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AbstractObtaining quartz nanocrystals (NCs) of high purity and uniform sizes remains a challenging problem. In
this report, the synthesis and characterization of quartz NCs under hydrothermal conditions was investigated and the
corresponding mathematical models were introduced to elucidate the growth kinetics of quartz NCs. Amorphous sil-
ica nanoparticles were dissolved in aqueous solutions followed by mild hydrothermal reactions, resulting in NCs with
relatively uniform sizes and shapes. The NCs were made from highly crystalline -quartz. Their hydrothermal growth
process over an induction period of ~3 hr initially yielded amorphous silica nanoparticles that were aggregated into
clusters. The crystallinity of -quartz emerged from the products of the nanoparticle clusters after the induction
period, which likely involved an amorphous to crystalline transition. The NCs continued to grow with increasing time.
The growth kinetics exhibited a dependence on the square root of time, which has not been observed for other quartz
nanocrystalline systems. The analysis suggests that the process is reaction-limited, not diffusion-limited, likely gov-
erned by the dissolved silicate monomer flux to the surface of the growing NCs followed by first-order rate-limiting
attachment kinetics. This study highlights the growth kinetics of quartz NCs by unveiling the complex nature of multi-
step growth processes, offering an improved hydrothermal method for fine-tuning the size and morphology of quartz
NCs, which have potential optoelectronics, sensing, and rechargeable battery, and novel biorefinery process applications.
Keywords: Quartz, Nanocrystals, Hydrothermal, Growth Kinetics, Reaction-limited Control

INTRODUCTION

Many synthetic techniques, such as microemulsion, sol-gel, in-
situ casting, and hydrothermal methods, have been developed to
produce novel nanostructures exhibiting large surface area, excel-
lent stability, and unique material properties [1-4]. Silica is one of
their main constituents of the functional nanostructures [5-8] that
also has a range of uses to make products for improving the qual-
ity of life [9]. Crystalline silica exists in at least eight different crys-
tal polymorphs, of which quartz is the abundant form because it is
the most thermodynamically stable phase under ambient condi-
tions. Quartz is a chemically inert and relatively hard crystalline
mineral that is present in rocks, soil, and sand [10]. It is used widely
in many large-scale applications, such as abrasives, foundry materi-
als, ceramics, and cements, because of its abundance and high ther-
mal and chemical stability [11]. Quartz is also used as an active
optoelectronic component such as a crystal oscillator for many mod-
ern electronic devices, including watches, clocks, radios, personal
computers, and cellphones, because of its unique piezoelectric prop-
erties [12,13].

Quartz has two polymorphs of - and -quartz, which exhibit
slightly different helical arrangements of the tetrahedral silicate unit
with the ridgepole of one tetrahedron connected to the keel of the

next tetrahedron in a helical conformation [14]. -Quartz has hex-
agonal symmetry with six- and three-fold screw axes, while the
same symmetry elements of -quartz are distorted slightly to a
certain extent. In general, the -phase is stable at ambient tem-
perature and atmospheric pressure. On the other hand, the -phase
is stable only at temperatures above ~573 oC, and transforms spon-
taneously to -quartz upon cooling [15].

The hydrothermal growth of crystals has been studied widely
for many years [16-21]. In general, hydrothermal processes employ
an autoclave as a reaction apparatus for heating reaction solvents
near their critical point simultaneously with autogenous pressure,
allowing them to grow highly crystalline materials in large quanti-
ties at relatively low cost [21]. Their advantages over other crystal
growth processes include creating distinct crystalline phases that
may not be thermodynamically stable at the melting point and grow-
ing materials with a high vapor pressure near the melting points
[22]. Hydrothermal methods are also effective in not only produc-
ing bulk quartz [16,17,23-25] from saturated silica solution but also
synthesizing isotropic and anisotropic quartz nanocrystals (NCs)
[23,26-30] with sizes ranging from tens of nanometers to hundreds
of micrometers. Despite the progress, some of the reported syn-
thetic methods did not always have superb control over well-defined
sizes, shapes, and crystal phases because of the extremely rapid growth
and coarsening processes typically under highly basic (pH>10)
hydrothermal conditions [26,28,31]. Although there have been stud-
ies on the growth of quartz previously, most of them aimed at
growing bulk quartz at high temperature (~500 oC) and pressure
(~100 MPa), because these conditions, which may be reminis-
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cent of harsh geological environments, are required to increase the
solubility of a sparingly soluble material to a point where it can be
readily nucleated and crystallized [32,33]. However, few studies
have focused on investigating and understanding the nucleation
and growth of quartz NCs under relatively moderate hydrother-
mal [34] and ambient [27] conditions.

Previously, we reported a hydrothermal method to synthesize
highly crystalline quartz NCs from the dissolution of amorphous
silica nanoparticles (ASNs) in a brief communication [29]. Here,
we present a full investigation of the synthesis and characteriza-
tion of quartz NCs. Also, we intend to follow the growth process
of quartz NCs at ~250 oC under autonomous pressure, determine
a rate law that may be extrapolated, at least semi-quantitatively, and
interpret the growth kinetics by harnessing the theoretical models
developed for other nanocrystal growth processes. The hydrother-
mal reactions of dissolved ASNs in aqueous solutions initially
yielded powdery amorphous products of silica nanoparticles over
a reaction time of 0-3 hr. The crystallinity of -quartz emerged
from the products after ~3-6 hr, which suggests they likely trans-
formed from amorphous to crystalline silica in solutions. Since the
transition, the growth of quartz NCs proceeded continuously until
almost all the precursors were consumed. Analyses of the growth
kinetics over the time period of 0-24 hr revealed a dependence on
the square root of time, leading to a simple kinetic model in which
the growth process that is likely governed by the monomeric dis-
solved silicate precursor flux to the surface of growing NCs followed
by first-order rate-limiting attachment kinetics, which provides a
rationale for the reaction-limited growth process.

EXPERIMENTAL SECTION

1. Materials
Tetraethyl orthosilicate (TEOS, 99%) was purchased from Sigma-

Aldrich (USA) and used as received. All other chemicals includ-
ing methanol, absolute ethanol, acetone, ammonium hydroxide
aqueous solution (NH4OH, 25 wt%, Daejung, Korea), 1 N sodium
hydroxide (NaOH, Samchun, Korea), and 1 N hydrochloric acid
(HCl, Samchun, Korea) were of analytical ACS Regent grade and
used as received.
2. Preparation of Quartz NCs

Quartz NCs were synthesized via hydrothermal methods previ-
ously reported elsewhere [29]. An aqueous solution of 0.225 g amor-
phous silica nanoparticles (ASNs) prepared using a slightly modified
Stöber process [6] mixed with 27 mL triply distilled H2O and 3 mL
1 N NaOH solution was heated to 100 oC and stirred at 400 rpm
for 1 hr. The solution turned from opaque white to clear after ~20
min, due likely to the complete dissolution of ASNs at pH~12.
After 1 hr, ~1 mL of 1 N HCl was added to eliminate the excess
hydroxyl ions by adjusting the pH of the solution to ~7.0. The result-
ing aqueous solution was transferred to a 50 mL polyetheretherke-
tone (PEEK)-lined stainless steel autoclave and heated to ~250 oC
for 3-24 hr. Once the reaction was complete, the autoclave was
cooled slowly to room temperature. The white precipitates were
then filtered through a nylon membrane with a pore diameter of
0.25m, washed with an excess of deionized water and anhydrous
ethanol and dried in a vacuum oven at room temperature to give

~120 mg of the NCs.
3. Characterization

X-ray powder diffraction (XRD, X’Pert-MPD, Philips Inc., USA)
of the NCs was conducted using a monochromatized source of
Cu K1 radiation (=0.15405 nm) at 1.2 kW power (40 kV, 30 mA).
Fourier transform infrared spectroscopy (FT-IR, Spectrum GX,
Perkin Elmer Inc., USA) was performed using the KBr pellet and
attenuated total reflection (ATR) techniques. X-ray photoelectron
spectroscopy (XPS, ESCALAB 250, Thermo Fisher Scientific Inc.,
USA) of the NCs was performed using a monochromatic X-ray
source of an Al anode K radiation (1,486.6 eV) as an excitation
source. The binding energy was calibrated to the C 1s line of car-
bon at 284.6 eV before the actual measurements. Thermal analy-
ses of the NCs involved using thermal gravimetric analysis (TGA,
Q50, WatersTM & TA Instruments, USA) analyzer. Typically ~15 mg
of the synthesized NCs was heated in an Al2O3 crucible at a heat-
ing rate of 5 oC/min under N2 flow of 100 mL/min up to 800 oC.
N2 adsorption-desorption measurements of the NCs were per-
formed using Autopore IV and ASAP 2010 instrument (Micromerit-
ics Instrument Corporation, USA). Samples of the NCs were de-
gassed at 300 oC for ~3 h before the measurements. The Brunauer-
Emmett-Teller (BET) method was used to calculate the specific
surface areas. 29Si solid-state nuclear magnetic resonance (ssNMR)
spectroscopy of the NCs and ASNs was performed on a 400 MHz
AVANCE III HD NMR spectrometer (Bruker Corporation) equipped
with a 4 mm (outer diameter of the zirconia rotor) magic angle
spinning (MAS) probe at the Korea Basic Science Institute (KBSI,
Western Seoul Center, Korea). The spectra were obtained by direct
excitation at 79.51 MHz with a 1.6s pulse width (pulse angle /
6), a 50 s recycle delay at ambient probe temperature (~25 oC), and
a sample spin rate of 11 kHz. The signals from 4900 scans were
accumulated. The 29Si ssNMR chemical shifts ( in ppm) were ref-
erenced to an external sample of tetrakis(trimethylsilyl) silane at
135.5 ppm with respect to tetramethylsilane (TMS) at 0.0 ppm.
The morphology of the NCs was examined by field emission scan-
ning electron microscopy (FESEM, Zeiss Supra 25, Zeiss Interna-
tional, Germany) with an accelerating voltage ranging from 5 to
10 kV. Transmission electron microscopy (TEM, H-7600, Hitachi
High-tech, Germany) of the NCs was performed at an accelerat-
ing voltage of 80 kV. The size and shape characterization of NCs
was based on FESEM and TEM image analysis. As long as the
NCs are approximately spherical (i.e., isotropic), the only relevant
length scale is the diameter of NC. However, when they become
non-spherical, their structural anisotropy requires two parame-
ters, such as length and width, for complete size and shape charac-
terization. Therefore, the former was determined by measuring
the maximum sizes from TEM images of individual NCs. Then,
the latter was determined by measuring the sizes perpendicular to
the long axis for the length. Fiji, a distribution of open-source
ImageJ software, was used to analyze all images to obtain the mean
values of length and width and the corresponding error bars rep-
resenting the standard deviations (based on ~50 counts/image).
High-resolution TEM (HRTEM) and selected area electron dif-
fraction (SAED) were performed on a TALOS F200X TEM (FEI
& Thermo Fisher Scientific Electron Microscopy Solutions, USA)
at an acceleration voltage of 200 kV. Lattice spacing and angle mea-
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surements were taken from Fourier analysis of individual NC’s
HRTEM images that were properly tilted down a specific low
order zone [35,36]. The idealized crystal habits of -quartz were
modeled using stereographic projections by the Visualization of
Electronic and STructural Analysis (VESTA) and KrystalShaper®
(JCrystalSoft) software packages.

RESULTS AND DISCUSSION

Fig. 1 is a schematic diagram of preparing quartz NCs via hydro-
thermal methods. Fig. 2 shows the structural analysis of quartz NCs
by XRD, FESEM, and HRTEM. The powder XRD patterns of the
as-synthesized NCs indicated their crystalline nature (blue curve,
Fig. 2A). The majority of peaks in the XRD pattern were in accor-
dance with that of bulk -quartz (red curve, Fig. 2A, Joint Com-
mittee on Powder Diffraction Standards (JCPDS) card no. 46-1045).
FESEM image revealed that the NCs had a prism-like morphology
[37] with two six-sided pyramids at both ends. Based on FESEM
measurements (Fig. S2), the average size of the NCs synthesized
from ~6 hr reaction time was measured to be 407±16 nm. HRTEM
of a typical NC revealed lattice fringes with a lattice spacing of 0.33
and 0.43 nm, which corresponded to the (101) and (100) crystallo-
graphic planes of -quartz, respectively (Fig. 2C) [38,39]. The inter-
facial angle between the (100) and (101) planes was ~38.1o, which
was reasonably consistent with the value of ~38.2o from the model
of bulk -quartz crystal shown in the inset image of Fig. 2B [38,
39]. The selected area electron diffraction (SAED) pattern of typi-
cal quartz NCs (Fig. S1) and the Fast Fourier transform (FFT) of

Fig. 1. Schematic diagram of the hydrothermal synthesis of quartz
nanocrystals (NCs). (A) Use of amorphous silica nanoparti-
cles (ASNs) as starting materials. (B) Complete dissolution
of ASNs in aqueous solutions. (C) Hydrothermal reaction at
~250 oC under an autogenic pressure. (D) Growth kinetics of
-quartz NCs via amorphous phase (AP) to crystalline phase
(CP) transition.

Fig. 2. (A) XRD patterns of -quartz NCs (blue curve). (B) Higher magnification FESEM image of -quartz NCs and inset image showing
the comparison of the prism-like morphology of single -quartz NC (left) and a computer-generated 3D model of bulk -quartz crys-
tal with (100) and (101) crystallographic planes (right). (C) Representative HRTEM image of -quartz NC exhibiting the (100) and
(101) planes and the angle between the (100) and (101) planes is 38.1o. (D) Fast Fourier transform image of Fig. 2C.

HRTEM image (Fig. 2D) show an ordered pattern of diffraction
spots assigned to the {100} and {101} planes based on the d-spac-
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ings calculated from its SAED pattern. Also, these assignments are
in excellent agreement with the XRD results (Fig. 2A).

Fig. 3 presents FT-IR and 29Si ssNMR measurements of the ASNs
and as-synthesized NCs. The FT-IR spectra of the as-synthesized
-quartz NCs (blue curve, Fig. 3(a)) exhibit IR absorption bands
at 3,438 and 3,243 cm1, which are assigned to the OH stretching
vibration of adsorbed water and surface silanol [40]. The band at
1,638 cm1 is assigned to bending vibration of adsorbed water [40].
The IR bands at 1,103, 800, and 474 cm1 are assigned to asymmet-
ric, symmetric stretching, and symmetric bending of Si-O-Si moi-
eties. In general, the FT-IR spectrum obtained from -quartz NCs
is analogous to the spectrum from ASNs except for the fingerprint
region from 1,000 to 400cm1 and a missing band at 945cm1, which

is due likely to fewer free hydroxyl groups bound to the surface Si
atoms of -quartz NCs [29,30]. 29Si ssNMR spectrum of ASNs (black
curve, Fig. 3(b)) shows three distinct peaks assigned to dihydroxy
terminated Q2 ((-O)2Si(OH)2) (=101.12 ppm), monohydroxy
terminated Q3 ((-O)3Si(OH)) (=110.86 ppm), and nonhydroxy
terminated Q4 ((-O)4Si) sites (=92.24 ppm), respectively. In con-
trast, 29Si ssNMR spectrum of -quartz NCs (blue curve, Fig. 3(b))
shows only one major Q4 peak (=107.65ppm) with a much nar-
rower spectral width and one minor Q3 shoulder peak (=99.54
ppm), indicating the variation in Si-O-Si angles from that in the
NCs with ordered silica networks smaller than those of ASNs with
disordered networks [30].

Fig. 4 shows the survey XPS spectra of the ASN and NCs over

Fig. 3. (a) FT-IR and (b) 29Si ssNMR spectra of -quartz NCs (blue curve) and ASNs (black curve).

Fig. 4. (Top) Survey XPS spectra of -quartz NCs (blue curve) and ASNs (black curve). (Bottom) High resolution XPS spectra of -quartz
NCs (blue curve) and ASNs (black curve). Open circles were obtained from XPS measurements, and solid curves were best fits
obtained by Lorentzian-Gaussian deconvolution showing the binding energies (BEs) of the Si 2p (left) and O 1s (right).
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the full energy range confirming the elements such as Si, O, and
C. High resolution XPS spectra of ASNs and -quartz NCs (black
and blue circles, Fig. 4) were deconvoluted to obtain their best fits
providing the following similar binding energies (BEs): Si 2p peaks
at 102.9 and 102.7eV and O 1s peaks at 531.9 and 531.2eV, respec-
tively. Given that BEs of 103.0 and 532.0 eV were used as reason-
able reference values for the Si 2p and O 1s line in SiO2 moieties,
respectively [41], and that the Si 2p and O 1s spectra were best fit-
ted with a single Gaussian peak, these peaks most likely originated
from Si-O-Si environments with fewer Si-OH moieties [42].

A series of XRD was used along with 29Si ssNMR measurements
to monitor the growth process of the quartz NCs ex-situ. Fig. 5 shows
that the products formed from a <~6 hr hydrothermal growth had
only one and two broad peaks in the XRD pattern and 29Si ssNMR
spectrum, respectively (black curves, Fig. 5(a) and (b)). The spec-
tral broadness of the XRD pattern and 29Si ssNMR spectrum and
the resemblance of 29Si ssNMR spectrum to that of ASNs indicated
that the products were likely amorphous. FESEM images of the
products formed from 1-4 hr hydrothermal growth revealed that,
initially, they were aggregated amorphous nanoparticles with an
average size of ~37 nm (Fig. S5A). However, they appeared to form
clusters of nearly uniform sizes that increased from ~60 nm (Fig.
S5B) to ~196 nm (Fig. S5D) over the time period of ~2-4 hr. As the
reaction time elapsed ~6 hr, two distinct changes occurred over
the time period of 6-24 hr. First, the XRD patterns exhibited mul-
tiple peaks of which the intensity and the spectral width became
more intense and narrower (dark cyan, blue, and orange curves,
Fig. 5(a)), implying that increasing crystalline domain size greater
than ~100 nm decreases XRD peak broadening [43] significantly.
In fact, all the peaks in the XRD patterns were in good agreement
with that of bulk crystalline -quartz. Second, the 29Si ssNMR spec-
tra exhibited one major Q4 and one minor shoulder Q3 peak that was
shifted slightly towards a less negative chemical shift. Their ssNMR
spectral widths became much narrower (dark cyan, blue, and orange
curves, Fig. 5(b)). These results suggest that the structure and crys-
talline order of the silica network likely began to emerge with less
disparity in the Si-O-Si bond angles and more nonhydroxy termi-
nated Q4 sites during the NC growth process after an amorphous
induction period [30].

N2 sorption isotherms and thermogravimetric analysis (TGA)
curves of the as-synthesized products (Figs. S3 and S4) showed their
adsorption and weight loss characteristics. The shapes of all iso-
therms were similar to that of the characteristics type IV isotherms
described in the IUPAC classification [44,45]. Notably, the isotherm
shape of the aggregated amorphous nanoparticles formed from
3 hr hydrothermal growth exhibited the characteristic isotherm type
H1 (IUPAC classification), which is commonly observed from nano-
structured silica materials [46]. However, the isotherm shapes of
the samples from 6-24 hr hydrothermal growth did not show dis-
tinctive hysteresis loop in their isotherms. Also, the specific surface
areas of the samples formed at 3, 6, 12, 18, and 24 hr hydrother-
mal growth were determined to be 30.0, 7.7, 7.0, 7.8, and 5.3 m2·g1

from their low temperature N2 sorption isotherms using the BET
model, respectively. The NCs exhibited significantly lower specific
surface areas than the aggregated amorphous nanoparticles, likely
due to their relatively larger sizes, higher crystallinity, and smoother
crystal facet. TGA thermograph of the aggregated amorphous nano-
particles formed from 3 hr hydrothermal growth showed a maxi-
mum rate of weight loss (~4.5%) occurred in the region of 73-148 oC
followed by another weight loss (~4.3%) around 223-512 oC, result-
ing in ~15% total weight loss over the entire temperature range.
However, the NCs formed from 6-24 hr hydrothermal growth ex-
hibited a gradual decrease in maximum rate of weight loss as the
growth period is extended, resulting in only <~3% total weight loss.
The decrease in weight loss is likely due to the crystalline state of
the NCs, suggesting the thermal stability of the NCs is much supe-
rior to that of the amorphous nanoparticles.

The growth process was also examined by FESEM and TEM
measurements on -quartz NCs with sizes ranging from ~400 to
~800 nm. In particular, the length and width of the NCs measured
along their long and short axes were plotted as a function of the
reaction time t in Fig. 6. Length and width data measured only at
6-24 hr hydrothermal growth were considered for the NC growth
stage and fitted by a power-law growth curve of the functional form
At. A least-squares fit resulted in best fits with an exponent  of
0.50 and 0.52 and a pre-factor A of 171.20 and 102.33 for the length
and width of the NCs, respectively. Surprisingly, the function was
fitted well only with the data measured at 6-24 hr, as confirmed by

Fig. 5. Series of (a) XRD patterns and (b) 29Si ssNMR spectra of the reaction products from ~3 (black curve), ~6 (dark cyan curve), ~12 (blue
curve), and ~24 (orange curve) hr hydrothermal growth process.
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R21 (i.e., R2=0.999 and 0.998 for the length and width of the NCs,
respectively). These results suggest that the length of -quartz NCs
exhibited slightly faster growth along the c-axis than that of the
width on the basal plane defined by the a-axis and b-axis. In the
case of bulk quartz, the fastest growing face of bulk quartz under
hydrothermal conditions was found to be the basal plane, and the
order of rates was basal rate (  equivalent to )>minor
(  equivalent to )>major rate (  equivalent to

)>>prism rate (  equivalent to ) [32]. This is one
of the reasons for the order of specific facet area to be prism ( )>
major ( )>minor ( ) shown in the model of anisotropic
-quartz crystal (inset image of Fig. 2B) [38,39]. The results of uneven
growth rates indicate that there may be a tendency for quartz NC to
exhibit an anisotropic morphology analogous to that of bulk quartz.

Fig. S5 shows FESEM images of the reaction products of aggre-
gated nanoparticles and their clusters at ~1-4 hr. Analysis of nano-
particle cluster sizes vs. time showed that their sizes measured at
~1-4 hr (black squares, Fig. 6) were moderately comparable to the
extrapolated values from the above power-law NC growth curve at
~3-6hr. This result suggests that the sizes of amorphous silica formed
from the dissolution of ASNs at amorphous phase (AP) may dic-
tate the initial sizes of growing NCs at crystalline phase (CP) (Fig.
6). Thus the emergence of crystalline structure is not likely due to
the sudden formation of NCs but rather to the amorphous to crys-
talline transformation of the clusters to NCs at ~3-6 hr.

The morphological and kinetic behavior of -quartz NC growth
can be understood by considering the classical principles to describe
nanoparticle growth [47-62]. When nucleation occurs with con-

stant monomer concentration during the growth of NCs, the clus-
ter growth process begins to take place, which depletes the monomer
concentration. Nucleation ceases when the concentration falls below
a critical supersaturation and growth becomes the dominant pro-
cess. Typically, a colloidal particle grows by the diffusion of mono-
mers toward the surface, followed by a chemical reaction of mono-
mers at the surface. In general, the surface-to-volume ratios of the
smaller particles at the early growth stage are relatively high. Owing
to the large surface areas, excess surface energy becomes more im-
portant in the smaller particles. The formation of large particles at
the expense of small particles decreases the total surface free energy,
which drives nanoparticle growth. This coarsening process in solu-
tion via atom-by-atom dissolution and reattachment, controlled
either by mass transport or diffusion, is also known as an Ostwald
ripening process [63]. The diffusion-limited Ostwald ripening pro-
cess is the most predominant growth mechanism that was first
quantified by Lifshitz and Slyozov [51], later reinforced by Wagner
[59], and famously known as the Lifshitz-Slyozov-Wagner (LSW)
theory. For a solid present at a solid-liquid interface, the chemical
potential of a solid colloidal particle in solution environments in-
creases with decreasing size. According to the Gibbs-Thompson
equation [64], the equilibrium solute monomer concentration at
the surface of larger particles is much lower than that of smaller
ones. The resulting concentration gradients lead to the transport of
the solute monomers from smaller particles to larger ones, which
provides a driving force for the growth of larger particles at the cost
of smaller particles. The coarsening process is often controlled by
diffusion and particle growth via the addition of monomers to the
particle surface from the solution.

In typical environments, the surrounding environment around
NCs with an average radius of r, is considered to be the bulk liq-
uid phase with a uniform supersaturated monomer concentration
Csb. In contrast, the monomer concentration at the interface between
the liquid and the NC is Ci, and the solubility (i.e., equilibrium con-
centration) of the NC with a radius r is Cr. The net flux of mono-
mers J moving through a spherical surface with radius x within
the diffusion layer, which is known as Fick’s first law of diffusion
[65], is given by

(1)

where D is the diffusion coefficient of the monomer in the growth
solution.

The situation where the flux is constant over the diffusion layer,
of which its thickness is r, is referred to as steady-state. Under the
steady-state, the above differential equation can be integrated ap-
proximately using the intermediate value theorem, which is given
by

(2)

This flux can be equated to the consumption rate of the mono-
mers at the NC surface, which is given by

(3)

where ka is the rate constant of a first-order attachment reaction.

0001  001 
0111  011  1011 

101  1010  100 
100 

101  001 
J  4x2DdC

dx
-------

J
4Dr r   r 

r
----------------------------- Csb   Ci 

J  4r2ka Ci   Cr 

Fig. 6. Analysis of -quartz NC growth kinetics showing the varia-
tion in length (purple curve) and width (dark blue curve) of
the NCs measured at 6-24 hr after amorphous to crystalline
transformation. The solid lines are best fits of the functional
form At with an exponent =0.50 and 0.52 and a pre-factor
A of 171.20 and 102.23 (R2=0.999 and 0.998) for the length
and width of the NCs, respectively. The dotted lines are ex-
trapolation to initial sizes at t=0. The black open squares cor-
respond to the amorphous nanoparticle cluster sizes meas-
ured from FESEM images (Fig. S3) at ~1-4 hr and were not
included in the fitting process.
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In many cases, it is difficult to measure or estimate Ci. Therefore,
Eqs. (2) and (3) can be simplified by eliminating the variable Ci,
which is given by

(4)

Simplifying Eq. (4) leads to

(5)

Assuming the flux of monomers J passing through the infinitesi-
mal thickness dr and time dt is approximately equal to

(6)

where Vm is the molar volume of the particle. The rate of NC growth

 is expressed as

(7)

The dependence of Csb and Cr on the NC size r due to the excess
free energy of the surface is given by the Gibbs-Thompson relation-
ship [64], which is expressed as follows:

(8)

where Ce
 is the equilibrium concentration of a bulk NC with an

extremely flat geometry,  is the interfacial energy, Vm is the molar

volume of the particle, and R is the gas constant. When  is
relatively very small, Eq. (8) can be simplified to retain only the
first two terms of the Taylor expansion of the concentration. Simi-
larly, Csb can be approximated as

(9)

Because the thicknesses of the diffusion layers are typically on the
order of micrometers and the radius of the NC is on the order of
nanometers, it can be safely assumed that r<<r, which suggests
that  Substituting Eqs. (8) and (9) into Eq. (7) with this as-

sumption gives the rate of NC growth dr/dt, which is expressed as

(10)

This study examined how the growth rate behaves at two differ-
ent limits: diffusion-limited growth vs. reaction-limited growth.
When diffusion is the slowest step in the growth process charac-
terized by the condition, D<<kar in Eq. (10), the diffusion of

monomers to the surface of the NC essentially controls the growth.
In this limit, Eq. (10) reduces to the following form:

(11)

where KD is the proportionality constant given by  Ac-
cording to LSW theory, the ratio of the average radius to the criti-

cal radius at supersaturation  becomes constant, provided that

the total mass of the system is conserved [51,59,62]. Applying this
condition to Eq. (11) leads to the simplified form of the rate of
growth expressed as follows:

(12)

By solving the above simple differential equation, the dependence
of the NC size on time r(t) is expressed as

(13)

where K' is the proportionality constant, which is a function of the
diffusion coefficient D and temperature T given by the expression,

(14)

where the diffusion coefficient of the system D is a function of tem-
perature T as follows:

(15)

where kB is the Boltzmann constant and Ea is the activation energy
of the diffusing monomers.

In addition to the diffusion process that is well accounted for in
the LSW theory, another crucial process in the growth of NC is the
chemical reaction at the surface where the units of diffusing mono-
mers are consumed into growing NCs by the attachment reaction.
If the condition is at the opposite limit, i.e., D>>kar in Eq. (10), the
growth rate is instead limited by the surface chemical reaction of
the monomers. Applying this condition to Eq. (10) leads to a sim-
plification of the growth rate given by the following:

(16)

where KR is referred to as the kinetic coefficient that reflects the bar-
riers to attachment and the geometric factors and is given by the
expression

(17)
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The ratio  can be regarded as constant if the condition of mass

conservation is met, similar to that of the diffusion-limited growth.
Applying this condition to Eq. (16) leads to a simplification of the
NC growth rate as follows:

(18)

By solving this simple differential equation, the dependence of the
NC size on time r(t) can be expressed as

(19)

where K'' is the proportionality constant that is a function of the
rate constant of a first-order attachment reaction ka and tempera-
ture T.

Our results are in contrast with previous studies’ results, includ-
ing the growth of nanocrystalline agate and chalcedony quartz that
yielded an exponent of ~1/6 with no physical meaning [34]. Con-
sidering that the dissolution of ASNs in aqueous solutions leading
to the formation of (ortho)silicic acid (H4SiO4, SA),

SiO2+2H2OH4SiO4 (20)

quartz crystals begin to grow by adding dissolved SA to their sur-
faces, edges, and corners layer by layer via a condensation reaction
to form siloxane (Si-O-Si) bonds:

[SixOy]OH+H4SiO4[Six+1Oy+2]OH+2H2O (21)

Given that exponents from the best fits to the data are close to 1/2
rather than 1/3 (Fig. 6), these results suggest that it is not diffusion-
limited or dissolution-limited but reaction-limited over the flux of
dissolved silicates as monomers, combined with the first-order kinet-
ics of monomer attachment to the surface of the NC. While the
exact form of the dissolved species was not determined, soluble sili-
cate anions such as SiO4

4 and Si3O7
2 were likely formed in hydrox-

ide rich alkaline environments [66].
Note that the characteristic diffusion length of the monomer is

~(Dt)1/2, where t is the timescale of the system and D is the diffu-
sivity of the monomer in solution. On the timescale of NC growth
processes (5-24 hr), and for dissolved SA or silicic anion diffusivity
of >~105 cm2·s1 [67], the estimated diffusion length is ~100m.
Because the characteristic diffusion length is much less than the dis-
tance to the autoclave walls, the concentration of monomers can be
approximated as a constant across the NC surface by assuming the
system as a semi-infinite volume. Furthermore, the characteristic
diffusion length was much greater than the size of NCs, suggest-
ing that the reaction at the NC surface may be much slower than
the diffusion during the growth processes. Consequently, the con-
dition D>>kar leading from Eq. (10) to Eq. (16) is justified. Further-
more, the anisotropic structure of quartz results in differences in
growth rate in different crystallographic directions [24,25]. Differ-
ences between the attachment probabilities of dissolved silicate
monomer and the surface energies  in the direction of and per-
pendicular to the c-axis of -quartz likely resulted in differences in
the KR, the K'', and the pre-factor A, which was likely responsible
for different length and width growth rates. In conclusion, the over-

all square root of time dependence suggests that the -quartz NC
growth process is most likely driven by the enthalpic terms that give
rise to the excess free energy. Moreover, the monomers combine
into clusters, and the clusters grow into three dimensions. As the
NC size increases, the NC growth rate slows, which is expected
from the Gibbs-Thompson relationship.

Several studies have examined the growth kinetics of nanocrys-
tals over the past decade [47,53,68-79]. In several cases, including
Au [56,71,72,80-82], Ag [83,84], Pt [85], and ZnO [86,87] nano-
crystals, there have been attempts to describe their growth processes
in solutions using the LSW theory in the context of an Ostwald
ripening mechanism. The dependence of their average size on time
t during their growth processes has often been described using the
general kinetic equation as follows:

(22)

where  and  is the mean size of nanocrystals at time t
and t0. K is a temperature-dependent kinetic coefficient, and n is
an exponent relevant to the coarsening mechanism. Plots of the
mean size as a function of time t fit the parabola, indicating that
the crystal size increases continuously with increasing time pro-
vided that the monomer feedstock is not insufficient. For example,
the plots were almost linear with n3 for the case of Au nanocrys-
tals, suggesting that the growth kinetics are controlled by the diffu-
sion-limited Ostwald ripening process predicted by the LSW theory
[80].

Although the growth models based on the Ostwald ripening
mechanism have been applied widely, these findings cannot be
explained and fitted adequately by diffusion-limited Ostwald rip-
ening kinetics. Instead, these results are consistent with the model
based on the reaction-limited growth kinetics because the growth
kinetics exhibits the square root of time dependence. However, the
square root of time dependence on the NC size alone is not enough
to understand the overall mechanism of quartz NC growth. A few
questions remain open concerning the analysis of the NC growth
kinetics. First, these findings suggest the growth process likely in-
volves an amorphous to crystalline transition at the early stages of
NC growth. This transition typically took place at approximately
3-6 hr of reaction time. The time series of XRD patterns and 29Si
ssNMR spectra of the as-synthesized products (Fig. 5) confirmed
the existence of the amorphous products. The similarity between
the initial sizes of NCs and those nanoparticle cluster sizes corrob-
orated the emergence of their crystallinity after the transformation.
In short, our results exhibit the features of the amorphous to crys-
talline transformation, which the reaction-limited growth model
cannot predict. Second, these results provide limited data of the meas-
ured sizes. This is because the measurements could not be per-
formed in-situ due to the absence of a change in their size-depen-
dent property that can be readily detected either by optical or
scattering spectroscopy, particularly using synchrotron radiation
with a sub-micron time resolution [88-90]. Although TEM is the
most direct tool to analyze the size and size distribution of NCs, it
is very time-consuming, making it almost impossible to follow the
size and size distribution of a rapidly growing particle or NC during
synthesis. While significant progress has been made to develop liq-
uid-phase TEM for observing NC formation in real time [91], in-
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situ monitoring of the growth of NCs in solution under hydro-
thermal conditions has not been demonstrated using liquid-phase
due likely to the significant engineering challenges of maintaining
higher temperatures and pressures within the TEM cells. On the
other hand, monitoring of the growth of NCs in autoclave reac-
tors at higher temperatures and pressures requires extra steps, such
as cooling of the reactors followed by rapid sampling for TEM
analysis. Unfortunately, this is a practical limitation of ex-situ exper-
iments resulting in data acquisition with a relatively lower tempo-
ral resolution. Therefore, only the upper bounds of the induction
period between the amorphous and crystalline transition were esti-
mated to be ~3hr. Third, the model assumes isotropic growth lead-
ing to a spherical morphology, which may not be most accurate at
describing the system of quartz NCs exhibiting a high anisotropic
morphology. Fourth, the growth data at the earlier growth stage
(0t6 hr), although comparable to the initial sizes of NCs, were
not rationalized by the model based on the reaction-limited con-
trol. One possible explanation is that the growth at the earlier stage
may be driven either by an alternative mechanism, such as the
aggregation or attachment of discrete amorphous particles, simi-
larly known as a crystallographically controlled oriented attachment
process [61,92], followed by amorphous to crystalline transition, or
a combination of the Ostwald ripening and oriented attachment
process. Further experimental and theoretical work will be needed
to elucidate the mechanism of quartz NC growth at the earlier stages.

CONCLUSIONS

This paper presents a solution-phase synthesis to prepare highly
uniform -quartz NCs under mild hydrothermal conditions of
~250 oC and autogenic pressure. The structure, morphology, and
composition of the NCs were characterized using the aforemen-
tioned analytical techniques. The as-synthesized NCs showed highly
crystalline lattices of -quartz with excellent thermal and chemi-
cal stability in acidic and basic aqueous environments. Their mor-
phology shows a remarkable resemblance to bulk quartz crystal in
its prism-like shape with six-sided pyramids at both ends. The
hydrothermal growth of quartz NCs initially yielded the products
of amorphous nanoparticles that were aggregated into clusters.
The crystallinity of the products began to develop after the induc-
tion period. The comparable sizes of nanoparticle clusters to those
of NCs and the emergence of crystallinity after the induction period
indicate that the growth process likely involves an amorphous to
crystalline transition. The length and width of NCs increased con-
tinuously with increasing time as NC growth proceeded. An anal-
ysis of the growth kinetics revealed a square root of time dependence
that has not been observed from previous examples of growing
quartz NCs. The simple model based on the square root of time
dependence suggests that the growth process is reaction-limited,
likely governed by controlling the dissolved silicate monomer flux
to the surface of growing NCs followed by first-order rate-limiting
attachment kinetics. Overall, the hydrothermal methods described
offer a facile means of fine-tuning the sizes and morphologies of
quartz NCs. Given their potential for advanced polishing and nano-
composite fabrication, high-quality and high-purity crystal growth,
micro- and nano-electromechanical systems (MEMS and NEMS)

devices based on nanoscale piezoelectricity, rechargeable battery
devices, nanomaterial toxicology, and nanomaterial-based biore-
finery applications, optimizing the synthesis of nanocrystals with
desired properties is an important goal. Uncovering the complex
nature of multi-step growth processes and understanding the growth
kinetics is a significant step towards that goal.
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