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Abstract−Natural convection characteristics of a partially heated open ended square cavity have been investigated
numerically by using an in-house computational flow solver based on the passive scalar thermal lattice Boltzmann
method (PS-TLBM) with D2Q9 (two-dimensional and nine-velocity link) lattice model. The partial part of left wall of
the cavity is heated isothermally at either of the three different (bottom, middle and top) locations for the fixed heating
length as half of characteristic length (H/2) while the right wall is open to the ambient conditions. The other parts of
the cavity are thermally isolated. In particular, the influences of partial heating locations and Rayleigh number (103

≤

Ra≤106) in the laminar zone on the local and global natural convection characteristics (such as streamline, vorticity
and isotherm contours; centerline variations of velocity and temperature; and local and average Nusselt numbers) have
been presented and discussed for the fixed value of the Prandtl number (Pr=0.71). The streamline patterns show quali-
tatively similar nature for all the three heating cases and Rayleigh numbers, except the change in the recirculation zone
which is found to be largest for middle heating case. Isotherm patterns are shifted towards a partially heated wall on
increasing Rayleigh number and/or shifting of heating location from bottom to top. Both the local and average Nusselt
numbers, as anticipated, shown proportional increase with Rayleigh number. The cavity with middle heating location
shown higher heat transfer rate than that for the top and bottom heating cases. Finally, the functional dependence of
the average Nusselt number on flow governing parameters is also presented as a closure relationship for the best possi-
ble utilization in engineering practices and design.

Keywords: Natural Convection, Passive Scalar Thermal Lattice Boltzmann Method (PS-TLBM), Partially Heated Open
Ended Cavity, Nusselt Number, Rayleigh Number

INTRODUCTION

The study of heat transfer enhancement is considered as an im-
portant and essential phenomenon [1] from the fundamental and
pragmatic point of view. An investigation of the natural convec-
tion heat transfer in closed as well as open ended cavity encom-
passes great scientific interest due to its wide ranging applications
in domestic as well as industrial fields [2-5], in scientific/engineer-
ing practices, viz., chemical vapor deposition [6], cooling devices
in electronic equipment [7-9], polymer processing [10], material
processing [11], solar collectors [12], etc.

The thermal control of electronic devices represents novel topic
in convective heat transfer phenomenon. In wide range of indus-
trial applications, electronic devices play vital role. The cooling of
these devices can be achieved by natural and mixed convection. In
such cases, one of the important aspects of thermal control is opti-
mum placement of the discrete heaters at appropriate positions
(i.e., optimum heating position) such that the circulating air through
ventilation ports provides the most efficacious cooling in these devices
[7]. Further, application of natural convection in cooling of elec-
tronic equipments (mostly low power systems, such as TV and DVD
players) is achieved by providing number of vents on the cover cases

of these systems. These vents are provided for ambient air to enter
and hot air to leave the case. The location and size of these vents
should be optimum for efficient heat transfer [13]. In addition, the
departure from the basic condition (i.e., cavity walls maintained
isothermally) is quite often encountered in practical situations [14].
Study of heat transfer characteristics in such devices subjected to
partial heating is must. The present work, thus, aims to numerically
elucidate the influence of heating locations (top, middle and bot-
tom) of a partially heated (constant heater size) wall on the heat
and fluid flow characteristics of open ended square cavity using
the lattice Boltzmann method (LBM).

Over the years, the mesoscopic numerical approach, namely, lat-
tice Boltzmann method (LBM), has proven to be one of the poten-
tial and prominent computational tool for the efficient solution of
the wide ranges of complex physical phenomenon involving the
interfacial dynamics and complex boundaries [15-17]. The funda-
mental idea of LBM is to solve simplified kinetic models, which
include the essential physics of microscopic (or mesoscopic) pro-
cesses in such a way that the microscopic averaged properties are
suitable representation of the desired macroscopic equations. These
models in an unambiguous way are the discrete distribution func-
tions or population f (x, t)=f (x, e, t) which represents the proba-
bility of finding a particle movement with lattice speed ‘e’ at position
‘x’ and at time ‘t’. For the solution of the thermal energy equation
by using LBM, three approaches, namely, multispeed [18], double
distribution function (DDF) [19] and passive scalar (PS) [20], are
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efficiently utilized in the available literature. In the multispeed approach
[18], temperature can be obtained by expanding equilibrium dis-
tribution function to the third order of velocity. It is, however, least
popular approach due to disadvantages such as Galilean invariance,
constant Prandtl number (≈0.5) and severe numerical instability
(as higher order velocity terms are involved) [21]. Subsequently,
He et al. [19] proposed double distribution function (DDF) or inter-
nal energy distribution function approach. It utilizes the two dif-
ferent distribution functions, one each, for the estimation of flow
and thermal fields. It is proven to be much better in terms of numeri-
cal stability and efficiency for the wider range of temperature and
Prandtl numbers [21-23]. It is, however, unfavorable as the sim-
plicity of LBM is lost due to the involvement of compression work
done by pressure and viscous heat dissipation [21].

Further, Peng et al. [20] presented a passive scalar (PS) approach
which is simplified version of DDF approach [19]. In this approach,
temperature is assumed to be passive scalar and is advected by the
flow field. The macroscopic temperature equation is similar to a
passive scalar evolution equation, if the viscous heat dissipation
and compression work done by pressure are negligible. This approach
possesses better numerical stability, over other two approaches, in
yielding the efficient solution over the broad range of Prandtl num-
ber and the simplicity of LBM is also retained [21-23]. The pas-
sive scalar thermal lattice Boltzmann method (PS-TLBM) is, there-
fore, used herein for the estimation of natural convection flow and
heat transfer characteristics of a partially heated open ended square
cavity. Before presenting the new results obtained in this work, it is
utile to recollect the limited available results on the natural convec-
tion in open ended cavity.

The natural convection in the cavities of varying configurations
(viz., differentially heated, open ended, inclined and lid driven, etc.)
has been extensively explored well over the last few decades. Exten-
sive literature is now available for the convective heat transfer mecha-
nism in an open ended heated cavity, however, very limited results
of the convection in an open ended cavity with partial and/or non-
uniform heating wall/walls are available. For instance, Shin and Econ-
omou [24] have studied the mass transfer by both natural and forced
convection in an open rectangular cavity (0.5≤AR≤4.0) for lower
ranges of Schmidt (Sh≤103) and Rayleigh (Ra≤103) numbers. The
symmetric flow and concentration fields were observed [24] at the
initial time followed by the symmetry breaking and oscillatory flows.
Subsequently, Vafai and Ettefagh [25] have investigated the heat
and fluid flow instabilities in buoyancy driven open-ended cavity
for the broad range of Rayleigh number (103

≤Ra≤9×105). They
observed asymmetric sinusoidal and distorted W-shaped oscilla-
tions in the range of Rayleigh number as (3.5×105

≤Ra≤5.5×105)
and (6×105

≤Ra≤9×105), respectively. Later, substantial effects of
surface radiation on the flow and thermal behaviors were observed
[26] in the numerically investigation of natural convection in an
open ended cavity in the range of Rayleigh number as (104

≤Ra≤
108). Mohamad [27] has studied the natural convection in an open
ended rectangular cavity for various physical flow governing param-
eters such as inclination angle (10o

≤φ≤90o), Rayleigh number (103
≤

Ra≤107), aspect ratio (0.5≤AR≤2.0) and Prandtl number (Pr=0.71)
by using the control volume, finite difference method based on SIM-
PLER algorithm. They observed slight change in heat transfer rate

with the change in inclination angle, however, flow instability was
observed at high Rayleigh number and low inclination angle. Sub-
sequently, Angirasa et al. [28] used stream function-vorticity for-
mulation to analyze the natural convection in an isothermal open
ended cavity for the wide range of Grashof number (104

≤Gr≤107)
at constant Prandtl number (Pr=0.71). The unsteadiness in the con-
vective flow was reported at moderate to high Grashof numbers.
Khanafer and Vafai [29,30] have investigated the heat and fluid flow
characteristics of open ended cavity. Their main thrust was the ac-
curate representation of the open ended boundary conditions for
two-and three-dimensional enclosures. The numerical investiga-
tion of laminar natural convection (103

≤Ra≤106) in shallow rect-
angular cavity (1≤AR≤0.125) has also been carried out by Polat
and Bilgen [31]. Similarly, Hinojosa et al. [32] have numerically
elucidated the effect of Rayleigh number (104

≤Ra≤107) on the nat-
ural convective heat transfer and surface thermal radiation in a tilted
(0o

≤φ≤180o) open ended square cavity. They reported substantial
change in the convective Nusselt number with the inclination angle,
however, radiative Nusselt number shown negligible dependence
on the inclination angle.

Further, Bilgen and Oztop [33] have investigated the thermal
and hydrodynamic nature of a partially open inclined (0o

≤φ≤120o)
square cavity (adiabatic walls and a partial opening of aperture
opening in the range as 0.25-0.75) for the broad range of the Rayleigh
number (103

≤Ra≤106). The volumetric flow rate and Nusselt num-
ber was reported to be directly proportional with Rayleigh num-
ber, inclination angle and aperture size. The numerical investigation
of natural convection (104

≤Ra≤106) in an open ended rectangular
cavity (0.5≤AR≤10) has been carried out by using thermal lattice
Boltzmann method (TLBM) [34]. They reported inverse depen-
dence of the rate of heat transfer on the aspect ratio based on the
use of D2Q9 and D2Q4 lattice models for the flow and thermal
fields, respectively. Similarly, Sajjadi et al. [35] investigated the effects
of inclination angle (−45o

≤φ≤45o) and Rayleigh number (103
≤Ra≤

106) on natural convection in the cavity by using LBM. They ob-
served increase in rate of heat transfer for the lower inclination
angle (−45o

≤φ≤0o), whereas reverse trend is observed for higher
inclination angle (0o

≤φ≤45o).
In addition, natural convection losses from the three dimensional

open ended inclined (0o
≤φ≤90o) cavity of various shapes (viz., spheri-

cal, cubical and hemispherical) have been done by Prakash et al.
[36]. For the opening ratio (1, 0.5, 0.25) and Rayleigh number (4×
104

≤Ra≤2.5×109), the hemispherical open cavity shown highest
natural convection loss than other two shapes. The dependence of
mixed convection phenomenon induced by vibrations (in vertical
direction) in an open ended cavity filled with porous medium on
the flow governing parameters (vibrational Reynolds number, modi-
fied Rayleigh number and Darcy number) has been elucidated by
Chung and Vafai [37]. At higher Reynolds and Darcy numbers, vibra-
tional effects on thermal and hydrodynamic behaviors in cavity are
found to be more significant. They further emphasized the use of
generalized model at higher values of vibrational Reynolds num-
ber and modified Rayleigh number. Subsequently, Haghshenas et
al. [38] have used least square based Lattice Boltzmann method
(LBM) to investigate the natural convection (103

≤Ra≤106, Pr=1)
heat transfer in an open ended cavity filled with porous material
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(Darcy number Da=0.01, and porosity of medium as 0.4≤ε≤0.9). The
rate of heat transfer has shown proportional increase with Rayleigh
number and porosity of medium. Recently, Kefayati [39] studied
the influence of magnetic field (Hartmann number as 0≤Ha≤90)
on natural convection (104

≤Ra≤106) in an open ended cavity filled
with nanofluid (volume fraction of nanoparticles as 0-0.06) by using
LBM. They have reported a decrease in the rate of heat transfer
with increase in Hartmann number.

Based on foregoing elucidation of available literature, it is, thus,
safe to conclude that the conventional computational fluid dynamic
(CFD) tools as well as lattice Boltzmann method (LBM) have been
successfully utilized, over the decades, to investigate the convec-
tive flow characteristics of an open ended cavity. However, most of
studies have considered completely heated wall of open ended cav-
ity. To the best of our knowledge, none of the study have consid-
ered partially heated wall of cavity whose opposite end is open to
the ambient.

In several industrial applications (e.g., cooling of electronic com-
ponents and solar heat collectors), however, the active walls may
be subject to abrupt temperature variations due to shading effects,
etc. The relative position of the partial heater on the system wall
has significant influence on the flow and heat transfer characteris-
tics [40]. Also the partial heaters are basically used for cooling of elec-
tronic equipment by means of natural convection phenomenon
[41]. Additionally, the temperature difference and characteristic
length should be ΔT≤100 oC and H≤0.5 m, respectively, for natu-
ral convective heat transfer in cooling of the electronic devices to

be in laminar regime [13]. Thus, study of optimum location of par-
tial heaters in cavities (closed as well as open) is important owing
to its industrial as well as pragmatic significance. This constitutes
the main aim of the present study to investigate the influence of
partial heater on laminar natural convective heat transfer charac-
teristics. In particular, the influences of location of partially heat-
ing (middle, top and bottom) of left wall of open ended cavity on
thermal and fluid flow characteristics have been examined for the
wide range of Rayleigh number (103

≤Ra≤106) at constant Prandtl
number (Pr=0.71) by using the passive scalar thermal lattice Boltz-
mann method (PS-TLBM).

PROBLEM STATEMENT AND MATHEMATICAL 
MODELING

Consider a steady, laminar, natural convection in an incompress-
ible fluid from an open ended square cavity (aspect ratio, AR=L/
H=1 where L and H are cross-sectional length and height, respec-
tively), as shown in Fig. 1. The partial part of left wall (x=0) of cav-
ity is heated isothermally (with heating length of lh<H at temperature
TH) at either of the three, viz., (i) top (ii) middle and (iii) bottom
heating locations. The length of heated part of left wall (x=0) is
kept constant (lh=H/2) in this study. The right wall (x=L) of cavity
is, however, open to the ambient conditions (temperature TC<TH).
The remaining part of left wall, bottom (y=0) and top (y=H) walls
of cavity are maintained adiabatically, i.e., thermally insulated. The
thermo-physical properties (namely, viscosity μ, thermal conduc-

Fig. 1. Schematic representation of the computational domain (i.e., open ended cavity) with boundary conditions.
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tivity κ, heat capacity cp, etc.) of the working Newtonian fluid (air,
Pr=0.71) are considered to be independent of the temperature (T),
except that of fluid density (ρ) appearing in the body force term in
the Navier-Stokes equation. Evidently, each fluid shows varying
extent of the dependence of density on temperature [42-44]. The
well-known Boussinesq approximation is commonly used [45] to
account for the small to moderate variations in the density. It is
expressed as ρ= [1−β(T− )], where β is coefficient of volumet-
ric expansion at constant pressure and  is fluid density at a refer-
ence temperature ( , i.e., average fluid temperature) [20,45,46].
While this approximation is customarily arouse to maintain the
level of complexity at a traceable level in the convective flow stud-
ies [20,45], it evidently couples the flow and thermal fields which
requires simultaneous solution of the governing equations. Fur-
thermore, the viscous heat dissipation, radiation heat transfer and
compression work done by pressure are assumed to be negligible.
The assumptions of constant thermo-physical properties and neg-
ligible viscous heat dissipation lead to decouple the momentum
and energy equations. These approximations, however, restrict [20]
the applicability of numerical results to the situations where the
temperature difference (ΔT=TH−TC) is not too large and/or for mod-
erate viscosity and/or shearing levels so that the viscous dissipation
effects are negligible. The literature [13,46] suggests that the thermo-
physical properties (heat capacity, thermal conductivity, viscosity,
etc) of air are independent of tempterature for the maximum tem-
perature difference of ΔT≤60 oC. The temperature difference (ΔT)
herein is maintained sufficiently small to justify the accountability
of the variation of the fluid viscosity with temperature.

Under the above-noted assumptions/approximations, a simpli-
fied form of the natural convection flow governing equations in
conjunction with Boussinesq approximation, namely, continuity,
Navier-Stokes and thermal energy equations are given as follow:

(continuity) (1)

(x-momentum) (2)

(y-momentum) (3)

(thermal energy) (4)

The physically consistent boundary conditions for the present prob-
lem (Fig. 1) are written as

• The left wall (x=0) is considered as no-slip stationary wall. It
is, however, partially heated isothermally (temperature TH) for the
fixed length of heating (lh=H/2) at either of the three (top, middle
and bottom) locations, i.e.,

(5)

where, the lengths h1 and h2=(h1+lh) are defined for the differ-
ent cases (Fig. 1) as follow:

(a) In the case of bottom heating, the heater of length (lh) is placed
in the bottom portion of the wall whereas the upper portion is main-
tained adiabatically. Therefore,

h1=0 and h2=H/2

(b) In case of middle heating, the heater of length (lh) is placed
in the middle section of the wall whereas the lower and upper por-
tions are maintained adiabatically. Therefore,

h1=H/4 and h2=3H/4

(c) In the case of top heating, the heater of length (lh) is placed
in the upper portion of the wall whereas the lower portion is main-
tained adiabatically. Therefore,

h1=H/2 and h2=H

• Right wall (x=L) is open to the ambient conditions, i.e.,

(6)

• Bottom (y=0) and top (y=H) walls are no-slip stationary walls
maintained adiabatically, i.e.,

(7)

where, (x, y), (ux, uy), p, ρ, κ, cp, μ and T are Cartesian directions,
velocity components, pressure, density of fluid, thermal conductiv-
ity, specific heat capacity, dynamic viscosity and temperature, respec-
tively.

The above noted governing differential equations (Eqs. (1)-(4))
and boundary conditions (Eqs. (5)-(7)) are made dimensionless
by using the reference length (H), reference velocity (U), reference
pressure (ρU2) and reference temperature (T−TC)/(TH−TC) to scale
the lengths, velocities, pressure and temperature, respectively. The
dimensionless (variables with * superscript) form of governing
equations (Eqs. (1)-(4)) can, then, be written as follow.

(8)

where (9)

(10)

where Γe=Γm×Pr (11)

Similarly, the boundary conditions (Eqs. (5)-(7)) in the dimension-
less form can be expressed as follow.

ρ T
ρ

T

∂ux

∂x
-------- + 

∂uy

∂y
-------- = 0

ρ ux
∂ux

∂x
--------  + uy

∂ux

∂y
--------

⎝ ⎠
⎛ ⎞  = − 

∂p
∂x
------ + μ

∂2ux

∂x2
---------- + 

∂2ux

∂y2
----------

⎝ ⎠
⎜ ⎟
⎛ ⎞

ρ ux
∂uy

∂x
-------- + uy

∂uy
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--------
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⎛ ⎞  = − 

∂p
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------ + μ

∂2uy
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⎜ ⎟
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ρcp ux
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∂T
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------
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∂2T
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-------- + 

∂2T
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--------
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∂T
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∂T
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⎪
⎪
⎨
⎪
⎪
⎧
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∂uy
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⎩
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⎨
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*
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*
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*
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Γe
-----

∂2T*

∂x*
2

---------- + 
∂2T*

∂y*
2

----------

⎝ ⎠
⎛ ⎞
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• At the left (x*=0) wall,

(12)

where, h*

1 and h*

2=(h*

1+Lh) are dimensionless lengths given as
follow for the different cases of heating arrangements. The Lh (=lh/
H=1/2) being the dimensionless length of the heating section. The
lengths (h*

1, h*

2) equal to (0, 1/2), (1/4, 3/4) and (1/2, 1) for the bot-
tom, middle and top heating locations, respectively.

• At the right (x*=1) wall,

(13)

• At the bottom (y*=0) and top (y*=1) walls,

(14)

The dimensionless groups, namely, Prandtl number (Pr), Grashof
number (Gr) and Rayleigh number (Ra) appearing in the dimen-
sionless equations (Eqs. (9)-(11)) are defined as

(15)

where ν and α being the kinematic viscosity and thermal diffusiv-
ity of the fluid, respectively. Since the characteristic velocity (U)
used in the above non-dimensionalization is not known, the determi-
nation of characteristic velocity is an important step in natural
convection problem [46]. In case of natural convection, the refer-
ence velocity (U) is approximated [21,34,46-48] as

(16)

The numerical solution of the flow governing equations (Eqs. (1)-
(4) or Eqs. (8)-(11)) in conjunction with the physically consistent
boundary conditions (Eqs. (5)-(7) or Eqs. (12)-(14)) produces the
pressure, velocity and thermal fields. These fully converged flow
and thermal fields are further used to obtain the local and global
flow characteristics (such as streamlines, vorticity, pressure and drag
coefficients, local and average Nusselt numbers, etc.). In the pres-
ent study, the derived flow and thermal variables (namely, stream-
lines, vorticity, local and average Nusselt numbers) used are defined
as follow:

• Stream function (ψ) and vorticity (ζ) field are evaluated by
using

(17)

(18)

• The dimensionless rate of heat transfer, i.e., Nusselt number
(Nu), is generally considered as one of the important parameter in
the quantification and analysis of the heat transfer enhancement
and characteristics. The local Nusselt number (Nu) can be defined
[23,49-53] as,

(19)

where n is inward direction normal to wall. The local values of
the Nusselt number can then be averaged over the surface to deter-
mine the overall heat transfer, i.e., average Nusselt number ( ),
as

(20)

Henceforth, the dimensionless variables (u*

x, u*

y, T*, P*, x*, y*, etc.)
have been used to present the new results. The subsequent section
details the numerical methodology and computational algorithm
adopted herein.

NUMERICAL SOLUTION METHODOLOGY

In this work, the numerical solution of the governing equations
in conjunction with the physically realistic boundary conditions
has been obtained by using a passive scalar thermal lattice Boltz-
mann method (PS-TLBM) based computational flow solver. The
solver is developed in-house by the present authors in C++ pro-
gramming language. The PS-TLBM is detailed herein the ensuing
section.
1. Passive Scalar Thermal Lattice Boltzmann Method (PS-TLBM)

LBM originates from the kinetic Boltzmann equation, which can
be obtained by expanding the basic formulation of lattice gas autom-
ata to real particle distribution functions. The classical approaches
of solving the fluid flow problems involve the second (or higher)
order partial differential equations (PDEs). In contrast to classical
approaches, LBM utilizes only first order PDE, i.e., Boltzmann equa-
tion, which is expressed as [54],

(Boltzmann equation) (21)

The distribution functions (DFs) in LBM, used to represent the
particles, are obtained by the solution of lattice Boltzmann equa-
tion (LBE), i.e., spatial discretized form of kinetic Boltzmann equa-
tion [16,20,54,55]. In the passive scalar approach, two different di-
stribution functions, fk and gk, are used to estimate the flow and
thermal fields, respectively, in the lattice link direction ‘k’. A time
integration of the Boltzmann equation (Eq. (21)) in any direction
‘k’. results in the basic LBE. The basic form of LBE for the flow and
thermal fields is presented below.
1-1. Basic Form of LBE for Flow and Thermal Energy Fields

The passive scalar approach [20,55] segregates the flow and ther-
mal energy fields with the approximation of negligible viscous heat
dissipation and pressure compression work. It utilizes two sepa-
rate distribution functions, fk and gk, to obtain the flow and ther-
mal fields, respectively. The lattice Boltzmann equations (LBE) for
the flow and thermal energy transports are written as follow:

ux
*

 = 0, uy
*

 = 0 and 

∂T*

∂x*

-------- = 0 for h1
* ≠0( ) y* 0≥ ≥

T*

 =1 for h1
* y h2

*≤ ≤

∂T*
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⎩
⎪
⎪
⎪
⎨
⎪
⎪
⎪
⎧

∂ux
*

∂x*

-------- = 0,
∂uy

*

∂x*

-------- = 0 and
T*

 = 0 if ux
* 0<

∂T*

∂x*

-------- = 0 if ux
* 0>

⎩
⎪
⎨
⎪
⎧

ux
*

 = 0, uy
*

 = 0, and ∂T*

∂y*
-------- = 0

Pr = 
cpμ

κ
-------- = 

ν

α
---; Gr = 

gβΔTH3

ν
2

-------------------- and Ra  = Gr Pr  = 
gβΔTH3

αν
--------------------×

U = gβΔTH or U = 
ν

H
----

Ra
Pr
------

ψ = uxdy∫

ζ = 
∂uy

∂x
-------- − 

∂ux

∂y
--------

Nu = − 
H
ΔT
-------

∂T
∂n
------

x=0
or Nu = − 

1
ΔT*

---------

∂T*

∂n*

--------

x*=0

Nu

Nu = 
1
H
---- Nu 

0

H
∫ dS or Nu = Nu dS*

0

1
∫

∂f
∂t
---- + e ∇f = − 

1
τ
-- f − f eq( )⋅
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(22)

(23)

where, the equilibrium distribution functions (fk
eq and gk

eq for the
flow and thermal fields, respectively) are given as

(24)

(25)

Here, Δt, Δx (=ekΔt), c (=Δx/Δt=1.0), u, T, ek and wk are lattice
time step, lattice space step, lattice streaming speed, velocity vec-
tor,  temperature, discrete velocity vector and equilibrium distribu-
tion of weight for direction k, respectively. The relaxation parameters
(τ

ν
 and τg for the momentum and thermal energy transport fields,

respectively) are defined as

(26)

(27)

Under the assumptions that the buoyancy force is directly propor-
tional to the temperature gradient and negligible radiative heat trans-
fer, the Boussinesq approximation is accounted [5,34,47,48] by cal-
culating the buoyancy force in the vertical direction as follow.

Fk=3wkgyβΔT (28)

For D2Q9 lattice model (two-dimensional, nine velocity link model),
wk and ek are represented as,

(29)

(30)

The macroscopic quantities such as density (ρ), velocity (u) and
temperature (T) fields are, then, calculated by using the following
relations.

(31)

The use of Champman-Enskog analysis has proved [19,20,54,55]
that the mass, momentum and energy conservation equations can
be recovered up to second order from the LBE of momentum and
thermal transport (Eqs. (22) and (23)), respectively.

The evolution of LBE takes place in the two successive steps, viz.,
collision and streaming, as detailed below.

• In collision step, the distribution functions are relaxed towards

equilibrium state [16,54], as

(32)

(33)

• In streaming step, the fluid particles are streamed from one
cell to a neighboring cell according to the lattice velocity of the fluid
particles in this cell [16,54], as

(34)

(35)

2. Implementation of Boundary Conditions
An accurate representation and suitable implementation of

boundary conditions is one of crucial, as well as important, step in
the development of the numerical solvers. The conventional CFD
tools use macroscopic variables on boundaries. In LBM, however,
boundary conditions are specified by unknown distribution func-
tions directing towards the flow field. For the representation of bound-
ary conditions of the flow field, the estimation of unknown distri-
bution functions on the boundary is accomplished by known wall
velocity. The estimation of distribution function for the thermal
field is carried out in similar way as that of flow field, and the wall
temperature is used for the calculation of unknown distribution
functions [21]. For no-slip boundaries, bounce back method of non-
equilibrium distribution function [56] is widely used. In the bounce
back condition, particle distribution functions moving towards solid
boundary bounces back to their original positions.

The unknown distribution function at the no-slip (i.e., left, south
and north walls in the present study) boundary of the computa-
tional domain is estimated by using the bounce back method as
follow.

(36)

The flow field boundary condition at the open end (i.e., right wall)
of cavity [34] is implemented as below.

(37)

where, nx is boundary node on the open end (x=L) side. For the
implementation of thermal boundary condition at the open end
(i.e., right wall) of the cavity, special treatment is required due to
the unknown direction of advected velocity. Therefore, depending
on the direction of advected velocity, there are two possible ways
of treatment of the thermal boundary condition implementation
at the open end. If the flow penetration in cavity is taking place
then the temperature at the open end is assumed to be ambient.
Otherwise, negligible diffusion (i.e., negligible temperature gradi-
ent) is another way to implement the thermal boundary condition
at the open end [34,38]. For the open end, thus, the unknown dis-
tribution functions for the thermal field are evaluated as,

(38)

fk x + Δx, t  + Δt( )  − fk x, t( ) = − 
1
τ
ν

---- fk x, t( ) − f k
eq x, t( )[ ] + ΔtFk

gk x + Δx, t  + Δt( ) − gk x, t( )  = − 
1
τg
---- gk x, t( )  − g k

eq x, t( )[ ]

f k
eq x, t( )  = ρwk 1+ 

3 u ek⋅( )

c2
------------------ + 

9 u ek⋅( )2

2c4
-------------------- + 

3 u u⋅( )

2c2
----------------

gk
eq x, t( )  = Twk 1+ 

3 u ek⋅( )

c2
------------------

τ
ν

 = 3ν + 
1
2
--

τg = 3α + 
1
2
--

wk = 

4/9 for k = 0
1/9 for k =1, 2, 3, 4
1/36 for k = 5, 6, 7, 8⎩

⎪
⎨
⎪
⎧

e6  = −1, 1( ), e2  = 0, 1( ), e5  = 1, 1( )

e3  = −1, 0( ), e0  = 0, 0( ), e1  = 1, 0( )

e7  = −1, −1( ), e4  = 0, −1( ), e8  = 1, −1( ) ⎭
⎪
⎬
⎪
⎫

ρ = fk
k
∑ ; ρu = fkek

k
∑ and T = gk

k
∑

fk x, t + Δt( )  = fk x, t( )  − 
1
τ
ν

---- fk x, t( ) − f k
eq x, t( )[ ]

gk x, t + Δt( ) = gk x, t( ) − 
1
τg
---- gk x, t( ) − g k

eq x, t( )[ ]

fk x + Δx, t  + Δt( )  = fk x, t + Δt( )

gk x + Δx, t  + Δt( ) = gk x, t  + Δt( )

fk − f k
eq

 = fkˆ  − f kˆ
eq and gk − gk

eq
 = gkˆ  − gkˆ

eq

f3, nx
 = f3, nx−1, f6, nx

 = f6, nx−1 and f7, nx
 = f7, nx−1

g3, nx
 = − g1, nx

; g6, nx
 = − g8, nx

; g7, nx
 = − g5, nx

for ux 0<
g3, nx

 = g3, nx−1; g6, nx
 = g6, nx−1; g7, nx

 = g7, nx−1 for ux 0>
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3. Numerical Algorithm
The computational algorithm of passive scalar thermal lattice

Boltzmann method (PS-TLBM), implemented and developed in
C++ programming language, is given as follow:

1. Initialization of the density (ρ>0), velocity (ux=0, uy=0), and
temperature (T=Tc).

2. Determination of equilibrium distribution functions (fk
eq and

gk
eq) by using the values initialized in step (1).

3. To start with, distribution functions and equilibrium distribu-
tion functions are set equal to their part, i.e., fk=fr

eq and gk=gk
eq.

4. Sequential determination of flow field followed by the ther-
mal field

(a) Collision step (Eqs. (32) and (33)).
(b) Streaming step (Eqs. (34) and (35)).
(c) Updating of boundary conditions (Eqs. (37) and (38)).
(d) Estimation of macroscopic quantities (Eq. (31))
5. Check for the convergence criterion (Eq. (39))
(a) If satisfied, go to step (6).
(b) Else, repeat steps (4) to (5).
6. Process the flow and thermal fields to estimate the local and

global characteristic.
The absolute error (ε, Eq. (39)) criterion has been used to check

the convergence of numerical solution.

(39)

where, φ represents physical flow variables (i.e., velocity compo-
nents ux, uy, and temperature T) checked for convergence and N is
the number of lattice nodes in the computational domain. The super-
scripts ‘new’ and ‘old’ represent for the flow variables calculated at
the present and previous time/iterative calculation steps.

RESULTS AND DISCUSSIONS

In this work, the natural convection flow and heat transfer char-
acteristics of a partially heated open ended square cavity are inves-
tigated by using the PS-TLBM (with D2Q9 lattice link model) based
in-house computational flow solver. The numerical computations
are carried out for the fixed length of isothermal heating (Lh=1/2)
at any of the heating location (top, middle and bottom) on the par-
tially heated wall and for the laminar range of the Rayleigh num-
ber (103

≤Ra≤106) varied in logarithmic manner at a fixed value of
the Prandtl number (Pr=0.71). The simulations are also performed
for the completely isothermally heated (Lh=1) left wall for the com-
parison purpose. Extensive results encompassing the influences of
the heating location and Rayleigh number (Ra) on the local and
global flow and heat transfer characteristics (such as streamline,
vorticity and isotherm contours, centerline velocities and tempera-
ture, local and average Nusselt numbers, etc.) are presented and
discussed herein the ensuing section. The numerical results are also
presented in the form of the predictive closure relationship.

Prior to the presentation of new results, the reliability and accu-
racy of the in-house computational flow solver is ascertained in
the preceding sections by conducting the grid independence test,
verification of the incompressibility limit (mandatory for LBM sim-
ulation) and comparison of the limiting results with the available
literature.

1. Choice of Computational Parameters
The reliability and accuracy of any numerical solution proce-

dure in CFD studies is naturally dependent upon a judicious choice
of optimal parameters such as sizes of the computational domain
and computational grid. In this work, the size of the computational
domain, i.e., square, is itself fixed by the problem definition. In order
to ensure the accuracy and reliability of present code and to deter-
mine the optimum lattice size, the grid independence study is car-
ried out by using the six uniform grid lattice size (Nx×Ny): G1 (41×
41), G2 (61×61), G3 (81×81), G4 (101×101), G5 (121×121) and G6

(521×521). Here, Nx and Ny represents the number of lattice nodes
in x- and y-directions, respectively. Table 1 shows the influence of
grid lattice size on the average Nusselt number (Nu) of a partially
heated wall (x*=0) with middle heating location at the fixed val-
ues of the Rayleigh (Ra=104) and Prandtl (Pr=0.7) numbers. An
examination of grid independence study (Table 1) reveals that the
refinement in the grid size from G1 to G6 relatively alters the value
of the average Nusselt number (Nu) by approximately 1.9%. The
relative changes in the values of Nu due to the refinement of grid
sizes G1→G2, G2→G3, G3→G4, G4→G5 and G5→G6 are seen to
be of about 0.72%, 0.45%, 0.21%, 0.34% and 0.23% respectively.
The above analysis of Table 1 shows marginal change in the aver-
age Nusselt number (Nu) values on the further refinement of lat-
tice grid size G4, however, with the immense increase in CPU time
to obtain the converged solution (as indicated by number of itera-
tions to acquire the desired convergence when the solution started
with similar initial guess values for each cases). Thus, the lattice
grid size G4 (101×101) is believed to be sufficiently refined enough
to resolve the thermal and hydrodynamic features with an accept-
able level of accuracy over the range of conditions considered herein.
The results presented hereafter are based on the lattice grid size G4

(101×101).
2. Quantification and Verification of Incompressibility Limit

The quantification of incompressibility limits is one of the neces-
sity of the lattice Boltzmann method (LBM) solver a-prior to its
utilization in the flow and thermal computations. Generally, the
limits of compressibility/incompressibility are quantified in terms
of the Mach number (Ma), which is defined [57] as

 where, the local speed of sound 

In order to compute the incompressible flow, LBM solvers must
have the restriction of lower Mach number (Ma). The available lit-

εmax = maxφi
new

 − φi
old

i=1
N 10−9≤

Ma = 
U
cs
---- cs = 

c
3

------

Table 1. Grid independence test based on the average Nusselt num-
ber (Nu) of a partially heated wall in the middle heating
location by using the six dierent grids (G1 to G6) of uni-
form square lattice size (Nx×Ny) at Ra=104 and Pr=0.7

Grid (Nx×Ny) Nu Number of iterations
G1 (41×41) 2.881 016421
G2 (61×61) 2.902 025023
G3 (81×81) 2.915 034735
G4 (101×101) 2.922 043048
G5 (121×121) 2.931 053313
G6 (521×521) 2.938 268547



LBM analysis of natural convection in partially heated open ended cavity 1505

Korean J. Chem. Eng.(Vol. 32, No. 8)

erature [58] suggests that the Mach number value should be within
permissible limit (i.e., Ma≤0.3) to maintain the condition of incom-
pressible flow in the LBM solvers. Table 2 shows the values of charac-
teristic velocity (U, Eq. (16)) and corresponding values of the Mach
number (Ma). Over the range of Rayleigh number (Ra) consid-
ered herein, it can be observed that estimated values of the Mach
number (Ma) are much less than the permissible limit (i.e., Ma<0.3
as incompressible limit). Therefore, the present PS-TLBM based
numerical solution methodology is working well within the incom-
pressible range. Hence, the present methodology is further confi-
dently used to obtain the new results over the ranges of conditions
considered herein.
3. Validation of Results

The analysis of the available literature suggests that none of the
results are documented for the problem considered herein. How-
ever, considerable results are reported in the literature for the limit-
ing case of the present problem, i.e., natural convection in an open
ended square cavity comprising of the completely (Lh=1) heated
isothermal left (x=0) wall and right (x=L) wall open to ambient
conditions with thermally isolated top and bottom walls. To ascer-
tain the reliability and accuracy of the present solution approach,
therefore, the results obtained herein for the limiting case have been
compared with the previous studies [34,39]. Table 3 compares the
present values of the average Nusselt number (Nu) of the completely
(Lh=1) heated isothermal left (x=0) wall with the previous results
[34,39] for the two values of the Rayleigh number (Ra=104 and
105) at a fixed value of the Prandtl number (Pr=0.7). An examina-
tion of Table 3 shows the maximum deviation of 1.96% in between
the present results and literature values. The average deviation of
the two (present and literature) values is seen to be about 0.6%.
Such minor inherent errors tend to arise due to the enormous fac-
tors such as numerical methodologies, grid size, convergence crite-
rion, approximations errors (round up and programming), etc [45,
49-52,59-66]. Keeping in mind the above mentioned inadvertent
factors influencing the numerical results, the above comparison
ascertains the confidence in the accuracy and reliability of the pres-

ent in-house PS-TLBM solver. The results presented herein this
work are, therefore, believed to be accurate and reliable within ±1-
2%.

Having gained the confidence in the present computational solu-
tion algorithm of PS-TLBM solver, the ensuing section presents
the new results emphasizing the influence of flow governing param-
eters (i.e., heating location and Rayleigh number) on the detailed
natural convection flow phenomenon of partially heated open cav-
ity in terms of the streamline and isotherm patterns, center line
variations of the velocity components and temperature, and local
and average Nusselt numbers.
4. Detailed Convection Characteristics

The effect of heating location on local flow and thermal fields is
examined through the contour profiles of the streamline, vorticity
and temperature isotherms. The centerline variations of the veloc-
ity components and temperature are also examined to obtain the
further insights into the nature of the flow. The kinematic viscos-
ity (ν) and thermal diusivity (α) are the two significant fluid prop-
erties which are evidently responsible for the development of hy-
drodynamic and thermal boundary layers, respectively. The devel-
opment of the boundary layers, in turn, influences the flow and
heat transfer characteristics. Such influences are examined by sys-
tematic variation of the Rayleigh number (Ra), which is directly
related to thickness of boundary layer. In order to delineate the influ-
ences of the flow governing parameters on the local field, the flow
variables (Φ) is normalized as follow: Φ*=(Φ−Φmin)/(Φmax−Φmin),
where Φmin and Φmax are the minimum and maximum values of
the flow variable (Φ) in the computational domain under other-
wise identical conditions.

Figs. 2-4 depict the representative dependence of the flow vari-
ables Φ* (streamline ψ*, vorticity ζ * and temperature T* isotherms)
patterns on the heating locations and Rayleigh number (Ra) for
the fixed length of heating (Lh=0.5) of the left wall. For the direct
comparison purpose, the flow patterns (streamline, vorticity and
isothermal contours) of cavity with completely heated (Lh=1) iso-
thermal wall are included in the Figs. 2-4. Each figure consists of
21 equidistant contours (ΔΦ*=0.05) of flow variables (ψ*, ζ * and
T*). In case of the complete heating of the left wall at Ra=104 (Fig.
2(d)), the flow is seen to enter from the lower half of open end of
cavity, draw near heated wall resulting in rise in temperature which
causes fluid to move in upward direction due to the buoyancy effect.
During this motion of fluid, a gradual rise in temperature is observed
from bottom (adiabatic) wall to the vicinity of top (adiabatic) wall
of open end cavity. The fluid then starts approaching towards open
end of cavity with gradual decrease in temperature. This clockwise
movement of fluid causes formation of elliptical quasi-motionless
portion in center of cavity with face opening towards the open end.
This zone is created because of the variation in the density due to
the change in temperature within the cavity. The isotherm patterns
are slightly shifted towards heated part of cavity. This physical de-
scription of local flow patterns is in accordance with the literature
[34,35,38].

For open ended cavity with partial heater (Fig. 2(a)-(c)), the flow
and thermal patterns remain nearly same, except the isotherms are
observed to be more stratified (dense crowding of isotherms) to-
wards partially heated part due to the induced buoyancy eect. For

Table 2. Values of characteristic velocity (U) and Mach number (Ma)
for the considered range of Rayleigh number (Ra) at Pr=
0.71
Ra U Ma 
103 0.007 0.012
104 0.030 0.050
105 0.100 0.170
106 0.170 0.290

Table 3. Comparison of present numerical values of the average
Nusselt number (Nu) of completed heated isothermal left
wall of open ended square cavity with the available litera-
ture at Pr=0.71

Source Ra=104 Ra=105 Ra=106

Present 3.376 7.295 14.358
Mohamad et al. [34] 3.373 7.323 14.380
Kefayati [39] 3.319 7.391 14.404
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the bottom heated location, the flow entering from an open end
approaches the heating surface, resulting in the rise in temperature.
Subsequently, the heated fluid moves upward due to the induced
buoyancy effect and reaches the adiabatic part of the partially heated
wall. Further, fluid flows toward the open end of cavity with decrease
in the fluid temperature. For all the three heating locations (Fig.
2(a)-(c)), streamline patterns remain qualitatively similar. How-
ever, the size of elliptical quasi-motionless region (or convection
cell) is seen to be smallest for the bottom heating and largest for
the middle heating location. The zone of recirculation shifts from
the center towards the open end with the change in heating loca-
tion from bottom to middle and then to the top, respectively. It is
observed that due to increase in the heat source intensity (Rayleigh
number), the strength of these convection cell increases, which is
evident from increase in the size of these cell with Ra. The vorticity
contours (Fig. 2III) show the vortex formation near the partially
heated wall. It is clearly due the sharp changes in the temperature
of fluid in the vicinity of the heated section of the cavity.

With an increase in Rayleigh number (Ra), the isotherms become
more concentrated towards heating location (i.e., dense clustering
of constant temperature lines toward the heated part) and, in case

of top and middle heating locations, the lower half of domain be-
comes nearly isothermal (refer Fig. 3). This may be due to increase in
Ra, causing increase in flow penetration capacity of fluid. These
patterns are also seen to be consistent with the available literature
on the completely heated open ended cavity [38]. This is undoubt-
edly due to increasing buoyancy effect with increasing Ra, i.e., the
increase in Rayleigh number (heat intensity) increases fluid move-
ment in the cavity between hot wall to ambient (open end). It causes
change in shape and size of the re-circulation zone formed in the
center of cavity for three dierent heating locations. The formation
of vortex (or convection cell) is also observed at the bottom corner
of the open end of cavity. The size of vortex is seen to vary with
the change in the heating location. For instance, top heating has
larger vortex structure than other two cases. It is due to the fact that
flow is expected to enter from lower half of open end wall, whereas
the region close to bottom part of open end wall is unable to ap-
proach towards heated surface due to the weak buoyancy effect. It,
in turn, forms the cavity with bottom heating has minimum vortex
size then followed by middle heating cavity. Moreover, the increase
in Ra, decreases the thermal boundary layer thickness, which can
be observed from the isotherm figures (Figs. 2-4).

Fig. 2. Influence of heating locations of partially heated cavity on the isotherms, stream-function and vorticity contours at Rayleigh number
of Ra=104. Patterns of completely heated open ended cavity are also included.
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On further increase in the Rayleigh number to Ra=106 (Fig. 4),
the fluid movement between heated and open boundaries increases
due to strengthening of the buoyancy effect. The temperature iso-
therms become much more stratified with dense clustering of iso-
therm lines towards partially heated wall, which implies higher rate
of heat transfer. In the center of cavity, the isotherms becomes almost
parallel to horizontal axis. It is due to increase in size of quasi-motion-
less region in the center of cavity, which can be seen from the stream-
line patterns. Due to the increased fluid circulation, elliptical mo-
tionless region breaks into two vortices. The size of vortex is found
to vary with the change in heating location due to the variable mag-
nitude of buoyancy force. It is evident from isotherms, that for top
heating location, the isotherms are distributed in upper top half of
cavity, as for this location, the fluid circulation remains active along
top half of cavity, with lower half of cavity remains stagnant.

Further insights of the local flow patterns are gained by analyz-
ing the variations of the temperature and velocity components along
the geometric centerlines. Fig. 5 represents the variation of tem-
perature along both horizontal and vertical centerlines of the cav-
ity, i.e., T*(y*) at x*=0.5 and T*(x*) at y*=0.5, respectively, for the
partial (Lh=0.5) isothermal heating at three different heating loca-
tions on the cavity wall as well as for the complete (Lh=1) isothermal

heated wall. Irrespective of the governing parameters (i.e., heating
length/location and Ra), the dimensionless temperature (T*) is ob-
served to gradually increase (Fig. 5I) from its minimum value (T*

≈

0 at y*=0) to a maximum value with increase in y* along the hori-
zontal centerline (x*=0.5). The variation of temperature in the bot-
tom region of the cavity (i.e., y* 0.3) is insignificant. However, a
sharp increase in the temperature with increase in y* is seen above
the initial region (i.e., 0.3 y* 0.9). The maximum temperature
remains nearly constant in the region close to the top wall (i.e., 0.9
y*≤1). The shifting of partial heating location (from bottom to mid-
dle and then to top) shows a significant variation in the tempera-
ture in the second region (i.e., 0.3 y* 0.9). Irrespective of the value
of Ra, the maximum value of the temperature in the close vicinity
of top wall (i.e., 0.9 y*≤1) is seen to decrease with shifting of par-
tial heating location from bottom to middle and then to top, respec-
tively. The partial heating at bottom and complete isothermal heating
shows qualitatively as well quantitatively similar temperature dis-
tribution along the horizontal centerline. In case of the top heat-
ing, the heat is lost during motion of fluid from entry towards top
heated wall due to a linear increase in temperature along vertical
line. Moreover, the maximum temperature remains same (T*

max≈

0.65) for middle and top heating whereas T*

max≈0.45 for bottom

<~

<~ <~
<~

<~ <~

<~

Fig. 3. Influence of heating locations of partially heated cavity on the isotherms, stream-function and vorticity contours at Rayleigh number
of Ra=105. Patterns of completely heated open ended cavity are also included.
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heating.
On the other hand, the temperature (T*) is seen to gradually

decrease (Fig. 5II) from its maximum value (TT*

max≈1 at x*=0) to
a minimum value (T*

≈0 at x∗=1) with increase in x* along the ver-
tical centerline (y*=0.5). In case of the partial heating, cavity with
middle heating has higher maximum temperature (T*

max≈1.0) com-
pared to the other two heating locations, where the maximum tem-
perature is T*

max<1.0. A sudden drop in the temperature (T*) is clearly
visible near the heated left wall of the cavity for all the values of Ra
and heating locations. The decrease in the temperature along the
horizontal axis (x*) is due to the clock-wise induced buoyancy flow.
It is interesting to note from the temperature curves (T* vs x*) that,
irrespective of the heating arrangements, the temperature (T*) drops
to zero (i) at the open end of the cavity (x*≈1) for the lower val-
ues of the Rayleigh number (Ra≤105), and (ii) within the cavity
(x*<1) for higher values of the Rayleigh number (Ra>105). The
shifting of the zero temperature (T*=0) position on the vertical
centerline is seen to be maximum (≈15-20%) and minimum (≈5%)
within the cavity for the top and bottom heating locations, respec-
tively. Such a shift of the zero temperature position suggests the
enlargement (or contraction) of effective convection zone within
the cavity.

Consequent variations of the horizontal and vertical velocity
components (i.e., u*

x and u*

y) along the vertical and horizontal cen-
terlines (i.e., x*=0.5 and y*=0.5), respectively, are illustrated in Fig.
6 for the range of Rayleigh number (Ra) and heating size/locations.
Irrespective of the governing conditions, the circulation of fluid
due to the induced buoyancy is clearly evident from Fig. 6. The
amplitude of the fluid circulation is also seen to be strongly depen-
dent on both the Rayleigh number (Ra) and the heating size/loca-
tions. The horizontal velocity profiles (u*

x vs y*) have similar values
(i.e., zero, see Fig. 6I) at both the ends (y*=0 and 1) due to the no-
slip solid (bottom and top) stationary walls of the cavity. In gen-
eral, the horizontal velocity profiles (u*

x vs y*) originate from zero
at y*=0 and attains its minimum (and negative) value. It is followed
by the gradual increase until it reaches to a maximum (and posi-
tive) value. It, further, drops down to the zero value along the ver-
tical centerline. Therefore, it represents the buoyancy induced cir-
culatory flow in between the walls (0<y*<1) through the appear-
ance of both the negative and positive values of the velocity (u*

x) in
the lower and upper half sections of the cavity. The symmetrical
amplitude of flow circulation deviates with change in heating from
complete to partial isothermal heating for all values of the Rayleigh
number. The intensity of recirculation also enhances with increas-

Fig. 4. Influence of heating locations of partially heated cavity on the isotherms, stream-function and vorticity contours at Rayleigh number
of Ra=106. Patterns of completely heated open ended cavity are also included.
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ing value of the Rayleigh number (Ra) for all the heating locations.
Similarly, the distributions of the vertical velocity (u*

y vs x*) along
the horizontal centerline (y*=0.5) of cavity are depicted in Fig. 6(II).
Similar to the horizontal velocity profiles (u*

x), the vertical velocity
patterns (u*

y) also show a complex dependence on the flow gov-
erning parameters. It shows that the zero velocity at the no-slip solid
stationary left wall increases sharply to its maximum value and then
a gradual decrease in the values near the open end of the cavity.
The velocity profiles are nearly unchanged in the middle portion
of cavity. However, the sharp decrease to the minimum value fol-
lowed by an increase to zero or finite value in the close vicinity of
the right open end wall is observed. At lower values of the Rayleigh
number (Ra≤105), the vertical velocity (u*

y) is seen to have zero
value for all the heating situations. However, finite value of vertical
velocity (u*

y) can be seen for the higher values of Rayleigh number
(Ra>105). These are the articulated fact (Fig. 6II) arising due to in-
teresting feature observed in the centerline temperature distribu-

tion curves (Fig. 5II). It can also be observed from Fig. 6 that the
influences of flow governing parameters is more predominant on
the horizontal velocity profiles (u*

x vs y*) compared to that on the
vertical velocity (u*

y vs x*).
The detailed flow and thermal characteristics, presented and dis-

cussed in foregoing section, are seen to have complex dependence
on the natural convection flow governing parameters. These, in
turn, will alter the global convection characteristic, such as local
and average Nusselt number, etc. Therefore, the functional depen-
dencies of local and averaged heat transfer rate on the flow gov-
erning parameters are explored in the ensuing section.
5. Global Convection Characteristics

The Nusselt number (or dimensionless heat transfer coefficient)
is generally considered as one of the important engineering parame-
ter to signify the rate of convective heat transfer. In this section, the
functional dependence of local (as well as average) Nusselt number
on the flow governing parameters is presented and discussed for

Fig. 5. Dimensionless temperature (T*) variation along (I) vertical (x*=0.5) and (II) horizontal (y*=0.5) centerlines of cavity with Rayleigh
number (104

≤Ra≤106), partial heating at different locations and complete heating.
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the wide range of Rayleigh number (103
≤Ra≤106), partial/com-

plete (Lh≤1) isothermal heating and heating locations of the open
ended cavity.

Fig. 7 depicts the local Nusselt number (Nu, Eq. (19)) distribu-
tion on the partially heated left wall (x*=0, y*) over the ranges of
conditions considered herein. Irrespective of the heating size and
location, as expected, the local Nusselt number (Nu) is found to
increase with increasing value of Rayleigh number (Ra). For all the
cases considered herein, the local Nusselt number decreased along
the length of heating (h*

1≤y*≤h*

2, refer Eq. (12)) of the wall, under
otherwise identical conditions. The sharp peaks can also be ob-
served in Fig. 7 at the starting (of the middle and top heating loca-
tions) and at the end (of bottom and middle heating locations),
respectively. Such peaks represent the sharp changes in thermal
gradients at those spatial locations due to the sudden change in
the heating mode from isothermal to adiabatic and vice versa. The
sharp gradients ultimately leads to the higher heat transfer at such

local locations. The peaks, if observed, are always higher at the start-
ing point, compared to that at the end point, of the heating loca-
tion because of the larger (and sudden) temperature variations at
this location. Irrespective of the value of Rayleigh number (Ra),
the smaller peaks observed in the local Nusselt number curves (Figs.
7(a) & 7(b)) represent the change of the heating mode from iso-
thermal to adiabatic and vice versa (from adiabatic to isothermal)
is seen through larger peaks in the Nu curves (Figs. 7(b) & 7(c)).
For the fixed value of Ra, a single peak in Nu curve is noticed in
case of both the bottom and top heating (Figs. 7(a) & 7(c)) arrange-
ments while two peaks appeared in the middle heating (Fig. 7(b))
case. The appearance of peaks in these curves suggests the local
enhancement of the heat transfer. The occurrence of the two (one
smaller and one larger) peaks in the middle heating case (Fig. 7(b)),
thereby, represents the maximum heat transfer amongst other heat-
ing cases for the fixed value of Rayleigh number. For the lowest con-
sidered Rayleigh number (Ra=104), the Nusselt number varies in

Fig. 6. Variations of (I) horizontal component of velocity (u*

x) along the vertical (x*=0.5) and (II) vertical component of velocity (u*

y) along
the horizontal (y*=0.5) centerlines of cavity with Rayleigh number (104

≤Ra≤106), partial heating at dierent locations and com-
plete heating.



LBM analysis of natural convection in partially heated open ended cavity 1511

Korean J. Chem. Eng.(Vol. 32, No. 8)

the range of 0.05-0.1 for all the three heating conditions, thereby,
implying the weak convection and low rate of heat transfer. The
Nusselt number values increased up to 0.1-0.25, with increasing
Ra, suggesting an increased heat transfer rate. Such heat transfer
patterns can clearly by identified from the isotherm patterns. At
low Rayleigh number, isotherms distribution is thin with thick ther-
mal boundary layer indicating low rate of heat transfer. With the
increase in Rayleigh number, thermal boundary layer becomes thin
with dense and stratified isotherms along hot wall which implies
higher rate of heat transfer.

Further, the average Nusselt number (Nu, Eq. (20)) is obtained
by integrating the local Nusselt number (Nu) values over the heated
wall. Table 4 presents the dependence of the average Nusselt num-
ber (Nu) on the Rayleigh number (103

≤Ra≤106), heating size (Lh≤1)
and three different (bottom, middle and top) heating locations on
the active wall. Irrespective of the heating arrangements, the aver-
age Nusselt number (Nu) is seen to increase in the unambiguous
manner with an increasing value of the Rayleigh number (Ra). As

noted in the local Nusselt number (Nu) variations, the middle heat-
ing case yields the largest value of the average Nusselt number (Nu),
followed by the bottom and top heating arrangements. Further-
more, a comparison of partial heating (Lh<1) arrangements with
the complete heating (Lh=1) suggests that for the equal size of heat-
ing, the partial heating arrangements enhance the average heat trans-
fer in the open ended cavity.

To delineate the role of partial heating (Lh<1) over the complete
heating (Lh=1) on the average heat transfer in the open ended square
cavity, the average Nusselt number values have been normalized
with the corresponding values of complete heating, under other-
wise identical conditions. The normalized Nusselt number (NuN)
is expressed as follows:

(40)

Fig. 8 represents the variation of normalized average Nusselt num-
ber (NuN) with the Rayleigh number (103

≤Ra≤106) for the different
heating locations. Irrespective of the heating locations, qualitatively
similar dependence of NuN on Ra is observed over the ranges of
conditions considered herein. It is clearly evident from Fig. 8 that
open ended square cavity with middle heating arrangement have
higher rate of heat transfer than the bottom followed by top heat-
ing configurations. The normalized values above and lower than
unity (i.e., NuN>1 and NuN<1) suggest the enhancement and dete-
rioration in the heat transfer in comparison to the completely heated
open ended cavity. The difference of the heating lengths in both

NuN
 = 

Nu Lh 1<( )

Nu Lh=1( )

------------------

Fig. 7. Dependence of the local Nusselt number (Nu) of the hot wall (x*=0) on the heating locations and Rayleigh number (104
≤Ra≤106).

Table 4. Dependence of the average Nusselt number (Nu) on the
heating location and Rayleigh numbers

Heating position Lh Ra=103 Ra=104 Ra=105 Ra=106

Top 0.5 1.485 2.053 4.019 07.161
Middle 0.5 2.031 2.921 5.385 09.308
Bottom 0.5 1.655 2.494 4.786 08.895
Complete heating 1.0 1.387 3.376 7.295 14.358
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partial and complete heating arrangements should also be noted a-
prior to the analysis of Fig. 8. The half (H/2) of cavity wall is exposed
to heating in case of the partial isothermal heating arrangements
in comparison to the whole length (H) is heated in complete heat-
ing. Therefore, for the equal size of heating in both the partial and
complete heating arrangements, the partial heating at any of loca-
tion enhances the average heat transfer in the open ended cavity.

Further attempts are also made to establish the functional rela-
tionship between the flow governing parameters and the average
Nusselt number. The subsequent discussion presents an empirical
predictive correlation of average Nusselt number.
5-1. Empirical Correlation

The development of a simple predictive correlation is essential
in order to obtain the dependent variable for the intermediate val-
ues of the independent variables for their best possible utilization
in engineering practices and design. Considering an important
aspect from an engineering and scientific point of view, therefore,
attempts are made to develop an empirical correlation elucidating
the functional dependence of the present numerical values of the
average Nusselt number (Nu) on the flow governing parameters.
In order to get best fit correlation, the functional dependence of
the average Nusselt number (Nu) on the Rayleigh number (Ra)

for different heating length/locations is represented by the follow-
ing power-law expression (as most of the heat transfer correlations
are expressed as power-law function [67]).

Nu=ARaB (41)

The statistical analysis of the present numerical data yields the cor-
relation coefficients (A and B in Eq. (41)) as,

A=−2.054L2
hc+2.031Lhc−0.099; B=0.260L2

hc−0.290Lhc+0.303 (42)

with an excellent coefficient of determination (R2=0.98) over the
investigated ranges of conditions (104

≤Ra≤106 and 0.25≤Lhc≤0.75).
Here, Lhc being the center of heating location encompassing the
heating length. It can be mathematically described as the summa-
tion of the initial point of heater (ho or y1 or y*1 refer Eq. (5) or (12))
and center of uniform heating (lh/2 or Lh/2) of partial heater. It can
be expressed as follows:

(43)

For the equal size of isothermal heating (i.e., Lh=1/2) at all the heat-
ing locations, the value of Lhc of 1/4, 1/2 and 3/4 corresponds to the
bottom, middle and top heating location, respectively, in the devel-
opment of the above empirical correction (Eq. (41)).

Furthermore, the present numerical values and the predicted
values (Eq. (41)) of the average Nusselt number (Nu) shows a max-
imum and average deviation of 13.5% 1.07%, respectively. Fig. 8
represents the best fit between the two (numerical and empirical)
values of average Nusselt number (Nu). It should also be noted that
maximum deviations between two values is seen to be in the order
of ±3-4% for all the conditions, except that of ~13.5% at the Rayleigh
number of Ra=104 for top heating location (Lhc=0.75). Excluding
this point the maximum deviation is observed to be 9.2% for bot-
tom heating and Ra=103. It is observed that the proposed predic-
tive closure correlation (Eq. (41)) predicts the average Nusselt number
(Nu) values within acceptable level of deviations from the com-
puted values.

lhc = ho + 
lh

2
--- or Lhc = y1

*

 + 
Lh

2
-----

Fig. 8. Dependence of the average Nusselt number (Nu) of the hot
wall (x*=0) on the heating locations and Rayleigh number
(103

≤Ra≤106).

Fig. 9. Comparison of present numerical and predicted (Eq. (41))
average Nusselt numbers.
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CONCLUDING REMARKS

The natural convection in the partially heated open ended square
cavity has been numerically investigated by using the in-house devel-
oped (in C++) computational flow solver based on the passive sca-
lar thermal lattice Boltzmann method (PS-TLBM) with D2Q9 lattice
model. The partial part of the left wall of the cavity is isothermally
heated at either of the three different (bottom, middle and top) heat-
ing locations. The remaining part of left wall, top and bottom walls
are maintained adiabatically. The right end of the cavity is open to
ambient conditions. The local and global flow characteristics such
as streamline, isotherm and vorticity patterns, centerline variations
of the velocity components and temperature, local and average Nus-
selt number have been presented and discussed. The present re-
sults can be concluded as follow: At low Rayleigh number (Ra=
104), streamline patterns remain qualitatively similar for all the three
heating location. However, the size of the re-circulation zone changes
with the shifting of heating locations. The largest recirculation zone
is observed for the middle heating case. The isotherm patterns are
shifted towards the partially heated wall. With an increase in the
Rayleigh number (Ra=105), the streamline patterns shows clock-
wise circulation with formation of vortex near lower part of open
end of cavity. The top heating yielded the maximum size of vortex.
On further increase in the Rayleigh number (Ra=106), the ellipti-
cal quasi motionless region breaks in two vortices which take shape
according to position of heating location. Both the local and average
Nusselt numbers have shown the linear dependence on the Rayleigh
number for all the three partial heating cases. Finally, the functional
dependence of present numerical results of average Nusselt num-
ber (Nu) on the Rayleigh number (Ra) and heater location (Lhc)
have also been presented as a simple closure empirical relation-
ship. Irrespective of the value of the Rayleigh number, cavity with
middle partial heating location shown higher average Nusselt num-
ber (or heat transfer rate) followed by bottom and top heating loca-
tion, respectively.
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