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Abstract−Colloidal dispersions have attracted much attention both from academia and industry due to industrial sig-
nificance and complex dynamic properties. Accordingly, a variety of attempts have been made to understand the com-
plicated physics of colloidal dispersions. Particle dynamics simulation has been playing an important role in exploring
colloidal systems as a strong complement to experimental approaches from which it is hard to get exact microscopic
information. Our aim is to provide a well-organized and up-to-date guide to particle dynamics simulation of colloidal
dispersions. Among diverse particle dynamics simulation techniques, we focus on Brownian dynamics, Stokesian
dynamics, multi-particle collision dynamics, and self-consistent particle simulation techniques. First, the concept of the
simulation techniques will be described. Then, for each simulation technique, pros and cons are discussed with a broad
range of applications, including concentrated hard sphere suspensions and biological systems. It is expected that this
article helps to identify and motivate research challenges.

Keywords: Particle Dynamics Simulation, Brownian Dynamics, Stokesian Dynamics, Multi-particle Collision Dynam-
ics, Self-consistent Particle Simulation

INTRODUCTION

Colloidal systems have attracted much attention from both aca-
demia and industry because of their rich phase behavior and
mechanical properties. Colloidal dispersion refers to a particle sys-
tem with a length scale that is larger than molecular length scale,
but small enough to be affected by thermal fluctuation and inter-
particle forces such as van der Waals force and electrostatic force
[1-3]. Typically, particles with effective diameter on the order of
tens of nanometer to several microns fall under this colloidal regime.
Depending on the flow conditions, concentration, and particle inter-
actions, they demonstrate characteristic microstructure and dynam-
ics, which are closely related to physical properties such as elec-
trical and rheological properties. From the academic perspective,
the primary goal of exploring colloidal dispersions is to understand
the microstructure and dynamics. From an application perspective,
the understanding on colloidal dispersions can be usefully employed
in controlling the properties and performance of the product.

There have been various approaches to studying colloidal sys-
tems. A typical example is experimental approaches using scatter-
ing techniques such as small angle neutron scattering (SANS)
[4,5] and wide angle X-ray scattering (WAXS) [6]. Lately, direct
visualization techniques using confocal microscopy have also been
employed [7,8]. Rheometry is another commonly used experimen-
tal methodology. However, these experimental approaches have
limitations with regard to sample conditions such as volume frac-

tion, length scales, and time scales. In addition, as the colloidal dis-
persions of interest become more complicated with diverse per-
formances (e.g., complex particle shapes, polydispersity, etc.), exper-
imental approaches have limits in obtaining enough information
and interpreting the result. As an alternative, theoretical approaches
using particle dynamics simulation have been suggested. Taking
the advantage that enables easy investigation on particle position
and dynamics, particle dynamics simulation has played a role as a
standalone methodology and sometimes as an additional tool to
aid experimental study.

Our aim is to provide a simple review on particle dynamics
simulation techniques for colloidal dispersions. As the field of the
particle dynamics simulation is fairly large, we cannot deal with all
techniques in this work. Therefore, excluding several techniques,
such as Lattice-Boltzmann technique, we will focus on off-lattice
Lagrangian particle dynamics simulation methods where the par-
ticles are treated explicitly. Four kinds of particle dynamics simula-
tions (Brownian dynamics, Stokesian dynamics, multi-particle colli-
sion dynamics, self-consistent particle simulation) are selected to
be discussed. At the beginning of each part, implementation of
each simulation technique is described briefly and to the point.
Thereafter, a wide range of application cases are introduced, and
the pros and cons of each technique are discussed. Lastly, in con-
clusion, we compare and assess the four different techniques alto-
gether in various aspects.

BROWNIAN DYNAMICS (BD)

1. BD Implementation
The dynamics of a sphere particle suspended in a medium is
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governed by a momentum balance. The particles experience colli-
sion with atoms or molecules of the medium. The collision makes
particles move in a random way. This irregular motion is well
known as Brownian motion, and a particle moving with this ran-
dom motion is called as a Brownian particle [9]. The Brownian
force from the solvent molecules plays an important role in deter-
mining the physics of dispersions. For example, stability, internal
structure, and rheological properties can be significantly affected
by the Brownian motion [10-12]. For a Brownian particle, there is
another effect of fluid medium: the viscous friction acting against
particle motion. The viscous drag can be described by Stokes equa-
tion on time scales relatively longer than viscous relaxation. Addi-
tionally, there can be external forces induced by other particles.
Putting all these together, the viscous drag, the Brownian force, and
the external forces should balance particle inertia such that

(1)

with m, the mass of Brownian particle, and vi, the particle veloc-
ity. Eq. (1) is called Langevin equation [1,2,13]. The first term on
the right hand side Fij(rij) indicates the inter-particle force exerted
on i-particle due to j-particle at separation rij. The second term Fi

B

and third term Fi
D represent Brownian force and viscous drag force,

respectively.
The inter-particle interaction Fij(rij) has been described in vari-

ous ways by using a number of inter-particle potentials according
to its origin. In the case of hard spheres, interparticle interaction is
described by repulsive hard core interaction which arises from the
overlap of particle surfaces [14-16]. Recently, a new technique, called
potential free method, has been developed to model the inter-par-
ticle interaction between hard spheres [17,18]. Interaction between
soft spheres that interact through attractive or repulsive force is
more complicated. For soft sphere particles interacting through
electrostatic force and van der Waals force, Derjaguin-Landau-
Verwey-Overbeek (DLVO) potential works effectively [2,19,20].
Depletion attraction is another typical attractive interaction induced
by an effect of increased osmotic pressure in the surrounding me-
dium and can be properly described by Asakura-Oosawa model
[20-22]. In addition, there are various potential models such as
Lennard-Jones potential and Yukawa potential [15,23,24]. Note
that employing adequate potential model is an important factor in
particle dynamics simulation.

In the Langevin equation, Brownian motion is expressed through
a Brownian force Fi

B. The Brownian force is given as a stochastic
force characterized by two conditions. First, the Brownian force
has random direction and magnitude, which are uncorrelated to
each other on the particle motion time scale. Second, kinetic energy
is evenly distributed to three translational modes of particles. Ac-
cording to the fluctuation-dissipation theorem [25], these condi-
tions can be described mathematically as

(2)

where bracket indicates an ensemble average. Here δ(τ), δij, δ, ξ,
and τ represent the Dirac delta function, Kronecker delta, unit sec-

ond-order tensor, drag coefficient, and arbitrary time difference,
respectively. This mathematical description is equivalent to the
Fokker-Planck equation [26,27], which delineates the time evolu-
tion of the probability density function of a particle with random
thermal motion. Generally, the Brownian force is assumed to take
the form of Gaussian random distribution with zero mean and
variance 2ξkBT/Δt where Δt is the size of the integration time step.
This stochastic force gives uncorrelated displacement  for
three orthogonal directions (x, y, z) on average, where DT is the
translational diffusion coefficient of a particle at infinite dilution
[1,2].

As a particle moves in a fluid, it exerts force on the fluid. As a
result of the principle of action and reaction, the particle undergoes
dissipative viscous drag force which is noted as Fi

D in the Langevin
equation. In Brownian dynamics, the viscous drag force is com-
monly approximated by a simple Stokesian friction term,

(3)

where η and a are the viscosity of the fluid medium and the parti-
cle radius, respectively. Here, vi is the velocity of i-th particle and
u∞ (ri) is the unperturbed velocity of the fluid medium evaluated
at the particle position ri. The unperturbed velocity field u∞ (ri)
can be customized according to the flow condition. For example,
in the case of simple shear flow, it takes the form of ( yi, 0, 0).
However, in the strict sense, the motion of a particle in a fluid
medium disturbs the velocity field, which affects the viscous drag
force exerted on other particles [28,29]. The interaction through
the fluid medium is called the interparticle hydrodynamic interac-
tion and can be influential. Some algorithms suggest an extension
to include the effect of the inter-particle hydrodynamic interaction
by adopting the concept of diffusion tensor. This will be intro-
duced briefly at the end of this section.

In most cases, the particles have very small mass (m→0) and the
inertia term on the left hand side of the Langevin equation, Eq.
(1), can be neglected. Then, Eq. (1) and Eq. (3) reduce to the fol-
lowing expression:

(4)

To calculate the trajectory of each particle, the above stochastic dif-
ferential equation has to be integrated forward in time. Using an
explicit Euler time integration scheme, it can be discretized as fol-
lows:

(5)

As mentioned earlier, the effect of Brownian force Fi
B is mani-

fested as an uncorrelated random displacement Δri
B which satisfies

(6)

The position of the particle is updated with the above evolution
equation, Eq. (5). With the newly updated information on particle
position, the position-dependent physical properties, such as inter-

m
dvi

dt
------- = Fij rij( )  + Fi

B
 + Fi

D

j
∑

Fi
B t( )〈 〉 = 0,

Fi
B t( )Fi

B t + τ( )〈 〉 = 2kBTξδijδ τ( )δ

2DT
Δt
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D

 = − 6πηa vi − u∞ ri( )( )  = − ξ 

dri

dt
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particle force , are updated and after that, the whole process

is repeated. Fig. 1 briefly summarizes the algorithm for BD simu-
lation.
2. BD with Hydrodynamic Interactions

Particle motion in a fluid medium induces disturbances in veloc-
ity field. The velocity field disturbance changes the drag force ap-
plied to other particles. The medium-mediated interaction, called
interparticle hydrodynamic interaction, cannot be considered in
classical Brownian dynamics where the viscous drag force is sim-
plified to a Stokesian drag force. As an alternative, extended Brown-
ian dynamics, which includes the effect of hydrodynamic interaction,
was suggested [30]. In this algorithm, the effect of inter-particle hy-
drodynamic interaction is considered through a diffusion tensor
Dij(ri, rj) given by

(7)

Here Ωij(ri, rj) is the hydrodynamic interaction tensor with Ωii=0.
In particle dynamics simulation, the Oseen tensor and the Rotne-
Prager tensor have been widely used [2,31].

The stochastic differential equation for Brownian dynamics with
hydrodynamic interaction can be derived as [30]

(8)

where nj(t) is a random vector satisfying 

(9)

The weighting tensor Bij is determined from the fluctuation-dissi-
pation theorem [25-27]

(10)

To invert the above equation and calculate Bij, Cholesky decompo-
sition or another computationally efficient method can be used
[32].
3. Application of BD

Because of relatively low computational cost and expandability,

Brownian dynamics has been widely used to explore the physics
of various macromolecules and soft matter systems. Studies on
colloidal gel and colloidal glass systems are the most typical exam-
ples [33-42]. In BD, the effect of interparticle hydrodynamic inter-
action is simply approximated to Stokesian friction term. This
implies that BD cannot describe hydrodynamic interaction cor-
rectly. Even though an extended algorithm, as introduced in the
previous part, has been suggested to resolve this issue, it is still inade-
quate to consider the near-field hydrodynamic interaction such as
lubrication force. However, despite its inadequacy, BD holds a
dominant position in investigating the colloidal gel and colloidal
glass systems where the interparticle hydrodynamic interaction is
less important. In the case of colloidal gel, the particle dynamics is
dominated by nonhydrodynamic inter-particle interaction, such as
van der Waals attraction and depletion attraction [43-45]. In addi-
tion, the dynamics of the particles that organize a colloidal glass is
governed by the excluded volume effect of surrounding particles,
often called a cage effect [45-47]. Therefore, without rigorous cal-
culation of the hydrodynamic interaction between the particles,
the colloidal gel or colloidal glass system can be reasonably simu-
lated by Brownian dynamics.

One example is the study on the structural evolution of the col-
loidal gel under start-up shear. It is well known that the colloidal
gel under startup shear flow shows nonlinear rheological behavior
represented by stress overshoot [48]. Despite many efforts, experi-
mental study alone was not enough to provide a clear explanation
on the origin of stress overshoot behavior, because it has limita-
tion in investigating the microstructure. Brownian dynamics, which
works effectively for investigation of microstructural change in non-
equilibrium state, plays a role as an alternative. BD has success-
fully reproduced the stress overshoot behavior of the colloidal gel
and provided detailed information on the microstructural change
that explains the origin of stress overshoot [33]. Lately, BD has ex-
panded the range of application to the study of colloidal gel and
glass systems under various flow conditions, such as oscillatory shear
flow [34].

Apart from the study of colloidal gel and glass system, BD has
expanded its use into a variety of new territories. Multifarious col-
loidal dispersion systems, including anisotropic particle suspension
[49-51], bimodal suspension [52,53], and Janus particle suspen-
sion [50,54,55], have been studied through BD. In addition, it has
been widely used as an important tool for studying polymeric sys-
tems [56-58] using various models, such as bead-rod model and
bead-spring model. In biophysics, protein and DNA dynamics has
been extensively studied through BD [59-63]. In recent years, it has
emerged as an effective way to explore the physics of carbon nano-
tube [64,65].

STOKESIAN DYNAMICS (SD)

1. SD Implementation
1-1. Evolution Equation of SD

Stokesian dynamics is an implicit solvent simulation method
that takes into account the interparticle hydrodynamic interaction
rigorously. As a particle translates and rotates in the fluid medium,
flow field is disturbed by the motion of the particle [28,29]. As stated

Fij
j
∑

Dij ri, rj( ) = 
kBT
ξ

--------- δijδ  + ξΩij ri, rj( )( )

ri t + Δt( ) = ri t( ) + u∞ ri( )Δt + 
Δt

kBT
--------- DijFij

j
∑

+ 
∂
∂rj
------

j
∑ Dij + 2 Bij

j=1

N
∑ nj t( )⋅ ⋅

nj t( )〈 〉 = 0

nj t( )nj t + τ( )〈 〉 = δijδ τ( )δ.

Dij ri, rj( ) = Bip
p=1

N
∑ Bjp

T⋅

Fig. 1. Algorithm for Brownian dynamics simulation.
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earlier, the disturbance induces the change of drag force and torque
exerted on other neighboring particles, which is called interparti-
cle hydrodynamic interaction. In contrast to Brownian dynamics
simulation where the hydrodynamic interaction is approximated
as a Stokesian friction or coarsely treated through a diffusion ten-
sor, accurate interparticle hydrodynamic interaction is described in
SD. Here, the interparticle hydrodynamic interaction, including
multi-body far-field interaction and lubrication force, is intro-
duced through the resistance tensor R and mobility tensor M.

Fig. 2 shows a brief algorithm of Stokesian dynamics. In SD, the
motion of each particle is described by the coupled N-body Lan-
gevin equation [13,66,67], which is given by

(11)

Albeit similar to that of BD, the Langevin equation of SD takes
more elaborate form. In the above equation, m is generalized mass/
moment-of-inertia tensor of 6 N×6 N dimension and U is the
particle translational and rotational velocity vector of 6 N dimen-
sion. The vectors of 6 N dimension FH, FP, FB represent hydrody-
namic force/torque, inter-particle interaction, and stochastic force/
torque induced by thermal fluctuation, respectively. When the
particle Reynolds number (Rep=ρUa/μ) is small, the particles in a
suspension experience the hydrodynamic interaction FH, which
can be written in the following form [68,69]:

(12)

The U∞ and E∞ indicate the velocity field of bulk flow including
rotational velocity at the particle center and the symmetric part of
the velocity gradient tensor (or often called as the rate of strain
tensor), respectively. The rate of strain tensor E∞ is symmetric and
traceless. The tensors RFU (r) and RFE (r), which are dependent
upon the particle configuration vector r, are the resistance tensors
that describe the hydrodynamic force/torque exerted from the
particle motion relative to the medium and the velocity gradient,
respectively. The interparticle force/torque vector FP takes various
forms depending on the type of interparticle interaction. This deter-
ministic term can also be used to delineate the influence of other
external fields such as magnetic field or electric field. Similar to
Brownian dynamics with hydrodynamic interaction, the stochas-
tic Brownian force/torque FB is characterized by

(13)

using the fluctuation-dissipation theorem for N-body system [26,
27,70].

Integrating the Langevin equation of Stokesian dynamics over a
time step Δt, the evolution equation for each particle has the fol-
lowing form [66]:

(14)

Here, Pe is the Peclet number, Pe=6πηa3 /kBT, that quantifies the
relative significance of shear force to Brownian force, and XR(Δt)
describes the random displacement due to translational/rotational
Brownian motion. This stochastic term has zero mean and vari-
ance given by the inverse of the resistance tensor:

(15)

Note that the particle configuration r and time t are nondimen-
sionalized by the characteristic particle size a and diffusive time scale
a2/DT. In addition, * is a nondimensionalized shear rate *=
6πηa2 /|FP| where |FP| is the magnitude of inter-particle force.
1-2. Calculation of Resistance/Mobility Tensors

Determination of the resistance tensors, such as RFU and RFE, is
a prerequisite for particle dynamics simulation with Stokesian dy-
namics. There are four different resistance tensors, RFU, RFE, RSU,
and RSE, which relate force/torque to translational/rotational veloc-
ity, force/torque to symmetric part of the velocity gradient tensor,
stresslet to translational/rotational velocity, and stresslet to rate of
strain in sequence. Here, the stresslet, which will be noted as S,
represents the symmetric first moment of the surface stress on the
particles. The four resistance tensors organize a grand resistance
tensor as below:

(16)

This grand resistance tensor establishes a link between hydrody-
namic force/torque/stresslet and translational velocity/rotational
velocity/rate of strain as follows:

(17)

Here, the rate of strain tensor E∞ and the stresslet tensor S are con-
verted to vectors using the symmetric and traceless condition [70].
The inverse of the grand resistance tensor RGr

−1 is referred to as the
grand mobility tensor which consists of four mobility tensors MGr
as follows: 

(18)

Using the grand mobility tensor, Eq. (17) can take a different form
as follows:

(19)

m
dUi

dt
-------- = Fi

H
 + Fi

B
 + Fi

P.⋅

FH
 = − RFU U − U∞( ) + RFE : E∞.⋅

FB t( )〈 〉 = 0
FB t( )FB t + τ( )〈 〉 = 2kBTRFUδ τ( )

r t + Δt( ) = r t( ) + Pe U∞

 + RFU
−1 RFE : E∞

 + γ  ·*( )
−1FP[ ]⋅{ }Δt

+  ∇ RFU
−1Δt + XR Δt( ).⋅

γ·

XR Δt( )〈 〉 = 0
XR Δt( )XR Δt( )〈 〉 = 2RFU

−1Δt.

γ· γ·

γ·

RGr = 
RFU RFE

RSU RSE⎝ ⎠
⎜ ⎟
⎛ ⎞

.

FH

S⎝ ⎠
⎜ ⎟
⎛ ⎞

 = − RGr
U − U∞

− E∞

⎝ ⎠
⎜ ⎟
⎜ ⎟
⎛ ⎞

.×

MGr  = 
MUF MUS

MEF MES⎝ ⎠
⎜ ⎟
⎛ ⎞

U − U∞

− E∞

⎝ ⎠
⎜ ⎟
⎜ ⎟
⎛ ⎞

 = − MGr
FH

S⎝ ⎠
⎜ ⎟
⎛ ⎞

.×

Fig. 2. Algorithm for Stokesian dynamics simulation.
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The determination of the resistance tensor and mobility tensor
uses the fact that near-field lubrication force is easily treated by a
resistance tensor, while many-body far-field hydrodynamic inter-
action can be readily dealt with a mobility tensor [66,69]. The grand
mobility tensor can be constructed from a combination of Faxén’s
law, integral solution for Stokes flow, and multipole expansion of
force density function on the particle surface. Details about the der-
ivation of grand mobility tensor are available elsewhere [71-74]. In
the majority of cases, the grand mobility tensor MGr is truncated at
the level of first moment (torque and stresslet). Therefore, the con-
structed grand mobility tensor, which is denoted by M∞

Gr, gives an
approximated description of many-body far-field hydrodynamic
interaction. The key to using the grand mobility tensor M∞

Gr is the
equivalence of inverting the grand mobility tensor and a far-field
approximation to the grand resistance tensor [69]. Because of the
equivalence, many body far-field resistance tensors can be readily
reproduced by a simple inversion of the grand mobility tensor
(M∞

Gr)−1, which is easily obtainable from pair-wise addition.
The many-body far-field resistance tensor (M∞

Gr)−1 effectively
describes many-body far-field hydrodynamic interactions. How-
ever, due to the multipole expansion truncated at the level of first
moment, (M∞

Gr)−1 is inadequate to include lubrication force, which
is described by other higher moments. To compensate the lack of
lubrication force, the known exact two-sphere resistance tensor
[73,74] denoted as R2B is added. On account of the short-range
nature, the lubrication force is presumed to be two-body interac-
tions, which make it possible to introduce them in a pairwise-addi-
tive fashion using R2B. However, the addition of R2B over-counts
the two body far-field hydrodynamic interactions, because they
have already been included in the inversion of the grand mobility
tensor (M∞

Gr)−1. As such, the two-body far-field hydrodynamic in-
teractions, which can be calculated by inverting a two-sphere
mobility tensor, should be subtracted off. Denoting this two-body
far-field hydrodynamic interaction tensor as R∞

2B and putting all
the tensors together, the grand resistance tensor can be written as
follows:

(20)

It has been proved that the grand resistance tensor determined in
this way captures both near-field and far-field physics accurately
[66,69].
2. Application of SD

One great advantage of SD is the elaborate description of the
hydrodynamic interactions between particles. Due to this advan-
tage, SD has been applied to many problems where the hydrody-
namic interaction between particles should be treated rigorously.
Study of the rheology of a concentrated suspension is the epitome
of SD application. In a concentrated suspension, the particles demon-
strate complicated dynamics that is dominated by the hydrody-
namic interaction between the particles. The complicated particle
dynamics is manifested by complex rheological behaviors. For
example, at high shear rate or shear stress, the concentrated sus-
pensions demonstrate sudden increase in viscosity, which is called
shear thickening. It has been shown that shear thickening is caused
by the lubrication hydrodynamics of hydro-clusters, and SD played
a decisive role in exploring the origin of the shear thickening be-

havior of the concentrated suspensions [75-78]. In addition to
shear thickening, SD has been used to investigate various prob-
lems in suspension rheology such as structural anisotropy [79] and
discontinuous shear thickening [80,81]. SD has also been exploited
to explore various topics. For example, in biology, multiple sub-
jects have been studied through SD from swimming microorgan-
ism [82,83] to interiors of cells [84]. Moreover, SD has been ex-
panded to treat complex systems, such as non-spherical particle
suspensions, bidisperse suspensions and porous media [85-87].
Due to its excellent ability in predicting microstructure and physi-
cal properties, SD has been in the limelight.

As mentioned, SD has been used in many different areas of sci-
ence and engineering due to its excellent ability in predicting micro-
structure and physical properties and good agreement with ex-
perimental results. However, there are some limitations in the ap-
plication of SD. Stokesian description of near-field hydrodynamic
interaction is only applicable to spheres, spheroid and particle sys-
tems that consist of spheres. In addition, the far-field hydrodynamic
interaction between particles with complex shape is coarsely de-
scribed with SD. Therefore, its application is restricted to tractable
simple shape particle suspensions. Furthermore, to make use of
SD in systems with complex flow geometries, a new boundary con-
dition development is required, which is complicated. Lastly, it de-
mands high computational cost of O(N3). To reduce the computa-
tional cost, several new implementations have been suggested, for
example; accelerated Stokesian dynamics simulation [88] and spec-
tral Ewald accelerated Stokesian dynamics simulation [89].

MULTI-PARTICLE COLLISION DYNAMICS (MPCD)

1. MPCD Implementation
Mesoscale simulation techniques have progressed, named as

multi-particle collision dynamics (MPCD) - including stochastic
rotation dynamics (SRD) [90-93], Lattice-Boltzmann (LB) [94-96],
and dissipative particle dynamics (DPD) [97-99] - to efficiently cap-
ture the hydrodynamic interactions between the particles. In these

RGr = MGr
∞( )

−1
+ R2B − R2B

∞

Fig. 3. Multi-particle collision dynamics algorithm.
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approaches, solvents are coarse-grained, instead of solving the Navier-
Stokes equation. For example, in MPCD method, coarse-grained
solvent particles are introduced, whose interaction is described by
a stochastic process [90-92]. For the suspensions, this MPCD fluid
is often combined with molecular dynamics simulation (MD)
[90,100].

In MPCD method, the fluid is represented by point particles
which interact with each other by a stochastic process [90-92]. As
shown in Fig. 3, the algorithm consists of two steps - streaming and
collision. In the streaming step, the particles move ballistically and
their positions are updated as

ri(t+h)=ri(t)+hvi(t) (21)

where ri and vi(t) are the position and velocity of particle i, respec-
tively, and h is the time between collisions. In the collision step, the
particles are sorted into cells, which are the cubes of length a. The
relative velocities of the particles in each cell are rotated by an angle
α around a randomly oriented axis

vi(t+h)=vcm(t)+R(α)[vi(t)−vcm(t)] (22)

where vcm is the center-of-mass velocity of the cell and R(α) is the
rotation matrix. Here, mass, momentum and energy are conserved,
which allows one to present hydrodynamic interactions in the sys-
tem. The center-of-mass velocity of the cell which contains NC par-
ticles is given by

(23)

The rotation of the relative velocities can be performed by a vec-
tor rotation [101]. The unit vector R=(Rx, Ry, Rz)T is defined as

(24)

where θ and ϕ are the random numbers in between [−1, 1] and
[0, 2π], respectively. The vector Δvi=vi−vcm=Δvi, ||+Δvi,⊥ is given,
where Δvi, ||=(ΔviR)R and Δvi,⊥=Δvi−Δvi, || are parallel and per-
pendicular to R, respectively. Rotation by an angle α can be writ-
ten as follows

vi(t+h)=vcm(t)+cos(α)Δvi,⊥+sin(α)(R×Δvi,⊥)+Δvi, ||

vi(t+h)=vcm(t)+cos(α)[Δvi−(ΔviR)R]
vi(t+h)=+sin(α)[R×{Δvi−(ΔviR)R}]+(ΔviR)R. (25)

To ensure Galilean invariance, random shift of the computational
grid is performed in the collision step [102]. The viscosity of the
MPC fluid can be derived analytically [90-92,102-106], which con-
sists of a kinetic contribution:

(26)

and a collisional contribution

(27)

Here, N is the number of MPC particles and  is the average
number of particles in a cell. As one can expect from analytic ex-
pression, by introducing small collision time step (h), collisional

contribution dominates and MPC solvent behaves fluid-like.
Colloidal suspensions can be introduced by simply embedding

solute particles in the MPC solvent, and their dynamics is treated
by molecular dynamics simulation (MD). The hybrid approach
(MPC-MD) combines MPC for the fluid with hydrodynamic inter-
actions and MD for the particle. The motion of the particle is gov-
erned by

(28)

where M is the mass and Fi
T is the total force. The solvent-particle

coupling is introduced by including the MD particles in the colli-
sion step. Here, the center-of-mass of a cell including MD parti-
cles is given by

(29)

where NS
C and Nm

c are the number of MPC and MD particles in
the cell, respectively.
2. Application of MPCD

The MPCD has an advantage in extending to complex systems
such as suspensions of functional polymers, vesicles, or active col-
loids, where thermal fluctuation and hydrodynamic interactions
are both important. Thus, it has been applied to various systems
[90,91]. One example is the study on the non-equilibrium dynam-
ical behavior of functional polymers under flow [107]. The coarse-
grained modeling of such a system is well suited for the study,
since a broad range of functionalities are easily accessible and long
structural relaxation times under flow can be captured. Other exam-
ples are colloidal suspensions [108-114] including anisotropic par-
ticles [115] or binary mixtures [116]. Dynamics of complex systems,
such as various kinds of polymers [117-128] or micro-gel [129,
130], have also been investigated by MPCD method. It has been
applied to biological systems, such as the dynamical behavior of
bacteria suspensions, which shows complex behavior due to the
bundling and swimming [131-134]. Here, mesoscale simulations
are particularly useful, since they are able to capture the dynamics
in broad length and time scales for both bacteria and fluid. Simi-
larly, it has been applied to various biological systems, e.g., vesicles
[135-137] and active colloids [138-140].

As shown in many recent applications, MPCD has a unique
strength for complex systems, where the hydrodynamic interaction
plays an important role, with efficient computational load. Another
advantage is that the MPCD algorithm can be easily implemented
to parallel computing environment [141]. Note that, despite its ex-
pandability, it often has difficulties in direct mapping to physical
properties because of low Schmidt number and high fluid com-
pressibility. MPCD may not be efficient for very low Reynolds and
Peclet number systems since it requires time for MPC fluid to
properly capture the hydrodynamic interactions, especially for long
distance. Thus, for the systems where thermal fluctuation or inter-
particle interaction has an important role rather than full hydro-
dynamic interactions, BD can be more efficient as described in
Sec. 2.

vcm t( )  = 
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∑
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SELF-CONSISTENT PARTICLE DYNAMICS (SC)

1. SC Implementation
As one of the hybrid simulation methods, a new multiscale ap-

proach, the self-consistent particle simulation method [142], has
been proposed. In this method, the microscopic approach (BD)
for the particle motion is combined with the continuum approach
(Finite element method) for the fluid motion. Fig. 4 represents SC
algorithm. In SC, fluid-particle interaction is introduced by com-
bining the finite element method (FEM) for the fluid with the
Brownian dynamics (BD) for the particle [142]. Fluid-particle inter-
action is taken into account by recursively applying the updated
velocity field in BD and updated configuration in FEM. The equa-
tions of motion for the particles are solved by BD under given
flow field as described in Sec. 2. The difference is now the medium
velocity field, which is not homogeneous and perturbed by other
particles, as it is updated by FEM at each time step. For the fluid,
the conservation equations of momentum and mass for the creep-
ing flow are solved by FEM [143]:

(30)

where p is the pressure, τ is the total stress and u is the flow field
of the Newtonian medium. Here, the total stress consists of the
contributions from the Newtonian medium (τm) and from the par-
ticles (τp), where their configuration is updated by BD at each time
step. The stress contribution from the medium is expressed as τm=
η( u+ uT). The stress contribution from the particles is defined
by the volume average of rF over the particles belonging to each
finite element

(31)

where VE is the volume of the element and Np is the number of
particles in the element. The stress at a nodal point of finite ele-
ment τp

n can be obtained by averaging the values of the neighbor-
ing elements using linear interpolation:

(32)

where NE is the number of elements sharing the node.
The fluid and particle motions are coupled successively in time

integration by applying the updated stress (τp) into FEM, and the
updated velocity (u(r)) into BD. First, the particles are randomly
distributed and equilibrated. Second, the velocity field at each par-
ticle position is calculated by FEM, and the position of each parti-
cle is then updated by BD. The stress contribution from the updated
particle configuration is then applied to FEM, and the velocity field
is updated again. This procedure is repeated until the system reaches
steady state.
2. Application of SC

While considering the particle dynamics with long-range hydro-
dynamic interactions, SC takes advantage of the continuum ap-
proach by solving FEM for fluid motion, which can be easily
expandable to complex geometries. Implementing BD for the par-
ticle motion allows simulation of the systems containing many
particles with low computational cost. Thus, this approach is well-
suited for large systems where the macroscopic structure-induced
flow field is important in their dynamics. The validity of the algo-
rithm was reported in previous work by reproducing the shear
dynamics of the suspensions [142]. It reproduces shear thinning
behavior of the suspensions while capturing the flow-induced or-
dered structures. It has been applied the flow of suspensions in
confined shear flow, in which a non-uniform flow field was observed
[144]. In the confined planar Couette flow, flow-induced ordered
structures were observed near the wall, which induced shear banded
velocity profiles through the gap. Dynamics of attractive particle
suspensions in 3-dimensional 4 : 1 planar contraction flow has also
been investigated using SC [145]. The formation of heterogeneous
clusters was observed, which leads to spatio-temporal fluctuations
in the system. As shown in the above examples, SC incorporates
the fluid-particle interaction and reproduces the rheological prop-
erties and macroscopic flow behaviors reasonably well. Such sys-
tems are hardly accessible with other approaches due to the large
number of particles. For example, BD is not suitable since hydro-
dynamic interaction may play an important role, while SD cannot
be applied to complex geometry nor bear the computational load.
Complex geometries encountered in many practical applications,
where the dynamic behaviors take place in large time and length
scales, can be implemented in this simulation. To conclude, although
it cannot resolve near-field hydrodynamic interactions, it can be
easily applied to large systems due to its computational efficiency.

CONCLUSIONS

We have discussed four different particle dynamics simulation
techniques: Brownian dynamics (BD), Stokesian dynamics (SD),
multi-particle collision dynamics (MPCD), and self-consistent par-
ticle dynamics (SC). Each of these techniques carries its own char-
acteristics and has been used for distinct purposes. For a successful
simulation study, it is vital to select an appropriate technique ac-
cording to the system. In this sense, we wanted to provide a simple
and obvious guideline for making a wise choice of particle dynam-
ics simulation technique.

Fig. 5 shows the comparison of the four different particle dynam-
ics techniques in terms of strength, weakness, and application ex-

− ∇p + ∇ τ = 0⋅
∇ u = 0⋅

∇ ∇

τp
E

 = − 
1

VE
------ rijFij

j=i+1

Np

∑
i=1

Np−1

∑

τp
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 = − 
1

NE
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E, i

i=1

NE

∑

Fig. 4. Self-consistent particle dynamics algorithm.
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amples. Compared to other particle dynamics, Brownian dynam-
ics is relatively simple. In addition, various kinds of inter-particle
interaction can be easily implemented in BD. However, this sim-
plicity and expandability preclude the description of hydrodynamic
interaction. Therefore, considering these pros and cons of BD, it is
suitable for colloidal systems where interparticle interaction and
thermal fluctuation play a dominant role and hydrodynamic inter-
action is marginally of interest. Examples for such systems include
colloidal gel, colloidal glass and polymeric systems.

Stokesian dynamics provides quite an accurate description of
hydrodynamic interaction. This has enabled SD to make accurate
predictions of the physical properties, which are well matched with
experimental results. With regards to accuracy, SD seems to be the
best option for the study of colloidal dispersions; however, it works
effectively only for simple systems. It is not adequate to simulate
more advanced systems with complex particle shape and geome-
try. Moreover, high computational cost is a critical weakness. The
low expandability and high computational cost restrict the applica-
tion of SD only to a finite number of simple systems. Thus, it is
suggested as a good option for the simple systems where hydrody-
namic interaction is important and needs to be treated rigorously.

In terms of expandability, multi-particle collision dynamics is an
attractive option. It can be easily expanded to advanced systems
including complex particle shape and geometry. Additionally, it
considers both hydrodynamic interaction and thermal fluctuation
with relatively low computational cost. However, it often has diffi-
culties in direct mapping to physical properties because of low
Schmidt number and high fluid compressibility. Besides, artificial
particle interaction is caused by depletion effect of solvent parti-
cles. However, despite these weaknesses, it can be usefully employed
to study the complex systems where both hydrodynamic interac-
tion and thermal fluctuation are significant.

Self-consistent particle simulation technique is applicable to large
systems with complex geometry. Even though SC lacks near-field
hydrodynamic interaction and takes into account only far-field hy-
drodynamic interaction, it is highly efficient in computational aspect.

Moreover, taking the advantage of continuum model approach, it
easily solves the flow in complex geometries, such as contraction
channels. For a large colloidal system in a complex geometry where
near-field hydrodynamic interaction is not crucial, it can be one of
the best options.
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