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Abstract: This paper presents a design of optimal controllers with
respect to a meaningful cost function to force an underactuated
omni-directional intelligent navigator (ODIN) under unknown
constant environmental loads to track a reference trajectory in
two-dimensional space. Motivated by the vehicle’s steering
practice, the yaw angle regarded as a virtual control plus the surge
thrust force are used to force the position of the vehicle to globally
track its reference trajectory. The control design is based on several
recent results developed for inverse optimal control and stability
analysis of nonlinear systems, a new design of bounded
disturbance observers, and backstepping and Lyapunov’s direct
methods. Both state- and output-feedback control designs are
addressed. Simulations are included to illustrate the effectiveness
of the proposed results.
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1 Introduction

Control of marine vessels is an active field, see for
example (Fossen, 1994; 2002; Antonelli, 2006; Do and Pan,
2009), due to its theoretical challenges and important
applications in practice. Most marine vessels are
underactuated meaning that they have more degrees of
freedom to be controlled than the number of independent
control inputs. Different approaches to control of
underactuated marine vessels are reviewed by Muske et al.
(2010) and Paull ef al. (2014).

The marine vehicle under consideration in this paper, see
Fig. 1, is an ODIN, which has a spherical shape with only
two horizontal thrusters (those thrusters marked with the red
cross signs are not in use) along the surge direction while
there are three degrees of freedom to be controlled. When
an ODIN has all thrusters in use, various control algorithms
were available (Fossen, 2002; Antonelli, 2006; Antonelli et
al., 2001). Several control schemes based on nontrivial
coordinate transformations were available by Do et al
(2004a) for controlling an underactuated ODIN in
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two-dimensional space and in three-dimensional space (Do,
2013).

Fig. 1 Motion variables of an ODIN

A continuous time-invariant controller was developed by
Godhavn et al. (1998) to achieve global exponential
position tracking for underactuated ships. However, the ship
orientation was not controlled. Output redefinition,
input-output linearization and sliding mode techniques were
used by Zhang et al. (2000) to obtain a local asymptotic
result on path tracking for underactuated ships. The path
following errors were first described in the Serret-Frenet
frame, then a local path following controller was designed
under constant ocean current disturbances (Encarnacao et
al., 2000). An application of the recursive technique for
standard chain form systems (Jiang and Nijmeijer, 1999)
was used by Pettersen and Nijmeijer (2001) to provide a
high-gain, local exponential tracking result. By applying a
cascade approach, a global tracking result was obtained
(Lefeber et al., 2003). Based on Lyapunov’s direct method
and the passivity approach, two tracking solutions were
proposed by Jiang (2002). In these works (Jiang, 2002;
Lefeber et al., 2003; Pettersen and Nijmeijer, 2001),
tracking a straight-line is excluded. The first controller was
proposed by Pettersen and Lefeber (2001) to force an
underactuated ship to track a straight-line. A solution was
proposed to solve the trajectory tracking problem including
a straight-line (Do et al., 2002a). And a single controller
was proposed by Do et al (2002b) to solve both
stabilization and tracking simultaneously, see also (Do and
Pan, 2005) for how to deal with non-zero off-diagonal terms
in the above articles. A nontrivial coordinate transformation
was used by Behal et al (2002) to transform the
underactuated ship dynamics to a convenient form. In
addition, Leonard (1995a; 1995b), Pettersen (1996),
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Silvestre et al. (2002) and Do et al. (2004b) have studied the
problem of controlling underactuated underwater vehicles.

The controllers designed in all of the above works and
others on control of marine vessels not listed here are not
optimal in the sense that no meaningful cost function is
resulted from their control designs. On the other hand, a
direct optimal control design for a nonlinear system faces a
formidable task of solving a Hamilton-Jacobi equation
(Sepulchre et al., 1997). Thus, this paper proposes a design
of inverse optimal controllers that force the position and
orientation of an ODIN under unknown constant
environmental loads to track a reference trajectory. The
proposed control design minimizes some meaningful cost
function. To overcome difficulties caused by the
underactuation, the yaw angle regarded as a virtual control
plus the surge thrust force are used to control the position of
the vehicle, bounded disturbance and state observers are
developed to guarantee asymptotic estimate of the
disturbances and states of the ODIN dynamics. To ensure
that a meaningful cost function is minimized, the controls
are designed in such a way that they do not cancel state
(error) dynamics but dominate them instead.

2 Problem statement

2.1 ODIN dynamics

In hydrodynamics, it is common to assume a linear
superposition so that wind and waves can be treated as
generalized forces that can be directly added to nonlinear
equations of motion but the generalized forces induced by
ocean currents do not obey the linear superposition law
(Fossen, 2011). Although ODIN is an underwater vehicle,
we also consider wave and wind disturbances because they
appear when the vehicle surfaces. Thus, equations of motion
of an ODIN moving in a horizontal plane (heave, pitch and
roll modes are neglected, so the gravitational and buoyancy
terms do not appear in the equations of motion) need to be
described by Fossen (2012):

n=Jy)y»
V= Mp[~Crs(v)V =M ¥, — C (v, )V, — (D
Dvr + Twind + Twave + T]

where 5 =col(x,y,) with (x,y) denoting the (surge,
sway) displacements of the center of mass, and w
denoting the yaw angle of the vehicle coordinated in the
earth-fixed frame OpX;Y:Z;, see Fig. I.
v =col(u,v,r) denotes the (surge, sway, yaw) velocities of

The vector

the vehicle coordinated in the body-fixed frame O,X,Y,Z, .
The relative velocity vector v, is defined by v, =v—v,
with v, =col(u.,v.,0) being the ocean current velocity
vector. The rotational matrix J(), the vehicle and added

mass inertia matrices Mz and M, , the coriolis and

centripetal matrices due to the vehicle inertia Cgrz(v) and

added mass C,(v,), the damping matrix D are given by

cos(w) -—sin(y) O

J(y) = |sin(y) cos(y) O
0 0 1
0 0 —v
Crs(v)=mpp|0 0 u
v —u 0 2
0o 0 -

C,(v.))=my|0 0 u
ve —u, 0

M rp = diag(mpg,mrs,J rs)

M , = diag(m,m4,J 1)

D =diag(d,,d,,d,)

where mpgp and m, are the mass and added mass, Jzz and J,
are the inertia and added mass inertia, d; and d, are the
damping coefficients in the surge and sway, and yaw
directions, and u, =u—u. and v,=v—v.. The control
input vector is 7 =col(7,,0,7,). The force and moment
vector 7, :=-M v, —C,(v,)v, — Dy, is the load due to the
ocean current velocity v.. The wind force and moment
vector is Tyina and the wave-induced force and moment
vector iS Twae . In this paper, we make the following

assumptions:

Assumption 2.1 The ocean currents are irrotational and
but bounded in the earth-fixed coordinate. The wave and

wind torque and moment vectors Tyina and Twae are also

constant and bounded in the earth-fixed coordinate. In
particular, we have

Ve = J_l(l//)vEc, Twave = J_I(W)TEwavc; Twind = J_I(W)TEwind (3)

where Ve,  Tgwae, and Tgwina are constant in the

earth-fixed coordinate.

Differentiating both sides of the first equation of (3) gives
v, + J’l(l//).i(l//)vc =0. It is also verified that

Ve + M7 (Cs(v )+ Ca(w)v.) = v, +J W) (W)v.
Thus,
M.+ (Ci(v.)v+C, (v)v.)=0 )]
Let us define

_DJ_I(I//)VU = J_I(I//)TEcun'em (5)

where Tromen 1S referred to as the current induced forces
and moments that are constant in the earth-fixed coordinate.
Substituting v, =v—v, into C,(v,)v, give
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C,(v v, =C(v)y=C,(ve)y—C,(v)v. (6)

where we have used C4(v.)v.=0. Now substituting
v, =v—v., Egs. (4) and (6) into the second equation of (1),

and using the last two equations of (3) and (5) together with
the first equation of (1) result in

n=Jy)y

N o (M
v=M [-C(v)v—-Dv+7+J (¥)r£]

where, M =M+ M,, C(v)=Cr(v)+C4(v), and

Te = Tecurrent T TEwind T TEwave -

2.2 Control objective
In this paper, we consider the following control objective:

Control Objective 2.1
Suppose that 7z =col(Zz,Tzs,7s) is bounded in the

sense that

min maX)
>

Tru € (TE > TEu Tey € (TREH,TE:?X ), Tw€ (T?rinsrfr;rax) (8)

where the constants «™" and <™ denote the maximum
and minimum values of ¢, respectively. Moreover, suppose

that the reference position and yaw angle vector 77,(¢) is

generated by the reference model

e =JWa)va

. )
V=M '[-C(vq)ve —Dvy +174]

where all the symbols

Na =col(xa,ya,Wa),  Va=
col(ug,va,rs) , and t,=col(7.4,0,7,,) have the same
meaning as those defined in Eq. (7). The reference surge

force 7., is supposed to satisfy the following condition

| Zua 2| 75" ||+ (10)

max min max min max

where g™ = col(max(| 7z, |,| T |),max(|zg" |,| 75 |) ,

and @, is a strictly positive constant. In addition, 7, is

bounded and 7,, is twice differentiable, i.e., there exist
max

Tud s Tuds Tuw, and 7" such that |7.(0)ISTa",

|2 (OS2, |Fa()SES and | 7.() <7 for all

t>t,20. For later use, we find the upper-bound of |7,(¢)].

As such, from the last equation of (9), we have 7, =
. . 1
—d,r; + 7,4 . We now consider the function 7, =Erdz,

whose derivative satisfies

. d, 1 1
Via = —d,rdz + 1T < —71’,12 + ’Z',zd < —drVrd +g(’l’;ﬂ{ax)2

r

Solving the above inequality gives

3
—d (- 1
max \ 2 d,( ) max \ 2
Vrd(l)S(Vrd(l‘o)—Tdrz(Trd ) )e o +Tdr2(rrd <
1 max
Vrd(l‘o)'f'ﬁ(frd ?

which implies that |7 (¢)[<A(Z5™)2/ d2 + 12 (to) == 1™
forall t>¢2>0.

Design 7 and estimate laws for 7 to force the
position and yaw angle vector 77 of the vehicle whose
dynamics are given by Eq. (7) to globally asymptotically
track its reference trajectory vector 7, generated by Eq. (9)
and to minimize a meaningful cost function of tracking
errors and control inputs 7, and 7, .

3 Preliminaries

This section presents preliminary results on smooth
saturation function, disturbance observer, disturbance-state
observer, and inverse optimal stabilizer that will be used in
the control design in the next section.

3.1 Smooth saturation function

Definition 3.1

smooth saturation function if it is smooth and satisfies:
1) o(x)=0ifx=0, o(x)x>0ifx#0

2) o(=x)=-0(x), (x=ylo(x)-c(»]=0 (1)
3) limo(x)=%l, |o(x)[<1,0'(x)>0

X—oo

The function o(x) is said to be a

for all (x,y)e R*, where o’(x)=do(x)/dx and & isa
positive constant. For the vector x = col(xi,.x2,...,X,) , the
denotes the

notation &(x)=col(c(x),0(x2),...,0(x,))

smooth saturation function vector of the vector x .
3.2 Disturbance observers

Lemma 3.1
nonlinear system

Consider the following second-order

)'cl = X2
)'Cz = f(xl,xz,u)+6’

(12)

where x; and x, are states, u is the control input, the
unknown constant parameter 6 is bounded, i.e., there

exist constants @™ and @™ such that e (6™ ,0™).
Suppose that x; and x, and the function f(xi,x,,u) are
available and that the system (12) is well defined for all
(x1(t0),x2(t0))€ R?, where #, =0 is the initial time. The

following disturbance observer

R emax _ emin gmax + emin
0=————o0(+hke)+———
T o(E k) +
i emax _ gmin Bmax + gmin
E= —k|:TO'(§+sz) +T} — kf (a1, x2,u)

(13)
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where k& s
fe[0™,0™ ], 6(t)=6-6(r) globally asymptotically
and locally exponentially converges to zero, and that
| E(t)+ kxa(t)| is bounded for all 7># and for each

initial condition &(t)e R.

a positive constant, guarantees that

Proof. See Appendix A.

Lemma 3.2
nonlinear system

Consider the following second-order

)'c1=x2

. (14)
X =—axy + f(x,u)+6

where a is a positive constant, x; and x, are states, u is the
control input, the unknown constant parameter € is

bounded, i.e., there exist constants ™ and 6™ such
that @e (6™,6™) .
f(xi,u) are available and that the system (14) is well
defined for all (xi(¢),x2(t))e R*,  =0. The following

disturbance observer

Suppose that x; and the function

é:u0(§+k1xl +k2)22)+u

2 2
X2 =—ak: + f(xi,u)+0 (15)
f:—kz {gc}'(5+k1xl +k2£2)+%:|—

kz(—afz +f(x1,u))—k1fz

where ki and k, are positive constants, guarantees that
Oe[0™,0™ ], 6(t)=60-6(1) and F(f)=x2(t)— %2 (r)
globally asymptotically and locally exponentially converge
to zero, and that | £(¢) + kixi(¢) + k2X2(¢) | is bounded for all

(&(t0),%2(t0)) € R? and ¢>0.

Proof. See Appendix B

Remark 3.1 The main desired property of the
disturbance observers proposed in Lemmas 3.1 and 3.2 in
comparison with existing disturbance observers (e.g., Chen
et al., 2000; Do and Pan, 2008; Mohammadi et al., 2013) is
that the disturbance observers (13) and (15) guarantee
pre-specified boundedness of 6,iec., e [@™",0™] . This
property is essential for the success of the control design,
see the paragraph just below (46) in Section 4.

3.3 Inverse optimal stabilizer
Consider the following nonlinear system:

= f(x)+G(x)u (16)

where xe R" and ueR"™ denote the state and control

vectors, respectively. fR">R" and

G:R" > R"™

Moreover,

are smooth, vector- and matrix-valued

functions, respectively, with f(0)=0.

Lemma 3.3 Moylan and Anderson (1973), Krstic and
Tsiotras (1999) Suppose that the feedback control law

u(x) = —R“(x)(%—zamf (17)

where R:R" ->R™ is a positive definite matrix-valued
function, stabilizes the system in (16) with respect to a
positive definite radially unbounded Lyapunov function
V(x) . Then the control law

u'(x)=-pR" (X)(g—zG(X))T, =22 (18)
is optimal with respect to the cost
J= jt“(z(x) +u"R(x)u)dt (19)
where
14
Ux)=-2p g(f (x)+G(x)u(x))+

14 14 (20)
BB~ 2)E)—G()C)Irl(x)(—G(x))T
x 0x

4 Control design

Let us define

1) - [Cf)s(w) —sin(w)}
sin(p)  cos(y)
M, =(mpg+my)lro, Di=dlI
{T/ =col(7,4,0), 7w = col(Tr,Tev)
{ Xi=col(x,y), X,=J,(w)w
Xia =col(xs,va), Xoa =Ji(Wa)va

e2))

where I, is a 2x2 identity matrix. With the above
definitions, we can write the vehicle dynamics (7) as the
position subsystem P) and the heading subsystem H) in a
cascade structure:

P){):(l - X
Xo =M (=D X, +Tu+J,(W)71)

y=r (22)
H)< 1

;= 7(—d,.r+Z'E, +7,)

where J =Jgs +J,. Similarly, the reference model (9) is
rewritten as the position subsystem Pd) and the heading
subsystem Hd) in a cascade structure:

Pd) {de =X

X0 =M;'[-D Xy, +Ji(Wa)Tal

o 23)
Hd)

. 1
Ya = 7(—dﬂ"d +Tmr)

A close look at Egs. (22) and (23) suggests the design of
the control input vector 7,i.e., 7; and 7,, in two stages.
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In the first stage, the control 7; and ¥, which is viewed
as a virtual control, are designed to forces X, to track
Xz . In the second stage, the control 7, is designed to
force the virtual control of y to track its actual value.

4.1 Disturbance observers

We now design observers to estimate the disturbances
7g and Ty . As such, applying Lemma 3.1 to Eq. (22)
yields the following disturbance observers

Tr = DEIO'(@;? + KM, X))+ O
fu =—Kpg (DEJU(fb‘I + KM, X,)+ 551) -
K [—D1X2 +J1(V/)Tl] (24)
T, = Ae.0(E + ki Jr) + O,
{f,. = —kp (A0 (. + ki Jr) + i) — ki (—d,r +7,)

where,
) Tgnax _ Tgnin Tgnax _ ,Z.En}n Tgldx _ ,z.gnin
Dg = diag( . 5 . ) - 5 ‘ ), AErZ%
TR TR TR T T +Th"
Or = col(— —,— —), Op=—-—
2 2 2

Ky is a diagonal positive definite matrix, and kg is a

positive constant. Let 75 =7 —7%m and T =7p —Tp . It
is obvious that

1;'51 = —KE1DEJO',(§E1 + KoM, X>)Tw

: By (25)
Tepr = _kE/‘AErOJ(SEr + kErJr)TEr
4.2 Stage 1
4.2.1 Step 1
Define the following tracking errors
Xie =X —Xu
X2 =Xo— (26)
Ve=V-a,

where o and ¢, are referred to as the virtual controls
of X, and y, respectively. To design ; to stabilize

the tracking error X, at the origin, we consider the
following Lyapunov function candidate

1
Vi :5||X1e I 27

whose derivative the solutions of the first equation of (22)
and the first equation of (23) with the use of Eq. (26) results
in

V1:X1Tg(0ll+X2e—X1d) (28)
which suggests that we choose

o =-KX.+ de 29)

5

where K, is a diagonal positive definite matrix to be
determined later. Substituting Eq. (29) into Eq. (28) yields

Vi=-XoK X+ X Xo, (30)

Substituting (29) into the first equation of (22) with the use
of the first equation of (23) yields

X]e:—K1X1€+X23 (31)

4.2.2 Step 2
Differentiating X,. along the solutions of the second
equations of (22), (23), and (29) yields

Xoo = M '[-D( X2 — K\ X0 + Xod) + T +

- . (32)
T +J(W)T ]+ K (K X + X5.)— Xou

To design 7, and ¢, that stabilize X,. at the origin,

we consider the following Lyapunov function candidate
m
Vo= pih +?HX2€H2 (33)

where p; 1is a positive constant and m = mgz +my.

Differentiating both sides of Eq. (33) along the solutions of
Egs. (32) and (30) gives

Vz = —p1X1TeK1X1e +E+

T ’ (34)
Xoe[-Ji(Wa)Tu + T+ (W)T1]
where
Ei = piX1eXoo + Xoo[-(D = MK ) X, + (35)

(DK, _MlKlz)Xle]J’_XgefE]

and we have used D X, +M/X2d =J/(l//d)’l'd1 . Based on

Lemma 3.3, the stabilizing control 7; is chosen such that
JiW) 1 =-K,0(Xa0) =T + J1(Wa )T = col(£2,£2,) (36)

Kz = diag(l;ﬂ,];zz) with ]€21 and ];22

positive constants to be specified later. Since 7; = col(z,,0)

where being

and 74 = col(7.,0) , solving Eq. (36) for 7, obtains

7. = 2 cos(W) + 2 sin(y) = Ty + T2

T = —];210'(X216)COS(1//) - 1;220-(X226)Sin(l//)

Tur = (—Try +COS(Wa )Tua ) COS(W) + (=T, + sin(W 4 ) Tua ) sin(y)
(37)

where X;,. and X»,, are the first and second elements of X,,,
i.e., Xze = COl(Xz]e,Xzze) .

Remark 4.1 The stabilizing control 7, given in Eq.
(37) consists of two parts. The part 7,, is designed based

on Lemma 3.3 while the part 7,, is to handle 7z, the
estimate of disturbances, and the reference signal
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Ji(Wa)Ta . In a normal application of the backstepping
method, one would substitute the last equation of (26), i.e.,
v =v.+0,,into Eq. (34) to obtain

V=-p XK X +E + X2 [-Ji(Wa)ta +ta + T (00,71 ] +
T |:(COS(I//5) —1)cos(ey,) —sin(y.)sin(es,) O}ﬂ
sin(y.)cos(a, )+ (cos(y.)—1)sin(¢er,) 0O
(38)
Then the control 7; would be chosen such that all the
term in the square bracket in Eq. (38) are canceled, i.e.,
Ji(0,))T) =—K20(X2.) — T +J,(Wa)Tu instead of Eq. (36).
The above choice will result in the same virtual control ¢,
as in Eq. (46) but the actual control 7, =.£2 cos(a, )+
O sin(o,) with € and €2, defined in Eq. (39), which
is different from the inverse optimal one as in Eq. (40). This

choice of 7, (note that 7, =col(z,,0)) will not be

amendable to obtain an (inverse) optimal control. This is
because according to Lemma 3.3, the control 7; should be

chosen in the form of (17). Indeed, the choice of 7; as in
Eq. (36) is in the form of Eq. (17).

An inverse optimal control 7, =col(z,,0) is obtained
from the stabilizing control 7; =col(z,,0) given in Eq. (37)

as follows

J/(l//)Tz* =-K,0(X5.)- To+J) (Wa)Ta =col($2,£2,) (39)

X

0

T
X

2e

4

where
A = (7, + 2 cos(ay,)) -
[(cos(y.)—1)cos(ax, ) —sin(y.)sin(a, )]
A2 = (T: + Qz sin(ot,,,)) .
[(cos(y.) ~ D)sin(ey, ) +sin(y.)cos(as )]

and we have used

(44)

7, = 2 cos(y) + £, sin(y)=
O cos(ay, )+ 2, sin(ay )+ 21 (—sin(oy, ) 2+
cos(ay )€2) + £, (sin(ar, ) €2, — cos(a, ) €2,)

Substituting Eq. (43) into Eq. (42) yields

Va =-pi X1 K X\ — X2 K20(X2.) + Er +
. {AI} . [sin(aw)(—sin(a,, )2 + cos(a, )2, )} (45)
X, X

2e

) cos(a, )(sin(oy, )£, —cos(a, ) £2,)

where K, = .K>, 3, =2. Solving Eq. (39) results in

7, = 2 cos(W) + 2, 8in(y) = 7oy + Tu2
T:l = —kzlo'(leg)COS(l//) - kzzO'(Xzzg)Sin(l//)
Tur = (T, +cOS(Wa ) Tua ) COS(W) + (T, +SIN(Wy ) Tua ) Sin(y)
(40)
It is easy to verify that

min max

‘ T: ‘S kz] + k22 + max(| TEu ‘,l TEu |) +

(41)

min *max

max(|7g" |,| Te )+ 2Tu = T4
Substituting Eq. (40) into Eq. (34) results in
Vz = —,01X1TeK1X15 +E+X3, {—Jz(Wd)sz +Tm+
[.Ql cos (W) + L2 sin(y) cos(l//)} _
Q2 sin(y)cos(¥) + 2rsin’(W)
- ,01X1TeK1X1e +E+ X3, {-Ji(Wa)tu+7Te+
[.Ql }r [Ql(cosz(w) ~1)+4£2 sin(l//)cos(l//)} (42
)] | Qisin(y)cos(y) + 2 (sin’*(y) - 1)
—,01X1TeK1X1e - XzTeKzo'(Xze) +E +
T [QI(COSZ(W) -+ SiH(W)COS(W)}
2e .
O sin(y)cos(W) + 2 (sin* (W) - 1)
We now detail the last term in the right-hand side of Eq.

(42). As such, substituting the last equation of Eq. (26) into
the last term in the right-hand side of Eq. (42) with a note

that 7, = £2 cos(w)+ £2,sin(y) , see Eq. (40), gives

2e

e [ Qi(cos’(W) = 1)+ £2, sin(l//)cos(w)} _yT {—Ql +cos(¥)z, } _
L 2isin(y)cos(y) + £2(sin’(y) - 1)
[—42 + cos(at, )7s + ((cos(w.) — 1) cos(ay, ) —sin(y. )sin(e, )7y
| =2, +sin(a, )7y + ((cos(w.) —1)sin(ey, ) +sin(w. ) cos(ex, ) 7w
XL [ 4 } xT [sin(a,/, )N— s.in(a,/,)Ql + cos(ot,,,).Qg)}
cos(ay, )(sin(ay, ) £2) —cos(a, ) £2>)

-2, +sin(y)7,

} - “3)

We now choose ¢, such that the last term in Eq. (45) is
equal to zero, i.e.,
—sin(oy, ) €2 + cos(, )2, =0=
—Qsin(y,)+ 2 cos(y,) | (46)
i cos(Wa)+ 2 sin(wy) }

oy =Wai+ arctan{
From (39), we have
Ql COS((//d) + Qz Sil’l(l//d) =Tt
(kao(X21e)— ZA.Eu)COS(l//d) + (k2o (X2e) — f'Ev)Sin(l//d)

Thus, the condition for |£2 cos(W.)+ 2:sin(w.) > &

with &§ being a positive constant, i.e., for ¢, to be a

smooth function, is
| (k210 (X21e) = T ), (kO (X22e) = T ) ||[<| T |

which can be written as
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max | | min

|| ko + max(| TEu

max min D ||

TEu D k22 + max(| TEy TEv

o “n

Tud

where @, is a positive constant and we have used the
facts that |o(+)|<1 for all <R and % e[7h", 78]
and 7p €[TR, 78] , which are guaranteed by the
disturbance observers (24). Since 7., is assumed to satisfy
the condition (10), there always exist positive constants k;
and k» such that the condition (47) holds. The condition
(47) also implies that there exists a positive constant &
such that

O+ 26 (43)
Substituting Eq. (46) into Eq. (42) results in
V, =-p XK X\ - X.K.0(X5.)+ E; (49)
where
E, =E + Xacol(4,4)=E +E; (50)
Substituting Egs. (40) and (46) into Eq. (32) gives

XZe =Mf1[—K20'(X23)—D1(X2€ -KX.)+

To +col(4, )]+ Ki(-K X\ + X2.) = fo 1)
4.3 Stage 2
4.3.1 Step 1
Define
r=r—a, (52)

where ¢, is a virtual control of ». With a note that ¢,

and X,
differentiating both sides of the third equation of (26) along
the solutions of the third equations of (22) and (23), (51),
and (52) results in

is a smooth function of w., 7w, Zm,

o, oc, . 00y : B gy
— i — ud — E

l/./e =a, + Ve —
oWy 0Tu dn aX 2e

£ (53)

where f, is defined in Eq. (51). To design «,, we

consider the following Lyapunov function candidate
Vs=V+ &VA (54)

whose derivative along the solutions of (49) and (53) is

Vi= —p1X1£K1X1e _X;-L’KZO-(XZL’)+

ae, e, . (55)
pzl//e(a, - L4 Ve — 4 Tud) + E3
al//d ud
where
Ay, ;.  Jdoy
Es=E, + poye(r. — Tm— f)=E,+E; (56)

aTE aX

7

The Eq. (55) suggests that we choose the virtual control
a, as follows
o, oy, .

g+
al//d 0T

o, =—ky. + T (57)

where k; is a positive constant. Substituting Eq. (57) into
Eq. (55) gives

Vs = =pi XK Xio = X2.K20(Xo.) = polsy + 5 (58)
Substituting Eq. (57) into Eq. (53) results in

‘/./e = _k3‘//c +7 - f2 f}’ (59)

4.3.2 Step 2
With a note that ¢, is a smooth function of w,, 7,
Tuis Tua, Tm, Xa,and ., differentiating both sides of

(52) along the solutions of the last equations of (22) and
(23), (51), and (59) results in

ho= L Cdr g 7, - 0%, 0% ] S (duri )
J ay/d a}”d (60)
oo, . da, . 0« Ja, oo,
Tuwd ———Tus ——— Tkl ——fz ——fs

E 0% 8‘?51 15), € al,V[

To design the actual control 7,, we consider the
following Lyapunov function candidate

Vi=V; +%Jrf (61)

where p; is a positive constant. Differentiating both sides
of (61) along the solutions of (58) and (60) results in

V4 = —pleT@Klee - XzTLKZO'(Xze) —pzkﬂ//@z +

p3re[—d,(aﬂrd + 0ay Y ta) + e +7,—J oc; ra— (62)
al//d 0T al//d
aa’ (_drrd + Trd) - J%Tud -J aa] fud] + E4
ory Tud 0%
where,

1 -
E4 = E3 +,03Jre[_(_dr(re - k3y/e) + TE") -

(63)
o, ; B Ba, 80{,
- =E+E,
aTE1 fo = ath f ﬁ] ’ !
From Eq. (62), we choose the stabilizing control 7, as
follows:
Tr = Trl + Tr2
T = —kat
- :d,<—a"‘v L 2 Y KL
a ud d
a rd)+Ja Tud +Jaa Tud
Ta Tud 0%

where k; is a positive constant. The control stabilizing 7,
given in Eq. (64) consists of two parts. The part 7, is
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designed based on Lemma 3.3 while the part 7., is to
handle 7%, the estimate of disturbance, and the reference
signals. An inverse optimal control 7, is obtained from the
stabilizing 7, as follows:

T =7Tn + T2

= ﬂrlrrla ﬂrl 2 2

where 7, and 7,, are defined in Eq. (64). Substituting
Eq. (64) into Eq. (62) yields

) 65
z, (65)
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i‘e = l[_k4re - dr(re - kSl//e) +fE)] -
o, ; H oa, LLAp aa, 9o . (67)
aTE/ fer aXZe ’ al//e ’

The control design has been completed. We present the
main results in the following theorem.

Theorem 4.1 Under the assumptions listed in Control
Objective 2.1, the controls 7, and 7, given in Egs. (40)
and (65), and update laws for 7y and 75 given in Eq.
(24) solve Control Objective 2.1 as long as the control gains

;o T T
Va==pXiKiXie = X2 K20( X2 ) = (66) are chosen such that the condition (47) holds, and
pzksl//ez _p3k41’82 +E, = piin(K))—c1, Iy = -0, ki=piks—c;, and
Substituting Eq. (64) into Eq. (60) results in ks = psks —c4 are positive constants with ¢;, i=1,2,...,5
defined below:
o= A (DK, + MK} + pl) " P2k + kzz) 3P3J(k21 + ko)) (Tud 1 T ) . p3-]k3 (k2 + kzz)
4e, méy mgo mgO
ko +k
C = _[lm(Dl - MIKI) - ﬂ«M (DIKI + MII(I2 + pll)gll - 812] + &7 +—p2( 218 22) Ey3 +
mé&y
3p3-](k21 + kzz)(T,?}axn}mx + T,Z]{ax) Eue p3Jk3 (kz] + kzz)
mgg m&)
*max 2 2
_@™y +20,83 +M2afmax +En+ Ay (Ko + Dy + mKy) | Ay (DK +mK7)
E21 mé&y 433 4£4, 68)
Do, kg + 303J (k2 +k22)(7;4d 7+ Tug )S P3Jk3 (ko +k22)
mé mfo
d k 6 max + Tu 3 ».] k + k T:[]ax max + z.l:‘nax
co=L2pd, + £ET 3+p3J£42+—(r" < )xﬂM(KE/DE/)p3J843+ pad (ha + aa)( v 1 a)
E31 E41 0 me;
:max 2 K D K 2 D K KZ 2
(B g4 Do Dit mKy) | A (DK +mKD), i B e+
Eu4 446 4g4; i
p3Jk3(k212+kzz)[T;max et Bt Aii (K2 + D, + mK:) N A (DK, +me)]
mé&g Eyy 4&46 4€4

where A,(+) and Ay(s) denote the minimum and
maximum eigenvalues of e, respectively, and ¢&; with

i=1,2,.., ,...,9 are positive constants. The

conditions (47) hold, and & =pd.(K))—ci, ks =—ca,

4 and j=1,2

k3 = p2k3 —C3, and k:
constants by choosing sufficiently small K, and K,, and

and k&, .

= psks —c4 are made to be positive

sufficiently large k3
results hold:

1) The closed loop system consisting of (25), (31), (51),
(59) and (67) is forward complete.

2) All the parameter estimates are within their limits, i.e.,
Tr()el (el It Te ()€

[zh", 7] forall ¢>t.

3) All the tracking errors Xi.(t), X2.(¢), w.(?),
Te (1)
asymptotically and locally exponentially converge to zero.

Particularly, the below

min _max

TEu s TEy

Thin e and

i

and the estimate errors and 75 (¢f) globally

r.(1)

4) The controls 7, and T, are optimal in the sense that

a meaningful cost function, see Appendix C.3, penalizing on
the tracking errors and the controls is minimized.

Proof. See Appendix C.

5 Extension to output-feedback control design

In Section 4, all the states of the ODIN were assumed to
be available for the control design. In this section, we
assume that only position and yaw angle vector g is

available for feedback. As such, we apply Lemma 3.2 to
design observers to estimate the states v (via X, and
r), and the disturbances 7z and 7z as follows

e = DEIO'(fEl + KX + KZEIMIXZ) + O
fE/ = —KzE/[DE/O'(fE/ + K X g +K2E/MIXZ) + 55/]— (69a)
KZEI[_DIXZ + Jz(l//)Tz] - KIE[XZ

XZ Ml [ D1X2+TE[+J[(W)T[
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7. = AEro-(fr + klErl// + kzg,.]f) + 51:‘/
& =—kop [ A0 (& + kinW + kag JF) + 85, ] —

ko (—=d, 7 +T,) = ki, P (69b)

2 1 A a
F= —7(—d,r + %5 +7T,)

where Dy and Op are defined just below Eq. (24), Kz
and K,z are diagonal positive definite matrices, and ks,

and kr are positive constants. Let Ty =7y —1Tp,

X,=X,—
that

X,, Ty =7 —7Tg,and 7F=r—r. Itis obvious

%E/ = —KzE/DE/O',(fE/ +Kip X, + KZE/MIXZ)XZ
Xz = —Mfl(—D1X2 +75),
z“Er = _kZErAErO—,(gr + klEl"// + kZEr-]f); (70)

B 1 - .
7= —7(—d,4r +7T5)

Lemma 3.2 shows that the estimate errors #5(¢), X,(f),

Tr(¢), and 7(¢) globally asymptotically and locally
exponentially converge to =zero. Therefore with an
observation that all the virtual and actual controls designed
in Section 4 are either bounded or linearly dominated, the
state-feedback control design in Section 4 is directly applied
to the output-feedback case with the ODIN’s equations of

motion (22) are replaced by
X] = Xz + Xz
P)
X2 MI [—D/X2 +TE/+J/(W)T/]
+7 (71

<

H)

}’,‘.
1
:7(—d I"+T15r +Tr)

~>-

6 Simulations

In this section, we present some simulation results to
illustrate the effectiveness of the output-feedback control
design outlined in the previous section. The ODIN’s
parameters are taken as mpgz=125 kg, m,=62.5 kg, Jzz=8
kg/m’, J,=4 kg/m’, d,=468 m/s’, and d, =30 kg/(s'm”). The
reference trajectory 77, is generated by Eq. (9) with the
initial values #,(0) =co0l(0,0,0) and v,(0)=co0l(0,0,0) .
The reference force 7., is chosen as 7., =10(mgg +m,)
and 7,, is chosen such that 7,,=0 for #<12s and
T =133(Jrs+J4) for t>12s. This means that the
reference trajectory is a straight-line for #<12s and is a
circle for #>12s. The initial values of the ODIN are

7#(0) =col(-5,5,0.5) and v=co0l(0,0,0). The waves,
wind and ocean currents are assumed such that
Try = (Tmm + Z.E:X) Tpy = (Tmm + TIEH;D( )’ Te = (Tmln + TEanX)

with

T};'L'" 0.5(mRB +m,4) ’Z'g:fx = 1.5(mRB +mA)

min

TEy 0.2(mR3 + mA) T}r;n\flx O.S(mRB + mA)
8" =0.5Jrs +J4), TB=1.5Jrs+J4)

The control and update gains are chosen as [, =2,
Pr=2, K, =0.505., K, =1, ks =4, ks =8,
K]E1 = Kz];] = 512><2, and klEr = sz,‘ =5. The saturation
function o(s) is chosen as tanh(e). It is checked that the
condition (47) holds, the constants defined in Eq. (68) are
positive. Simulation results are plotted in Fig. 2. It is seen
from Figs. 2(a)-2(h) that all the tracking and observer errors
converge to zero and that all the parameter estimates are
within their pre-specified ranges thanks to the state and

disturbance observer (69). Fig. 2(i) plots the cost function W7,
which is minimized by the proposed control design, given

by

W =281 () + G+ S-S
ox 72)
G(x)R" (x)[ G(X)] +u' (X)R(x)u(x)
i.e.,, the function 1n51de the integral (19), where

B=pa=p01, and (x, f(x),G(x),u(x)) are defined in
Egs. (90) and (93), see Appendix C.3. It is seen from Fig.
2(i) that the cost function W converges to a non-zero value,
which represents the value due to the controls 7,, and 7,,,
see Egs. (40) and (64). As mentioned in Remark 4.1 and the
paragraph just below Eq. (64) in Section 4, the controls 7,

and 7,, are to handle the disturbance estimates and
reference signals.

Elgf )2 )
= =0
=0 h 1 3 1 1 ]

| = _10/
0 20 40 0 10 20 30
x/m Time/s
(a) (b)

S 0.2,
:§ 0 In ()V\/—
~ 1 1 ] 02 1 1 |

0 10 20 30 0 10 20 30

Time/s Time/s
© (d)
. 150 10
s IOO'E .8
S S0P 1 1 ] = g—/ 1 1 1
0 10 20 30 0 10 20 30
Tlme/s Tlme/s
li SOOFN—
I —500
Tlme/s Tlme/s
10x10 (® ()
Z5
0 5 10 15 20 25 30
Time/s
(1)

Fig. 2 Simulation results under the proposed output-
feedback control design
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7 Conclusions

This paper has designed both state- and output-feedback
inverse optimal trajectory tracking controllers for an
underactuated ~ ODIN  under  unknown  constant
environmental loads. The keys are to the success of the
proposed control designs include 1) bounded disturbance
and state observers, 2) the use of the yaw angle regarded as
a virtual control, and 3) the design of non-canceling virtual
and actual controls. The results of this paper motivate
redesign of existing controllers in these studies (Fossen,
2002; Antonelli, 2006; Antonelli et al., 2001; Do et al.,
2002b; 2004a; Do, 2013; Zhang et al., 2000; Jiang, 2002;
Lefeber er al., 2003; Pettersen and Nijmeijer, 2001), for
(underactuated) ocean vehicles so that optimality can be
achieved.
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Appendix A: Proof of Lemma 3.1

We first show that |&£(z)+kx2(¢)| is bounded for all

t2620. As such, let X =¢&+kx, whose derivative along
the solutions of (12) and (13) satisfies

X :—k&o—(XHk(e—%) (A1)

Since  fe (8™,0™), we have |9—% <
emax _ emin ) o )

— Using this inequality plus the fact that o(X)

is a smooth saturation function as defined in Definition 3.1,
it is seen from Eq. (A1) that | X(¢)| is bounded for all

t>2ty>0 and that | X(¢)| converges to a constant less
that 1. Now, differentiating 6(¢) along the solutions of (12)
and (13) gives

emax _ emin

- , emax _emin
0= — (& + ke ){—k[————

o(E+kx)+

f??ikvmmmﬂuﬂmmm+m= (A2)

—k%a’(& + k)@

11

Since |&(¢)+kxo(2)| is bounded for all ¢># >0, we
have o'(£+kx,)<0 for all t>1>0. Thus, the last
equation of (A2) yields global asymptotic convergence of
8(t) to zero. Local exponential convergence of 8(¢) to

zero follows by using the fact that there exists a constant
6>0 such that o' (E+kx,)<d for t2T, where T is

a constant larger or equal to #, since we have already
proved that | X(¢)| is bounded for all #>¢ >0 and that
| X(¢)| converges to a constant less that 1. Finally, since

| o(&E(F) + kx2(2)) <1, the first equation of (13) ensures that
ée [amin’amax:l . D

Appendix B: Proof of Lemma 3.2

The first equation of (15) ensures that fe[0™,0™].
Let X =&+kx +ky%, . Differentiating 6, % and X
along the solutions of (14) and (15) yields

é: —k1 &0/(5'?'](1)0 +k2)%2))~62
% =—ai, +0 (B1)
X:—kzuo'()()—kzuﬁ'kzéﬁ'kliz

The following change of variables

2 emax +€min
= O-’l — (60—
¢ |:6max _ amm ( 2 )j|
2 n Hmax +emin
r=0c" — (60—
¢ {0“’['{“( — Hmm ( 2 )}

where ©7'(+) denotes the inverse function of o(s),

(B2)

transforms Eq. (B1) to

(;0 =—kX,
% =—a% +————[0(p) - o(9)] (B3)
I S A A LAY FY RS
-1
where @=¢—@, do () _ ! and the first

O]
equation of (15) have been used. Consider the following
Lyapunov function candidate

_ gmax _ Hmin I¢ O-(¢7) _ O_(é‘))

4 p
2k 0 -9

1 1
dy+—%+—X* (B4
Ay TRt (B4)

whose derivative along the solutions of (B3) satisfies
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Vl_—aXz kz%G(X)X'F
Xl O byt kox <
2 | (BS)
Hmax _emm gmax _ gmm 5

k» 5 | X | +k, | X |+ | % || X <

—XZ + k]zizz + kzz(gmax — gmi“)z <gh+é&
where & = max(2k{,1), =k3(0™ —6™")*, and we
have used |é— 4 ;0 I< o7 -6 . Due to Egs. (B4)

and (B5), the system (B3) is well defined. Now, consider the
Lyapunov function candidate

V2:

om _ gm‘“ jw O'((D) O-((D)Zdl_'_ (B6)

2kl 0 ¢_
whose derivative along the solutions of the first two
equations of (B3) is V> =—a¥%; . Global asymptotic and
local exponential convergence of @(¢f) and X,(¢) to zero
follows from the expression of V>, V, =—a%: , Barbalat’s

lemma, and linearization of the first two equations of (B3)
around the origin. This in turn implies global asymptotic

and local convergence of (¢) to zero from Eq. (B2) and
the fact that the smooth saturation function o(s)=0 if
only «=0. Since we have already proved that X,(¢) and
0(t) globally asymptotically and locally exponentially

converge to zero, the proof of boundedness of
| E(t) + kixi () + kax2(¢) | follows the same lines as in that of

Lemma 3.1 using the last equation of (B3). O

Appendix C: Proof of Theorem 4.1

To prove Theorem 4.1, we need to calculate the upper
bound of E, defined in Eq. (63). To do so, we calculate
the following partial derivatives:

042, 042,
%:—T.Qﬁ > 02
0e O+ (CI)
oo, d oy, d 00,
= + u
20 0y T a0 Gz

where « stands for 7w, Xz, Wa, and 7,4, and O
stands for X,, and 7z. Using Eq. (C1) and completion
of squares, a tedious but simple calculation results in

upper-bounds of E;,and E/, i=2,..,4 as follows:

A (DK, + M K7 + pI)

S_[ﬂrm(Dl_MIKI)_/iM(DIKI+M1K12+pll)gll_812]x||X2e||2+ ||X15||2+ Hf’qu
4en 4ep
. < ) ( *maX)
E, <&y HXZLH +— l//e
2&y
" - + «
E; < 2,026'31‘//92 + 2 Vez +Zp_le (KEIDEI) || TEl H2 +MX[2'Z—HW‘X'/I3 +£32'//3 +
E31 E0E31 mey
. Air (K + D, + mK A (DK, +mK}
[0 [P +en | Xoc P v i [P+ 2 E 2 Ditmb) o 2 DK E D)2y
4¢3, 435 4€34
7 S+ )
S—pgd,-l"fz '|'p3d,-k3(f:'411//g2 + + A )+ - /’LM (KUD/:I)sz(&sh +_|| T H )+ (C2)
4epn & 43
30:J (koy + ko T ri™ +T,i“aX 7, 1 N Ay (K> + D, +mK
Y% (k2 2 )( 21 d d )[8441//f+ n,2+845rez+ ||TE/ Hz +€46HX26H2+ i (K> 1 1)r€2+
mé&g Eua 4¢&4s 446

A5 (DK, +mK ki A% (KD .
|| X P 4RI KD 21 Tl + B (14 ey + P EEDE) e o P+
4847 4843 049
Jles (koy + K " ﬂ K, + D, +mK
DI K)oy 1 2 4+ | X [+ 2T DD 2
me, Eyq E4s 446
(DK, + mK?}
£ X P + P LEEIED
4eq

By definition, E,=E;+ Z;E,-* . Thus, we have from Eq.

(C2) that

E:<a ||X1g ||2 +c, HX23||2 +C3I//3+ (C3)
6’47’}32 +Cs H o H +C6f§r

where ¢; with i=1,2,...,4 are given in (68), and

1 ko +k 1
Cs=——+ P2 ;LM(KUDE)JFM_
dey, g€ mey 4en

MZM(KuDu)sz Mﬂz-"]m) 1 +

80 € méeg Ess
I:HEX max ;‘nax D
3p3J (ko + koo )(Tuad 1™ +Ta ) 1 i pudks /1M (KeDg)
meg 4&ys E5Es
Ce — p3J
4ep

(C4)
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Substituting Eq. (C3) into Eq. (66):

Vi <—ki'|| Xi |} X2 K:0(X2.) =k || Xoe |7 —

kay? —kar? +cs | Te ||2 +eoi

(C5)

C.1 Forward completeness of the closed loop system and
boundedness of parameter estimates
We consider the following Lyapunov function candidate

1, . 1.
Vs =V4+5||m [ +Er§r (Co)

whose derivative along the solutions of (C5) and (25)
satisfies
Ve <—ki || Xio | =X2.K>0(Xa0) =k || X ||P —ksré =
k:Vez +Cs || Tr ||2 +coth —fETlKElDE/O"(C_,ZE/ +
KEIMIXZ)fEI _kErAErOJ(fr + kErJr)flz‘r <

Cs || f[;‘[ ||2 +Ccfb2'y < aV;

(C7)

where o =2max(cs,cs), and we have used Property 3) of
the saturation function, see (11), i.e., 0’(&y + KM, X>)
is nonnegative positive definite and o'(& + kg Jr) > 0.

Thus, the closed loop system consisting of (25), (31), (51),
(59) and (67) is forward complete. Since all the parameter
estimates are designed as in Eq. (24), Lemma 3.1 ensures

min _.max

that they are within their limits, i.e., 7z (f)€[75 75 |,

max

te(t)e[th", 3] and 7n(f)e[rp",zp™] forall t=t,.

C.2 Convergence of tracking and estimate errors

Since we have already proved that the closed loop system
consisting of (25), (31), (51), (59) and (67) is forward
complete, we can now consider the tracking error system
consisting of (31), (51), (59) and (67), and the estimate error
system (25) separately. Proof of Lemma 3.2 shows that the
estimate errors 7z(¢f) and 7k () globally asymptotically
and locally exponentially converge to zero. Thus, there exist
class K functions yu(|Zu(t)]) and  yu(Ze(0)])

such that

| Z2(0) |I< i (|| Fea (t0) e

(C8)
| fE" (t) |S }/Er(‘ fEr(t()) Deié‘lir“’to)

where Oy and O are positive constants depending on
the initial values 7g(%) and 7g (). Substituting Eq.
(C8) into Eq. (C5) results in

V4 S_kl* || Xle H2 _X;eKZO-(XZe)_k; || XZe ||2 _k;WeZ —kZVez +

es(Var(| T (to) e~ ™) + co(¥er (| Zr (10) e )
(C9)
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which readily shows that the tracking errors X (),
ng(t),

locally exponentially converge to zero.

v.(t), and r.(¢) globally asymptotically and

C.3 Optimality
Let us define

X = COl(fEI’fEr;Xle,XZE;We,re)
_—KEIDEIO"(fEl + KM, X5)Tx

—kErAErO',((fr + kg Jr) e

-K X\ + Xa,

M;'[-Dy( X2 — K1 X1.) + T +col(Ar, 4)] +

K (—-K, X, +X>)

fx) . 3?2 . g);ti £ (C10)
2%
dtm

1 -
7(_dr(re - k3l//e) + z-Er) -

da, da,
L aXZe fz a l//c ﬁ
G(x) = diag(0,0,0, M;" cos(w),M; " sin(y),0,1/ J)

u = c0l(0,0,0,7,1,7,1,0,7,1)

We rewrite the closed loop system consisting of (25), (31),
(51), (59) and (67) as follows

x=f(x)+G(x)u (C11)

where we haven’t substituted 7, and 7, given in Egs.
(37) and (64) into Eq. (C11). It is seen from the second
equations of (40) and (64) that the controls 7, and 7,
are of the form Eq. (18), i.e.,

Tu = —Ry'col(X 21, cos(W), X . sin(w))
— Xote X
R szlag(ff(_ﬂ),M)
XZ]e XZZe

Ta=—Rir,Ri =kil ps

(C12)

Since K = f,K,, the control gains chosen such that

ki, i=1,2,...4 are positive will also cover the case when
7. given in Eq. (37). Thus, by Lemma 3.3 the controls z,
and 7. given in Eqgs. (40) and (65) are optimal in the sense
that the cost function defined in Eqgs. (19) and (20) with
f(x), G(x), x(x) are defined in Eq. (C10),

R(x) = diag(0,0,0,R,:,0,R,1) (C13)

with R, and R, are defined in Eq. (C12), and V =Vs.
d



