.47.2.235
https://doi.org/10.3208/sandf1972.18.39
https://doi.org/10.3208/sandf1972.18.39
https://doi.org/10.1680/geot.1986.36.4.565
https://doi.org/10.1016/j.sandf.2018.02.020
https://doi.org/10.1016/j.sandf.2018.02.020
https://doi.org/10.1007/s10035-020-01052-8
https://doi.org/10.1007/s10035-020-01052-8
https://doi.org/10.1007/s11012-020-01229-8
https://doi.org/10.1007/BF00247688
https://doi.org/10.1002/nag.1610060209
https://doi.org/10.1002/nag.1610060209
https://doi.org/10.1002/nag.1610020107
https://doi.org/10.1002/nag.1610020107
https://doi.org/10.1061/(ASCE)1090-0241(2001)127:11(973)
https://doi.org/10.1061/(ASCE)1090-0241(2001)127:11(973)

Small Strains in Soil Constitutive Modeling

3275

143.

144.

145.

146.

147.

148.

149.

150.

151.

152.

153.

154.

155.

156.

157.

158.

159.

Thesis. Massachusetts Institute of Technology, Cambridge,
Massachusetts

Yu HS (1995) A unified critical state model for clay and sand.
Civil Engineering Research Report No. 112.08.1995. Callaghan,
Australia: University of Newcastle, NSW 2308

Gryczmanski M, Jastrzebska, M. and Sternik, K (1998) Single
surface elasto-plastic model for clays with strongly nonlinear
anisotropic hardening rule — calibration and numerical imple-
mentation. Internal Report No. BK-254/RB- 7/98. Gliwice,
Poland: Geotechnical Dept, Silesian University of Technology
Gryczmanski M, Uliniarz R (2008) A simple critical state model
with small strain nonlinearity for overconsolidated soils. Found
Civ Environ Eng 12:49-60

Yokota K, Konno M (1980) Dynamic poisson’s ratio of soil. In:
Proceedings of the Seventh World Conference Earthquake
Engineering. Istanbul, Turkey, 8-13 September. Ankara, Tur-
key: Kelaynak, vol 3, pp 475478

Lehane B, Cosgrove E (2000) Applying triaxial compression
stiffness data to settlement prediction of shallow foundations on
cohesionless soil. Geotech Eng Inst Civ Eng 143(4):191-200.
https://doi.org/10.1680/geng.2000.143.4.191

Bolton MD, Dasari GR, Britto AM (1994) Putting small strain
nonlinearity into the Modified Cam Clay model. In: Siriwardane
HJ, Zaman MM (eds.) Eighth international conference on
computer methods and advances in geomechanics. Virginia,
USA, 22-28 May. Rotterdam, Netherlands: A. A. Balkema.
pp 537-542.

Pestana JM, Whittle AJ (1999) Formulation of a unified con-
stitutive model for clays and sands. Int J Numer Anal Meth
Geomech 23(12):1215-1243. https://doi.org/10.1002/
(SICI)1096-9853(199910)23:12%3c1215:: AID-NAG29%3e3.0.
CO;2-F

Davis RO, Mullenger G (1978) A rate-type constitutive model
for soil with a critical state. Int ] Numer Anal Methods Geomech
2(3):255-282. https://doi.org/10.1002/nag.1610020306
Niemunis A, Herle I (1997) Hypoplastic model for cohesionless
soils with elastic strain range. Mech Cohes Frict Mater
2(4):279-299. https://doi.org/10.1002/(SICI)1099-
1484(199710)2:4%3c279:: AID-CFM29%3e3.0.CO;2-8

Puzrin AM, Burland JB (1998) Nonlinear model of small strain
behaviour of soils. Géotechnique 48(2):217-233. https://doi.org/
10.1680/geot.1998.48.2.217

Niemunis A, Prada-Sarmiento LF, Grandas-Tavera CE (2011)
Paraelasticity. Acta Geotech 6(2):67-80. https://doi.org/10.
1007/311440-011-0137-4

Schédlich B, Schweiger HF (2012) A multilaminate constitutive
model accounting for anisotropic small strain stiffness. Int J
Numer Anal Meth Geomech 37(10):1337-1362. https://doi.org/
10.1002/nag.2089

Cudny M, Truty A (2020) Refinement of the Hardening Soil
model within the small strain range. Acta Geotech
15:2031-2051. https://doi.org/10.1007/s11440-020-00945-5
Castellon J, Ledesma A (2022) Development of a new advanced
elastoplastic constitutive model that considers soil behavior at
small strains. The EPHYSS model. Int J] Numer Anal Methods
Geomech 1-38. https://doi.org/10.1002/nag.3360

Masing G (1926) Residual stress and hardening the brass. In:
Meissner E (ed) Second international congress of applied
mechanics. Zurich, Switzerland, 12-17 September.

Pyke R (1979) Nonlinear soil models for irregular cyclic load-
ings. J Geotech Eng Div 105(6):715-726

Piriyaku K (2006) Anisotropic stress-strain behaviour of Bel-
giam Boom Clay in the small strain region. PhD Thesis. Ghent
University, Gante, Belgium

160.

161.

162.

163.

164.

165.

166.

167.

168.

169.

170.

171.

172.

173.

174.

175.

176.

177.

Poulos HG (1972) Difficulties in prediction of horizontal
deformations of foundations. J Soil Mech Found Div
98(8):843-848

Simpson B, Atkinson JH, Jovicic V (1996) The influence of
anisotropy on calculations of ground settlements above tunnels.
In: Mair RJ, Taylor RN, AA (eds) Geotechnical aspects of
underground construction in soft ground. Balkema, Rotterdam,
pp 591-5%4

Zwanenburg C (2005) The influence of anisotropy on the con-
solidation behavior of peat. PhD Thesis. Delft, Netherlands:
Delft University of Technology

Kung GT-C, Hsiao EC-L, Juang CH (2007) Evaluation of a
simplified small-strain soil model for analysis of excavation-
induced movements. Can Geotech J 44(6):726-736. https://doi.
org/10.1139/t07-014

Masin D, Rott J (2013) Small strain stiffness anisotropy of
natural sedimentary clays: review and a model. Acta Geotech
9(2):299-312

William KJ (2002) Constitutive models for engineering mate-
rials. In: Meyers R (eds) Encyclopedia of physical science and
technology. Academic Press, pp 603-633

Loret B (1985) On the choice of elastic parameters for sand. Int
J Numer Anal Meth Geomech 9(3):285-292. https://doi.org/10.
1002/nag.1610090308

Houlsby GT (1985) The use of a variable shear modulus in
elastic-plastic models for clays. Comput Geotech 1:3—13. https://
doi.org/10.1016/0266-352X(85)90012-6

Borja RI, Tamagnini C, Amorosi A (1997) Coupling plasticity
and energy-conserving elasticity models for clays. J Geotech
Geoenviron Eng 123(10):948-957

Sulem J, Vardoulakis I, Papamichos E, Oulahna A, Tronvoll J
(1999) Elastoplastic modelling of Red Wildmoor sandstone.
Mec Cohes Frict Mater 4(3):215-245. https://doi.org/10.1002/
(SICI)1099-1484(199905)4:3%3c215::AID-CFM61%3e3.0.
CO;2-8

Einav I, Puzrin AM (2004) Pressure-dependent elasticity and
energy conservation in elastoplastic models for soils. J Geotech
Geoenviron  Eng  130(1):81-92.  https://doi.org/10.1061/
(ASCE)1090-0241(2004)130:1(81)

Houlsby GT, Amorosi A, Rojas E (2005) Elastic moduli of soils
dependent on pressure: a hyperelastic formulation. Géotech-
nique 55(5):383-392. https://doi.org/10.1680/geot.2005.55.5.
383

Likitlersuang S, Houlsby GT (2006) Development of hyper-
plasticity models for soil mechanics. Int J Numer Anal Meth
Geomech 30(3):229-254. https://doi.org/10.1002/nag.484
Zhang Z, Li L, Xu Z (2021) A thermodynamics-based hypere-
lastic-plastic coupled model unified for unbonded and bonded
soils. Int J Plast 137(1):102902. https://doi.org/10.1016/].ijplas.
2020.102902

Niemunis A, Prada-Sarmiento LF, Grandas-Tavera CE (2011)
Extended paraelasticity and its application to a boundary value
problem. Acta Geotech 6(2):81-92. https://doi.org/10.1007/
s11440-011-0138-3

Castellon J (2019) Estudio del comportamiento del suelo en el
rango de las pequefias deformaciones y desarrollo del modelo
constitutivo EPHYSS. PhD Thesis. Universitat Politecnica de
Catalunya, Barcelona, Spain

Niemunis A, Prada-Sarmiento LF (2011) Paraelasticity: a con-
stitutive model for soils under small strains. Seminar. Karlsruhe,
Germany: Institute for Soil and Rock Mechanics-IBF

Loges I, Niemunis A (2015) Neohypoplasticity—estimation of
small strain stiffness. In Triantafyllidis T (eds) Holistic simu-
lation of geotechnical installation processes. Lect Notes Appl
Comput Mech 77:163-180. Springer, Cham. https://doi.org/10.
1007/978-3-319-18170-7_9.

@ Springer


https://doi.org/10.1680/geng.2000.143.4.191
https://doi.org/10.1002/(SICI)1096-9853(199910)23:12%3c1215::AID-NAG29%3e3.0.CO;2-F
https://doi.org/10.1002/(SICI)1096-9853(199910)23:12%3c1215::AID-NAG29%3e3.0.CO;2-F
https://doi.org/10.1002/(SICI)1096-9853(199910)23:12%3c1215::AID-NAG29%3e3.0.CO;2-F
https://doi.org/10.1002/nag.1610020306
https://doi.org/10.1002/(SICI)1099-1484(199710)2:4%3c279::AID-CFM29%3e3.0.CO;2-8
https://doi.org/10.1002/(SICI)1099-1484(199710)2:4%3c279::AID-CFM29%3e3.0.CO;2-8
https://doi.org/10.1680/geot.1998.48.2.217
https://doi.org/10.1680/geot.1998.48.2.217
https://doi.org/10.1007/s11440-011-0137-4
https://doi.org/10.1007/s11440-011-0137-4
https://doi.org/10.1002/nag.2089
https://doi.org/10.1002/nag.2089
https://doi.org/10.1007/s11440-020-00945-5
https://doi.org/10.1002/nag.3360
https://doi.org/10.1139/t07-014
https://doi.org/10.1139/t07-014
https://doi.org/10.1002/nag.1610090308
https://doi.org/10.1002/nag.1610090308
https://doi.org/10.1016/0266-352X(85)90012-6
https://doi.org/10.1016/0266-352X(85)90012-6
https://doi.org/10.1002/(SICI)1099-1484(199905)4:3%3c215::AID-CFM61%3e3.0.CO;2-8
https://doi.org/10.1002/(SICI)1099-1484(199905)4:3%3c215::AID-CFM61%3e3.0.CO;2-8
https://doi.org/10.1002/(SICI)1099-1484(199905)4:3%3c215::AID-CFM61%3e3.0.CO;2-8
https://doi.org/10.1061/(ASCE)1090-0241(2004)130:1(81)
https://doi.org/10.1061/(ASCE)1090-0241(2004)130:1(81)
https://doi.org/10.1680/geot.2005.55.5.383
https://doi.org/10.1680/geot.2005.55.5.383
https://doi.org/10.1002/nag.484
https://doi.org/10.1016/j.ijplas.2020.102902
https://doi.org/10.1016/j.ijplas.2020.102902
https://doi.org/10.1007/s11440-011-0138-3
https://doi.org/10.1007/s11440-011-0138-3
https://doi.org/10.1007/978-3-319-18170-7_9
https://doi.org/10.1007/978-3-319-18170-7_9

3276 J. Castellén, A. Ledesma
178. Duncan JM, Chang CY (1970) Nonlinear analysis of stress and 197. Hansen JB (1963) Discussion of Hyperbolic stress-strain
strain in soils. J Soil Mech Found Div 96(5):1629-1953 response: cohesive soils. J Soil Mech Found Div 89(4):241-242
179. Desai CS (1971) Nonlinear analyses using spline functions. 198. Kulhawy FH, Duncan JM, Seed HB (1969) Finite element
J Soil Mech Found Div 97(10):1461-1480 analyses of stresses and movements in embankments during
180. Richard RM, Abbott BJ (1975) Versatile elastic-plastic stress- construction. Contract Report S-69-8 for U.S. Army Engineer
strain formula. J Eng Mech Div 101(4):511-515 Waterways Experiment Station, Vicksburg, Mississippi, under
181. Nelson I, Baron ML (1971) Application of variable moduli contract DACW39-68-C-0078. Berkeley, California: College of
models to soil behavior. Int J Solids Struct 7(4):399—417. https:/ Engineering, Office of Research Services, University of
doi.org/10.1016/0020-7683(71)90111-9 California
182. Nelson I (1977) Constitutive models for use in numerical 199. Mana Al, Clough GW (1981) Prediction of movements for
computations. In: Proceedings of the plastic and long term braced cuts in clays. J Geotech Eng Div 107(6):759-777
effect, DMSR. Karlsruhe, Germany. Rotterdam, Netherlands: A. 200. Seed RB, Duncan JM (1986) FE analysis: compaction-induced
A. Balkema. vol 2, pp 45-97 stresses and deformations. J Geotech Eng 112(1):23-43. https://
183. Sandler IS (1976) The cap model for static and dynamic prob- doi.org/10.1061/(ASCE)0733-9410(1986)112:1(23)
lems. In: The Seventeenth U.S. Symposium on Rock Mechanics. 201. Ahlberg JH, Nilson EN, Walsh JL (1967) Theory of Splines and
Utah, USA, 25-27 August. American Rock Mechanics Associ- Their Applications. Academic Press, New York
ation, pp 1A2-1 202. Yniesta S, Brandenberg SJ, Shafiee A (2017) ARCS: a one
184. Sandler IS, Baron ML (1979) Recent development in the con- dimensional nonlinear soil model for ground response analysis.
stitutive modeling of geological materials. In: Proceedings of the Soil Dyn Earthq Eng 102:75-85. https://doi.org/10.1016/j.s0il
Third International Conference on Numerical Methods in dyn.2017.08.015
Geomechanics. Aachen, Germany, 2-6 April. A.A. Balkema, 203. Jardine RJ, Potts DM, Fourie AB, Burland JB (1986) Studies of
Rotterdam, Netherlands, pp 363-376 the influence of nonlinear stress strain characteristics in soil-
185. Jardine RJ, Potts DM (1988) Huttson tension leg platform structure interaction. Géotechnique 36(3):377-396. https://doi.
foundations: prediction of driven pile behaviour. Géotechnique org/10.1680/geot.1986.36.3.377
38(2):231-252. https://doi.org/10.1680/geot.1988.38.2.231 204. Prévost JH, Keane CM (1990) Shear stress-strain curve gener-
186. St. John HD, Potts DM, Jardine RJ, Higgins KG (1993) Pre- ation from simple material parameters. J Geotech Geoenviron
diction and performance of ground response due to construction Eng 116(8):1250-1254. https://doi.org/10.1061/(ASCE)0733-
of a deep basement at 60 Victoria Embankment. In: Houlsby 9410(1990)116:8(1255)
GT, Schofield AN (eds) Proceedings of the wroth memorial 205. Chiaro G, De Silva L, Kiyota T, Koseki J (2011) An elasto-
symposium, predictive soil mechanics. St Catherine’s College, plastic model to describe the undrained cyclic behavior of sat-
27-29 July 1992. London, England: Thomas Telford. urated sand with initial static shear. In: Chung C-K, Kim H-K,
187. Pyke R (1986) The use of linear elastic and piecewise linear Lee J-S, Jung Y-H, Kim D-S (eds) Proceedings of the fifth
models in finite element analyses. In: Dungar R, Studer JA (eds) international symposium on deformation characteristics of
Geomechanical modelling in engineering practice. A. A. Balk- geomaterials. Seoul, South Korea, 1-3 September. IOS Press, 2,
elma, Rotterdam, Netherlands 1026-1033
188. Frydman S, Talesnick M, Puzrin A (1995) Colinearity of 206. Tatsuoka F, Shibuya S (1991) Modelling of nonlinear stress-
stresses, strains and strain increments during shearing of soft strain relations of soils and rocks - Part 2, New equation. Seisan-
clay. J Geotech Eng 121(2):174-184. https://doi.org/10.1061/ Kenkyu 43(10):435-437
(ASCE)0733-9410(1995)121:2(174) 207. Siddiquee MSA (1991) Finite element analysis of settlement and
189. Hashiguchi K (1993) Fundamental requirements and formula- bearing capacity of footing on sand. Master Thesis. Tokyo,
tions of elastoplastic constitutive equations with tangential Japan: The University of Tokyo
plasticity. Int J Plast 9(5):525-549. https://doi.org/10.1016/ 208. Siddiquee MSA, Tanaka T, Tatsuoka F (1991) A FEM simula-
0749-6419(93)90018-L tion of model footing tests on sands. In: Kogakkai D (ed) Pro-
190. Ramberg W, Osgood WR (1943) Description of stress-strain ceedings of the twenty-sixth Japan national conference on soil
curves by three parameters. Report No. NACA-TN-902. mechanics and foundation engineering. Nagano, Japan.
National Advisory Committee for Aeronautics, Washington, 1309-1312
DC, USA 209. Siddiquee, M.S.A, Tanaka, T, Tatsuoka, F (1992). A numerical
191. Idriss IM, Dorby R, Singh RD (1978) Nonlinear behaviour of simulation of bearing capacity of footing on sand. In: Kogakkai,
soft clays during cyclic loading. J Geotech Eng Div D (ed.) Proceedings of the Twenty-seventh Japan National
104(12):1427-1447 Conference on Soil Mechanics and Foundation Engineering,
192. Hara A (1980) Dynamic deformation characteristics of soils and pp 1413-1416
seismic response analyses of the ground. Dissertation presented 210. Matasovic N, Vucetic M (1993) Cyclic characterization of lig-
to the University of Tokyo uefiable sands. J Geotech Eng 119(11):1805-1822. https://doi.
193. Ishihara K (1996) Soil behaviour in earthquake geotechnics. org/10.1061/(ASCE)0733-9410(1993)119:11(1805)
Oxford University Press, New York 211. Matasovic N (1993) Seismic response of composite horizon-
194. Kondner RL, Zelasko JS (1963) A hyperbolic stress-strain for- tally-layered soil deposits. PhD Thesis. Los Angeles, California,
mulation of sands. In: Proceedings of the second pan American USA: University of California
conference on soil mechanics and foundation engineering. San 212. Stewart JP, Kwok AO, Hashash Y, Matasovic N, Pyke R, Wang
Paulo, Brazil, 1963. Associacdo Brasileira de Mecénica dos Z, Yang Z (2008) Benchmarking of nonlinear geotechnical
Solos, vol 1, pp 289-324 ground response analysis procedures. PEER Report 2008/04.
195. Kondner RL (1963) Hyperbolic stress-strain response: cohesive Pacific Earthquake Engineering Research Center; College of
soils. J Soil Mech Found Div 89(1):115-144 Engineering; University of California, Berkeley
196. Duncan JM, Wong KS (1974) Hyperbolic stress-strain parame- 213. Ishibashi I, Zhang X (1993) Unified dynamic shear moduli and

ters for nonlinear finite element analysis of stresses and move-
ments in soil masses. Report No. TE-74-3. National Science
Foundation, University of California, Berkeley, California

@ Springer

damping ratios of sand and clay. Soils Found 33(1):182-191.
https://doi.org/10.3208/sandf1972.33.182


https://doi.org/10.1016/0020-7683(71)90111-9
https://doi.org/10.1016/0020-7683(71)90111-9
https://doi.org/10.1680/geot.1988.38.2.231
https://doi.org/10.1061/(ASCE)0733-9410(1995)121:2(174)
https://doi.org/10.1061/(ASCE)0733-9410(1995)121:2(174)
https://doi.org/10.1016/0749-6419(93)90018-L
https://doi.org/10.1016/0749-6419(93)90018-L
https://doi.org/10.1061/(ASCE)0733-9410(1986)112:1(23)
https://doi.org/10.1061/(ASCE)0733-9410(1986)112:1(23)
https://doi.org/10.1016/j.soildyn.2017.08.015
https://doi.org/10.1016/j.soildyn.2017.08.015
https://doi.org/10.1680/geot.1986.36.3.377
https://doi.org/10.1680/geot.1986.36.3.377
https://doi.org/10.1061/(ASCE)0733-9410(1990)116:8(1255)
https://doi.org/10.1061/(ASCE)0733-9410(1990)116:8(1255)
https://doi.org/10.1061/(ASCE)0733-9410(1993)119:11(1805)
https://doi.org/10.1061/(ASCE)0733-9410(1993)119:11(1805)
https://doi.org/10.3208/sandf1972.33.182

Small Strains in Soil Constitutive Modeling

3277

214.

215.

216.

217.

218.

219.

220.

221.

222.

223.

224.

225.

226.

227.

228.

229.

230.

231.

Tatsuoka F, Iwasaki T, Yoshida S, Fukushima S, Sudo H (1979)
Shear modulus and damping by drained tests on clean sand
specimens reconstituted by various methods. Soils Found
19(1):39-54. https://doi.org/10.3208/sandf1972.19.39

Kokusho T (1980) Cyclic triaxial test of dynamic soil properties
for wide strain range. Soils Found 20(2):45-60. https://doi.org/
10.3208/sandf1972.20.2_45

Kokusho T, Yoshida Y, Esashi Y (1982) Dynamic properties of
soft clay for wide strain range. Soils Found 22(4):1-18. https://
doi.org/10.3208/sandf1972.22.4_1

Ishibashi I (1981) Dynamic soil properties. In: Joint US/PRC
Microzonation Workshop. Harbin, China, 11-16 September.
Sinica Academy, 16, 1-21

Dobry R, Vucetic M (1987) Dynamic properties and seismic
response of soft clay deposits. In: Mendoza M, Montanez L
(eds) Proceedings of the international symposium on geotech-
nical engineering of soft soils, vol 2. Mexico City, Mexico, 3—14
August. Sociedad Mexicana de Ingenieria Geotécnica, Mexico
City, Mexico, pp 51-87

Fahey M, Carter JP (1993) A finite element study of the pres-
suremeter test in sand using a nonlinear elastic plastic model.
Can Geotech J 30(2):348-362. https://doi.org/10.1139/t93-029
Mayne PW (1994) CPT-based prediction of footing response. In:
Gibbens RM, Briaud JL (eds) Predicted and measured behavior
of five spread footings on sand. American Society of Civil
Engineers, New York, vol 41, pp 214-217

Shibuya, S, Mitachi, T, Fukuda, F, Hosomi, A (1997) Modeling
of strain-rate dependent deformation of clay at small strains. In:
Simao P (ed) Proceedings of the fourteenth international con-
ference on soil mechanics and foundation engineering. Ham-
burg, Germany, 6-12 September. A. A. Balkema, Rotterdam,
Netherlands, vol 1, pp 409-412

Bolton MD, Whittle RW (1999) A nonlinear elastic/perfectly
plastic analysis for plane strain undrained expansion tests.
Géotechnique 49(1):133-141

Gunn MJ (1992) The prediction of surface settlement profiles
due to tunneling. In: Houlsby GT, Schofield AN (eds) Pro-
ceedings of the wroth memorial symposium, predictive soil
mechanics. St. Catherine’s College, 27-29 July. London, Eng-
land: Thomas Telford, pp 304-316

Bolton MD, Sun HW, Britto AM (1993) Finite element analyses
of bridge abutments of firm clay. Comput Geotech
15(4):221-245

Lee JH, Salgado R (1999) Determination of pile base resistance
in sands. J Geotech Geoenviron Eng 125(8):673-683. https://
doi.org/10.1061/(ASCE)1090-0241(1999)125:8(673)

Lee J, Salgado R (2000) Analysis of calibration chamber plate
load tests. Can Geotech J 37(1):14-25. https://doi.org/10.1139/
t99-061

Lee J, Salgado R (2002) Estimation of footing settlement in
sand. Int J Geomech 2(1):1-28

Lee J, Salgado R, Carraro AH (2004) Stiffness degradation and
shear strength of silty sands. Can Geotech J 41(5):831-843.
https://doi.org/10.1139/t04-034

Darendeli MB (2001) Development of a new family of nor-
malized modulus reduction and material damping curves. PhD
Thesis. Austin, USA: The University of Texas

Mengq F (2003) Dynamic properties of sandy and gravelly soils.
PhD Thesis. The University of Texas, Austin

Dos Santos JA, Correia AG (2001) Reference threshold shear
strain of soil. Its application to obtain an unique strain-depen-
dent shear modulus curve for soil. In:Proceedings of the fifteenth
international conference on soil mechanics and geotechnical
engineering. Istanbul, Turkey, 27-31 August. A. A. Balkema,
Rotterdam, Netherlands

232.

233.

234.

235.

236.

237.

238.

239.

240.

241.

242.

243.

244.

245.

246.

247.

248.

249.

250.

Osman AS, Bolton MD (2005) Simple plasticity-based predic-
tion of the undrained settlement of shallow circular foundations
on clay. Géotechnique 55(6):435-447. https://doi.org/10.1680/
geot.2005.55.6.435

Schanz T (1998) Zur Modellierung des mechanischen Verhal-
tens von Reibungsmaterialien. Habilitation Thesis. Communi-
cation 45 of the Institute of Geotechnical Engineering.
Universitdt Stuttgart, Stuttgart

Uliniarz R (2012) Ceritical state model for overconsolidated soil
and its application in geotechnics, PhD Thesis, Gliwice, Poland.
Silesian University of Technology (in Polish)

Uliniarz R (2019) Small strain soil constitutive models HS-
Small & RU+MCC - Calibration and Verification. IOP Con-
ference Series: Materials Science and Engineering, 471(4),
042030. https://doi.org/10.1088/1757-899X/471/4/042030.
Hsieh Y-M, Dang PH, Lin H-D (2017) How small strain stiff-
ness and yield surface affect undrained excavation predictions.
Int J Geomech 17(3):04016071. https://doi.org/10.1061/
(ASCE)GM.1943-5622.0000753

Wheeler SJ, Néatanen A, Karstunen M, Lojander M (2003) An
anisotropic elastoplastic model for soft clays. Can Geotech J
40(2):403—418. https://doi.org/10.1139/t02-119

Rowe PW (1962) The stress-dilatancy relation for static equi-
librium of an assembly of particles in contact. Proc R Soc Lond
A Math Phys Eng Sci 269(1339):500-527. https://doi.org/10.
1098/rspa.1962.0193

Li XS, Dafalias YF (2000) Dilatancy for cohesionless soils.
Géotechnique 50(4):449-460. https://doi.org/10.1680/geot.2000.
50.4.449

Foster J, Paraskevopoulou C, Miller R (2021) Investigation of
the interaction of the construction of building S1 on underlying
Thameslink. Geomech Geoeng 16(1):20-43. https://doi.org/10.
1080/17486025.2019.1643502

Ramos G, Garcia-Fontanet A, Ledesma A, Raveendra R, Polo T
(2019) Toronto-York Spadina subway extension tunnelling
under Schulich Building. Can J Civ Eng 46(2):87-103. https://
doi.org/10.1139/cjce-2017-0062

Ledesma A, Alonso EE (2017) Protecting sensitive construc-
tions from tunnelling: the case of World Heritage buildings in
Barcelona. Géotechnique 67(10):914-925. https://doi.org/10.
1680/jgeot.SiP17.P.155

Brinkgreve RBJ, Broere W, Waterman D (2008) Plaxis 2D,
version 9.0, Material Models Manuals. Plaxis BV, Delft
Castellén J (2013) Analisis tedrico, numérico and experimental
del comportamiento de suelos en el rango de las pequeiias
deformaciones. Master Thesis. Barcelona, Spain: Universitat
Politécnica de Catalunya

Niemunis A, Cudny M (2018) Discussion on ‘“Dynamic soil-
structure interaction: a three-dimensional numerical approach
and its application to the Lotung case study”’. Poor performance
of the HSS model. Comput Geotech 98:243-245. https://doi.org/
10.1016/j.compgeo.2018.02.003

Ng CWW, Zhou C, Chiu CF (2020) Constitutive modelling of
state-dependent behaviour of unsaturated soils: an overview.
Acta Geotech 15:2705-2725. https://doi.org/10.1007/s11440-
020-01014-7

Iwan WD (1967) On a class of models for the yielding behavior
of continuous and composite systems. J Appl Mech
34(3):612-617. https://doi.org/10.1115/1.3607751

Duwez P (1935) On the plasticity of crystals. Phys Rev
47(6):494-501. https://doi.org/10.1103/PhysRev.47.494
Besseling JF (1958) A theory of elastic, plastic and creep
deformations of an initially isotropic material showing aniso-
tropic strain hardening, creep recovery and secondary creep.
J Appl Mech 25(1):529-536

Yu HS (2006) Plasticity and geotechnics. Springer, New York

@ Springer


https://doi.org/10.3208/sandf1972.19.39
https://doi.org/10.3208/sandf1972.20.2_45
https://doi.org/10.3208/sandf1972.20.2_45
https://doi.org/10.3208/sandf1972.22.4_1
https://doi.org/10.3208/sandf1972.22.4_1
https://doi.org/10.1139/t93-029
https://doi.org/10.1061/(ASCE)1090-0241(1999)125:8(673)
https://doi.org/10.1061/(ASCE)1090-0241(1999)125:8(673)
https://doi.org/10.1139/t99-061
https://doi.org/10.1139/t99-061
https://doi.org/10.1139/t04-034
https://doi.org/10.1680/geot.2005.55.6.435
https://doi.org/10.1680/geot.2005.55.6.435
https://doi.org/10.1088/1757-899X/471/4/042030
https://doi.org/10.1061/(ASCE)GM.1943-5622.0000753
https://doi.org/10.1061/(ASCE)GM.1943-5622.0000753
https://doi.org/10.1139/t02-119
https://doi.org/10.1098/rspa.1962.0193
https://doi.org/10.1098/rspa.1962.0193
https://doi.org/10.1680/geot.2000.50.4.449
https://doi.org/10.1680/geot.2000.50.4.449
https://doi.org/10.1080/17486025.2019.1643502
https://doi.org/10.1080/17486025.2019.1643502
https://doi.org/10.1139/cjce-2017-0062
https://doi.org/10.1139/cjce-2017-0062
https://doi.org/10.1680/jgeot.SiP17.P.155
https://doi.org/10.1680/jgeot.SiP17.P.155
https://doi.org/10.1016/j.compgeo.2018.02.003
https://doi.org/10.1016/j.compgeo.2018.02.003
https://doi.org/10.1007/s11440-020-01014-7
https://doi.org/10.1007/s11440-020-01014-7
https://doi.org/10.1115/1.3607751
https://doi.org/10.1103/PhysRev.47.494

3278

J. Castellén, A. Ledesma

251.

252.

253.

254.

255.

256.

257.

258.

259.

260.

261.

262.

263.

264.

265.

266.

267.

268.

269.

270.

Prévost JH, Cuny B, Hughes TJR, Scott RF (1981) Offshore
gravity structures: analysis. J] Geotech Eng Div 107(2):143-165
Seyedan S, Solowski WT (2018) A coupled constitutive model
for modelling small strain behaviour of soils. In book: Numer-
ical Methods in Geotechnical Engineering IX

Griffiths DV, Prévost JH (1990) Stress-strain curve generation
from simple triaxial parameters. Int J Numer Anal Methods
Geomech14(8):587-594. https://doi.org/10.1002/nag.
1610140805

Puzrin AM, Burland JB (1996) A logarithmic stress-strain
function for rocks and soils. Géotechnique 46(1):157-164.
https://doi.org/10.1680/geot.1996.46.1.157

Puzrin AM, Houlsby GT, Burland JB (2001) Thermomechanical
formulation of a small-strain model for overconsolidated clays.
Proc R Soc Lond A Math Phys Eng Sci 457(2006):425-440.
https://doi.org/10.1098/rspa.2000.0673

Seyedan S, Solowski WT (2019) Enhancing constitutive models
for soils: adding the capability to model nonlinear small strain in
shear. Adv Civ Eng. https://doi.org/10.1155/2019/6016350
Yingren Z, Jian C, Zhenhong X (1986) Strain space formulation
of the elasto-plastic theory and its finite element implementa-
tion. Comput Geotech 2(6):373-388. https://doi.org/10.1016/
0266-352X(86)90031-5

Einav I (2004) Thermomechanical relations between stress-
space and strain-space models. Géotechnique 54(5):315-318.
https://doi.org/10.1680/geot.2004.54.5.315

Yoder PJ, Iwan WD (1981) On the formulation of strain-space
plasticity with multiple loading surfaces. J Appl Mech
48(4):773-778. https://doi.org/10.1115/1.3157732

Iwan WD, Chelvakumar K (1988) Strain-space constitutive
model for clay soils. ] Eng Mech 114(9):1454-1472. https://doi.
org/10.1061/(ASCE)0733-9399(1988)114:9(1454)

Ellison KC (2009) Constitutive modeling of London Clay. First
Year PhD Report. University of Cambridge, Cambridge,
England

Ellison KC, Soga K, Simpson B (2010) An examination of strain
space versus stress space for the formulation of elastoplastic
constitutive models. In: Benz T, Nordal S (eds) 7th European
Conference on Numerical Methods in Geotechnical Engineer-
ing, NUMGE 2010. Norwegian University of Science and
Technology (NTNU) in Trondheim, Norway, 2—4 June. London,
England: Taylor & Francis Group, pp 33-38

Dafalias YF (1975) On cyclic and anisotropic plasticity: (i) A
general model including material behaviour under stress rever-
sal, (ii) Anisotropic hardening for initially orthotropic materials.
PhD Thesis. University of California, Berkeley, California
Krieg RD (1975) A practical two-surface plasticity theory.
J Appl Mech 42(3):641-646. https://doi.org/10.1115/1.3423656
Dafalias YF, Popov EP (1975) A model of nonlinearly hard-
ening materials for complex loadings. Acta Mech
21(3):173-192

Dafalias YF, Herrmann LR (1982) Bounding surface formula-
tion of soil plasticity. In: Pande GN, Zienkiewicz OC (eds) Soil
Mechanics, transient and cyclic loads, constructive relations and
numerical treatment. Wiley, Chichester, pp 253-282

Ganendra D (1994) Finite element analysis of laterally loaded
piles. PhD Thesis. London, England: University of London
(Imperial College London)

Kavvadas M (1982) Nonlinear consolidation around driven piles
in clays. PhD Thesis. Cambridge, Massachusetts, USA: Mas-
sachussetts Institute of Technology

Whittle AJ (1993) Evaluation of a constitutive model for over-
consolidated clays. Géotechnique 43(2):289-313. https://doi.
org/10.1680/geot.1993.43.2.289

Whittle AJ, Kavvadas MJ (1994) Formulation of MIT-E3 con-
stitutive model for overconsolidated clays. J Geotech Eng

@ Springer

271.

272.

273.

274.

275.

276.

2717.

278.

279.

280.

281.

282.

283.

284.

285.

286.

120(1):173-198.
9410(1994)120:1(173)
Whittle AJ (1995) Discussion: evaluation of constitutive model
for overconsolidated clays. Géotechnique 45(1):169-173.
https://doi.org/10.1680/geot.1995.45.1.169

Whittle AJ, DeGroot DJ, Ladd CC, Seah T-H (1994) Model
prediction of anisotropic behavior of Boston Blue Clay.
J  Geotech Eng 120(1):199-224. https://doi.org/10.1061/
(ASCE)0733-9410(1994)120:1(199)

Yu HS (1998) CASM: a unified state parameter model for clay
and sand. Int J Numer Anal Meth Geomech 22(8):621-653.
https://doi.org/10.1002/(SICI)1096-9853(199808)22:8%3c621::
AID-NAG937%3e3.0.CO;2-8

Wroth CP, Bassett RH (1965) A stress-strain relationship for the
shearing behaviour of sand. Géotechnique 15(1):32-56. https://
doi.org/10.1680/geot.1965.15.1.32

Been K, Jefferies MG (1985) A state parameter for sands
Géotechnique 35(2):99-112. https://doi.org/10.1680/geot.1985.
35.2.99

Khong CD (2004) Development and numerical evaluation of
unified critical state models. PhD Thesis. Nottingham, England:
University of Nottingham

Gryczmanski M, Jastrzebska M, Sternik J (1999) Single surface
elasto-plastic model for clays with strongly nonlinear aniso-
tropic hardening NAHOS 1- verification and application in
geotechnical problems. Internal Report No. BK-237/RB-7/99.
Gliwice, Poland: Geotechnical Department, Silesian University
of Technology

Jastrzebska M (2000) Calibrage d’un modele d’argile a une
surface au renforcement anisotrope non lineaire. In: Comptes-
rendues du XII-eéme Colloque Franco-Polonais de Mécanique de
Sols et des Roches Appliquée. Paris, 34 July. Wroctaw
University of Technology, 1

Jastrzebska M (2002) Calibration and verification of a single
surface elasto-plastic model for soil with strongly nonlinear
anisotropic hardening law. PhD Thesis. Gliwice, Poland: Sile-
sian University of Technology

Sternik K (2003) Analysis of effectiveness and numerical
implementation of single surface elasto-plastic model for soil
with strongly nonlinear anisotropic hardening law. PhD Thesis.
Gliwice, Poland: Silesian University of Technology
Jastrzebska M, Sternik K (2004) Application of elastoplastic
model with anisotropic hardening to analysis of cyclic loading
of cohesive soil. In: Triantafyllidis T (ed) Proceedings of the
international conference on cyclic behavior of soils and lique-
faction phenomena. Bochum, Germany, 31 March-2 April.
Rotterdam, Netherlands: A. A. Balkema, pp 41-46

Pestana JM (1994) A unified constitutive model for clays and
sands. PhD Thesis. Cambridge, Massachusetts, USA: Mas-
sachusets Institute of Technology

Nikolinakou MA, Whittle AJ, Stavros S, Schran U (2011) Pre-
diction and interpretation of the performance of a deep exca-

https://doi.org/10.1061/(ASCE)0733-

vation in Berlin sand. J Geotech Geoenviron Eng
137(11):1047-1061.  https://doi.org/10.1061/(ASCE)GT.1943-
5606.0000518

Manzari MT, Dafalias YF (1997) A critical state two-surface
plasticity model for sands. Géotechnique 47(2):255-272. https://
doi.org/10.1680/geot.1997.47.2.255

Papadimitriou AG (1999) Elastoplastic modeling of monotonic
and dynamic behavior of soils. PhD Thesis. Atenas, Grecia:
National Technical University of Athens

Papadimitriou AG, Bouckovalas GD (2002) Plasticity model for
sand under small and large cyclic strains: a multiaxial formu-
lation. Soil Dyn Earthq Eng 22(3):191-204. https://doi.org/10.
1016/S0267-7261(02)00009-X


https://doi.org/10.1002/nag.1610140805
https://doi.org/10.1002/nag.1610140805
https://doi.org/10.1680/geot.1996.46.1.157
https://doi.org/10.1098/rspa.2000.0673
https://doi.org/10.1155/2019/6016350
https://doi.org/10.1016/0266-352X(86)90031-5
https://doi.org/10.1016/0266-352X(86)90031-5
https://doi.org/10.1680/geot.2004.54.5.315
https://doi.org/10.1115/1.3157732
https://doi.org/10.1061/(ASCE)0733-9399(1988)114:9(1454)
https://doi.org/10.1061/(ASCE)0733-9399(1988)114:9(1454)
https://doi.org/10.1115/1.3423656
https://doi.org/10.1680/geot.1993.43.2.289
https://doi.org/10.1680/geot.1993.43.2.289
https://doi.org/10.1061/(ASCE)0733-9410(1994)120:1(173)
https://doi.org/10.1061/(ASCE)0733-9410(1994)120:1(173)
https://doi.org/10.1680/geot.1995.45.1.169
https://doi.org/10.1061/(ASCE)0733-9410(1994)120:1(199)
https://doi.org/10.1061/(ASCE)0733-9410(1994)120:1(199)
https://doi.org/10.1002/(SICI)1096-9853(199808)22:8%3c621::AID-NAG937%3e3.0.CO;2-8
https://doi.org/10.1002/(SICI)1096-9853(199808)22:8%3c621::AID-NAG937%3e3.0.CO;2-8
https://doi.org/10.1680/geot.1965.15.1.32
https://doi.org/10.1680/geot.1965.15.1.32
https://doi.org/10.1680/geot.1985.35.2.99
https://doi.org/10.1680/geot.1985.35.2.99
https://doi.org/10.1061/(ASCE)GT.1943-5606.0000518
https://doi.org/10.1061/(ASCE)GT.1943-5606.0000518
https://doi.org/10.1680/geot.1997.47.2.255
https://doi.org/10.1680/geot.1997.47.2.255
https://doi.org/10.1016/S0267-7261(02)00009-X
https://doi.org/10.1016/S0267-7261(02)00009-X

Small Strains in Soil Constitutive Modeling

3279

287.

288.

289.

290.

291.

292.

293.

294.

295.

296.

297.

298.

299.

300.

301.

302.

303.

304.

Hardin BO (1978) The nature of stress-strain behavior for soils.
ASCE Special Conference on Earthquake Engineering and Soil
Dynamics. Pasadena, California, USA, pp 3-90

Al-Tabbaa A (1987) Permeability and stress-strain response of
speswhite kaolin. PhD Thesis. Cambridge, England: Cambridge
University

Stallebrass SE (1990) Modelling the effect of recent stress his-
tory on the deformation of overconsolidated soils. PhD Thesis.
London, England: City University London

Viggiani G (1992) Small strain shear stiffness of fine grained
soils. PhD Thesis. London, England: City University London
Messerklinger S (2006) Nonlinearity and small strain behavior
in lacustrine clay. PhD Thesis. Zurich, Switzerland: ETH Zur-
ich. https://doi.org/10.3929/ethz-a-005194474

McDowell GR, Hau KW (2003) A simple non-associated three
surface  kinematic ~ hardening  model. Géotechnique
53(4):433-437. https://doi.org/10.1680/geot.2003.53.4.433
Masin D (2003) A kinematic hardening critical state model for
anisotropic clays. In: Universita degli Studi di Napoli Federico
II. Dipartimento di Ingegneria Geotecnica (ed.) Conference on
constitutive modelling an analysis of boundary value problems
in geotechnical engineering. Naples, Italy, 22-24 April. Ben-
evento, Hevelius

Wood DM (1995) Kinematic hardening model for structured
soil. In: Pande GN, Pietruszczak S (eds) Proceedings of the fifth
international symposium on numerical models in geomechanics
(NUMOG V). Davos, Switzerland, 6-8 September. A. A.
Balkema, Rotterdam, pp 83-88

Baudet B, Stallebrass S (2004) A constitutive model for struc-
tured clays. Géotechnique 54(4):269-278. https://doi.org/10.
1680/geot.2004.54.4.269

Rouainia M, Wood DM (2000) A kinematic hardening consti-
tutive model for natural clays with loss of structure. Géotech-
nique 50(2):153-164. https://doi.org/10.1680/geot.2000.50.2.
153

Grammatikopoulou A, Zdravkovic L, Potts DM (2006) General
formulation of two kinematic hardening constitutive models
with a smooth elasto-plastic transition. Int J Geomech ASCE
6(5):291-302. https://doi.org/10.1061/(ASCE)1532-
3641(2006)6:5(291)

Bryson LS, Salehian A (2014) Sensitivity analysis of selected
input parameters for an advanced constitutive model. Geotech
Geol Eng 32(2):247-258. https://doi.org/10.1007/s10706-013-
9707-6

Batdorf SB, Budiansky B (1949) A mathematical theory of
plasticity based on the concept of slip. NACA Technical Note
(1871). Virginia, USA: National Advisory Committee for
Aeronautics

Zienkiewicz OC, Pande GN (1977) Time-dependent multilam-
inate model of rocks—a numerical study of deformation and
failure of rock masses. Int J Numer Anal Meth Geomech
1(3):219-247. https://doi.org/10.1002/nag.1610010302

Pande GN, Sharma KG (1983) Multilaminate model of clays—a
numerical evaluation of the influence of rotation of the principal
stress axes. Int J Numer Anal Meth Geomech 7(4):397-418.
https://doi.org/10.1002/nag. 1610070404

Sadrnejad SA, Pande GN (1989) A multi-laminate model for
sand. In: Pietruszczak S, Pande GN (eds) Proceedings of the
third international conference (NUMOG III), numerical models
in geomechanics. Niagara Falls, Canada, 8-11 May. London;
New York: Elsevier Applied Science, pp 17-27

Bazant ZP, Oh BH (1985) Microplane model for progressive
fracture of concrete and rock. J Eng Mech 11(4):559-582
Ehret A, Itskov M, Schmid H (2010) Numerical integration on
the sphere and its effect on the material symmetry of constitutive

305.

306.

307.

308.

309.

310.

311.

312.

313.

314.

315.

316.

317.

318.

319.

320.

321.

322.

equations:a comparative study.
81(2):189-206

Wiltafsky C (2003) A multilaminate model for normally con-
solidated clay. PhD Thesis. Graz, Austria: Graz University of
Technology

Wiltafsky C, Koskinen M, Schweiger HF (2003) An advanced
constitutive model for normally consolidated clays based on
multilaminate framework. In: Second MIT conference on com-
putational fluid and solid mechanics. Elsevier, Boston,
pp 751-754. https://doi.org/10.1016/B978-008044046-0.50184-
6

Cusatis G, Beghini A, Bazant ZP (2008) Spectral stiffness
microplane model for quasibrittle composite laminates I: The-
ory. J Appl Mech ASME. https://doi.org/10.1115/1.2744036
Scharinger F, Schweiger HF, Pande GN (2009) On a multil-
aminate model for soil incorporating small strain stiffness. Int J
Numer Anal Meth Geomech 33:215-243. https://doi.org/10.
1002/nag.710

Soga K, Nakagawa K, Mitchell JK (1995) Measurement of
stiffness degradation characteristics of clays using a torsional
shear device. In: The 1st international conference on earthquake
geotechnical engineering, pp 107-112.

Truesdell C (1956) Hypo-elastic shear. J Appl Phys 27:441-447.
https://doi.org/10.1063/1.1722399

Darve F, Roguiez X (1999) Constitutive relations for soils: new
challenges. Rivista Italiana di Geotecnica 4:9-35

Kolymbas D (1977) A rate-dependent constitutive equation for
soils. Mech Res Commun 4(6):367-372. https://doi.org/10.1016/
0093-6413(77)90056-8

Kolymbas D, Wu W (1993) Introduction to hypoplasticity. In:
Amsterdam KD (ed) Modern approaches to plasticity. Elsevier,
Netherlands, pp 213-223

Chambon R (1989) Une classe de loi de comportement
incrémentalement non lin€aire pour les sols non visqueux:
résolution de quelques problemes de cohérence. Comptes rendus
de I’Académie des sciences 308(I), 1571-1576

Chambon R, Desrues JIM, Hammad W, Charlier R (1994)
CLoE, a new rate-type constitutive model for geomaterials:
theoretical basis and implementation. Int J Numer Anal Meth
Geomech 18(4):253-278. https://doi.org/10.1002/nag.
1610180404

Gudehus G (1996) A comprehensive constitutive equation for
granular materials. Soils Found 36(1):1-12. https://doi.org/10.
3208/sandf.36.1

Bauer E (1996) Calibration of a comprehensive hypoplastic
model for granular materials. Soils Found 36(1):13-36

von Wolffersdorff PA (1996) A hypoplastic relation for granular
materials with a predefined limit state surface. Mech Cohesive
Friction = Mater 1(3):251-271.  https://doi.org/10.1002/
(SICI)1099-1484(199607)1:3%3c251::AID-CFM13%3e3.0.
CO;2-3

Herle I, Kolymbas D (2004) Hypoplasticity for soils with low
friction angles. Comput Geotech 31(5):365-373. https://doi.org/
10.1016/j.compgeo.2004.04.002

Mohammadi-Haji B, Ardakani A (2020) Calibration of a
hypoplastic constitutive model with elastic strain range for fir-
oozkuh sand. Geotech Geol Eng 38:5279-5293. https://doi.org/
10.1007/s10706-020-01363-w

Masin D (2006) Hypoplastic model for fined-grained soils. PhD
Thesis. Praga, Czech Republic: Charles University

Wong KS, Masin D (2014) Coupled hydro-mechanical model
for partially saturated soils predicting small strain stiffness.
Comput Geotech 61:355-369. https://doi.org/10.1016/j.comp
£e0.2014.06.008

Int J Numer Meth Eng

@ Springer


https://doi.org/10.3929/ethz-a-005194474
https://doi.org/10.1680/geot.2003.53.4.433
https://doi.org/10.1680/geot.2004.54.4.269
https://doi.org/10.1680/geot.2004.54.4.269
https://doi.org/10.1680/geot.2000.50.2.153
https://doi.org/10.1680/geot.2000.50.2.153
https://doi.org/10.1061/(ASCE)1532-3641(2006)6:5(291)
https://doi.org/10.1061/(ASCE)1532-3641(2006)6:5(291)
https://doi.org/10.1007/s10706-013-9707-6
https://doi.org/10.1007/s10706-013-9707-6
https://doi.org/10.1002/nag.1610010302
https://doi.org/10.1002/nag.1610070404
https://doi.org/10.1016/B978-008044046-0.50184-6
https://doi.org/10.1016/B978-008044046-0.50184-6
https://doi.org/10.1115/1.2744036
https://doi.org/10.1002/nag.710
https://doi.org/10.1002/nag.710
https://doi.org/10.1063/1.1722399
https://doi.org/10.1016/0093-6413(77)90056-8
https://doi.org/10.1016/0093-6413(77)90056-8
https://doi.org/10.1002/nag.1610180404
https://doi.org/10.1002/nag.1610180404
https://doi.org/10.3208/sandf.36.1
https://doi.org/10.3208/sandf.36.1
https://doi.org/10.1002/(SICI)1099-1484(199607)1:3%3c251::AID-CFM13%3e3.0.CO;2-3
https://doi.org/10.1002/(SICI)1099-1484(199607)1:3%3c251::AID-CFM13%3e3.0.CO;2-3
https://doi.org/10.1002/(SICI)1099-1484(199607)1:3%3c251::AID-CFM13%3e3.0.CO;2-3
https://doi.org/10.1016/j.compgeo.2004.04.002
https://doi.org/10.1016/j.compgeo.2004.04.002
https://doi.org/10.1007/s10706-020-01363-w
https://doi.org/10.1007/s10706-020-01363-w
https://doi.org/10.1016/j.compgeo.2014.06.008
https://doi.org/10.1016/j.compgeo.2014.06.008

3280

J. Castellén, A. Ledesma

323. Mohyla T, Bohac¢ J, Masin D (2021) Small-strain behaviour of
unsaturated silty clay: experiments and model interpretation.
Acta Geotech. https://doi.org/10.1007/s11440-021-01204-x

324. Bode M, Fellin W, Masin D, Medicus G, Ostermann A (2020)
An intergranular strain concept for material models formulated
as rate equations. Numer Anal Methods Geomech
44(7):1003-1018. https://doi.org/10.1002/nag.3043

325. Lo Presti DCF, Jamiolkowski M, Pallara O, Cavallaro A (1996)
Rate and creep effect on the stiffness of soils. In: Sheahan TC,
Kalialin VN (eds) Measuring and modeling time dependent soil
behaviour. Geotechnical Special Publication, ASCE, New York,
vol 61, pp 166-180

@ Springer

326. Hsieh PG, Ou CY, Lim A (2010) Use of the total stress

undrained model to the analysis of deep excavation. In: John L,
Meei-Ling L (eds) Proceedings of the 17th Southeast Asian
geotechnical conference, Taipei, Taiwan, 10-13 May. Taiwan
Geotechnical Society/Association of Geotechnical Societies in
Southeast ~ Asia/Southeast Asian  Geotechnical Society,
pp 227-230

Publisher’s Note Springer Nature remains neutral with regard to
jurisdictional claims in published maps and institutional affiliations.


https://doi.org/10.1007/s11440-021-01204-x
https://doi.org/10.1002/nag.3043

	Small Strains in Soil Constitutive Modeling
	Abstract
	Introduction: The Kinematic Nature of Soil Stiffness
	The Range of Small Strains in Engineering Practice
	Soil Behavior in the Range of Small Strains
	The Range of Small Strains
	Considerations About Stiffness
	Bulk Modulus
	Shear Stiffness Modulus

	Considerations about the Hysteretic Behavior

	Constitutive Modeling
	Some Previous Considerations About Constitutive Modeling in the Range of Small Strain
	Classification of Models Using the Elements that Define the Hysteretic Behaviour
	Reversal Criteria
	Memory Rules
	Effect of the Reversals on the Variables that Control Stiffness Degradation
	Effect of the Reversals on Maximum Soil Stiffness

	Classification of the Models Using the Tensorial Zone Criterion

	Conclusions
	List of symbols
	Abbreviations
	Authors’ contributions
	Code availability
	References




