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Abstract
A computational particle–fluid dynamics (CPFD) model of a fluidized bed reactor with carbon nanotube (CNT, dp = 485 μm) 
particles was established. A drag model and coefficient were determined to simulate the hydrodynamic behavior of CNTs 
in a fluidized bed. The drag coefficient reflected the variation in physical properties owing to CNT agglomeration, such as 
aggregate size distribution, particle circularity, and apparent density. The Richardson–Davidson–Harrison model with a drag 
coefficient of 0.17 was chosen based on results on solid holdup distribution. The proposed CPFD model described hydrody-
namic behaviors, such as bed expansion, solid holdup distribution, and relative standard deviation (RSD) of the pressure drop 
with gas velocity, and predicted the transition gas velocity between the partial and complete fluidization regimes. The bed 
expansion and RSD gradually increased with increasing gas velocity in the partial fluidization regime and rapidly increased 
at the beginning of the complete fluidization regime. The increased gas velocity significantly enhanced bed expansion and 
particle entrainment, resulting in the formation of large CNT aggregates and a higher solid holdup in the freeboard in the 
complete fluidization regime. The simulated results describe the behavior of CNT aggregates near the bed surface and in the 
freeboard region, supporting previous findings in the literature. Uneven local gas flows occurred in the bed and freeboard 
regions, and the results described the bubbling bed characteristics in the complete fluidization regime.
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List of symbols
CD  Drag model coefficient
dp  Mean particle diameter [m]
Dp  Aerodynamic drag function
f  Particle size distribution function
F  Momentum transfer between the fluid and solid 

phases
g  Gravity acceleration [m/s2]
m  Mass [kg]
p  Pressure [Pa]
Ps  Positive constant for particle normal stress [Pa]
Re  Reynold number
T  Temperature [K]

t  Time [s]
u  Velocity [m/s]
X  Contact-stress acceleration [m/s2]

Greek symbols
α  Volume fraction
β  Constant
ε  Constant
εs  Solid holdup or solid volume fraction
δij  Kronecker delta
μ  Viscosity [kg/ms]
ρ  Density [kg/m3]
τP  Particle normal stress [Pa]
τg  Gas stress tensor [Pa]
τD  Collision damping time [s]
ω  Particle sphericity

Subscripts
cp  Close pack
eff  Effective viscocity
f  Fluid
i, j, k  Coordinate index
p  Particle
s  Solid
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Introduction

Carbon nanotubes (CNTs) have been extensively used in 
various fields as battery electrode additives, high strength 
fibers, and heat transfer enhancers, owing to their excel-
lent mechanical, electrical, and thermal properties [1–3]. 
The most prevalent methods for CNT synthesis are electric 
arc discharge, laser ablation, plasma-based synthesis, and 
catalytic chemical vapor deposition (CCVD). Among these 
methods, CCVD can achieve economical mass production 
[1, 4]. In particular, the fluidized bed-based catalytic chemi-
cal vapor deposition (FBCVD) technique is known to be 
appropriate for the large-scale CNT synthesis because of its 
advantages, including a high particle mixing ratio and effi-
cient heat and mass transfer rate, as well as the large specific 
surface area of the catalytic reaction [1, 4].

CNT growth on a catalyst causes an increase in particle 
size, a rapid drop in density, and particle agglomeration by 
entanglement between the nanotubes [5]. Particle agglom-
eration is caused by the strong interaction of van der Waals 
forces during fluidization [6, 7]. Handling CNT powder in 
a fluidized bed reactor is difficult owing to rapid changes 
in their physical properties with aggregation. Studies on 
the hydrodynamic behavior based on the characterization 
of CNT aggregates are required for reactor design, scale-
up, and optimization of operation [7].

Numerous investigations have explored the hydrodynamic 
behavior of CNT aggregates in fluidized beds [6–9]. Wang 
et al. [8] reported that CNT agglomerates behaved similarly 
to Geldart A particles with increasing gas velocity. Yu et al. 
[6] reported the formation of multi-staged agglomerate 
structures of multi-walled carbon nanotubes (MWCNTs) and 
their high bed expansion ratio in a fluidized bed owing to the 
porous structure of CNT aggregates. Kim [9] analyzed the 
mechanism of CNT agglomerate formation in the freeboard 
region by measuring the aggregate size via visualization 
using a laser sheet technique. The studies concluded that 
CNT exist mainly in the form of aggregates in the complete 
fluidization regime, and that the hydrodynamic behavior of 
CNTs, not only in the dense bed but also in the freeboard, is 
governed by CNT aggregates, indicating that the aggregate 
characteristics should be reflected in the dynamic modeling 
of a fluidized bed reactor of CNT.

Numerous efforts have been made to simulate the 
behavior of aggregates or particle clusters in fluidized 
beds [10, 11]. Drag correlations are crucial for simulat-
ing particle clustering [10], because a grouped cluster of 
particles experiences a decrease in the drag coefficient by 
increasing the gas flow around the clusters and decreasing 
their penetration [11]. Therefore, modifying existing drag 
models and adjusting the drag coefficient is necessary to 
accurately simulate the behavior of CNT agglomerates.

In recent decades, modeling and simulation have become 
crucial tools in the design, optimization, and scale-up of flu-
idization systems [12]. Computational simulation approaches 
have been used as auxiliary methods for the analysis of com-
plex particle behavior, which is difficult to access experimen-
tally in gas–solid fluidized beds. Recently, the multiphase 
particle-in-cell (MP-PIC) method, specifically developed for 
computational particle fluid dynamics (CPFD) simulations, 
has been applied as an efficient method for simulating large-
scale particle systems, with considerable savings in time 
and technical and economic resources [13]. Therefore, this 
approach will be useful for reactor design and the determina-
tion of reaction conditions with the ability to easily predict 
changes in CNT behavior owing to structural and scale modi-
fications within the reactor.

In this study, a CPFD simulation was conducted using 
the MP-PIC model, and a drag model with controlled coef-
ficients was proposed to simulate the behavior of CNTs in 
a fluidized bed. The experimental data from Lee and Kim 
[14] and Lee et al. [3] were used to verify the model. The 
hydrodynamic characteristics of CNTs in a fluidized bed, 
such as the bed expansion and axial solid holdup distribu-
tion, were simulated using the proposed drag model with a 
controlled drag coefficient.

Mathematical Models

Governing Equations

Barracuda Virtual Reactor 22.0.0 software base on the MP-
PIC approach was used for the analysis of CNT behavior 
in a fluidized bed. The MP-PIC model uses the Lagran-
gian approach for the particle phase, whereas the Eulerian 
approach or Eulerian–Lagrangian method applies continuity 
equations to the gas phase. This model is advantageous for 
reducing the calculation time for fluidized bed process analy-
sis with complex particle behavior using a particle distribu-
tion function to track the movement of particle groups [15].

In the MP-PIC model, the governing and momentum 
equations used to analyze the behavior of fluids and solids 
are as follows [16–19]:

Continuity equation:

where �g, �g , ug are the gas volume fraction, density and 
velocity vector, respectively.

Momentum conservation equation:
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where p, g, F are pressure, gravitational acceleration, and 
the momentum exchange rate between the gas and solid 
phases, respectively. �g is the gas stress tensor, represented 
as follows:

where �ij is the Kronecker delta, and �eff is the gas effective 
viscosity that consists of two components, namely, laminar 
and turbulence.

The distribution of particles in space is depicted by the 
probability distribution function (f). In numerical simula-
tions, the particle phase is modeled as discrete particles, 
each of which contains several real particles with the identi-
cal volume, density, velocity, and position [20, 21].

The particle equation of motion is expressed as follows:

where Dp , �p , up , �P , X are the interphase drag coefficient, 
the particle density, the cell-averaged particle velocity, the 
collision damping time, and the contact–stress acceleration, 
respectively. The particle normal stress �p is used to describe 
the particle–particle interactions.

Drag Models

The drag force model has a substantial influence on the sim-
ulation results of the hydrodynamics of CNT agglomerates 
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in a fluidized bed. Numerous studies have demonstrated that 
the drag force model significantly influences the concen-
tration distribution of solids, solid velocities, and particle 
clusters [12, 22, 23].

The interphase momentum transfer term F in Eq. (2) is 
expressed by Eqs. (10) as follows:

where mp is the parcel mass.
The drag force model of the gas–solid phase was 

employed to characterize their interaction, which constitutes 
a significant portion of the particle forces. In this study, drag 
models, such as the WenYu–Ergun [24], Richardson–David-
son–Harrison [25], and non-spherical Ganser models [25], 
were evaluated to simulate the fluidization behavior of 
CNT aggregates. The correlations are presented in Table 1 
[24–28]. The WenYu–Ergun drag model combines the Wen-
Yu [27] and Ergun [28] methods, enabling the description 
of particle behavior in both dilute and dense phases. Rich-
ardson–Davidson–Harrison drag model [25] was devised to 
investigate the bubble behavior in gas–solid fluidized beds 
[29] and is based on the Wen-Yu drag model, while omit-
ting the effect of the particle volume fraction [30]. For non-
spherical particles, the Ganser correlation showed the most 
accurate prediction of the particle cluster drag coefficient 
[26].
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Table 1  Drag models used in CPFD simulations
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Simulated Conditions

The simulation was based on the experimental studies of 
hydrodynamics in a CNT-fluidized bed conducted by Lee 
and Kim [14] and Lee et al. [3]. The experimental appara-
tus consists of a tuyere gas distributor (4 mm—hole diam-
eter; hole number = 20) and a main column (0.15 m i.d. by 
2.6 m height) with cyclone as shown in Fig. 1a. The CPFD 
model simulated particles behavior in the reactor part to 
evaluate the drag model through the validation of the solid 
holdup distributions in the main column and the local par-
ticle behavior in the freeboard, as illustrated in Fig. 1b. A 
cyclone in Fig. 1a was not included in the simulation consid-
ering that almost no aggregated particles are emitted from 
the expanded column of reactor [14].

The total number of cells was 16,546, and the grids were 
sufficient for the simulation. The grid size and cell number 
of this model are optimized values from the simulation per-
formed of fluidized bed reactor in previous study [19]. The 
simulation results were calculated for 60 s. The simulated 
results for a period between 20 and 60 s were post-processed 
for the analysis of particle behavior because the fluidized 
operation reached the steady state after 20 s with obtaining 
a balance between inlet and outlet gas flow rates [17, 19].

The solid particles used in this study were multi-walled 
CNTs, which are recognized for their long, dense, and well-
ordered bundles of nanotubes. The MWCNTs are identi-
cal to those employed in previous studies [3, 14]. The 

characteristic leads to a distinctive appearance in which 
the nanotubes grown from different particles are physi-
cally interwoven, as shown in Fig. 2a [31]. Handling CNT 
particles in a fluidized bed reactor is problematic because 
the cohesive force between the particles is greater than the 
hydrodynamic force exerted by the fluid phase [32]. The for-
mation of CNT aggregates is unavoidable in fluidized beds. 
The CNT particles in the fluidized bed exhibited aggre-
gated shapes, as shown in Fig. 2b. The primary formation 
of aggregates was caused by the physical entanglement of 
nanotubes on different CNT particles. Secondary aggregates 
are formed by the sticking of nanotubes to primary aggre-
gates via van der Waals forces [7, 9]. With an increase in the 
aggregate size formed by cohesion, the internal porosity and 
specific surface area of the aggregates increased, resulting in 
a decrease in particle density. The physical properties of the 
CNT agglomeration were applied to the CPFD simulation 
to improve simulation accuracy. The particle circularity and 
apparent density for the simulation were obtained using an 
imaging method on the enveloped volume of entangled CNT 
particles [14]. The particle size distributions of the CNT 
agglomerations with the gas velocity were measured using 
the laser sheet technique of Kim [7], as shown in Fig. 2c. 
The fixed bed height was 0.82 m with a volume fraction of 
0.61; other input parameters are listed in Table 2.

Fig. 1  Experimental apparatus used for a cold model and b simulation
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Result and Discussion

Axial Solid Holdup Distribution

Figure 3 shows the simulated results for the axial solid 
holdup distributions obtained from different drag models and 
coefficients at gas velocity (Ug) of 0.10 m/s. The simulation 
was conducted using drag models and correction factors of 
the coefficient, which were dominated by the behavior of the 
CNT aggregates. The solid holdup (εs) values in the reactor 
were calculated by Eq. (11) from the pressure drops along 
the height (ΔP/ΔL), obtained from the pressure profile in the 
simulation, postulating that the effects of gas acceleration 
and wall fraction were disregarded [33].

where ρg and ρs are gas and particle density, respectively,
The CNTs agglomeration with the growth of nanotubes 

indicated that their densities decreased, and the enveloped 
volumes (Fig. 2b) increased with an increase in the inner 

(11)�s =
ΔP

ΔL
∕

[(

�s − �g
)

g
]

,

Fig. 2  a SEM image of MWCNT, b CNT aggregates in a sedimentation column, and c size distribution of MWCNT particles used in simulation

Table 2  Input parameters used in CPFD simulation

Parameters Numerical value References

MWCNT bulk density 19 kg/m3 [14]
MWCNT particle density 31 kg/m3 [14]
Transition velocity between flow 

regimes of fixed bed and partial 
fluidization

0.0019 m/s [3]

Transition velocity between flow 
regimes of partial fluidization 
and complete fluidization

0.10 m/s [3]

Gas velocity 0.05–0.19 m/s
Gas composition Air
Sphericity 0.71
Initial bed height 0.82 m
Total number of all cells 48,300
Total number of real cells 16,456
Time step 0.001 s
Simulation time 60 s
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voidage in the CNT aggregate. The drag coefficient in the 
model reflects the variation in the effective projected area 
of the aggregates. The drag coefficient was varied from 0.17 
to 1.03 by adjusting the respective model multipliers of the 

drag force. To accurately reflect the aggregate morphology 
within the reactor, the drag force conditions were selected 
by comparing the average axial solid holdup distribution 
with the experimental results of Lee and Kim [14]. The 

Fig. 3  Axial solid holdup distributions by drag coefficient:  CD = 0.17 (a), 0.34 (b), 0.68 (c), 1.03 (d); (e) upper part of CNT fluidized bed at 
 Ug = 0.10m/s
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bed height increased with the drag coefficient owing to the 
increased drag force on the CNT aggregates. The experi-
mental results revealed that the solid holdup distribution 
exhibited an S-shape, consisting of a lower-density phase at 
the bottom, a transitional region in the middle, and a dilute 
phase at the top, as observed in a typical bubbling fluid-
ized bed [7]. The axial solid holdup distributions obtained 
from the Richardson-Davidson-Harrison model with a 0.17 
drag coefficient were matched well with the experimental 
S-shaped curves at 0.1 m/s.

The simulated bed expansion behavior is similar to the 
particle behavior observed near the bed surface, as shown 
in Fig. 3e. The experimental results were based only on the 
average value of the εs within the bed, and it was difficult to 
approach the local value variation. The simulation results 
indicated that the εs in the bed decreased with increasing 
height, and the εs near the bed surface was lower than that 
near the distributor. This suggests that intensified agglom-
eration of the CNT powder leads to a high presence of low-
density CNT aggregates in the upper region of the bed. 
These findings align well with the results of Kim and Kim 
[34], who reported that a significant portion of the elutri-
ated CNT particles existed in the form of aggregates on the 
freeboard.

Flow Regimes Transiton

Figure 4a shows the effect of gas velocity on ΔP/ΔL to 
identify the flow regime transition in the CNTs bed. The 
flow regime of the CNT powder is transition from a fixed 
bed to complete fluidization regimes with gas velocity (Ug) 
[35]. The ΔP/ΔL increased with Ug in the partial fluidiza-
tion regime, resembling the bed behavior of the cohesive 
Geldart C group. The intensified agglomeration or network 
formation of CNTs in this regime results in gas channels in 
the bed. With an increase in Ug, local fluidization occurrs 
with the gradual collapse of the bed in the vicinity of the 
enlarged gas channel [3, 35]. ΔP/L reaches its maximum 
value at Ug = 0.10 m/s, signifying a transition to the com-
plete fluidization regime. ΔP/L decreases with Ug, similar 
to a typical bed of Geldart A or B particles. The simulated 
results of the change in ΔP/L with Ug are presented and 
compared in Fig. 4a. The model accurately described the 
experimental results, indicating that the regime transition of 
the CNT bed was governed by particle aggregation. The rel-
ative standard deviation (RSD) of the pressure fluctuations, 
calculated using Eq. (12–14), was employed to characterize 
the gas–solid behavior in the bed [36, 37].

(12)Standard deviation, � =

√

√

√

√
1

N − 1

N
∑

n=1

(

x(n) − x
)2

,

where N,x(n),x are the overall measurement time and the 
pressure drop at the measurement time and the averaged 
pressure drop, respectively. The RSD was obtained using 
Eq. (14) [37].

Figure 4b shows the effect of Ug on the RSD of the pres-
sure drop in the bed. The RSD was constant in the partial 
fluidization regime, because the bed region, other than the 
channel, stagnated after the formation of gas channels [3]. 
However, the RSD increased abruptly after 0.10 m/s, when 
the gas channels collapsed and the bed was under entirely 
active movement in the complete fluidization regime. The 
model satisfactorily simulated the variation in the RSD 
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with Ug, indicating that the proposed drag model accurately 
described the CNT bed behavior.

Bed Expansion Behavior

The simulated bed expansion and local particle volume frac-
tion at different dimensionless heights with the gas velocity 
are shown in Figs. 5 and 6, respectively. In Fig. 6, the dimen-
sionless height is defined as a bed height divided by reactor 
height. The particle volume fraction did not change with 
height up to 0.067 m/s in the partial-fluidization regime. 
With a further increase in Ug (0.090 m/s), the solid holdup 
(εs) below the bed surface decreased owing to bed expansion 
by the enlarged gas channels and local fluidization of the bed 
[3, 35]. An increased εs above the bed surface was observed 
because of the increase in particle entrainment through the 
gas channels [3]. However, this fraction appeared to be uni-
formly distributed throughout the simulation. The simulated 
results did not match well with the experimental results of 
Lee and Kim [14] and Lee et al. [3] because the model was 
limited in describing occurrence of the gas channels. The 

bed expansion rapidly increased after 0.10 m/s, which is 
the beginning of the complete fluidization regime. In this 
regime, the drag force of the gas exceeded the cohesive force 
between the CNT particles. In the dilute phase of the free-
board, the εs increased because of the increase in particle 
entrainment caused by the increased Ug. These results sup-
port the variation in the RSD of the ΔP in the bed with Ug, 
as shown in Fig. 4b.

Figure 7 shows the simulated results of the particle 
behavior near the bed surface and on the freeboard with 
the Ug. In the partial-fluidization regime, no particle elu-
triation was observed within the freeboard. However, in 
complete fluidization, the εs of the freeboard increased 
with Ug because of the increased number of CNT aggre-
gates formed by particle elutriation. The formation of 
agglomerate in the dilute phase is due to the physical 
entanglement of nanotubes, which are detached from the 
particles owing to interparticle collisions in the dense 
bed with CNT particles or agglomerates [38]. In the 
complete fluidization regime, the activity at the bed sur-
face increased with Ug, and a large entrainment of CNTs 

Fig. 5  Effect of gas velocity on particle volume fraction in the reactor (time = 60 s)
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occurred owing to the increased drag force due to the 
increased projected area of particle agglomerates. The 
bed surface behavior was similar to that observed at the 
same height in the cold bed (Fig. 7c) in the complete 
fluidization regime. However, the nonuniform elutriated 
behavior of the aggregates from the bed surface (Fig. 7c) 
was not simulated in the partial fluidization regime for 
the same reason mentioned in the discussion of Fig. 5. 
Further studies are required to simulate the gas channels 
in the bed and the detailed behavior of CNTs during par-
tial fluidization.

Figure 8 shows the simulated results for the local gas veloc-
ity in a reactor with superficial gas velocity. The gas velocity 
(Ug) of the bed gradually increased with the superficial gas 
velocity in the partial fluidization regime. In partial fluidiza-
tion, an uneven local gas velocity was observed at Ug = 0.053 
m/s, partially revealing the gas-channeling phenomena. How-
ever, channeling did not develop above 0.067 m/s, unlike the 
observations from the experiments. Local gas velocity in bed 
increased after Ug = 0.1 m/s, showing increased bubble fre-
quency and bubble size in bed. The local gas velocities in the 

freeboard increased with Ug, and nonuniform distributions were 
observed because of the increased fluctuation of the bed surface 
and entrainment of the CNT aggregates. These results support 
the variation in the RSD of ΔP in the bed with Ug (Fig. 4). 
Finally, the simulation results describe the flow regime transi-
tions and local particle dynamics in the complete fluidization 
regime with Ug.

Conclusion

The drag model and coefficient were determined to simu-
late the hydrodynamic behavior of the CNTs in a fluidized 
bed of MWCNTs. The Richardson-Davidson-Harrison 
model with a drag coefficient of 0.17 was chosen based 
on a comparison of the experimental results for the solid 
holdup distribution. The proposed CPFD model simulated 
well bed expansion, solid holdup distribution, and RSD 
with Ug, and predicted the transition Ug between the par-
tial and complete fluidization regimes. The bed expansion 

Fig. 6  Particle volume fraction at different heights in the reactor with gas velocity
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Fig. 7  Particle volume fraction around bed surface with gas velocity in simulation (a), (b), and bed flow phenomena in cold bed (c)
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and RSD of ΔP/ΔL gradually increased with increasing 
Ug in the partial fluidization regime and rapidly increased 
at the beginning of the complete fluidization regime. 
Increased Ug significantly enhanced bed expansion and 
particle entrainment in the complete fluidization regime, 
resulting in the formation of large CNT aggregates and 
a higher εs in the freeboard. The simulated behavior was 
similar to observations in the cold bed but limited to the 
description of nonuniform aggregate elutriation in partial 
fluidization. The simulated results describe the behavior of 
CNT aggregates near the bed surface and in the freeboard 
region, supporting previous findings in the literature. 
Uneven local gas flow occurred in the bed and freeboard 
regions, and the results describe the bubbling bed charac-
teristics in the complete fluidization regime of the CNT 
fluidized bed.
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