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Abstract
At present, the cranes used at sea have several shortcomings in terms of flexibility, efficiency, and safety. Therefore, a floating multi-robot 
coordinated lifting system is proposed to fulfill the offshore lifting requirements. First, the structure of the lifting system is established 
according to the lifting task, the kinematic model of the system is developed by using the D–H coordinate transformation, and the dynamic 
model is developed based on rigid-body dynamics and hydrodynamics. Then, the static and dynamic workspace of the lifting system are 
analyzed, and the solving steps of the workspace are given by using the Monte–Carlo method. The effect of the load mass and the maximum 
allowable tension of the cable on the workspace is examined by simulation. Results show that the lifting system has limited carrying capacity 
and a data reference for selecting the structural parameters by analyzing the factors affecting the workspace. Findings provide a basis for further 
research on the optimal design of structural parameters and the determination of safe configurations of the lifting system.
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1  Introduction

With the development of science and technology, humans 
have gradually deepened their exploration of the oceans. At 
present, all countries use a single crane for lifting operations. 
With the development of marine engineering, traditional 
cranes can no longer meet the current demand for efficiency, 
load capacity, and safety of lifting equipment (Jia et al., 
2015; Qian et al., 2017; Liu et al., 2021a). These problems 
are solved by adopting the coordinated tasks of multiple 
lifting equipment, which can increase the stability of the lift‐
ing system, reduce the working load of single lifting equip‐
ment, and improve safety (Ding et al., 2012; Qian et al., 
2014; Wang et al., 2012).

The lifting system combines the advantages of a multi-
robot lifting system and a traditional lifting ship. Such advan‐
tages include high bearing capacity, large workspace, high 
stability, and capacity to meet the lifting operation under 

complex maritime environments (Chen et al., 2001; Su 
et al., 2021). Thus, the lifting system has high research 
and practical values. Scholars have studied this field and 
attained several achievements. Yu et al. (2021, 2022) pro‐
posed a hybrid framework using visual and force sensing 
for human–robot co-carrying tasks, and an adaptive imped‐
ance controller for human–robot co-transportation was put 
forward in task space; the performance of the proposed tech‐
niques is shown using simulations and experiments. Horoub 
et al. (2017, 2018) established the dynamic equation of the 
hoisting device at sea and determined the cable tension 
and the workspace of the hoisting object. Chen et al. (2020) 
developed a cable-driven lifting device that used the cable 
and the motor drive to realize the pose and position move‐
ments of the load, respectively. Ren et al. (2008) estab‐
lished a nonlinear dynamic model of the floating cranes to 
simulate the influence of waves. Idres et al. (2003) estab‐
lished a crane model under eight degrees of freedom (DOF) 
and analyzed the unidirectional coupled motion between 
load and hull. Cong et al. (2005) established a dynamic 
equation of the cable traction robot. Bedoustani et al. (2009) 
considered the elasticity of the cable-driven parallel manip‐
ulator and established a dynamic model. The shape and size 
of the workspace are important indexes for analyzing the 
performance and stability of the lifting system (Li, 2021). 
Verhoeven and Hiller (2000) estimated the workspace of the 
tendon platform using algebraic sets. Bosscher et al. (2006) 
used vector theory to solve the analytical solution of the 
workspace of a cable-driven parallel robot and discussed 
the possibility of solving the workspace boundary. Diao and 
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Ou (2007) solved the workspace of a parallel robot under 
complete constraints according to the vector closure princi‐
ple. Guan and Yokoi (2006) used the Monte–Carlo algo‐
rithm to analyze the reachable workspace of humanoid ro‐
bots. These previous studies focused on fully and over-con‐
strained systems. Under-constrained systems do not satisfy 
the force-spinor closure condition (Tang et al., 2013; Liu 
et al., 2021b) and thus have few research results. In this 
study, the workspace of the lifting system is divided into 
static and dynamic workspaces.

The floating multi-robot coordinated lifting system is an 
under-constrained system. In preliminary research, using real 
objects is dangerous. Therefore, theoretical analysis and sim‐
ulations of the lifting system are necessary (Bisgaard et al., 
2009; Bendtsen et al., 2010). Based on the lifting task, the 
spatial configuration of the lifting system was designed, the 
kinematic model of the system was established by using the 
D–H coordinate transformation, and the dynamic model was 
developed based on rigid-body dynamics and hydrodynam‐
ics, and the constraints that the load position must satisfy 
were obtained. Then, the workspace of the lifting system is 
divided into static and dynamic workspaces, and based on 
the virtual cable and the closed principle of force-spinor, the 
calculated steps of the workspace of the lifting system are 
obtained by the Monte–Carlo algorithm. The influence of 
load mass and maximum allowable tension of cables on 
static and dynamic workspaces are analyzed. As a new re‐
search direction, the workspace of the lifting system is the 
focus of this study. The lifting system has a data reference 
for selecting the structural parameters by analyzing the fac‐
tors affecting the workspace, which provides guidance for 
practical applications.

2  Kinematic analysis of the system

The lifting system consists of the floating robot and the 
cable-driven parallel lifting system. Figure 1 shows the struc‐
ture. In the floating robot, the lower half is a floating base, 
and the upper half is a three-DOF joint manipulator. Link 1 
can rotate around the Z-axis, and links 2 and 3 can rotate 
in the same vertical plane. The coordinate system {O} is set 
in the horizontal plane, {Oi} is set at the barycenter of the 

floating base, {Osi} is set at the bottom of the robot, and {O'} 
is set at the center of the load. In this coordinate system, Ai 
denotes the robot endpoints, Bi denotes the connection 
points between the cables and the load, Li denotes the ca‐
bles, and r ( x, y, z, φ1, φ2, φ3 ) denotes the position and pose 
of the load. The rod length of the robot is (ai1, ai2,  ai3), and 
the joint angle is (θi1, θi2, θi3 ). Given that the whole system 

is composed of three lifting robots, then i=1, 2, 3. The load 
moves according to the desired trajectory by adjusting the 
position of the robot end or the cable length, and the cable 
is adjusted by the actuator at the robot end.

Given the complex structure of the actual lifting system, 
the following assumptions are made in the analysis without 
affecting its results.

1) The robots are evenly distributed, the ends of the lifting 
robots do not overlap, and the cables do not intertwine.

2) The floating base is a rigid body with uniform mass. 
The waves acting on the floating base are linearly regular, 
and the coupling between the DOF of the floating base is 
not considered.

3) The structural stiffness of the robot is strong enough 
to ignore the elastic vibration and deformation of the robot 
under force. When the cable is stressed, it is treated as a rigid 
body, and its elastic deformation and mass are ignored.

4) The floating robot is regarded as the ideal working 
state, and the influence of its internal forces generated on 
the floating base and lifting system is temporarily neglected.

2.1  Kinematic analysis of floating robot

Assuming that the three floating robots have the same 
structures, the end coordinates of the lifting robot can be 
obtained in the coordinate system {Osi}:
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where s is sin, c is cos.
From the structure of the floating robot and the related 

theory of robot kinematics, the end position of the lifting 
robot is ( xAi, yAi, zAi, 1):
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where R* is the transformation matrix between coordinate 
systems {Oi} and {Osi}, obtained by

Figure 1　Structure of a lifting system with a floating base
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where the position of the origin Osi of {Osi} in {Oi} is ( xi, yi, 

zi ), and the angle of {Osi} relative to {Oi} is φ i.

In Equation (2), R is the transformation matrix between 
{Oi} and {O}.
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where angles (αi, βi, γi ) of the floating base around the three 

axes indicate its roll, pitch, and heave motion, respectively; 
the positions ( xsi, ysi, zsi ) of the floating base in space indi‐
cate its lateral, longitudinal, and vertical motions.

The kinematic relationships between the end of the lifting 
robot and the floating base can be obtained by Equations (1) 
and (2).

2.2  Kinematic analysis of the lifting system

The connection points between the load and the cables 
are Bi ' in {O'}.

B i = RG B i ' + r (3)

where RG is the transformation matrix of {O'} relative to 
{O} (Craig et al., 2018).

From the coordinates of Ai and Bi, the cable length can 
be obtained as follows.

Li = ( )xAi − xBi

2
+ ( )yAi − yBi

2
+ ( )zAi − zBi

2
(4)

According to the motion law of the floating base and the 
robot, the end coordinates of the lifting robot, cable length, 
coordinates of the connection point between the load and 
cable, and the load position can be obtained by connecting 
Equations (1) to (4).

The load workspace can be obtained by considering the 
geometric constraints of the lifting system during the kine‐
matic solution.

1) The load position is always in the triangular prism 
formed by the end points of the three robots and their pro‐
jection points on the horizontal plane.

2) The pose of the load must be less than a certain angle 
to avoid the unbalanced distribution of the cable tension.

3) The cable tension must be between the minimum pre‐
load force and the maximum allowable tension to avoid 
the virtual strain and fracture of the cable.

4) For the floating base, its draft depth is less than its 
height to ensure that it will not be submerged in water.

3  Dynamic analysis of the system

The floating multi-robot coordinated lifting system con‐
sists of two parts: a cable-driven parallel lifting system and 
floating robots. The dynamic equations of the floating robot 
and the cable-driven parallel lifting system are established 
separately, and the dynamic model of the whole lifting sys‐
tem is simultaneously obtained.

3.1  Dynamic analysis of floating robot

The floating robot consists of a joint robot fixed on a 
floating base. In the analysis of its dynamics, these two parts 
are considered as the same rigid body, and the effect of the 
robot’s pose on the floating base is neglected.

According to the idea of separation modeling (Schellin et 
al., 1991), the motion equation of the floating robot in the 
heaving direction under the action of external forces such as 
from waves (wave excitation and radiation forces), restora‐
tion, and damping is established as

Mz z″+ 2Nz z′ + Cz z = Fz + Tz (5)

where z″ is the acceleration of the floating robot along the 
Z direction, Mz = mG + λz is the inertia moment, Nz is the 
damping moment, Cz = ρSw is the recovery moment, mG is 
the mass matrix of the floating robot, λz is the additional 
mass matrix, ρ is the fluid density, Sw is the area of the water 
plane, Fz is the wave disturbance torque, and Tz is the in Z 
direction torque of the cable tension of the floating robot. 
The coefficients in the motion equations of the floating robot 
can be obtained by referring to that of the crane ship.

3.2  Dynamic analysis of the lifting system

In the process of starting and braking the multi-robot 
coordinated lifting system, the load swings because the 
dynamic balance condition is damaged by its inertial force. 
The movement of the floating base transfers to the end of 
the robot, causing a large swing of the load. Even without 
any external disturbance, the load inevitably swings when 
the floating robot adjusts the joint angle. Due to the uncer‐
tainty in the direction of the load motion of the lifting sys‐
tem, it is analyzed as a spherical pendulum process to facili‐
tate the derivation of the dynamical model. Figure 2 shows 
the structure diagram of the lifting system, where A denotes 
the end point of the lifting robot, Q denotes the load, l is the 
cable length, and m is the load mass. Assuming that the cable 
force is T, the mass and deformation of the cable are not 
considered in the dynamic analysis, and the direction of the 
force is always along the direction of the cable tension.

The in- and out-plane angles θx and θy are used to locate 
the position of the cable in the lifting system. Assuming that 
the cable is parallel to the Z-axis in the initial state, it rotates 
a degree θx during the load movement from state 1 to 2. 
When the load moves from state 2 to 3, the cable rotates by 
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a degree of θy. Then, the position of the load is denoted as:

ì
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xq( )t = xp( )t + l ( )t ⋅ sinθx( )t cosθy( )t
yq( )t = yp( )t − l ( )t ⋅ sinθy( )t
zq( )t = zp( )t + l ( )t ⋅ cosθx( )t cosθy( )t

(6)

The dynamic equation of the load is
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mx″q ( )t =  − Tsinθx( )t cosθy( )t
my″q ( )t = Tsinθx( )t sinθy( )t
mz″q ( )t = Tcosθx( )t − mg

(7)

After a series of processing of Equation (7), the expres‐
sion of cable tension is obtained as

T = mg cos θx(t ) + ml ⋅ [θ′ 2
x (t ) + sin2θx(t ) ⋅ θ′ 2

y (t ) ]
− mx″q(t )sin θx(t )cos θy(t ) + my″q(t )sin θx(t ) ⋅ sin θy(t )

+mz″q (t )cos θx(t ) − ml

(8)

4  Workspace analysis

The workspace of the multi-robot coordinated lifting sys‐
tem is defined as the set of all points of the position and 
pose that the load can reach under the condition of force and 
moment balance when the joint angle of the robot and the 
extension law of the cable are given (Li et al., 2015). To de‐
termine whether the load is in the workspace, it is only nec‐
essary to determine whether the cable tension satisfies the 
constrained condition.

4.1  Static workspace analysis

The balance equation of the load is

J TT = F (9)

where T =[T1 T2 T3 ]
T
, 0 <T s

min ≤Ti ≤T s
max. F is the exter‐

nal force matrix of the load,

F =
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where Ix , Iy , Iz are the moment of inertia of the load, re‐
spectively, v and ω are the linear and angular velocity of 
the load.

In Equation (9), J T = [J1 J2 J3 ] is the structure matrix 
of the lifting system:

Ji =
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( )RB′i × ei

  (i = 1, 2, 3) (11)

where ei = Li   Li  is the unit vector of the cable length.

According to Equations (3) and (4), the cable length and 
load position of the lifting system can be calculated. The 
load position satisfies the following conditions:
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min ( )x1, x2, x3 < x < max ( )x1, x2, x3

min ( )y1, y2, y < x < max ( )y1, y2, y3

min ( )z1, z2, z3 < z < max ( )z1, z2, z3

(12)

When the load pose is known, Equation (9) can be equiva‐
lent to in-homogeneous linear equations for solving the cable 
tension, and the condition rank (J ) ≤ min (m, n) is satisfied. 
m=3 is the number of cables, and n=6 is the number of the 
load DOF. The static workspace of the lifting system is solved 
in the following steps.

(1) The end position of the robot and the load position 
are randomly generated by the Monte – Carlo algorithm. 
The rank (J ) and rank (J, F ) are separately calculated.

(2) We determine whether the rank (J ) = rank (J, F ) =
m is true; if so, then T = J − 1F, and enter step (4); if not, we 
enter step (3).

(3) We determine whether rank (J ) = rank (J, F ) < m is 

true; if so, then T * = J T(J )J T − 1
F, and enter step (4); if not, 

then return to step (1).
(4) We determine whether the cable tension 0 < T s

min ≤
Ti ≤ T s

max is satisfied; if so, record the position of the point 
and enter step (5); if not, directly return to step (1).

(5) Repeating steps (1) to (4) until the cycle ends.

4.2  Dynamic workspace analysis

When solving the dynamic workspace, the gravity and in‐
ertial forces of the load must be treated as the tension of the 
virtual cable to ensure that the lifting system satisfies the 
vector closure condition. In this case, the balance equation 
for the load is as follows:

JsTs = 0 (13)

where Js and Ts are the reconstructed structure and tension 
matrices of the lifting system. The solution steps for the 
dynamic workspace of the lifting system are as follows.

Figure 2　Diagram of the lifting system
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(1) The end position of the robot and the position of the 
load are randomly generated by the Monte –Carlo algo‐
rithm, and the structure matrix J T

s  is solved.
(2) Determine whether J T

s  has full rank; if so, Teff =

(J T
s )− 1

F, and enter step (3); if not, return to step (1).

(3) Calculate λ1 = max
1 ≤ i ≤ m

Tmin − Teff( )i
hi

 and λ2 =

min
1 ≤ i ≤m

Tmax −Teff( )i
hi

 and take the average value λ=( )λ1+λ2  2, 

then calculate Tnul = hλ; hλ is a component of the null space 
matrix N (J T

s ).
(4) Calculate the tension T = Teff + Tnul and determine 

whether the cable tension 0 < T s
min ≤ Ti ≤ T s

maxis satisfied; if 
so, record the position of the point; if not, return to step (1).

(5) Repeat steps (1) to (4) until the cycle ends.

5  Numerical simulation analysis

The three floating robots are arranged in an equilateral 
triangle in space, and the ends of the three robots are kept 
at the same height. Figure 2 shows the projection of the 
lifting system in the initial state. Table 1 shows the initial 
positions of the barycenters and endpoints of the three 
floating robots. The structure of the floating base is a cylin‐
der with height h = 1 m and radius r = 0.5 m. The parame‐
ters of the robot are a1 = 1 m, a2 = 0.5 m, a3 = 0.5 m, and 
the range of joint angles are shown in Table 2. The draft 
depth of the floating robot resting on the water surface is 
0.5 m, the draft weight is 392.4 kg, and the fluid density is 
ρ = 103 kg/m3. The mass of the load is 10 kg, the cable 
length is 0.5 to 3 m, and the initial position of the load is 
(1.5, 1.25, 1). The radius of the load is 0.1 m, the position of 
the connection points between the cables and the load are 

B1 = é
ë − 0.05 3 , − 0.05, 0ùû

T

, B2 = é
ë0.05 3 , − 0.05, 0ùû

T

, 

and B3 = [0, 0.1, 0]T
.

5.1  Simulation of the workspace

According to the established model of a multi-robot co‐

ordinated lifting system with a floating base, the driving 
pattern is such that the end positions of the robot and cable 
length change simultaneously. During the lifting, a random 
acceleration of 0–0.5 is added in the X, Y and Z directions 
of the load to obtain the dynamic workspace. Figures 4 
and 5 show the static and dynamic workspace of the lifting 
system, where (a), (b), and (c) are the 3D projection dia‐
gram, respectively.

Figures 4 and 5 show that after 3×107 random opera‐
tions, the number of valid points in the static workspace is 
184 140 and that in the dynamic workspace is 210 826. 
The number of valid points in the dynamic workspace is 
more than 10% of that in the static workspace. From the 
shape analysis, the basic shape of both workspaces is a trian‐
gular prism. As the load rises in the Z direction, the middle 
of the workspace is depressed, but the depression of the static 
workspace is more apparent than the dynamic workspace, 
given that the load has upward acceleration in the dynamic 
workspace, and together, the inertia force and cable tension 
balance the load gravity.

5.2  Factors affecting the workspace

The shape and size of the workspace are important met‐
rics to evaluate the performance of the floating multi-robot 
coordinated lifting system. Therefore, when the overall 
layout of the lifting system is carried out, the structural 
parameters or stress conditions of the system are changed 
to satisfy the parameter configuration under different con‐
ditions. The main factors that affect the workspace of the 
lifting system include the distribution position of the float‐
ing robot, external forces borne by the floating base, rod 
length and joint angle of the robot, maximum allowable 
tension of the cable, and the mass of the load. The external 
forces that can be borne by the floating base and the rod 
length and joint angle of the robot are the intrinsic features 
of the lifting system. The distributional position of the 
floating robot needs to be considered in combination with 
the actual working conditions and is not analyzed in this 
study. Only the maximum allowable tension of the cable 
and the load mass are analyzed.

Figure 3　Projection of the lifting system on the XOY plane

Table 1　Initial coordinates of the floating robot

Points

O1

O2

O3

A1

A2

A3

X (m)

0

3

1.5

1

1

7/4

Y (m)

0

0

1.5 3

5 3 /6

−2 3 /3

3 /12

Z (m)

0

0

0

1.5

1.5

1.5

Table 2　Parameters of the joint angles

φ11

− π
2
‒
π
2

φ21

π
2
‒

3π
2

φ31

−π–0

φi2, φi3

π
12

‒
5π
12
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5.2.1 Mass of the load
The change in the load mass causes a change in the cable 

tension, although the characteristics of the cable itself do 
not change. The load mass directly changes the workspace 
of the lifting system. If the mass of the load is increased, 
the binding force of the cable on the load must be increased 

to safely maintain the movement of the load. In practical 
applications, the lifting object at sea generally has a large 
mass. The mass range of the load must be limited, or a safe 
workspace must be made to perform the lifting operation 
safely and reliably. Table 3 shows the static and dynamic 
workspaces for different load masses.

Figure 4　Static workspace and 3D projection

Figure 5　Dynamic workspace and 3D projection
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Table 3　Workspace and 3D projection diagram for different load masses

(a) Static workspace

Load mass (kg)

20

35

50

65

80

Workspace 3D projection diagram Valid points

175 780

147 360

12 728

17 435

2 575
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Table 3　Workspace and 3D projection diagram for different load masses (continuous)

(b) Dynamic workspace

Load mass (kg)

20

35

50

65

80

Workspace 3D projection diagram Valid points

188 855

169 915

107 703

33 168

4 537
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Table 4　Workspace and 3D projection diagram for different maximum allowable tensions of the cable 

(a) Static workspace

Cable tension (N)

50

70

90

150

300

Workspace 3D projection diagram Valid points

976

38 965

81 960

151 048

191 833
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Table 4　Workspace and 3D projection diagram for different maximum allowable tensions of the cable (continuous)

(b) Dynamic workspace

Cable tension (N)

50

70

90

150

300

Workspace 3D projection diagram Valid points

4 671

65 438

142 066

168 940

213 711
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Table 3 shows that as the load mass increases, the height 
of the workspace gradually decreases, and the top of the 
workspace depresses downward. The shape of the work‐
space with a load mass of less than 50 kg is a triangular 
prism. When the load mass is greater than 50 kg, the top of 
the workspace protrudes upward, the XOY projection plane 
gradually changes from a regular triangle to an ellipse, and 
the shape of the workspace changes from a half-sphere to 
a triangular pyramid.

In Figure 6, the red and green curves indicate the static 
and dynamic workspaces of the lifting system, respectively. 
The figure shows that the number of valid points in the 
dynamic workspace is larger than that in the static workspace 
at any load mass. When the load mass is less than 40 kg, the 
number of valid points in both workspaces slowly decreases. 
When the load mass is 40–60 kg, the number of valid points 
in the workspace decreases rapidly, and when the load mass 
exceeds 80 kg, the reduction rate decreases. Therefore, con‐
sidering the safe height of different loads in the workspace 
under practical working conditions is necessary.

5.2.2 Maximum allowable tension of the cable
A reasonable distribution of the cable tension in the multi-

robot coordinated lifting system is important. The cables 
must always be kept tight during the load movement, and 
to ensure a uniform distribution of tension, the three cables 
must be limited to a minimum preload to avoid the spurious 
strain of the load. Similarly, the maximum allowable tension 
of the cable must also be limited. Table 4 shows the static 
and dynamic workspaces for different maximum allowable 
tensions of the cable.

Table 4 shows that as the maximum allowable tension 
of the cable increases, the number of valid points of the two 
workspaces increases. The shape of the workspace gradually 
changes from a triangular pyramid to a half-sphere and 
finally to a triangular prism. The cable tension gradually 
increases, and the shape of the workspace in the XOY pro‐
jection plane changes from an inverted to an equilateral 
triangle. The increase in cable tension mainly changes the 
workspace height.

In Figure 6, the red and green curves indicate the static 
and dynamic workspaces of the lifting system, respectively. 
From Figure 7, we can conclude that the shape of the work‐
space changes considerably when the cable tension is less 
than 150 N, but changes little when it is greater than 150 N. 
The cable tension mainly balances the load gravity. When the 
maximum allowable tension of the cable increases, the work‐
space gradually increases from bottom to top. Meanwhile, 
when the minimum preload force of the cable increases, the 
working space gradually decreases from bottom to top.

In summary, when a single lifting robot is unable to 
meet the lifting requirements, multiple robots can be used 
to achieve the task. As multiple robots work, the force on 
the load gradually increases in the horizontal direction, 
which reduces the swing of the load.

6  Conclusions

This study examined the kinematics, dynamics and work‐
space of the lifting system. The main content and conclu‐
sions are as follows:

1) The kinematics and dynamics of the lifting system 
are analyzed, and the constraints that the load should meet 
in the workspace are obtained.

2) Based on the virtual cable and closed principle of the 
force-spinor, the calculated steps of the workspace of the lift‐
ing system are determined by the Monte–Carlo algorithm.

3) The influence of load mass and maximum allowable 
tension of cables on static workspace and dynamic work‐
space are analyzed, which provides guidance for the practi‐
cal application of the lifting system.

The floating multi-robot coordinated lifting system pres‐
ents considerable potential in practical applications. In this 
study, the Monte–Carlo algorithm is used to solve the work‐
space of the lifting system; however, the boundary of the 
workspace is not clear enough and needs further study.

Figure 6　Valid points of the workspace for different load mass

Figure 7　 Valid points of the workspace for different maximum 
allowable tensions of the cable
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