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A new approach for free vibration analysis of a system of elastically 
interconnected similar rectangular plates
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Abstract: A new procedure is proposed to ease the analyses of the free vibration of an elastically connected identical 
plates system with respect to Kirchhoff  plate theory. A structure of n parallel, elastically connected rectangular plates is of 
concern, whereby the motion is explained by a set of n coupled partial diff erential equations. The method involves a new 
change in variables to uncouple equations and form an equal system of n decoupled plates, while each is assumed to be 
elastically connected to the ground. The diff erential quadrature method is adopted to solve the decoupled equations. To 
unravel the original system, the inverse transform is applied. Decoupling the equations enables one to solve them based on 
the solution methods available for a single plate system. This also diminishes the computational costs of such problems. 
By considering diff erent boundary conditions, a case study is run to present the method and to validate the results with its 
counterparts, for which excellent agreement is observed. Assessing the infl uence of dimensionless thickness, aspect ratio, 
and stiff ness coeffi  cients on the frequencies reveals the diff erent eff ects of them at the low order of dimensionless natural 
frequencies in comparison with high orders and for diff erent boundary conditions.
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1  Introduction

Consisting of diff erent continuous systems, coupled 
structures are highly applied in engineering fi elds; 
consequently, there exist many studies concerning them 
in the fi eld of mechanical behavior. The complexity of 
coupled structures centers on their feature of having 
continuous components. Coupled structures consisting 
of beams are one of these systems which have received 
much attention during these years (Del Carpio et al., 
2017; Jouneghani and Haghollahi, 2020; Ketiyot and 
Hansapinyo, 2018; Li et al., 2020; Liu et al., 2020). 
Many studies of this category have been done on 
the elastically connected double and multiple beam 
systems. The interaction between external moving loads 
and multiple beams systems is the subject of a study 
run by Foroozandeh and Ariaei (2018). By applying 
the Timoshenko beam theory, they assessed the eff ects 
of inertia and diff erent types of acceleration on system 
response. There are similar studies in which this issue 

is assessed (Ariaei et al., 2011; Paunović et al., 2020; 
Feng et al., 2020). Brito et al. (2019) applied the 
boundary element method (BEM) to analyze a double 
beam system, in which the Winkler foundation theory is 
compared with that of Pasternak. Liu and Yang (2019) 
and Zhao et al. (2020) provided a closed-form solution 
for the free and forced vibration of double beam systems, 
in which the main feature is applying Green′s functions. 

Double and multiple plate systems are other types 
of complicated coupled structures, which have many 
applications. In absorbing the vibration of large deck 
plates of ships, bridges, optical tables, computer disk 
drives, hard drives, multi-array drives of computer 
servers, and general tooling machines, the double plate 
systems are highly contributive and feasible. Next to the 
practical problems in construction and the complexities 
in solving the equations as limitations, there also 
are advantages in designing lightweight structures 
that represent excellent practical fi elds in structural 
engineering, such as in aeronautical and mechanical 
engineering. Double and multiple plate systems are 
observed in the  aerospace industry, for example, space 
platforms, solar panels, and the skin of planes′ wings 
(Giles, 1995). In civil engineering, solutions obtained 
from theoretical approaches of this type of structure can 
be applied for estimating the behavior of multi-story 
buildings (Stojanović et al.,  2015). Arthi and Jaya (2020) 
studied the seismic performance of a double concrete plate 
system consisting of a shear wall and a slab to provide 
a seismic resistant connection for precast elements used 
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in the structure. Multi-plate systems can be applied to 
reduce the seismic eff ect on various structures. Li and 
Shu (2020) applied Triangular-plate added damping and 
stiff ness (TADAS) device which is a multiple triangular 
plate system. Maleki and Dolati (2020) applied the 
multi-plate system as the end diaphragm in the tub girder 
of bridges to reduce seismic demand by more than 25%. 
Multiple plate systems can also be used to simulate the 
dynamic behavior of multilayer soils (Chao et al., 2020; 
Li et al., 2018), wherein the multi-degree of freedom 
(MDOF) analysis method can be applied to simplify the 
solution. Applying powerful methods such as Rayleigh_
Ritz, fi nite element, transfer matrix, etc., for solving 
complex geometries is feasible. However, simplifying 
complex structures by the inclusion of coupled identifi ed 
structures such as plates, beams, etc., in reducing the 
calculation eff ort has been assessed by some researchers. 
One of the most well-known structures of this type is 
laminated composite materials that may be modeled 
as a structure consisting of several plates connected by 
elastic or viscoelastic soft material. In case intermediate 
layers have negligible mass and a shear modulus; one 
can only take into account their compressibility and 
model this type of laminate by applying the method 
proposed in this article. This leads to having only normal 
stress, with no need to fulfi ll the continuity conditions 
in the shear strains in various layers′ interfaces, 
which results in a simplifi cation of equations and the 
computational process. A high strength and stiff ness-to-
weight ratio of laminated composite materials provide 
major reasons for applying them in a wide variety of 
mechanical and civil engineering systems such as the 
aircraft, automobile, train, and construction industries. 
As to energy harvesters, inserting piezoelectric layers in 
such combinations has become intriguing in scientifi c 
community harvesters (Yuan et al., 2017; Khazaee et al., 
2020; Fu et al., 2020; Tian et al., 2020; Liu et al., 2020).

The concept of the coupled plate systems fi eld was 
applied by McElman (1964), who assessed the fl utter 
of a simply supported double plate system, subject to 
a combination of mid-plane loads and aerodynamic 
pressure by assuming a quasi-static condition (high 
Mach number) and not considering the damping term. 
McElman also drew some sketches, illustrating system 
buckling behavior. In a similar study, Bismark-Nasr 
(1977) applied the FE method to explain the stability 
features of the same system, in which the damping term 
of aerodynamic pressure was of concern. By adopting 
the Winkler foundation theory, Kunukkasseril and 
Swamidas (1973) and Swamidas and Kunukkasseril 
(1975, 1978) assessed the free vibrations of elastically 
connected circular plate systems. Kunukkasseril and 
Swamidas (1975) also introduced an analytical solution 
for the stability of circular double plate systems with 
diff erent boundary conditions. The Kirchhoff  plate 
theory was applied by Chonan (1976, 1979a) to assess 
the free vibration of elastically connected multiple 
circular and annular plate systems subjected to elastic 

boundary conditions, by which an attempt was made 
to classify the mode shapes and consider the eff ect of 
in-plane loads on natural frequencies. In other studies 
carried out by Chonan (1979b, 1979c), the Kelvin model 
was applied to analyze the stability of double Mindlin 
rectangular plates connected by a viscoelastic medium 
subject to a moving load. With reference to internal 
material damping and based on Mindlin plate theory, 
the forced vibration of an annular double plate system 
with diff erent boundary conditions was assessed by 
Irie et al. (1982). A method based on Green′s functions 
was proposed by Kukla (1998, 1999) to solve the free 
vibration of a system consisting of two plates connected 
by a continuous and discontinuous Winkler medium; 
it was revealed that the elastic connection size aff ects 
system frequencies. By applying the classical Navier 
method, the natural frequencies of an elastically 
connected double plate system were determined by 
Oniszczuk (2000) and a comparison was made with a 
double membrane system to establish their similarity. 
This study was extended by Oniszczuk (2004) to embody 
forced vibration and to illustrate that the second plate 
can behave as a dynamic vibration absorber. Applying 
the double plate confi guration in absorbing and reducing 
vibration has been of signifi cant concern in many studies 
(Aida et al., 1995; Wang and Chen, 2013; Wang and 
Lin, 2016; Kamenskikh and Lekomtsev, 2020). Hedrih 
(2006, 2007, 2008) and Hedrih and Simonović (2012) 
assessed the free and forced vibration of rectangular 
and circular double plate systems by applying Kelvin 
foundation theory subject to discontinuity in the elastic 
medium, nonlinearity, and diff erent boundary conditions 
assumptions. The eff ect of connecting rolling viscous 
nonlinear elastic elements on the forced vibration of 
a double plate system was assessed by Simonović 
(2012), whereby it was revealed that rolling elements 
inertia intensifi ed resonant transition phenomena. The 
intersection between a double plate system and soil 
(as a connecting medium) by applying the Winkler and 
Pasternak foundation theory was modeled by Rosa and 
Lippiello (2009) to analyze the free vibration of the 
system subject to simply supported boundary conditions. 
The coupled plate systems are applicable in the fuel 
assembly of reactors and heat exchangers, and their 
oscillating behavior was studied (Jeong, 2006; Jeong 
and Kim, 2009; Jeong and Kang, 2013; Bochkarev and 
Lekomtsev, 2016). Ma et al. (2014) proposed an active 
triple-panel sound insulation system with a controllable 
force acting on the middle plate. An analytical method 
was adopted by Sadri and Younesian (2016) in assessing 
the vibrational and acoustic responses of a sandwich 
plate coupled with an enclosure cavity, by which it was 
assumed that the resilient material between the layers 
was of a Winkler medium and it was found that cavity 
thickness had a reverse eff ect on plate frequencies. 
The connecting resilient material eff ect on the stability 
behavior of a cross-ply laminated plate was studied 
by Stojanović et al. (2019), whereby the viscoelastic 
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assumption was applied for the connecting material. 
Stojanović et al. (2015) assessed the vibrational and 
stability behavior of multiple plate systems by applying 
the Winkler foundation theory. When the thickness of 
the plate is small compared to its other dimensions, the 
Kirchhoff  plate theory is applied, whereby the eff ects 
of rotary inertia and shear deformation are ignored. 
For thick plates, however, the Mindlin plate theory 
was applied (Rao, 2007). Although, when considering 
thin plates, the Kirchhoff  plate theory is of concern in 
this article; nonetheless, the proposed method can be 
extended to higher-order plate theories such as that of 
Mindlin.

Because exact solution methods are not always 
available, approximate numerical methods (Abdel 
Raheem et al., 2018; Bendine et al., 2016; Dusicka et 
al., 2004; Gu et al., 2018; Liu et al., 2016; Lu et al., 
2004; Tahouneh et al., 2019, 2020; Wu and Zhong, 
2003) are preferred. However, due to the accuracy and 
the convenience of doing parametric studies, applying 
analytical and semi-analytical solutions (Busby and 
Weingarten, 1972; Ebrahimi and Heidari, 2019; Lobitz 
et al., 1977; Nayfeh et al., 1974; Bayat and Pakar, 2013; 
Wang, 2018; Wang et al., 2020; Wang et al., 2019; Wang 
and Zhao, 2019; Wang and Zu, 2017a, 2017b; Yang 
and Wang, 2020) are more appropriate. By applying 
an analytical procedure, a new approach is proposed 
to uncouple the governing equations of multiple-plate 
systems to enable one to solve them based on the solution 
methods available for a single plate system; thus, there 
is a reduction in the computational costs of such coupled 
problems.

In the referenced articles for coupled beam and 
plate systems, a double-plate system connected by an 
elastic layer, a multiple-plate system in a sandwich 
structure, or a system of elastically connected beams 
are often studied. Simultaneously solving the governing 
equations of coupled plate systems is essential, wherein 
calculations are time consuming, especially when the 
number of plates increases. By considering n elastically, 
interconnected rectangular plates, a new method 
involving a change in variables is proposed to uncouple 
a set of n partial diff erential equations into independent 
ones and to extend the work done by Ghafarian and Ariaei 
(2016), wherein a multiple beams system is of concern. 
This leads to converting and reducing the solution 
of elastically interconnected plates to the solution of 
independent plates with a slight computational eff ort, 
which is especially evident for many plates. Another 
additional feature is the second moment of mass, which 
is absent in some references for thin plates. The necessity 
of identical plates and identical boundary conditions on 
the same side is the only restricting assumption for this 
method.

This article is organized as follows: the problem 
formulation is introduced in Sec. 2; results and 
discussions are presented in Sec. 3, and the conclusion 
appears in Sec. 4. To represent this technique in detail 

a case study with three plates is discussed in Sec. 3; 
frequencies and mode shapes are acquired; and several 
parameters′ eff ects, such as dimensionless thickness, 
aspect ratio, and layers stiff ness coeffi  cients, are listed in 
several tables and fi gures. 

2  Problem formulation

2.1  Diff erential equations of motion

A system of n elastically connected, rectangular 
Kirchhoff  plates, joined continuously by elastic layers, 
is assumed, as shown in Fig. 1. The length, width, and 
thickness of each plate are a, b and h, respectively. 
Without aff ecting the solution approach, all plates of 
the system are assumed to be clamped on one side and 
free on the other (the C-F-F-F boundary condition). 
The Winkler layer has the linear stiff ness coeffi  cients 
of k, the displacements are minor, and the material is 
homogeneous and isotropic.

Based on Kirchhoff  plate theory, the strain-
displacement equations, constitutive equations, and 
Hamilton principle (Reddy, 2006), the vibration equation 
for one plate is expressed as:
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where, iw  is the transverse defl ection of ith plate, ik  is 
the stiff ness of the elastic medium between the (i-1)th 
and ith plate, 0I h  is the mass density per unit area 
of the plate surface (the zero-th moment of mass), and  

3
2 / 12I h  is the second moment of mass. 

The parameter D is defi ned as:
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                             (2)

where, ρ, E and   are the density, Young′s modulus, and 
the Poisson′s ratio, respectively. To apply these to the 
fi rst and last plate, 0 1, nw w  , and 1nk  values are set to be 
zero in Eq. (1). 

The boundary condition of the ith plate is expressed 
as (Reddy, 2006):

x = 0 (clamped)

0 0i
i

w
w

x


 
                            (3)

x = a (Free)

 , , , ,0 2 0i xx i yy i xxx i xyyw w w w           (4)
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y = 0, b (Free)
  

 , , , ,0 2 0i yy i xx i yyy i yxxw w w w             (5)

At the corner of the two adjacent free edges, the 
following equation is applied for the boundary condition 
(Reddy, 2006; Shu, 2012):

, 0i xyw                                    (6)

2.2  Decoupling of the equations of motion

That Eq. (1) forms a system of n coupled, partial 
diff erential equations that are not easily solvable is 
evident. Through a correct manipulation of the variables 
the equations of motion are uncoupled, which would 
enable solving them separately in a straightforward 
manner. By reversing the method, the anticipated 
parameters of the original system, such as the natural 
frequencies and the mode shapes become extracted. 
The new variable pu is defi ned by (Ariaei et al., 2011; 
Ghafarian and Ariaei, 2016):

     
1

( , , ) ( , , ) 1,  2,  ...,  
n

p pi i
i

u x y t c w x y t p n


 
     

(7)

where, p is the plates′ count  1,  2,  ,  p n  . The 
coeffi  cients pic  should be identifi ed in a manner as to 
uncouple the equations. Multiplying the ith equation by 
coeffi  cient pic  and then adding them would yield:
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By considering Eq. (7), Eq. (8) is rewritten as:
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(9)

In a similar manner, the new equations for boundary 
conditions Eqs. (3)‒(6) are expressed as:

x = 0 (clamped)

0 0p
p

u
u

x


 


                           (10)

x = a (Free)

 , , , ,0 2 0p xx p yy p xxx p xyyu u u u         (11)

Fig. 1  Schematic of a system of n elastically connected rectangular plates
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y = 0, b (Free)

 , , , ,0 2 0p yy p xx p yyy p yxxu u u u         (12)

and at the free corners:

 , 0p xyu                                  (13)

In rewriting the pth equation in Eq. (9), by 
considering only one function of ( , , )pu x y t , a decoupled 
set of equations would yield, provided that the following 
equation holds:

    1 1 1
1

n

pi i i i i i i p p
i

c k w w k w w u  


   
  

(14)

By inserting Eq. (7) in Eq. (14) with some 
rearrangements, Eq. (15) is arrived at, as follows:
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As to the independency of the functions of iw (i = 1, 
2, …, n), to satisfy Eq. (15), it is essential to have:
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In matrix notation, Eq. (16) is expressed as:

  0p p K I c  
                          

(17)

where, I  is the unit matrix and matrices K  and cp are 
defi ned through:
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Equation (17) is an eigenvalue problem wherein
p  and cp are the pth eigenvalue and eigenvector of 

Matrix K, respectively. To have a nontrivial solution it 
is necessary that:

 det 0p K I                          (19)
  
The eigenvalues of matrix K obtained through 

Eq. (19) are applied to extract the corresponding 
eigenvectors from Eq. (17), the components of which 
are the coeffi  cients shown in Eq. (7). By applying these 
eigenvectors in defi ning the new variable ( , , )pu x y t , the 
equations are uncoupled; that is, the existence of p   
values and cp vectors assure that Eq. (9) is uncoupled. 
By applying Eq. (14) in Eq. (9), the new decoupled 
equations are expressed as:
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(20)

Equation (20) and boundary conditions Eqs. (10)‒(13) 
constitute a new system of n separated plates with no 
mutual interaction. Figure 2(b) shows a schematic of 
this new system. Here, the original system consisting 
of n connected plates is transformed into a system of 
n decoupled plates, where the pth plate independently 
appears on a Winkler foundation with the spring 
coeffi  cient p  elastically connected to the ground, as 
shown in Fig. 2. In other words, the decoupled plates 
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system pictured in Fig. 2(b) is a mathematically obtained 
system related to Eq. (20), with boundary described 
in Eqs. (10)‒(13). The same method is adopted in 
solving the uniform Eq. (20). By applying the reverse 
transformation, the original system’s solution is obtained.

2.3  The free vibration problem

To solve Eq. (20), the following harmonic motion is 
considered as follows:

    i, , , e pt
p pu x y t U x y                  (21)

  
where, ( , )pU x y  and p  are the amplitude and natural 
frequencies of the pth plate, respectively. 

To simplify the formulas, the following dimensionless 
parameters are introduced:

4
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Inserting Eq. (21) into Eq. (20) and applying the 

dimensionless parameters of Eq. (22), yield:
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 By applying a similar method for Eqs. (10)–(13), the 
dimensionless boundary conditions are obtained as:

X = 0 (clamped)

0 0p
p

U
U

X


 


                         (24)

X = 1 (Free)

 2 2
, , , ,0 2 0p XX p YY p XXX p XYYU U U U      

(25)

Y = 0,1 (Free)

 2 2
, , , ,0 2 0p YY p XX p YYY p YXXU U U U       

(26)

Free corners

, 0p XYU                               (27)

The solution of Eq. (23) by considering boundary 
conditions Eqs. (24)‒(27) leads to obtaining the 
frequencies and modes of the pth plate in the decoupled 
plates system. Each natural frequency in the decoupled 
plates system is one of those found in the original system. 
By back-substituting them in Eq. (21) and then using 
that result into Eq. (7), the original system′s modes are 
found. Equation (7) is rewritten in a matrix notation as:

U = CW                               (28)

(a) (b)

 Fig.  2  The transformation from the coupled plate system to the decoupled plate system. (a) Coupled plate system, (b) decoupled 
            plate system
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where,

   T T
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Possessing the variable  , ,pu x y t , the original 
system′s variables  , ,iw x y t   are calculated through the 
use of the following equation:

 W CU                                  (30)

where,
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Because the rows of matrix C  are the eigenvectors 
of the symmetric matrix K  and are linear independent, 
matrix C  is invertible.

By applying Eq. (30), the vector W  of the original 
system is obtained from the vector U  of the decoupled 
plate system. As the pth plate of the decoupled plate 
system becomes oscillated at its jth natural frequency 
and mode shape   i.e., , ,pj pjU x y  , Eqs. (21) and (30) 
reveal that all plates of the original system vibrate at the 
same frequency, pj  , which is the natural frequency of the 
original system, displayed in Fig. 1. The corresponding 
mode shape of the frequency pj   of the original system 
is obtained by setting  ,pjU x y   in Eq. (30).

2.4  Solution procedure

As an effi  cient numerical method, the diff erential 
quadrature method (DQM) is applied to solve the 
governing equations of motion obtained in the previous 
section. Compared to the conventional low order fi nite 
diff erence and fi nite element methods, the DQ method 
can result in accurate numerical results by applying 
a smaller number of grid points; therefore, some 
computational eff ort is required (Shu, 2012). However, 
both the convergency and stability of the solution are 
intensely dependent upon the distribution of sampling 
points. Consequently, the well-known Chebyshev nodes 
are served to discretize the governing equation of motion 
and the boundary condition expressions, as follows:
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2 1i
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In a rectangular plate, a grid of N M  points is 

developed. By applying the weighting coeffi  cient, a 
discretized equation is provided for every point of the 
grid, to which the following approximation is applied in 
the governing and boundary equations:
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 where, N and M are the number of the sampling points in 
the x and y directions, respectively. ( )n

ik  and ( )m
jk  are 

the weighting coeffi  cients of the nth derivative of  ,f x y  
with respect to x and the mth derivative of  ,f x y  with 
respect to y, respectively (Shu, 2012). With the aid of 
Eqs. (32)–(35), Eq. (23) can be discretized as follows: 
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A similar approach is applicable to discretize 
boundary conditions Eqs. (24)‒(27) as follows:

 X = 0 (clamped)
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1,

1

0 0
j r j
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X = 1 (Free)
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Y = 0 (Free)
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Y = 1 (Free)
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For mixed boundary conditions, the weighting 
coeffi  cients are combined in a piecewise function (Shu 
and Wang, 1999). The discretized Eqs. (36)–(40) can be 
vectorized (Liu and Trenkler, 2008) and assembled in 
the following form:

 
   
 

2 0
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p p p

p

U U

U
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(41)

where  pU  is the vectorized arrangment of 
,i jpU  values. 

The Eq. (41) is combined by applying the “general 
approach for implementing boundary conditions” (Shu, 
2012) and can be solved by using common matrix 
algebra.

The lower computational cost of the method 
proposed for decoupling the equations of motion 
can be revealed through operations-additions and 
multiplications required to obtain the natural frequencies, 
where a determinant should be calculated. Dubbs and 
Siegel (1987) presented an equation for computing the 
operations-additions and multiplications required for 
obtaining an m × m determinant by way of cofactor 
expansion expressed as:

  

 
1 1 1 1! 1 2
1! 2! 1 ! !

d m
m m

 
         

       (42)

where d is the total number of operations. By applying 
the method presented here for decoupling the equations 
and considering n plates with k sample points for each, it 
is required to calculate the n determinant of the order k, 
in which the total operations can be obtained by applying 
Eq. (42). However, considering all plates simultaneously, 
one (n×k)×(n×k) determinant should be obtained. If d1 
is assumed as the number of the required operations for 
the case of decoupling equations and d2 for the coupled, 
it is obvious that d2 is considerably larger than d1, with 
the ratio of about  2 1/ ! / ( !)d d n k n k   . Also, if 
one applies LU decomposition or the Bareiss algorithm, 
the elementary operations for an m×m determinant are of 
O(m3) (Shores, 2018). That is, the number of operations 
for the coupled equations is about n2 larger than that for 
the decoupled ones (i.e.,  3 3 2/ ( )n k n k n   ). For 
example, if one considers a triple plate system, i.e., n = 3, 
and applies LU decomposition or the Bareiss algorithm, 
the number of the required operations for decoupled 
equations will be about one-ninth of the coupled ones, 
thereby revealing the computational effi  ciency of the 
method introduced in this article.

3  Results and discussions

As a case study for multiple plate systems, a triple 
plate system is considered with no connection to the 
ground (i.e., k1=0 in Eq. (1)), Fig. 3, in which all plates 
have the same geometry and material properties. A triple 
plate system can be considered as a development for 
piezoelectric bimorph plate case studies that frequently 
have been assessed in the related literature.

To validate the solution method and the precision of 
its results, rigid connections are considered between the 
plates ( 2 3 and  k k  ), which makes the triple 
plate system turn into a system with one plate, allowing 
a comparison of the frequencies with those presented by 
Leissa (1973): good agreement is observed therein, as 
displayed in Table 1.

As for the other case, considering λ = 2,  
20.005,  0h I   and 1048.3,ik   i = 1, …, n, the 

obtained natural frequencies for elastically connected 
3, 5, and 7 plates with an SSSS boundary condition 
are compared with those presented by Stojanović et 
al. (2015), as shown in Table 2. Excellent agreement is 
observed, and is therefore a validation of this study. In 
Table 2, ik  is the dimensionless stiff ness of the elastic 
medium between (i-1) th and ith plates, defi ned as:

4

i i
ak k
D

                                 (43)
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Although the similarity of boundary conditions 
for all plates is a restriction of the presented method, 
this situation can be arbitrary. Considering the mixed 
boundary conditions, a triple plate system is of concern 
as shown in another case, Fig. 4, in which each plate 
is simply supported on half of one side and clamped in 
the other half. In Fig. 4, ξ and η are the lengths of the 
clamped and simply supported portions, respectively, 
in which η=2ξ. For 1, 0.005h    and 1000ik  , the 
fi rst six natural frequencies of the system are tabulated 
in Table 3 and compared with those obtained by utilizing 
the ABAQUS fi nite element software, with which good 
agreement is observed. The fi rst six mode shapes of the 
system with those obtained by the ABAQUS software 
are compared in Fig. 5.

According to Eq. (23), it is deduced that the 
vibrational behavior of the system is aff ected by the 
factors of geometry and the elastic properties of the 
connecting medium, represented by Winkler coeffi  cients. 
The eff ect of geometry on the vibrational behavior of the 
system is briefed in the aspect ratio and the dimensionless 
thickness parameters, Eq. (23). Considering the triple 
plate system with no connection to the ground, as seen in 
Fig. 3, the eff ect of these variables in the dimensionless 
frequencies is shown in Figs. 6, 7 and 8 for CFFF, 
CFCF and CCCC boundary conditions, respectively. As 
observed, the fi rst and second dimensionless frequencies 
increase for CFFF boundary conditions by an increase 
in dimensionless thickness with a very small slope, 
unlike the aspect ratio, in which a decreasing eff ect is 
evident. The eff ect of the aspect ratio on the higher-
order frequencies is completely diff erent. In higher-
order frequencies, after the third frequency an increase 
in the aspect ratio would increase dimensionless natural 
frequencies, as pictured in Fig. 6. For a system with CFCF 
and CCCC boundary conditions, the dimensionless 
thickness has a small decreasing eff ect on dimensionless 
frequencies, as seen in Figs. 7 and 8, respectively. For 
special values of  and p , considering Eq. (23) reveals 
the dimensionless natural frequency Ωp that is only 
aff ected by the dimensionless thickness, due to terms

2 2
, ,( ) / 12p XX p YYU U h . These terms are even 

neglected in some references due to the slight eff ects on 
thin plates (Rao, 2007), leading to the slight eff ect of 

 Table 1  Comparison of dimensionless natural frequencies for CFFF boundary conditions , , ,  k k h2 3( = 1 = 0.1)     

 Ω1 Ω2 Ω3 Ω4 Ω5

Present study 3.4704 8.4704 21.1940 26.9953 30.7213
Leissa (1973) 3.4917 8.5246 21.4290 27.3310 31.1110
Diff erence (%) 0.61 0.64 1.01 1.23 1.25

Fig. 3  Elastically connected triple rectangular plates
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Fig. 4  Triple plate system with mixed boundary conditions (ξ and η, the lengths of the clamped and simply supported portions, 
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the dimensionless thickness on dimensionless natural 
frequencies, as shown in Figs. 6–8. Despite CFFF 
boundary conditions, all natural frequencies of a system 
with CCCC boundary conditions increase with a rise in 
the aspect ratio, Fig. 8. This increase is observed for a 
system with CFCF boundary conditions except for the 
fi rst three natural frequencies, in which decreasing the 
natural frequencies is observed by an increase in the 
aspect ratio, as shown in Fig. 7. Some numerical results 
for the fi rst ten dimensionless natural frequencies are 
tabulated in Tables 4, 5, and 6 for CFFF, CFCF, and 
CCCC boundary conditions, respectively. 

The eff ects of stiff ness coeffi  cients are inquired on 
in the fi rst fi fteen frequencies, as shown in Figs. 9, 10 and 
11 for CFFF, CFCF and CCCC boundary conditions, 
respectively. As anticipated, an increase in the 
dimensionless frequencies by increasing the stiff ness 
of elastic connections for most frequencies is more 
evident; that is, increasing stiff ness does not aff ect all 

     Table 2  Comparison of natural frequencies (s-1) for SSSS boundary conditions   ,  ik h I2( = 1048.3, = 2, = 0.005 = 0)

Number of plates, n Frequency number Present study Stojanović et al. (2015) Diff erence (%)
3 1 55.00229 55.00229 0.0

2 68.21676 68.21676 0.0
3 81.75544 81.75544 0.0

5 1 53.71028 53.71028 0.0
2 60.13245 60.13245 0.0
3 69.61337 69.61337 0.0
4 78.64206 78.64206 0.0
5 84.89161 84.89161 0.0

7 1 53.29186 53.29186 0.0
2 56.97312 56.97312 0.0
3 63.14726 63.14726 0.0
4 70.26172 70.26172 0.0
5 77.00141 77.00141 0.0
6 82.42263 82.42263 0.0
7 85.90743 85.90743 0.0

 
Frequency number Present study ABAQUS Diff erence (%)

1 10.3339 9.8630 4.6%
2 16.2531 15.646 3.7%
3 20.9051 20.235 3.2%
4 20.9051 20.235 3.2%
5 21.4571 20.521 4.3%
6 24.3803 23.603 3.2%

Table 3  The fi rst six natural frequencies (s-1) of the triple 
      plate system, with mixed boundary conditions 
                ,  ,  ik h( = 1000 = 1 = 0.005)

Fig. 5   First six mode shapes of the triple plate system, with mixed 
            boundary conditions ,  ,  ik h( = 1000 = 1 = 0.005)    
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Fig. 6  The eff ect of dimensionless thickness and aspect ratio on dimensionless natural frequencies ( ,  k k2 3= 4 = 8, CFFF)
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Fig. 7  The eff ect of dimensionless thickness and aspect ratio on dimensionless natural frequencies ( ,  k k2 3= 4 = 8, CFCF)
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frequencies, but does modify most. On the contrary, 
with no connection to the ground, the 1st, 4th, 7th, 10th, 
and 13th dimensionless natural frequencies remain 
constant, which is due to the identical defl ection shape 
of the similar plates in the corresponding modes, which 

inactivates the intermediate elastic layers (Ghafarian, 
and Ariaei, 2016). The fi rst ten dimensionless natural 
frequencies for diff erent values of stiff ness coeffi  cients 
are tabulated in Tables 7, 8 and 9 for CFFF, CFCF 
and CCCC boundary conditions, respectively. The 

 Table 4  The eff ect of the aspect ratio and dimensionless thickness on the fi rst ten dimensionless natural frequencies 
               ( ,  k k2 3= 4 = 8, CFFF)

 h Ω1 Ω2 Ω3 Ω4 Ω5 Ω6 Ω7 Ω8 Ω9 Ω10

0.4 0.01 3.4973 4.1597 4.7700 5.2750 5.5820 6.4561 8.0730 8.3812 9.1707 13.8094
0.05 3.4975 4.1600 4.7700 5.2749 5.5825 6.4561 8.0709 8.3791 9.1683 13.7995
0.1 3.4984 4.1610 4.7698 5.2747 5.5838 6.4558 8.0645 8.3724 9.1610 13.7687

1 0.01 3.4694 4.1363 5.5646 8.4748 8.7689 9.5263 21.2829 21.4017 21.7230 27.1598
             0.05      3.4697 4.1366 5.5650 8.4737 8.7678 9.5251 21.2613 21.3799 21.7009 27.1197

0.1 3.4704 4.1374 5.5661 8.4704 8.7643 9.5213 21.1940 21.3123 21.6322 26.9953
2.5 0.01 3.4220 4.0965 5.5352 17.9367 18.0775 18.4568 21.3889 21.5071 21.8268 57.1391

0.05 3.4222 4.0968 5.5355 17.9329 18.0737 18.4529 21.3670 21.4851 21.8045 57.0331
0.1 3.4228 4.0976 5.5365 17.9211 18.0618 18.4407 21.2988 21.4165 21.7349 56.7048

Table 5  The eff ect of the aspect ratio and dimensionless thickness on the fi rst ten dimensionless natural frequencies
               ( ,  k k2 3= 4 = 8, CFCF)

 h Ω1 Ω2 Ω3 Ω4 Ω5 Ω6 Ω7 Ω8 Ω9 Ω10

0.4 0.01 22.2767 22.3902 22.6975 22.9825 23.0925 23.3906 25.5962 25.6951 25.9633 30.5633
0.05 22.2513 22.3647 22.6716 22.9559 23.0659 23.3636 25.5589 25.6576 25.9254 30.5026
0.1 22.1725 22.2855 22.5913 22.8735 22.9831 23.2797 25.4433 25.5415 25.8081 30.3150

1 0.01 22.1642 22.2783 22.5871 26.4002 26.4960 26.7562 43.5860 43.6442 43.8026 61.1593
0.05 22.1409 22.2549 22.5634 26.3696 26.4653 26.7252 43.4748 43.5328 43.6908 60.9038
0.1 22.0686 22.1823 22.4897 26.2746 26.3700 26.6289 43.1326 43.1901 43.3469 60.1243

2.5 0.01 21.9748 22.0899 22.4013 41.5476 41.6085 41.7747 60.5937 60.6355 60.7496 92.0102
0.05 21.9541 22.0691 22.3802 41.5014 41.5623 41.7283 60.3644 60.4060 60.5197 91.6165
0.1 21.8898 22.0044 22.3147 41.3579 41.4186 41.5840 59.6634 59.7046 59.8170 90.4155

Table 6  The eff ect of the aspect ratio and dimensionless thickness on the fi rst ten dimensionless natural frequencies
               ( ,  k k2 3= 4 = 8, CCCC)

 h Ω1 Ω2 Ω3 Ω4 Ω5 Ω6 Ω7 Ω8 Ω9 Ω10

0.4 0.01 23.6424 23.7494 24.0393 27.8047 27.8957 28.1429 35.4131 35.4846 35.6793 46.6637
0.05 23.6092 23.7161 24.0056 27.7515 27.8423 28.0891 35.3160 35.3873 35.5815 46.4828
0.1 23.5065 23.6129 23.9012 27.5872 27.6775 27.9228 35.0177 35.0884 35.2809 45.9303

1 0.01 35.9816 36.0520 36.2436 73.3764 73.3764 73.4109 73.4109 73.5052 73.5052 108.1762
0.05 35.8955 35.9657 36.1569 72.9607 72.9607 72.9951 72.9951 73.0888 73.0888 107.2213
0.1 35.6303 35.7000 35.8898 71.7051 71.7051 71.7388 71.7388 71.8309 71.8309 104.3898

2.5 0.01 147.7196 147.7367 147.7836 173.7062 173.7208 173.7606 221.1986 221.2100 221.2413 291.3998
0.05 146.4395 146.4565 146.5029 171.6613 171.6757 171.7151 217.4919 217.5031 217.5339 284.5529
0.1 142.6378 142.6544 142.6996 165.6975 165.7114 165.7494 206.9891 206.9998 207.0291 265.8802
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Fig. 8   The eff ect of dimensionless thickness and aspect ratio on dimensionless natural frequencies ( ,  k k2 3= 4 = 8, CCCC)
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Fig. 9  The eff ect of stiff ness of elastic layers on dimensionless frequencies (   k k k k2 3= 1, = , = 2 , CFFF)
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           k = 0 k = 4 k = 10

Fig. 11  The eff ect of stiff ness of elastic layers on dimensionless frequencies (   k k k k2 3= 1, = , = 2 , CCCC) 
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Fig. 10  The eff ect of stiff ness of elastic layers on dimensionless frequencies (   k k k k2 3= 1, = , = 2 , CFCF)
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natural frequencies of a system with CCCC boundary 
conditions exceed those of ones with other boundary 
conditions followed by CFCF and CFFF plate systems, 
respectively. This is due to the higher rigidity of a system 
with clamp boundary conditions, compared to a system 
with free ones on the same sides. Decreasing the eff ects 
of stiff ness coeffi  cients in higher-order modes occurs 
due to an increase in system rigidity.

The stiff ness ratio eff ect on dimensionless frequencies 
is observed in Fig. 12. The natural frequencies related to 
modes with the same pattern of plates are not infl uenced 
by the ratio between the stiff ness coeffi  cients; otherwise, 
the natural frequencies increase by a rise in k3. That 
considering a triple plates system leads to new natural 
frequencies in the vicinity of natural frequencies of a 
single plate may present the stiff ness ratio as a parameter 
that could adjust frequencies for some applications such 
as mechanical energy harvesters (Malaji and Ali, 2017). 

The fi rst and the second frequencies of the plates in 
the decoupled system constitute the fi rst six frequencies 
of the original system (Ghafarian and Ariaei, 2016). 
The eff ect of stiff ness coeffi  cients on these frequencies 

Fig. 12  The eff ect of the stiff ness ratio on dimensionless 
          frequencies (CFFF,   h k= 1, = 0.05, = 4 2 ); k3 = 4
          (circle), k3 = 8 (square), k3 = 16 (triangle), k3 = 32 
                 (hexagram), k3 = 64 (diamond), k3 = 128 (cross)

Table 7   The eff ect of stiff ness coeffi  cients on the fi rst ten dimensionless natural frequencies (   k k k k2 3= 1, = , = 2 , CFFF)
 

k h Ω1 Ω2 Ω3 Ω4 Ω5 Ω6 Ω7 Ω8 Ω9 Ω10

0 0.01 3.4694 3.4694 3.4694 8.4748 8.4748 8.4748 21.2829 21.2829 21.2829 27.1598

0.05 3.4697 3.4697 3.4697 8.4737 8.4737 8.4737 21.2613 21.2613 21.2613 27.1197

0.1 3.4704 3.4704 3.4704 8.4704 8.4704 8.4704 21.1940 21.1940 21.1940 26.9953

1 0.01 3.4694 3.6476 4.0950 8.4748 8.5493 8.7495 21.2829 21.3127 21.3938 27.1598

0.05 3.4697 3.6478 4.0953 8.4737 8.5482 8.7484 21.2613 21.2910 21.3720 27.1197

0.1 3.4704 3.6486 4.0961 8.4704 8.5448 8.7450 21.1940 21.2236 21.3044 26.9953

2 0.01 3.4694 3.8174 4.6369 8.4748 8.6231 9.0159 21.2829 21.3424 21.5041 27.1598

0.05 3.4697 3.8177 4.6372 8.4737 8.6220 9.0147 21.2613 21.3207 21.4822 27.1197

0.1 3.4704 3.8185 4.6382 8.4704 8.6186 9.0112 21.1940 21.2532 21.4142 26.9953

4 0.01 3.4694 4.1363 5.5646 8.4748 8.7689 9.5263 21.2829 21.4017 21.7230 27.1598

0.05 3.4697 4.1366 5.5650 8.4737 8.7678 9.5251 21.2613 21.3799 21.7009 27.1197

0.1 3.4704 4.1374 5.5661 8.4704 8.7643 9.5213 21.1940 21.3123 21.6322 26.9953

6 0.01 3.4694 4.4322 6.3584 8.4748 8.9123 10.0107 21.2829 21.4609 21.9397 27.1598

0.05 3.4697 4.4325 6.3588 8.4737 8.9112 10.0094 21.2613 21.4390 21.9174 27.1197

0.1 3.4704 4.4334 6.3601 8.4704 8.9077 10.0055 21.1940 21.3712 21.8481 26.9953

8 0.01 3.4694 4.7096 7.0635 8.4748 9.0535 10.4727 21.2829 21.5199 22.1543 27.1598

0.05 3.4697 4.7099 7.0640 8.4737 9.0523 10.4714 21.2613 21.4980 22.1318 27.1197

0.1 3.4704 4.7109 7.0654 8.4704 9.0488 10.4673 21.1940 21.4299 22.0618 26.9953

10 0.01 3.4694 4.9716 7.7044 8.4748 9.1925 10.9152 21.2829 21.5787 22.3669 27.1598

0.05 3.4697 4.9719 7.7049 8.4737 9.1913 10.9138 21.2613 21.5568 22.3442 27.1197

0.1 3.4704 4.9729 7.7065 8.4704 9.1877 10.9095 21.1940 21.4885 22.2734 26.9953
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Table  8   The eff ect of stiff ness coeffi  cients on the fi rst ten dimensionless natural frequencies (   k k k k2 3= 1, = , = 2 , CFCF)

k h Ω1 Ω2 Ω3 Ω4 Ω5 Ω6 Ω7 Ω8 Ω9 Ω10

0 0.01 22.1642 22.1642 22.1642 26.4002 26.4002 26.4002 43.5860 43.5860 43.5860 61.1593
0.05 22.1409 22.1409 22.1409 26.3696 26.3696 26.3696 43.4748 43.4748 43.4748 60.9038
0.1 22.0686 22.0686 22.0686 26.2746 26.2746 26.2746 43.1326 43.1326 43.1326 60.1243

1 0.01 22.1642 22.1928 22.2707 26.4002 26.4242 26.4896 43.5860 43.6006 43.6403 61.1593
0.05 22.1409 22.1695 22.2473 26.3696 26.3935 26.4589 43.4748 43.4893 43.5289 60.9038
0.1 22.0686 22.0971 22.1747 26.2746 26.2985 26.3636 43.1326 43.1470 43.1863 60.1243

2 0.01 22.1642 22.2213 22.3767 26.4002 26.4481 26.5788 43.5860 43.6151 43.6944 61.1593
0.05 22.1409 22.1980 22.3532 26.3696 26.4175 26.5480 43.4748 43.5038 43.5830 60.9038
0.1 22.0686 22.1255 22.2802 26.2746 26.3223 26.4524 43.1326 43.1614 43.2399 60.1243

4 0.01 22.1642 22.2783 22.5871 26.4002 26.4960 26.7562 43.5860 43.6442 43.8026 61.1593
0.05 22.1409 22.2549 22.5634 26.3696 26.4653 26.7252 43.4748 43.5328 43.6908 60.9038
0.1 22.0686 22.1823 22.4897 26.2746 26.3700 26.6289 43.1326 43.1901 43.3469 60.1243

6 0.01 22.1642 22.3352 22.7957 26.4002 26.5438 26.9325 43.5860 43.6732 43.9105 61.1593
0.05 22.1409 22.3117 22.7717 26.3696 26.5131 26.9013 43.4748 43.5618 43.7984 60.9038
0.1 22.0686 22.2389 22.6974 26.2746 26.4176 26.8044 43.1326 43.2189 43.4537 60.1243

8 0.01 22.1642 22.3919 23.0023 26.4002 26.5916 27.1076 43.5860 43.7022 44.0181 61.1593
0.05 22.1409 22.3683 22.9781 26.3696 26.5607 27.0762 43.4748 43.5907 43.9058 60.9038
0.1 22.0686 22.2953 22.9031 26.2746 26.4651 26.9786 43.1326 43.2476 43.5601 60.1243

10 0.01 22.1642 22.4484 23.2071 26.4002 26.6392 27.2816 43.5860 43.7312 44.1254 61.1593
0.05 22.1409 22.4248 23.1827 26.3696 26.6083 27.2500 43.4748 43.6196 44.0128 60.9038
0.1 22.0686 22.3516 23.1070 26.2746 26.5125 27.1518 43.1326 43.2763 43.6664 60.1243

Table  9  The eff ect of stiff ness coeffi  cients on the fi rst ten dimensionless natural frequencies (   k k k k2 3= 1, = , = 2 , CCCC)

k h Ω1 Ω2 Ω3 Ω4 Ω5 Ω6 Ω7 Ω8 Ω9 Ω10

0 0.01 35.9816 35.9816 35.9816 73.3764 73.3764 73.3764 73.3764 73.3764 73.3764 108.1762
0.05 35.8955 35.8955 35.8955 72.9607 72.9607 72.9607 72.9607 72.9607 72.9607 107.2213
0.1 35.6303 35.6303 35.6303 71.7051 71.7051 71.7051 71.7051 71.7051 71.7051 104.3898

1 0.01 35.9816 35.9992 36.0473 73.3764 73.3764 73.3850 73.3850 73.4086 73.4086 108.1762
0.05 35.8955 35.9131 35.9610 72.9607 72.9607 72.9693 72.9693 72.9928 72.9928 107.2213
0.1 35.6303 35.6477 35.6953 71.7051 71.7051 71.7135 71.7135 71.7365 71.7365 104.3898

2 0.01 35.9816 36.0168 36.1128 73.3764 73.3764 73.3936 73.3936 73.4408 73.4408 108.1762
0.05 35.8955 35.9306 36.0264 72.9607 72.9607 72.9779 72.9779 73.0248 73.0248 107.2213
0.1 35.6303 35.6652 35.7603 71.7051 71.7051 71.7219 71.7219 71.7680 71.7680 104.3898

4 0.01 35.9816 36.0520 36.2436 73.3764 73.3764 73.4109 73.4109 73.5052 73.5052 108.1762
0.05 35.8955 35.9657 36.1569 72.9607 72.9607 72.9951 72.9951 73.0888 73.0888 107.2213
0.1 35.6303 35.7000 35.8898 71.7051 71.7051 71.7388 71.7388 71.8309 71.8309 104.3898

6 0.01 35.9816 36.0871 36.3739 73.3764 73.3764 73.4282 73.4282 73.5695 73.5695 108.1762
0.05 35.8955 36.0008 36.2869 72.9607 72.9607 73.0123 73.0123 73.1528 73.1528 107.2213
0.1 35.6303 35.7348 36.0188 71.7051 71.7051 71.7557 71.7557 71.8938 71.8938 104.3898

8 0.01 35.9816 36.1222 36.5037 73.3764 73.3764 73.4454 73.4454 73.6338 73.6338 108.1762
0.05 35.8955 36.0358 36.4164 72.9607 72.9607 73.0294 73.0294 73.2167 73.2167 107.2213
0.1 35.6303 35.7696 36.1474 71.7051 71.7051 71.7725 71.7725 71.9566 71.9566 104.3898

10 0.01 35.9816 36.1573 36.6331 73.3764 73.3764 73.4627 73.4627 73.6980 73.6980 108.1762
0.05 35.8955 36.0708 36.5455 72.9607 72.9607 73.0466 73.0466 73.2805 73.2805 107.2213
0.1 35.6303 35.8043 36.2755 71.7051 71.7051 71.7894 71.7894 72.0193 72.0193 104.3898
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4  Conclusion

The free vibration of an elastically connected 
multiple plates system is assessed by assuming 
Kirchhoff ′s plate theory. Due to diffi  culties in solving the 
coupled diff erential equations, a new change in variables 
is presented to allow the uncoupling of the equations and 
to obtain free vibration characteristics by applying the 
solution methods available for a single plate (such as the 
diff erential quadrature method) by means of a reduced 
computational eff ort. The two restrictions on this method 
are (1) the plates must be identical, and (2) the boundary 
conditions on the same side must be the same, although 
they can be arbitrary. By assessing the infl uence of many 
parameters, the following results are observed:

 As expected, an increase in stiff ness coeffi  cients 
acts to increase most frequencies, while with no 
connection to the ground due to the similar defl ection 
shape of identical plates in corresponding modes, this 
does not occur. These frequencies are the same as those 
of a single plate system.

 The eff ect of stiff ness coeffi  cients in higher-
order modes decreases due to an increase in system 
rigidity.

 The natural frequencies of a system with CFFF 
boundary conditions, because of the lesser rigidity of the 
free boundary condition compared to the clamp one, are 
lower than those of the CFCF and CCCC.

 With no elastic connections, the original and 
decoupled systems are the same; thus, the natural 
frequencies of all three plates coincide. 

 In a system with thin plates, the eff ect of the 
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is shown in Fig. 13. The plates are identical, thus, at 
k = 0, the fi rst frequencies of all plates and the second 
ones coincide, as shown in Fig. 13. As already known, 
an increase in stiff ness coeffi  cients does not aff ect the 
fi rst and fourth frequencies due to the similar defl ection 
shape of the plates in the corresponding modes, as shown 
in Fig. 14, in which the fi rst six modes are illustrated. 

Fig. 13  The eff ect of stiff ness coeffi  cients on the fi rst two 
  frequencies of the decoupled plates
    (    )h k k k k2 3= 1, = 0.1, = , = 2 : the decoupled 
          plates′ fi rst frequencies (solid-line), the decoupled 
               plates′ second frequencies (dash-line); Plate 1 (blue 
                    circle), Plate 2 (green square), and Plate 3 (red triangle)
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Fig. 14  First six mode shapes of the system (    )h k k2 3= 1, = 0.1, = 4, = 8
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dimensionless thickness on dimensionless natural 
frequencies is slight.

 Both the fi rst and second frequencies of a system 
with CFFF boundary conditions and the fi rst three 
frequencies for a system with CFCF boundary conditions 
decrease with an increase in the aspect ratio, while in 
the case presented here, the eff ect of the aspect ratio on 
higher-order frequencies is opposite. All frequencies of 
a system with CCCC boundary conditions increase, with 
a rise in the aspect ratio. 

This approach can be applied in a system with an 
arbitrary number of plates with the feature to be modifi ed 
by considering the various types of mechanical systems, 
such as parallel membranes and shells.
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