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Abstract: In this study, a theoretical approach is used to investigate the scattering problem of circular holes under a
scalene triangle on the surface. The wave displacement function is obtained by solving the Helmholtz equation that meets
the zero-stress boundary conditions by adopting the method of separation of variables. Based on the complex function,
multi-polar coordinate method, and region-matching technique, algebraic equations are established at auxiliary boundaries
and free boundaries conditions in a complex domain. The auxiliary circle is used to solve the singularity of the reflex angle
at the triangle corner. Then, according to sample statistics, the least squares method is used instead of the Fourier expansion
method to solve the undetermined coefficient of the algebraic equations by discrete boundary. Numerical results show that
the continuity of the auxiliary boundaries and the accuracy of the zero-stress boundaries are adequate, and the displacement
of the free surface and the stress of the circular hole are related to the shape of the triangle, the position of the circular hole,
the direction of the incident wave, and the frequency content of the excitation. Finally, time-domain responses are calculated
by FFT based on the frequency domain theory, and the results reveal the wave propagation mechanism in a complicated
structure.
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1 Introduction

The scattering of waves by various convex or
concave shapes on the surface has always been an
important research topic in the field of wave motion.
The approaches to solve these types of problems can be
divided into two categories: theoretical analysis methods
and numerical methods.

As to the concave topographies like canyons and
alluvial valleys, many mature research results have been
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published. Pioneering work in this area was done in
the early 1970s. The wave function expansion method
was used to analyze the local semi-cylindrical canyon
scattering in the half space under the action of incident
SH waves (Trifunac, 1973). The Hermite function and
mapping function were applied to analyze scattering
of SH waves with arbitrary shape depressions (Liu and
Han, 1991). Subsequently, the introduction of Graf’s
addition theorem provided an analytical solution to
the SH waves scattering by a cylindrical canyon of
circular-arc cross-section (Yuan and Liao, 1994), and
the weighted residual method was applied to 2D canyons
of arbitrary shape (Lee and Wu, 1991), The degenerate
kernels and Fourier series expansions were adopted in
the null-field integral equation to analyze the surface
motion of multiple alluvial valleys for incident plane SH
waves (Chen et al., 2008, 2017). In recent years, based
on the region-matching technique, many more complex
concave topographies have been theoretically studied,
such as V-shaped canyon, circular sectorial canyon, and
deep semi-elliptic canyon with a horizontal edge (e.g.,
Tsaur and Chang, 2008; Tsaur et al., 2010, 2018; Zhang
etal.,2012,2015; Chang et al., 2013; Liu et al., 2019).
Due to the multiple reflections of the incident wave
on the convex surface, the scattering of the incident
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wave by the convex surface is more complicated than
that on the concave surface. The two-dimensional
model is divided into a closed circular region and a
half space with a semi-circular concave topography
by introducing a semi-circular auxiliary boundary,
to study the scattering of plane SH waves by a semi-
cylindrical hill in the half-space (e.g., Lee et al., 2006;
Yuan and Men, 1992; Todorovska et al., 2001; Yuan
et al., 1996). The anti-plane response of an isosceles
triangle, a scalene triangle, and an isosceles trapezoidal
hill to SH waves is studied through the construction of
complex displacement fields and complex coordinates
(Qiu and Liu, 2005; Lin et al., 2010; Yang et al., 2019).
Application of a series of expansion and construction
complex displacement fields to solve scattering of plane
SH waves by a circular-arc hill with a circular tunnel
has been carried out (Liang et al., 2004). In addition,
numerical methods have been used to solve the scattering
of SH waves by concave and convex topography. A
hybrid method based on a combination of transfinite
interpolation and series expansion solves the problem of
irregular surface scattering (Shyu ef al., 2014). A hybrid
method based on the combination of Lamb series and the
finite element method was also used to investigate a dike
with trapezoidal structure and a circular-arc foundation
embedded in an elastic half-space (Shyu et al., 2017),
and the boundary element solution was used to evaluate
the geometric effects of the canyon site (Panji et al.,
2013; Tarinejad et al., 2019; Liu et al., 2020; Kumar
and Chakraborty, 2020). From the 1990s until now, the
combination of terrain and underground structure has
received much attention. Scattering of SH waves by a
semicircular canyon above a subsurface unlined tunnel,
circular-arc hill with a circular tunnel, and V shaped
canyon with a circular structure was studied by Graf's
addition theorem (e.g., Lee and Manoogian, 1995; Lee et
al., 1999; Liang et al., 2004; Gao and Chen, 2018; Chen
and Zhang, 2019; Panji and Habibivand, 2020).

In engineering, both surface motion and hole stress
concentrations have increasingly drawn attention,
especially for more complicated structures of the
interaction between topography and hole (Chen et
al., 2016), such as the problems in seismic design of
subsea tunnels, earthquake-proof building problems in
mountainous residential areas with drainage tunnels or
underground caves, and vibration problems of irregular
boundary plates with holes. For example, according
to seismic design code, irregular buildings and high-
rise buildings need acceleration or displacement time
history curves to evaluate strength by the time history
analysis method. Terrain and underground structures
have a significant amplification effect on the surface
time history curve; therefore, the complex structure
transfer function is used to obtain seismic time-domain
spectroscopy, which provides indispensable research
content for seismic analysis of building structures.

In this study, based on existing research results, the
SH wave scattering problem of shallow circular holes

under scalene triangles is studied. A more flexible non-
semicircle region division method is used to solve the
shallow hole problem and an auxiliary circle is used to
solve the singularity of the reflex angle at the triangle
corner, which was proposed by Achenbach (1970).
The wave displacement function is obtained by solving
the Helmholtz equation that meets the scalene triangle
zero-stress boundary conditions by the separation of
variables method. Based on complex coordinates and
the symmetric method, suitable wave functions that
satisfy the governing equation and zero-stress free
boundary condition are constructed. Since there are
many wave equations of sub-regions which correspond
to coordinate systems, multiple complex coordinate
systems are involved to transform the coordinate system
of each region wave field expressions. In particular, for
the difference in the range of wave function series and
multiple auxiliary boundary continuous conditions, a
more effective least squares method which only need
discrete boundary is proposed. The discrete point
spacing and boundary equation amplitude adjustments
are used to coordinate Euclidean distance weight. After
numerical simulation, the high accuracy of the auxiliary
boundary continuity and comparisons with FEM results
prove the accuracy of region-matching technique, wave
function equation and least squares method. Finally,
the effects of different angles of incidence, frequency
content of the excitation, slopes of triangular edges, and
positions of hole on surface motion and hole stress are
discussed in the frequency domain, and the process of
wave propagation and scattering around the triangle
and shallow circle are shown in the time domain. This
study has proposed using an auxiliary circle to solve the
singularity of the reflex angle to improve convergence,
and a direct and effective discrete boundary least squares
method, which solves the precision problem of complex
boundary conditions of scattered waves.

2 Methodology
2.1 Model

The model, shown in Fig. 1, consists of a scalene
triangle on a half space and a hole under a free surface,
where O stands for the triangular peak, C, and C,
symbolize hypotenuse with the gradients of 1:n, and
1:n,, O, is the circle center with rounded edge D,, and
S represents a half space free flat surface. The SH-wave
propagates in the linear elastic half space with shear
modulus u and density p at an incident angle a.

2.2 Equation of motion

To solve the singularity of the reflex angle at a
triangle corner and obtain the global displacement
function which satisfies the Helmholtz equation and
complicated boundary conditions, a region-matching
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Fig. 1 Model of scalene triangle with a hole

technique and auxiliary circle are used. The space can
be divided into region (1 2) 3) @) and (5) by auxiliary
boundary D, with a circle center O , auxiliary boundary
D, with a circle center O, and so on. P, P, and P, are the
projection of O, O, and O, on the flat surface in region (3).
The coordinate systems are established as shown in the
figure, where the x-axis bisects the angle of the triangle
corner. More details about each angle are presented in
the Appendix.

In homogeneous, isotropic, and linearly elastic
medium, the steady-state out-of-plane motions are
required to satisfy the governing Helmholtz equation:

w w1 0w 1
st ST T @
ox° oy° ¢ Ot

S

The time-harmonic factor e is omitted, and the
equation can be simplified into the following form:

2 2
g—?+g—vf+k2w:o 2)
v Oy

where w is the displacement function, k=w/c_is the shear

wave number, ¢, =./u/ p is the shear wave velocity of
incident wave, and w is the circular harmonic frequency.

Introducing complex variables z=x+yi and
Z =x— )i, in the complex plane (Z,Z ), Eq. (2) can be
rewritten as:

w1
+—k'w=0 3
oz 4 )

Correspondingly, radial stress and hoop stress have
the forms of

_ ow g5  OW _p
T,=H a—e +Ee (4)

Ty, =1 [g—?z - %e’mj ©)

2.3 Wave function in region (1)(4)(5)

There is only standing wave WP0 in the closed region
D, @ or (5), it needs satisfy governing Eq. (2) and the
free hypotenuse condition.

Zero-stress condition of free surface hypotenuse C,
and C, can be expressed as:

0 g=+4T%

€ = 2 (6)
: a +a,
0 0=~

In polar coordinates, the wave equation is

2
13( a—W)+iaw+k2w=0 (7)

r
ror\ or r* 06*

The separated variable method, introducing

w= R(r)@(@) , Eq. (7) can be solved:

©(0) = 4, cos(10) + B, sin(16) ®
R(r)=J,(kr)
low 1 00(0)
o s T (o) — L
P
substitute the boundary conditions to obtain

Hoop stress: 7y, =

_ 2mn and/122(2m+1)11:
(o, +,)

A m=0,1, 2 (9)

a, t+a,

A standing-wave function which satisfies the zero-
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stress condition at the triangular edges is written as:
w= z A, J, (kr)cos(A40)+ B, J, (kr)sin(4,0) (10)

In the complex plane, corresponding to coordinate
system oxy, according to Eq. (10), the standing wave
W3 satisfying governing Eq. (2) and boundary
condition Eq. (6) can be written as

3 (ZOV,ZOV) _

- 7 mpy . [ 7 Jmpa
KZ | 2|+ (=1)"] 2
e 1'0”[[@4] (2

(11)

where W is the displacement amplitude, which is
supposed to be unity in this study. C, is a coefficient

to be determined. J,,, () is the Bessel functions with

mpOth order, p,=7/(a; +a,). In WP® characters,
superscripts means region (1), superscripts D3 represent
auxiliary boundary D,. K| is the shear wave number of
region (1). The following symbol marking method is
similar.

According to moving coordinates, Z, can be
expressed as

Zy =(Zy +by )e™ (12)

where ¢, = (@, —,)/2 is the angle between ox and the
vertical line, and b, = H — H, + (H tan(e, ) — H, tan(e,) )i
is the complex coordinates of O, with origin at O.

In the complex plane (z,z ), Eq. (11) can be
rewritten as

w0 (Z3’Zs ) = Wvoio

m=0

m* mpy

Cod o, (K [(Z, + B )&

) (2, +b)e |
|(Z3 +byy )e™

o zone |
( 1) £|(Z3+b03)e"“i (13)

The corresponding shear stresses are:

rgj(”(Z3,_) Z{C’”P"‘JP ( Z +b03)eq"i)}(14)

iKW,

0 (20.2,) = Z{Canipo (2, +by)e™ )} (15)

where ijp , Q,zp are presented in the Appendix. J

represents the Bessel functions in the appendix equation.

If J is replaced by H, indicates the Hankel function. u,
is the shear modulus of region (1). The following symbol
marking method is similar.

Similarly the (4)region and (5) region can be rewritten

as
SUIVIVAE WZ{ T (Ko |(Z, 402 ) e )
; mpy ; —Mmpy
(z, +b44)e‘“‘ (1) (z, +b44)e‘“.
|(Z4 +by,)e" |(Z4 +by,)e”
(16)
WDS(S) (Z Z ) z { m* mps ( | Z +b55) q5l)
i ’nps i _mp5
(Z5 +bys)e™ (1) (Zs+bys)e™
(2, +bys )™ (2 +by)e™
(17)
where =(n/2-a,)/2, q; = (o, —m/2)/ 2

py=n/(n/2+0y)> ps=n/(a; +7/2)> by, =by =0-

The corresponding shear stresses are:

(2, 2) SIS (2, 41,000
= (18)

2 (2,,Z,) = @z{F 0!, ((Z+bu)e™))
=0 (19)

050 (2,.7,) =

15z

HER S (0B (70 b)e)
m=0 (20)

D5(5) (Zs »Zs) 1/15

THSZ

Z{G 0., ((z, +b55)e%i)}
(21)

2.4 Wave function in region (2)

In the opening region (2), the total waves can be split
into incident waves W% | reflected waves W® from the
horizontal free surface S, and the scattered waves W”!
and W"* by the auxiliary boundary D, and the hole
edge D,.

Based on complex coordinates and the symmetric
method, suitable wave functions are constructed to satisfy
the governing equation and zero-stress free boundary
condition. A semi-infinite space scattering field that
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satisfies boundary conditions according to symmetry is
also constructed. The scattering wave equation with two
symmetrical holes is

W= f A H (k|z]) (—Zl j + A, H, (k|2 |)(—Z2 j
m=—oo |Zl| |ZZ|
(22)

By z =z, -2h, z,=-%,, z;=z—h relationship,
take into Eq. (22), is expressed as follows

w= fAm H, (k|z h|)(| J +
(-1)" 5., (k|2 +h|)[| +ZJ (23)

According to Eq. (23), the equation of scattered
wave WP'® generated by boundary D, and satisfying
governing Eq. (2) and free boundary condition S in the
complex plane ( z, JZ, ) can be written as

(1) H), (K. |z, + H I)[ﬂ] (24)

and b, =H,, b, =H,+ L.

Fig. 2 Circular hole symmetry in semi-infinite space

Similarly, equation of scattered wave WP*® generated
by boundary D, and satisfying governing Eq. (2)
and free boundary condition S in the complex plane
(Z;,2;) can be written as

WD“) Z, z =W, z
i)
i -
(=) H, (K |2, + h@l)(ﬁ} (25)
7j 2
where

7 Z +b, j=1
Yo\ Zy+b, j=2

and b,y =H,-L,i, b,=H,.

In the above formula, W, is the displacement
amplitude. D, and E, are coefficients to be determined.
H) ( ) is the Hankel functions of the first kind with mth
order.

The corresponding shear stresses are:

D0 (2,2)- B2 Y DR (2,)] @9

iKWy &

Yol (2)) @

o (2,.2,)=

0(2,2) B S e B (2,)) o)
20(2,7) =22 S 01 (2,)) €9

In the above stress formula, g=0, and see Appendix
in details.

Incident and reflected waves with incidence angle a,
can be represented in the Cartesian coordinate system
0XY, and be rewritten in the complex plane ( Z¢, z )

—ik o
. . . —(zge™ +z5e” )
(i) _ ik(ygsina—xqcosa) __ PR 6

=Me =e (30)
(z(e 475

W(r) — Weik(y(,sina+x<,cosa) W 2
0

D — i o
LI R Ky e i
:VVo{e T )} (31)
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The corresponding shear stresses are: The corresponding shear stresses are:
0 =i, KW, - +o0
= WKW,
20(2,2)= 250 S (10 (2, o9
—cos(ej +a)e 2 +cos(0j —a)e 2 } " ~ 1#3K3W()m:c) )
(32) o,z (Z.f’Z.i):T Z {IQO (ZS./ )} (39)

i+ _
o =i KW,
—iK, iK
2 (25,67 425, €M) . —2(z4,6 M 476"
{sm(& +a)e L —sm(ﬁj—at)e2 ! ! }

(33)
2.5 Wave function in region (3)

In the enclosed region (3), the total waves are
composed of WP' WP WP* and WPS generated by the
auxiliary boundary D, D, D, and D,. In the complex
plane (z;,Z;), it can be written as

WD'“)(Z,/’Z) w, Z . ( 3|le|)[|§1‘/|} (34)
1

wro(z,.Z,)= WZ KHI( |3j|)[|§i|] (35)

3

DA (Zj,Zj ) =W, i M,H, (K3 |Z4f|)[|§i1J (36)

m=—0 4j

m=—o0

JP5G) (Zj,Zj ) =W, i N,H, (K3 |Z5‘,- |){|§A|J (37)

5)
where
Z,+b, j=3 Z +b, j=1
Z, = Z,+b, j=4 Z,, = Z,+b, j=4
Z,+b, j=5 Zi+bys j=5
Z,+b, j=3 Z,+b, j=3
Z4j: Z +b, j=1 Zsj: Z +b, j=1
Zs+bys j=5 Zy+by j=4
and

b, =H, +H, +(~L/2+ H, tan(ar,) )i,

by, = H, +(—L+ H, tan(e,))i

by =H,+(H,tan(e,))i b, ;—b31 , b, =
b, =—H, +L)2i, by =-by, b, =-b,, bs=1i,
by ==bys, by ==bys, by ==Ds .

00

7523(3)(2./’2/):% )y {K B! (Zu )} (40)

m-m
m=—0

ngm(z.i’Z/):MTSWO i {KmQr:[l (2, )} (41)

m=—w

+00

153(3)(21521'):# > {Mmp'fl (ZM )} (42)

0(2,2)=200 5 0! (2,)) @)
7325(3)(21"2/):% i {NumHl (ZSJ’)} (44)
152(3)(2 7 ) 1,u31§ "y i {NmQ,f'I (ZS,)} (45)

2.6 Boundary conditions and solution method

Based on the continuity conditions of displacement
and stress at the auxiliary boundary D, D,, D,, D,,
and radial zero-stress at the hole edge D,, a system
of equations is established for solving the unknown
complex coefficients.

P30 (23’2 ) WDI(})( )+ WDB(})( Z)"'
WP ( Z )+ WD;(})( Z )

Z Z,eD,
20 (4,7) =20 (2,2)+ 520 (2,2,)+
”‘“3)( Zy)+100(2,.Z,) Z, e D,
WPON(2,,2,) =W 2,,Z,)+ WO (2,.Z, ) +
W2, Z,)+ WO (2,,Z,) Z,eD,
2 N2,,2,) =002, Z,)+ 220 (2,.Z, ) +
(2. Z,)+ 12 (2,.Z,) Z,eD,
W22, Z ) = WP (2, Zs )+ WP (24, Zs )+
W2, Z,)+ W (Z,,Z Z. e D,
(202 ) = (22 ) 2 (2 )
R N
2, )W, ) O 5,
WHNZ2,,2,)+ W2, 2,)+ WP (2,,2,)+ WP (2,,2,)  Z,eD,
P0(2,,2,)+t20(2,.2,)+ 7\ (2,.2,) =
P2, Z,)+100(2,,2,) + 2200 (2,.2,) + 720 (2,.2))  Z,eD,
0(2,,2,)+ 7220 (2,.2,) + 27 (2,.2,) =0 Z,eD,

(46)
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Currently, the Fourier expansion method is commonly
used to solve the undetermined coefficients of algebraic
equations, and is an average approximation of the entire
boundary conditions. Due to the wave field high gradient
of the triangle edge and the auxiliary boundary corner
point, the Fourier expansion method convergence speed
is slow, which makes it difficult to solve the problem
of the scalene triangle. Therefore, this study proposes
the least squares method with direct discrete boundary
conditions. Discrete points are taken according to a set
distance on the boundary, and the displacement and
stress on the two sides of the discrete points are equal,
as shown in the figure. An infinite number of points n
can be taken on the boundary to form an infinite number
of equations to solve the undetermined coefficients C ,
.... To minimize the error of the undetermined
coefficient of the finite term, a large number of sample
points n (n >> m) are approximated to the true solution
by the least squares method. This study uses non-
equidistant discrete points and stress terms divided by pk
(not reflected in the formula) to coordinate the weights
of Euclidean distance. The matrix is expressed as

M'MX=M'N (47)
where
[0 0 0o 0 2 kK om n
< 0000 iy ko omy om
o 0 0 ~f, 0 i k, m, n,
0 0 0 ~fur O iy ke om o
M=| 0 0 0 0 g:m l:m k,fm m:m n:m
0 0 0 0 gn in knomy o
o -, -, 0 0 i, k, m, n,
0 ~dy —e, 0 0 ir kg m;, n,
|0 —dX ¢ 0 0 0 0 0 0
e o
D, 0
E, 0
F. 0
X=|G, | N=|0
I, 0
K, g
M, ¢
N e

See the Appendix for details.

2.7 Surface displacement amplitude and hole stress

In region (1), the total wave field | is

W =W (48)

In region (2), the total wave field /¥, has three
components:

VVZ — WD](Z) + WDZ(Z) + W(i+r) (49)

In region (3), the total wave field W, has four
components:

W3 — PO 4 DI 4 A3 | prDsO) (50)

In region @), the total wave field W, has one
component:

W, = P (51)

In region (5), the total wave field W, has one
component:

W5 — WDS(5) (52)
Equations (48) to (52) can also be expressed as
A L ES N R €5

where |W] is the displacement amplitude, and ¢,- is the
phase angle of W,

¢, = arctan (Im(Wj )/Re(W, )) (54)

The dimensionless frequency of incident waves can
be expressed as

node 511

node m "N e
node nr~ -~

Fig. 3 Discrete points of auxiliary boundary and hole edge
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2r,  kr, * _
77:72=—2 (55) THZ _|TQZ/T0| |ZZ|_r2 (57)
T

where k=K =K,=K =K =K for homogeneous medium,
and u is the same for different regions. A is the wavelength
of the incident waves. It is well known that the effect of
elastic waves on surface displacement and hole stress
highly relies on wavelength. As can be seen from Eq. (52),
the dimensionless frequency # is introduced to represent
the ratio of the radius (r,) of the hole to the wavelength,
and indirectly represents the magnitude of the wave
number.
In region (2), hole hoop stress can be expressed as

_ D12 D2(2) (i+r)
Ty =Tpn ) 47,00 41y (56)

The dimensionless hoop stress is

where 7, = 1,k,W, .

3 Numerical examples and discussions

Typical structural dimensions studied in this chapter
are shown in Table 1.

3.1 Precision discussion

An important method to verify the theory is to verify
convergence of the series m, and fit the continuity of the
auxiliary boundary and the zero-stress condition of the
circular hole edge and free surface. The convergences of
the displacement W at surface point 2y/L are already very
good for m=25 after trial calculations from Fig. 4 and

Table 1 Shape parameters of scalene triangle and hole

Figure L n n, H, L, n
Fig. 4-Fig. 7 6.0 0.5 1.5 6.0 0.0 1.0
Fig. 15-Fig. 18
Fig. 8, Fig. 9 6.0 / / 6.0 0.0 1.0
Fig. 10, Fig. 11 6.0 0.5 1.5 / 0.0 1.0
Fig. 12, Fig. 13 6.0 1.0 1.0 6 / 1.0
Fig. 14 6.0 1.0 1.0 6.0 0.0 1.0

Convergence of the series m

Continuous displacemenl condition boundary D

Continuous displacement condition boundary D

3 ? *— 2ylL=-1.5 3 (Z)Reglon boundary (1)Region boundary
a=0° IS -0-2y/,=0 © 2 _Oo = (3)Regiop bounda :o 2 @ Oo o ( R ion bounda
25 N = = = ()
&2/l =1.5 N N n=
-4- - = 1 V v V\/\ J\ = 1 m=
2
. 0 0
4 - -1 15 04 03 02 01 0401 04
=19 Contmunuq stess mndmnn boundary D1 Continuous stess condition houndary D
- T 3 F T T
1 \\(‘1 2r eglon boundaly 7(1)ngi0n boundary
¥ —s eg n boundary =9 (3)Region Boundary
TR Syt SR ST S £ =
P MJ e Eh
— - - — AT =1.5
= = [
n 05 n 2 1.5 N\ \, e
0 0 0
0 5 10 15 20 25 30 35 40 45 - 0.5 1 L5 04 -03 -02 -01 04
m
Continuous displacement condition boundary D 4 Continuous displaccmcm condition boundary D Free surface normal stress 1;
2 T — (4)Region boundary,+ 3 T 7(5)Reblun buunddl’y 10710
NG a=0° """~y (3)Region bound: o ™ a=0 +(3)Region bound: — a=0'
B N B2 &
S =20 \\ = = B/‘ Sa r]~2 0
= n=. Nl B 1 ms3 L m=30 SN N W
0 0
A5 -l 050 9, 05 1 15 2 25 2 -5 0.5 L5 L ofy 1 2 3 4
Continuous stess cdndition boundary D Continuous stess cgndmon boundary D Bounddry D stress condition rw
T T T R T |
15 7(4)Region bounda - 2r 7(5)Reg|on dmy \\\ [l =
= . = (3)Region bomy? » = (3)Regign boundary =
o1 / 1 = =y 08
o G s WM 10 =
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Fig. 4 Continuity of auxiliary boundary and free edge zero-stress at a=0°
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Fig. 5. The numerical results of the auxiliary boundary
and zero-stress condition are given for frequency of
incident #=2.0, incident angle a=0°, 90°, triangular
edge slope n,=0.5, n,=1.5, m=30. As shown in Fig. 4 and
Fig. 5, the displacement W and stress z_ continuity of
the auxiliary boundary D are good, and the stress of the
circular hole boundary D, and free surface are close to 0,
which also indicates that the wave function and the least
squares method are effective.

Another important method to verify the theory is to
compare the solution results of the finite element method
as shown in Fig. 6, which displays the free surface
displacement amplitudes ||, hole edge stress 7, and
displacement cloud at a certain time. The FEM results
are obtained by the commercial software LS-DYNA.
The geometric model is meshed by a shell element with
an edge length of 0.1 and grid only with out-of-plane
translational degrees of freedom; the mesh area is large
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Fig. 6 Comparison of proposed solution results with FEM results at #=0.5, n,=0.5
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enough to eliminate the effects of boundary reflections.
Sine excitation is applied to the bottom or left edge of
the analysis area, corresponding to incident angle 0° or
90°, and the calculation time is long enough to ensure
that it is in a steady state. The surface displacement
magnitude is measured from the displacement of the
surface element nodes, and the stress of the finite element
hole edge comes from the stress of the nearest element
of the hole edge, which represents the stress in the hole
edge area rather than the hole edge. Therefore, the FEM
stress results may be somewhat inaccurate. The results
by the proposed method shows good agreement with
those obtained by the finite element method from Fig. 6.

3.2 Parameter studies in the frequency domain

Each position of free surface can be expressed by
dimensionless y/(L/2) in the Cartesian coordinate system
0.xy, where —1 represents the left triangle foot point,
(n,-n,)/(nn) is the triangle vertex, and 1 represents the
right triangle foot point.

Free surface displacement amplitude of the triangle
without hole and with hole is given in Fig. 7. It shows
that the hole has a significant impact for free surface
displacement. Free surface displacement amplitude and
circular hole hoop stress distribution at different incident
frequencies, angle and slope are shown in Figs. 8 and
9. When the incident wave has a horizontal component
(a # 0°), the amplitude and oscillation frequency of
the right-side surface (2y/L > 1.0) both decrease, while
they increase on the incident wave side (2y/L <-1.0). It
appears that the triangle and the circle hole become filters
and amplifiers, and are related to the angle of incidence

Displacement of surface

Displacement of surface

and the slope of the triangle. This is due to the multiple
reflections of the incident wave at different angles on
different slopes. Both the amplitude and oscillation
frequency of the triangular area (-1.0 < 2y/L < 1.0) are
improved to varying degrees. The circular hole hoop
stress increases significantly with increasing incident
frequency, and the distribution is closely related to the
triangular slope. In particular, the incident angle a=0,
due to the symmetry of the structure, the displacement
amplitude and hole hoop stress distribution show
symmetry, including the symmetry slope of n, = 0.5 and
n, = 1.5. In addition, the displacement amplitude and
hole stress on the slope triangular edge side are larger
than the other side.

Overall, the free surface displacement decreases
with the increase of the angle of incidence. As the angle
of incidence increases, the amount of reflection on the
triangular edge decreases. The hole concentrated stress
is distributed on both sides of the wave propagation
direction, and shows an increasing trend with the
increase of the incident angle. This is because the
surface boundary effect increases on both sides of the
wave propagation direction.

Free surface displacement amplitude and circular
hole hoop stress distribution at different incident
frequencies, angle and hole depth is shown in Fig. 10
and Fig. 11. When the incident angle 0=0°, the amplitude
of the surface displacement decreases as the hole depth
increases, while the displacement amplitude of the
triangular area increases. This is because when the hole
is deeper, more wave energy enters triangle area. When
the incident angle a= 90°, the change of the hole stress is
small. This is because the surface reflection wave that is
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Fig. 7 Free surface displacement amplitudes |Wj| of triangle without hole and with hole
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applied to the hole is smaller.

To better explain the effect of hole offset, only
isosceles triangles with symmetrical structures are
analyzed. Free surface displacement amplitude and
circular hole hoop stress distribution at different incident
frequencies, angle and distance of hole offset are shown
in Figs. 12 and 13. The hole offset has a significant

Displacement of surface

Displacement of surface

effect on the displacement of the horizontal surface and
triangular slope. Even when the horizontal projection
of the hole center is located at the triangle hypotenuse
bottom corner, the displacement amplitude of the
triangular area is still relatively large.

To reveal the influence of dimensionless frequencies
on free surface displacement and hole stress, the first row
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Fig. 9 Free surface displacement amplitudes |Wf| and hole edge stress rg; at y=2.0



888 EARTHQUAKE ENGINEERING AND ENGINEERING VIBRATION Vol. 21
Displacement of surface i Displacement of surface Displacement of surface ‘
4 4 —HIr,=5 ! Pl —H,r=5 4 am900 —H,Jr=5
55 A -fr- Hofry=10 a=45 A eees HoJr =10 35|05 o “pee Hr =10
i A H,/r,=20
i

05 AT
n=0.5 n,=15
0
2 2 5 4 05 0 05 1 15 2
2y/L 2y/L 2y/L
- * o * .. *
Boundary D, stress condition 7 Boundary D, stress condition 7 Boundary D stress condition 7
T 27180 6z 27180 Oz a=90° 27180 0z
=0 210 150 —H s - 210 150715,2”2:5 1=0.5 210
ceee H 1 =10 7=0.5 e H =10
1207 2 240 AN 1202 2 240
e H /1, =20 s H /7,220
270 2 34 90 270
. 4
300 60 300
n1=0.5 n2=1.5 nl=0.5 712=1.5 nl;OAS n2=I.5
330 30 330 30 30

0

0

Fig. 10 Free surface displacement amplitudes |Wj| and hole edge stress 7, * for various H, at #=0.5, n,=0.5

Displacement of surface

Displacement of surface

Displacement of surface

Hz/r2:5 71‘[2/}"2:5
ween Hfr,=10 ===t H fr=10
e H 7, =20

)

s * * *
Boundary D, stress condition 7 Boundary D, stress condition ¢ Boundary D_ stress condition
1‘ Y P 596 6z Y 2y SUS 0z 4=90° oundaty D, 180 < ditionty,
210 150 5
a=0° ——H,lr)=5 a=45° = o Hr,=5 1=2.0 a2 e H,r,=5
n=2.0 See- H /r =10 1-2.0 ceeILJr=10 cee-H [r=10
240 120% 2 z @ 240 N 1202 2
----------- 112/1 2~20 Q # Hz/r2=20
N
270 90 270 - 213 2
2 3 S 4 5
60 300 60
"I=0'5 n2=1.5 "1=0'5 nz=l.5
330 30 330 30
0 0

Fig. 11 Free surface displacement amplitudes || and the hole edge stress z," for various H, at #=2.0, n,=0.5

of graphs in Fig. 14 and Fig. 15 give the displacement
amplitudes as a function of 2y/L and 7 at various angles
of incidence (¢=0°, 45°, 90°) and slope (r,=0.5, 1.0), and
the second column of graphs give the hole stress as a
function of 6 and #. It shows that the number of wave
peaks in the triangular region increases as the wave
dimensionless frequencies increases, and the peak and

oscillation frequency increase on one side of the incident
wave, while it decreases on the other side. At the same
time, the peak and oscillation frequency of the area near
the larger triangle slope significantly increase, but when
the angle of incidence changes is large, the increase
moves to the side of the wave incoming direction. The
hole concentrated stress is distributed on both sides of the



No. 4 Sun Yingchao ef al.: Scattering of SH waves by a scalene triangular hill with a shallow cavity in half-space 889

Displacement of surface Displacement of surface Displacement of surface
[ 7142/14:().0 7L2/L*0.0 VLZ/L*O.O
5 o= I we- L/L=0.5
----------- 1.0

Lz

0 n_—l 0 n1=1.0 n2=1.0 11]=1.0 112=1.0
0 0 0
2 15 -1 05 0 05 1 15 2 2 -5 - 05 0 05 1 15 2 2 45 < 05 0 05 1 15 2
2y/L 2y/L 2y/L
* oy * e *
iti Boundary D, stress condition 7 Boundary D, stress condition 7
TBoundary D2 st{ggs condition T, /;3 Ty L, sues 02 4=50° Yy &, stres 0z
D s 210 150 —45° 210 150 - > 210 150 »
a=0 ——L,/L=0.0 a=4 ——L,/L=0.0  7=0.5 ——L,y/L=0.0
7=0.5 =S - L/L=05 « ieeo L JL=05
240 240 1202
........... L)/L=1.0 WL /L=1.0
2
P4
270 [ 1.5 90 270 90
SN T2 28 El
300 60 300 60
n=1.0 n,=1.0 n]=1.0 /12=1.0 n=1.0 n,=1.0
330 30 330 30 330 30
0 0 0
Fig. 12 Free surface displacement amplitudes |Wj| and hole edge stress 7, * for various L, at #=0.5
Displacement of surface Displacement of surface Displacement of surface
6 : : ‘ : 4 ‘ ‘ - : ‘ : : ‘
7L2/L70.0 35k c/ 7L2/L=040 4 7L2/L=040
i —--- L/L=05 0=45 cee-LJL=05 35 <o Ly/L=0.5

.L2/Lf1.0

R
_| L 0.5 = =
’ =1.0 n,=1.0 nl—l.O n2—140
-2 -1.5 -1 -0.5 0 0.5 1 15 2 -2 -1.5 -1 -0.5 0 0.5 1 LS 2
2y/L 2y/L
o * .. * 50 *
ﬁBoundary D2 5t{g(s)s condition Ty, Boundary D2 st1r§(s)s condition ¢ s 90° Bo)undary D2 st1rg(s)s condition 7,
a=0° 210 150 7L2/L=0.0 a=45° 210 150 7L2/L:0.0 7=2.0 210 ) 150 LZ/L=0.0
7=2.0 L1705 n-2.0 o LJI=05 - L,/L=0.5
240 240 1202 240 12
NI [I~1.0 coreieLo/L=10
2 3 9 270 2 3 9
60 300 60
n,=1.0 n,=1.0 n=1.0 n,=1.0 n=1.0 n,~1.0
330 30 330 30 30
0 0
Fig. 13 Free surface displacement amplitudes |¥| and hole edge stress z, " for various L, at 5=2.0
wave propagation direction, and the shear stress near the to the results obtained in numerical simulations by Shyu
free boundary is greater than that on the infinite space. (2014).
This is due to the superposition of the incident wave and
the free boundary reflection wave. The displacement 3.3 Time domain response
amplitude of the triangular surface is the peak shape,
while the displacement amplitude of the free flat surface The transient response is obtained from the frequency

is the mountain shape. The ridge fluctuations are similar domain results through the inverse fast Fourier transform
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(FFT) algorithm. The incident time signal is a Ricker
wavelet

Ri(t)=(1-2m £ )e ™" (58)

with the characteristic frequency f=0.5 Hz.
The calculated frequencies range from 0 to 2.0 Hz
with 1/33 Hz intervals. The transfer function for every

position is deduced in the previous section for a particular
frequency w (or wave number k). Then the time domain
results can be synthesized by using the inverse FFT, and
the shear wave propagates with the velocity ¢ =3. In
Fig. 16 the reference point is set to be (x, ¥)=(8, —16)
for =0 s, in Fig. 17 and Fig. 18, the reference point is
set to be (x, ¥)=(20, —15) for =0. The (x, y) reference
coordinate system is 0.x,V,.
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Figure 16 shows the synthetic displacement contour
with half-space between y=—12 to 12 and contains 800
discrete positions located along the surface of the hill.
Because the reference point is (8, —16), the vertical
Ricker wave reaches the flat surface (x=0) at =2.7 s,
after the vertical wave moves away from the flat surface,
several scattered waves appear one after another with
obviously different amplitudes. The horizontal incident
Ricker wave reaches the flat surface position (y=—12)

Displacement of surface vs time
n1=0‘5 n,=1.5

—

0
10
= -1
E ~
. 2
= -5
0 o Y (m)
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at r=1.3 s. When the horizontal wave reaches the hill,
several scattered waves appear one after another, also
with obviously different amplitudes.

In Figs. 17 and 18, snapshots for nodes with equal
distance of 0.03 at 0° and 90° incident angles are
computed. The snapshots show the wave fields at nine
specified times to illustrate the process of the wave
propagation and scattering around a triangle shape and
shallow circle. In Fig. 17, the incident wave passes
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Fig. 16 3D plots of surface displacement amplitudes |Wj| vs time at n,=0.5
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Fig. 17 Snapshots for a=0° at nine specified times
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Fig. 18 Snapshots for a=90° at nine specified times

through the hole, and the existence of the hole produces
a scattered wave propagating in the opposite direction
(t = 6 s). When the incident wave reaches the free
surface, a reflected wave is produced, and the triangular
area produces a circular scattered wave (=9 s—11 s); the
appearance of displacement also corresponds to Fig. 16.
In Fig. 18, the incident wave passes through the hole, and
produces the scattered wave propagating in the opposite
direction (¢ = 6 s). The triangular area produces a less
obvious circular scattered wave (¢ = 8 s—10 s), when the
wave reaches it. The amplitude and range of influence
on the left side of the triangle are significantly higher
than those on the right side, which also corresponds to
Fig. 16. In addition, through the time domain results of
various points, it can be used for the transient response
analysis of underground structures or surface structures
to provide support for strength design.

4 Conclusions

The SH wave scattering problem of shallow circular
holes under scalene triangles is studied. The wave
displacement function, which satisfies the triangle zero-

stress boundary, is obtained by separation of variables
and the wave displacement function which satisfies the
half space surface zero-stress boundary is constructed
by the complex coordinates and symmetric method.
By applying the complex function method and region-
matching technique, a system of equations is established
for solving the unknown complex coefficients.
Finally, the least squares method is used to solve the
undetermined coefficient of the algebraic equations
by discrete boundary, and frequency domain and time
domain results are obtained.

After numerical simulation, the
conclusions can be drawn:

(1) The validity of the wave function and the
least squares method are verified by the continuity of
displacement and stress at the auxiliary boundary, the
holes free edge are close to zero, and FEM results.

(2) The surface displacement and circular stress are
closely related to the position of the circular hole, and
the hole center position, which ten times the hole radius
depth and three times the hole radius offset, still has
significant effects.

(3) The displacement amplitude of the triangular
surface is the peak shape, while the displacement

following
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amplitude of the free flat surface is the undulating shape,
which is similar to the numerical simulation results
from Shyu (2014). The number of wave peaks in the
triangular region increases as the wave dimensionless
frequencies increases, and the peak and oscillation
frequency increase on one side of the incident wave,
while it decreases on the other side. At the same time,
the peak and oscillation frequency of the area near the
larger triangle slope significantly increase, but when the
angle of incidence becomes larger, the increase moves
to the side of the wave incoming direction. The overall
surface displacement decreases with increasing incident
angle. The hole concentrated stress is distributed on both
sides of the wave propagation direction, and the shear
stress near the free boundary is greater than that on the
infinite space.

(4) The snapshots show the process of the wave
propagation and scattering around the triangle and
shallow circle in the time domain. In addition, the time
domain results of various points can be used for the
transient response analysis of underground structures
or surface structures to provide support for structural
strength design.

(5) Using the auxiliary circle to solve the singularity
of the reflex angle at the triangle corner and the theory
method in this study is not limited by the range («,ta,>
60°) of the vertex angle (Lin et al., 2010).
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Appendix A: Expressions of each angle in the
model shown in Fig. 1
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Here |Z | ¢,(Z,) represents the modulus and phase
angle of complex numbers respectively.
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Here s'=s—H,, s=s+H,, H, isthe depth of the
corresponding circle center from the surface, and takes
a negative value if it is above the horizontal plane. H
stands for the Bessel function J( ), Hankel function of
first kind H (') or Hankel function of second kind H,( ).



