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Abstract: Residual displacement, as a significant measure of structural inelasticity, is effectively used in post-earthquake 
seismic assessment of structures. This demand can be considered for seismic evaluation of structures under multiple 
earthquakes. This study introduces a simple and novel index to predict the residual displacement of mainshock-damaged 
structures against subsequent aftershock. The proposed index is defined as a ratio between residual displacement of damaged 
structures against aftershock and peak inelastic displacement of intact structures under mainshock. In this study, constant-
strength spectra based on the index are developed considering the effects of important structural characteristics and also 
significant seismic parameters. Moreover, analytical equations are presented to predict the proposed index for bi-linear 
single-degree-of-freedom (SDOF) systems considering both the effects of positive and negative polarities of aftershock. 
Furthermore, an equation is suggested to estimate the peak inelastic displacement of intact systems under mainshock, which 
is required to compute the index.
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1   Introduction  

Residual displacement is a key measure of structural 
damage, which plays a pivotal role in seismic assessment 
of structures. This demand can be effectively used in 
post-earthquake decision making to repair or demolish 
damaged structures, as stated in FEMA P-58 (FEMA, 
2012). Several studies have focused on investigating the 
residual displacement / drift of reinforced concrete (RC) 
frames (Dai et al., 2017; Tesfamariam and Goda, 2015; 
Ramirez and Miranda, 2012), steel frames (Bravo-Haro 
and Elghazouli, 2018; Ruiz-García and Chora, 2015; 
Bojórquez and Ruiz-García, 2013; López-Barraza et 
al., 2013; Erochko et al., 2011), and bridge structures 
(Ardakani et al., 2021; Cai et al., 2019; Shu and Zhang, 
2018; Cheng et al., 2016; Lee and Billington, 2011). In 
addition, numerous researchers have investigated the 
residual displacement of SDOF systems (Harikrishnan 
and Gupta, 2020; Amiri and Bojórquez, 2019; Guo and 

Christopoulos, 2018; Ji et al., 2018; Guerrero et al., 
2017; Ruiz-García and Guerrero, 2017; Huff, 2016; 
Liossatou and Fardis, 2016; Liossatou and Fardis, 2015; 
Ruiz-García and Miranda, 2006; Christopoulos et al., 
2003). Ruiz-García and Miranda (2006) evaluated the 
residual displacement ratio (Cr) of SDOF oscillators 
considering the variability of structural and important 
seismic parameters. They proposed an equation to 
estimate Cr. Liossatou and Fardis (2015 and 2016) 
recently carried out an extensive parametric study on 
the residual displacement of SDOF systems considering 
various hysteretic models of typical RC structures. 
This research showed that the presence of a velocity 
pulse in earthquake motions increases the peak inelastic 
displacement as well as the residual displacement by 
similar proportion. In addition, Cr is dependent on the 
pulse period.

Recently, Ruiz-García and Guerrero (2017) examined 
the spectral trend of Cr for elastoplastic SDOF systems 
against earthquakes recorded on soft soil. They proposed 
an analytical equation to predict the residual displacement 
ratios of these structures in Mexico City and the San 
Francisco Bay Area. In another study, a probabilistic 
framework was introduced by Guo and Christopoulos 
(2018) to estimate the ratio of residual displacement 
to peak displacement of bi-linear and tri-linear SDOF 
systems as non‐degrading structures with and without 
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supplemental dampers using post-peak oscillation 
analysis. A probability model was proposed to capture 
statistical trends of the normalized residual displacement 
under near‐fault pulse like and far-field ground motions 
considering different structural parameters. Moreover, 
Ji et al. (2018) assessed the residual displacement 
ratios of nonlinear SDOF oscillators built on soft soil 
sites. A statistical equation was presented to predict Cr 
for different post-yield stiffness ratios and hysteretic 
laws. In a recent study, Amiri and Bojórquez (2019) 
investigated the residual displacement ratios of bi-linear 
SDOF systems against mainshock-aftershock sequences 
using constant-strength spectra. They proposed some 
analytical equations to estimate Cr under seismic 
sequences considering the variations of elastic vibration 
period, strength reduction factor, post-yield stiffness 
ratio, and aftershock intensity.

A mainshock can trigger aftershocks during a 
short time span which may cause additional damage to 
mainshock-damaged structures. The historical seismic 
sequences show the secondary structural damage. 
In 1985, the Michoacán mainshock in Mexico City 
with a moment magnitude (Mw) of 8.0 was followed 
by an aftershock with Mw 7.6. Numerous medium-
rise RC buildings suffered structural damage during 
this mainshock (Rosenblueth and Meli, 1986). The 
aftershock caused the collapse of many of these RC 
buildings (Ruiz-García et al., 2012). An example of 
recent major mainshock-aftershock sequences occurred 
in New Zealand in 2010. The Mw 7.1 Darfield event 
triggered two aftershocks with Mw 6.2 and 6.0 and 
damaged many structures (Atzori et al., 2012). Another 
disaster was reported in 2011 in Japan due to the Tohoku 
great earthquake with Mw 9.0 and its aftershocks (Goda 
et al., 2013). Recently, the 2016 Central Italy earthquake 
sequence consisted of a series of moderate‐to‐large 
seismic motions, between Mw 5.0 and Mw 6.5, led to 
damage to historical centers and roadway infrastructure 
(De Risi et al., 2018; Durante et al., 2018; Mazzoni et 
al., 2018). These observations indicate that the reliable 
seismic assessment of structures must be conducted 
by considering the effects of aftershocks. Another 
weak point in this regard is that the current seismic 
regulations do not consider multiple earthquakes (Amiri 
and Soroushian, 2017; Oyarzo-Vera and Chouw, 2008; 
Doğangün and Livaoğlu, 2006).

Many researchers have focused on seismic 
evaluation of structures against successive earthquakes 
in the context of SDOF systems (Di Sarno et al., 2020; 
Di Sarno and Amiri, 2019; Amiri and Bojórquez, 2019; 
Durucan and Gümüş, 2018; Yu et al., 2018; Zhai et al., 
2015;  Di Sarno, 2013; Goda and Taylor, 2012), RC, 
steel and wood frames (Shokrabadi and Burton, 2018; 
Ruiz-García et al., 2018; Tesfamariam and Goda, 2017; 
Nazari et al., 2015; Raghunandan et al., 2015; Goda and 
Salami, 2014; Li et al., 2014; Salami and Goda, 2013; 
Ruiz-García and Negrete-Manriquez, 2011), infilled 
buildings (Di Trapani and Malavisi, 2019; Furtado et al., 

2018; Burton and Sharma, 2017; Furtado et al., 2017; 
Tesfamariam et al., 2015), concrete gravity dams (Wang 
et al., 2018; Wang et al., 2017; Zhang et al., 2013), 
healthcare facilities (Santarsiero et al., 2018), bridges 
(Omranian et al., 2018; Tolentino et al., 2018; Ghosh 
et al., 2015; Alessandri et al., 2013; Franchin and Pinto,  
2009), tunnels (Singh et al., 2018), and ancient multi-
drum columns (Papaloizou et al., 2016). Several studies 
(Wen et al., 2020; Zhai et al., 2018; Wen et al., 2018; 
Wen et al., 2017) have been conducted on the seismic 
investigation of structures against multiple earthquakes 
accounting for the cumulative-based response, such as 
the modified Park-Ang damage index (Kunnath et al.,  
1992); however, limited works (Amiri and Bojórquez,  
2019; Pu and Wu, 2018) focused on developing response 
spectra based on the residual displacement for sequential 
earthquakes. Considering the role of this seismic demand 
on structural damage, as well as its being practical, it 
is necessary to conduct more studies regarding the 
residual displacement of structures under repeated 
ground motions. Moreover, another significant issue 
regarding multiple earthquakes is the aftershock polarity 
with respect to the mainshock. The aftershock can be 
applied in the same direction of the mainshock, referred 
to as positive polarity, or in the opposite direction of 
the mainshock, referred to as negative polarity. This 
phenomenon becomes more important if the residual 
displacement/drift is considered as a structural seismic 
demand (Raghunandan et al., 2012; Ruiz-García and 
Aguilar, 2015; Wen et al., 2018).

 The time period between the mainshock and 
subsequent aftershock is usually short, and subsequently 
the decision-making process on structures damaged 
due to a first seismic event is a crucial task. In addition, 
this short time interval between two consecutive events 
may not allow engineers time for in-situ measurement 
of most damaged structures within regions affected by 
an earthquake. Therefore, the availability of simple 
and robust methods is necessary for rapid assessment 
of mainshock-damaged structures. The objective 
of the present study is to propose a simple and novel 
index to estimate the residual displacement of damaged 
structures against subsequent aftershock considering the 
peak inelastic displacement of intact structures under 
mainshock. The index can be used for post-mainshock 
assessment of structures as SDOF systems, and recovery 
process and building tagging. In other words, engineers 
can predict the residual displacement of structures, 
damaged due to mainshock, against following 
aftershocks. Furthermore, the effect of aftershock 
polarity is taken into account in analytical equations 
presented to predict the index.     

2   Proposed index

The index is the ratio between the residual 
displacement of mainshock-damaged structures 
subjected to aftershocks and the peak inelastic 
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displacement of intact structures against the mainshock, 
which is expressed as follows: 

res,a
ra

max,m

I =
δ
δ        

                    
(1)

      
where Ira is the proposed index, δres,a stands for the 
residual displacement of the structure subjected to 
the aftershock, and δmax,m denotes the peak inelastic 
displacement of intact structures under the mainshock. 
The direct prediction of the residual displacement of 
the structure against the aftershock is carried out by 
multiplying δmax,m by Ira. δmax,m is also estimated by the 
equations presented in this study. In the current study, 
constant-strength spectra in terms of Ira  are developed 
considering a wide range of structural parameters, as shown 
in Table 1. The SDOF systems with an elastoplastic model 
are considered herein and the viscous damping ratio (ξ) 
in all cases is constant and is equal to 5%. The structural 
systems are modeled by the OpenSees (Open System for 
Earthquake Engineering Simulation) software (Mazzoni 

et al., 2006). In addition, inelasticity behavior is assigned 
using the Steel01 material model which is available in 
this software. Figure 1 delineates an example to show 
δmax,m and δres,a. In this figure, the displacement history 
of a SDOF system with T=1.5 s and R=3.0 under a 
seismic sequence is depicted, and δmax,m and δres,a are also 
indicated. The flowchart of computing the proposed 
index is presented in Fig. 2. In this figure, m is the mass 
of the system, Sa denotes the spectral acceleration, and 
Fy implies the lateral yield strength.

Table 1  Structural parameters of SDOF systems

Structural parameter Range of parameter
Natural vibration period (T) 0.1–3.0 s with a period step of 0.1 s
Strength reduction factor (R) 2,3,4,5,6
Post yield stiffness ratio (α) 0, 0.03, 0.05
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Fig. 1   Example to show  δmax, m and δres, a

Fig. 2   Flowchart of computing the proposed index
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3   Seismic sequences

In this study, as-recorded seismic sequences are used 
to investigate the proposed index. As noted in previous 
studies (Goda and Taylor, 2012; Jalayer and Ebrahimian, 
2017; Li and Ellingwood, 2007; Ruiz-García et al., 
2014; Ruiz-García and Negrete-Manriquez, 2011), 
unreliable responses can be obtained using artificial 
seismic sequences. Therefore, a large set of 330 real 
mainshock-aftershock records is selected from the 
Pacific Earthquake Engineering Research (PEER) (PEER 
Ground Motion Database (https://ngawest2.berkeley.
edu/)) according to following criteria (Goda and Taylor, 
2012): (1) average horizontal peak ground acceleration 
(PGA) and average horizontal peak ground velocity 
(PGV) are greater than or equal to 0.04 g and 1.0 cm/s, 
respectively; (2) moment magnitude (Mw) is greater 
than or equal to 5.0;  (3) ground motions were recorded 
on site classes C and D according to ASCE/SEI 7-10 
(ASCE/SEI 7-10, 2010), and (4) closest site-to-fault-
rupture distance is less than 75 km. Table 2 describes the 
seismic sequences used in this study. The total number 
of records in the last column of this table is 165 two-
component seismic motions (horizontal components). 
Hence, a total of 330 records are used for nonlinear time 
history analyses. Moreover, a 60 second time gap with 
zero acceleration is considered between the mainshock 
and the aftershock motions to allow the systems to cease 
moving after the first event. In addition, an interval of 
20 seconds is inserted after the end of the aftershocks 
to capture the residual displacement demands. Note that 
in order to consider the effect of aftershock negative 

polarity, the opposite directions of aftershocks are 
artificially considered as well. More information about 
multiple earthquakes is found in Goda and Taylor (2012). 
The moment magnitude–distance distribution and the 
moment magnitude–PGA distribution of the mainshocks 
and aftershocks are shown in Fig. 3. For each seismic 
record, one sequence (including one mainshock and 
one aftershock) is considered. Furthermore, to vary the 
aftershock PGA (PGAa) with respect to the mainshock 
PGA (PGAm), which is shown by Eq. (2), five values of 
this ratio (γ) are considered herein: γ=0.5, 0.8, 1.0, 1.2, 
and 1.5. 

a

m

PGA=
PGA

γ
                             

(2)

4  Effects of ground motion and structural 
      parameters on Ira

The wide sensitivity analyses are carried out in this 
study to examine the effects of important earthquake 
parameters as well as significant structural characteristics 
on the proposed index (Ira). The ground motion 
parameters include the moment magnitude (Mw), site 
condition, epicentral distance, duration, and aftershock 
relative PGA (γ). The structural characteristics are the 
strength reduction factor (R) and post-yield stiffness ratio 
(α). Note that extensive parametric studies are conduced 
herein, but for the sake of succinctness, all results are not 
presented in the study, and the investigations are limited 

Table 2  Real seismic sequences used in this study 

Earthquake Time
Number of selected ground motions

Site C Site D Total
Imperial Valley 1979.10.15 0 12 12

Coalinga 1983.05.02 0 1 1
Coalinga 1983.05.09 5 2 7
Coalinga 1983.07.09 4 0 4

Superstition Hills 1987.11.24 0 1 1
Chalfant Valley 1986.07.20 0 5 5

Irpinia 1980.11.23 2 1 3
Friuli 1976.09.11 2 1 3

Managua 1972.12.23 0 1 1
Whittier Narrows 1987.10.01 3 6 9

Livermore 1980.01.24 0 2 2
Kozani 1995.05.13 0 1 1

Northridge 1994.01.17 4 8 12
Kocaeli & Duzce 1999.08.17 0 1 1

Chi-Chi 1999.09.20 46 54 100
Mammoth Lakes 1980.05.25 0 2 2
Mammoth Lakes 1983.01.07 0 1 1



to R=3.0, 5.0, and γ=0.5 in Subsections 4.1 to 4.4. Also, 
the comparisons are reported for only the positive polarity 
in Section 4. However, as an example in Subsection 4.1, 
it is shown that the difference between the index values 
for positive and negative polarities in case of one of the 
magnitude-based subsets, i.e., moderate mainshock and 
moderate aftershock, can be different.

4.1   Effect of moment magnitude  

The moment magnitude of the mainshock ( m
wM ) 

and aftershock ( a
wM ) are classified into three subsets 

to investigate Mw on Ira. The subsets are: (a) moderate 
mainshock and moderate aftershock ( m

wM < 6.3 and 
a
wM < 6.3), denoted by moderate-moderate, including 76 

records, (b) severe mainshock and moderate aftershock 
( m

wM ≥ 6.3 and a
wM < 6.3), denoted by severe-moderate, 

including 238 records, and (c) severe mainshock and 
severe subsequent aftershock ( m

wM ≥ 6.3 and a
wM ≥ 6.3), 

denoted by severe-severe, including 16 ground motions. 
The severe-severe subset is eliminated from comparison, 
because only a few records belong to this subset. As 
expected, the number of sequences of the severe-
moderate subset is more than records existing in the 
other subsets. 

The mean inelastic spectra in terms of the normalized 
residual displacement (Ira) for these classifications are 
indicated in Figs. 4 and 5. The figures show that the 
effect of ground motion magnitude, denoted by m

wM  and 
a
wM , on Ira for the moderate-to-long period structures 

with linear elastic-perfectly plastic behavior (T>1.0 s, 
α=0) is of great importance. For these structural systems, 
the seismic sequences characterized by the Moderate-
Moderate subset lead to higher values of Ira with about 
43% and 37% in comparison with another subset 
(severe-moderate) for R=3.0 and R=5.0, respectively. 
Considering the aftershock moment magnitudes of 
two subsets are the same; hence, the difference of their 
responses arises from the mainshock moment magnitude. 
The values of peak inelastic displacement obtained from 

the moderate mainshock (which exists in the Moderate-
Moderate subset) are lower than those of the Severe-
Moderate sequences. Thus, for the Moderate-Moderate 
case, the denominator of the index (Ira) is lower, and Ira 
values are generally larger in this subset, especially for 
long-period SDOF systems, as shown in the figures. 
Moreover, Fig. 6 reveals that the index values for 
positive and negative polarities in the case of one of the 
magnitude-based subsets, i.e., moderate mainshock and 
moderate aftershock, can be different.

4.2  Effect of site condition 

As mentioned in Section 3, the mainshock-aftershock 
sequences used in the study were recorded on site classes 
C and D, considering the average velocity of shear waves 
in the top 30 m of soil (VS30), as proposed in ASCE/SEI 
7-10 (2010). Two subsets are formed in this regard to 
investigate the effect of site conditions on Ira: (a) ground 
motions recorded on site class C (132 records), and (b) 
ground motions recorded on site class D (198 records). 
Figures 7 and 8 show the mean inelastic spectra based 
on the normalized residual displacement, i.e., Ira for the 
site class-based subsets. It is observed that for the long-
period structures (T>1.5 s) as well as smaller values of 
strength reduction factors (R=3), which were built on site 
class C, there are more values of Ira (13% on average for 
three values of α) in comparison with their equivalents 
built in site class D (see Fig. 7).  

 
4.3  Effect of epicentral distance

To investigate the effect of epicentral distances of the 
mainshocks, shown by (Rm), and subsequent aftershocks, 
shown by (Ra), four subsets are categorized: (a) near-
field mainshock and near-field aftershock (Rm<20 km 
and Ra<20 km), abbreviated by near-near, including 90 
ground motions, (b) far-field mainshock and near-field 
aftershock (Rm≥20 km and Ra<20 km), abbreviated by 
far-near, including eight ground motions, (c) near-field 
mainshock and far-field aftershock (Rm<20 km and 
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Ra≥20 km), abbreviated by near-far, including 82 ground 
motions, (d) far-field mainshock and far-field aftershock 
(Rm≥20 km and Ra≥20 km), denoted by far-far, including 
150 ground motions. The far-near subset is excluded 
from the investigation, because only a few  records are 
included in this subset.

Figures 9 and 10 show the mean inelastic spectra 
in terms of Ira for three epicentral distance subsets. 
According to these figures, the SDOF systems with the 
linear elastic-perfectly plastic behavior (α=0) in the 
range of T≥1.0 s under near-near seismic sequences 
are more vulnerable during post-mainshock conditions. 
On average, the Ira values predicted for these structural 
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systems under the near-near subset are 28% and 48% 
larger than the near-far and far-far subsets, respectively 
(see Figs. 9(a) and 10(a)). The most probable reason 
for this phenomenon is due to near-field effects and 
higher PGA when compared to the other subsets. This 
percentage decreases as the post-yield stiffness ratio 
increases, as depicted in Figs. 9(b), 9(c), 10(b), and 
10(c). 

4.4  Effect of duration

The earthquake duration has been defined in several 
ways (Bommer and MartÍNez-Pereira, 1999). One of 
the most common of the definitions is the significant 
duration (D5-95) (Trifunac and Brady, 1975), which is 
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employed in this work. This parameter is considered as a 
time interval between 5% and 95% of the Arias intensity 
(IA). IA is stated as: 

max 2

0
( )d

2g
t

IA a t tπ
= ∫        

                
(3)

where tmax is the length of the accelerogram, g is the 
acceleration due to gravity, and a(t) implies the ground 
acceleration time history. 

The seismic sequences are divided into four subsets 
regarding the significant duration of the mainshock (D5-
95m) and subsequent aftershock (D5-95a) to assess the 
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influence of earthquake significant duration on Ira. The 
subsets are: (a) short duration mainshock and short 
duration aftershock (D5-95m≤25 s and D5-95a≤25 s), 
abbreviated by SD-SD, including 175 records, (b) short 
duration mainshock and long duration aftershock 
(D5-95m≤25 s and D5-95a>25 s), abbreviated by SD-LD, 
including six records, (c) long duration mainshock and 
short duration aftershock (D5-95m>25 s and D5-95a≤25 s), 
abbreviated by LD-SD, including 94 records, and (d) 
long duration mainshock and long duration aftershock 
(D5-95m>25 s and D5-95a>25 s), abbreviated by LD-LD,
including 55 records. The SD-LD subset is not considered 
for investigation, due to its small number of records. 
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Fig. 10   Mean inelastic spectra in terms of Ira for the epicentral 
               distance-based subsets, in the case of γ=0.5 and R=5.0: 
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The effect of the mainshock-aftershock significant 
duration on the normalized residual displacement 
(Ira) is shown in Figs. 11 and 12. The figures indicate 
that the short duration mainshocks and short duration 
aftershocks lead to larger Ira for moderate-to-long period 
structures (T≥1.0 s) when compared to other duration-
based subsets. In this regard, the responses obtained 
from the SD-SD subset are wider by on average 28% and 
65% than the LD-SD and LD-LD subsets, respectively. 
This proves that the seismic vulnerability of the long 
period structures after short duration mainshocks will 
be noticeably affected during subsequent short duration 
aftershocks.     
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Fig. 12   Mean inelastic spectra in terms of Ira for the duration-
     based subsets, in the case of γ=0.5 and R=5.0: 
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4.5  Effect of aftershock relative PGA

Five values of aftershock relative PGA (γ=0.5, 0.8, 
1.0, 1.2, 1.5) are considered in this study to evaluate the 
effect of aftershock intensity in terms of PGAa/PGAm 
on Ira. This variation provides a reliable range of Ira for 
decision makers. The investigation is carried out only 
for R=3.0, due to succinctness, as shown in Fig. 13. It 
can be observed from the figure that when α=0, the effect 
of γ is significant, such that the normalized residual 
displacement (Ira) increases as the aftershock relative 
PGA increases. As a comparison, for the systems with 
the linear elastic-perfectly plastic model, the values of Ira 

obtained from γ=1.5 are greater (57% on average) than 
γ=0.5. This influence is minor in the case of α>0 (i.e.,  
α=0.03, 0.05 herein). In general, the greater aftershock 
relative PGA would cause more structural damage in 
terms of residual displacement.     

4.6   Effect of post-yield stiffness ratio

The sensitivity of Ira on the post-yield stiffness ratio 
(α) is presented in Fig. 14, when γ=0.5. In view of this 
figure, higher Ira values are expected with decreasing α. 
This is highlighted for weaker systems (R=6.0), such 
that these structures with the linear elastic-perfectly 
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Fig. 14   Effect of post-yield stiffness ratio on Ira, when γ=0.5:    
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plastic model (α=0) experience larger Ira than α=0.03 and 
α=0.05, by 232% and 369%, respectively. This shows 
that the increase of the post-yield stiffness ratio using 
several high‐strength elastic materials can be an efficient 
way to decrease the residual displacement demand of 
structures and can thus be a choice for designing resilient 
structures (Qiang et al., 2019).            

4.7   Effect of strength reduction factor

Figure 15 indicates the mean inelastic spectra based 
on Ira for different values of R (R=2, 3, 4, 5, 6). It can be 
observed that the normalized residual displacement 
increases as R tends to increase in the case of α=0, 
especially for lower R (from R=2.0 to R=3.0, the 

increase percent is about 25% for all T values). This 
trend is inverse for α=0.03, and α=0.05, namely, Ira 
decreases as R increases (from R=2.0 to R=6.0, the 
decrease percentage are approximately 66% and 98% 
for α=0.03 and α=0.05, respectively, in total interval of 
T). In addition, it is expected that Ira increases for flexible 
systems (increasing T) with α>0.0 (α=0.03 and α=0.05). 
Furthermore, it is found that the structures with larger R 
as well as α=0 possess the worst conditions from point of 
view of safety during seismic sequences.

5   Prediction equations 

The availability of closed-form equations for 
rapid seismic assessment of structures damaged under 



0                      1                      2                      3
                                 T (s)

I ra

(d)

0.6

0.4

0.2

0

0.7

0.6

0.5

0.4

0.3

0.2

0.1

0
0                      1                       2                      3
                                 T (s)

I ra

(e)

α = 0
α = 0.03
α = 0.05

Fig. 14  Continued

0.7

0.6

0.5

0.4

0                      1                       2                      3
                                T (s)

I ra

(a)

0.3

0.2

0.1

00                     1                      2                      3
                                 T (s)

I ra

(b)

0.3

0.2

0.1

0
0                     1                      2                      3
                                 T (s)

I ra

(c)

R = 2
R = 3
R = 4
R = 5
R = 6

Fig. 15   Mean inelastic spectra in terms of Ira for different 
       strength reduction factors, when γ=0.5: (a) α=0; 
                (b) α=0.03; (c) α=0.05

a mainshock is essential, due to the short time period 
between the mainshock and the aftershock. The 
current study introduces several equations to predict 
the proposed index (Ira) for both cases of positive and 
negative polarities of aftershock, and also the inelastic 
maximum displacement of intact structures (as SDOF 
systems) against the mainshock, which is required to 
compute the index. Thus, based on the research results, 
extensive nonlinear regression analyses are carried 
out using the method of Least-Squares Fitting to find 
efficient models. Another criterion for selecting the 
configuration of Eq. (4) is that the residual displacement, 
and consequently the proposed index, would be zero in 
the elastic range (R=1). Therefore, the equation should 
satisfy this boundary condition. 

Note that the equations can be extended for a 
class of steel or RC buildings to estimate probable 
residual displacement/drift demands of these structures 
against aftershock, and subsequently for the recovery 
process and building tagging. The mean values of Ira 
are predicted by Eq. (4) for the positive and negative 
polarities of aftershock. This equation is a function of 
T and R, so that the unknown coefficients values (a1, 
a2, …, a7) and (b1, b2, …, b7) for different aftershock 
relative PGAs (γ), and also post-yield stiffness ratios (α) 
are obtained from Tables 3 and 4 for the positive and 
negative polarities, respectively. Note that considering 
various γ values as well as both positive and negative 
polarities of aftershocks provide an appropriate range 
of Ira to make a better decision on mainshock-damaged 

structures and seismic risk assessment of these structures 
against subsequent aftershocks. The inelastic maximum 
displacement of SDOF systems under mainshock (δmax,m) 
is required to compute Ira (see Eq. (1)), which can be 
calculated by Eq. (5). Table 5 presents the values of the 
unknown coefficients of Eq. (5). The accuracy of the 
equations is measured by the coefficient of determination, 
which is expressed by R2. The values of R2 shown in the 
tables indicate that the Ira values predicted using the 
equations are sufficiently accurate. Equations (4) and (5) 
are valid for structures possessing a bi-linear material 
model without stiffness and strength degradations during 
earthquake. In addition, the mean values of Ira predicted 
by Eq. (4) and the actual ones obtained from nonlinear 
time history analyses are compared in Fig. 16. Figure 17 
shows the same comparison for Eq. (5). 
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Table 3   Values of unknown coefficients of Eq. (4) for positive polarity of aftershock 

Aftershock 
relative PGA

Post-yield 
stiffness 

ratio
a1 a2 a3 a4 a5 a6 a7 R2

γ=0.5 α=0 0.1256 -0.892 -0.018 1.2 0.1 0.6 2.0 0.93
α=0.03 0.6277 0.006 -0.6241 0.15 0.87 -0.055 2.0 0.97
α=0.05 -0.062 0.003 -0.538 0.1   0.07 0.5104 2.0 0.98

γ=0.8 α=0 0.087 -0.5626 -0.011 1.3 -0.35 0.7337 2.0 0.93
α=0.03 0.065 0.035 -0.6236 0.11 0.37 0.5 2.0 0.98
α=0.05 -0.002 1.115 -0.001 0.9 1.08 -1.277 1.5 0.98

γ=1.0 α=0 -2.727 5.178 3.574 0.5 3.87 -4.368 5.0 0.90
α=0.03 -0.0837 0.0087 0.0118 0.3 -1.5 -0.0053 -0.05 0.97
α=0.05 1.05 0.016 1.457 -0.03 1.0 -2.488 2.0 0.98

γ=1.2 α=0 -0.0022 0.054 -0.0005 2.8 -0.85 0.8159 2.0 0.90
α=0.03 0.696 0.1273 -0.4171 0.28   0.85 -0.1317 2.25 0.97
α=0.05 0.0555 0.068 -0.183 0.2 -0.12 0.1805 2.0 0.98

γ=1.5 α=0 0.7408 -0.2501 -0.088 0.7 -0.8 0.93 2.0 0.88
α=0.03 0.3789 0.1219 -0.1914 0.4 -0.4 0.263 2.0 0.96
α=0.05 0.964 0.1886 -0.4692 0.3 1.0 -0.3335 2.5 0.97

Table 4   Values of unknown coefficients of Eq. (4) for negative polarity of aftershock  

Aftershock 
relative PGA

Post-yield 
stiffness 

ratio
b1 b2 b3 b4 b5 b6 b7 R2

γ=0.5 α=0 0.113 -0.7932 -0.017 1.2 0.3 0.497 2.0 0.93
α=0.03 0.5755 0.003 -0.64 0.14 0.83 0.02 2.0 0.97
α=0.05 -0.1693 0.007 -0.036 0.2 -0.5 0.03 1.2 0.97

γ=0.8 α=0 0.175 0.4 -0.023 0.75 1.0 -0.3623 2.0 0.9
α=0.03 -0.048 0.084 0.006 0.62 -1.16 -0.013 0.7 0.98
α=0.05 -0.1141 0.03 0.013 0.4 -1.0 -0.01 0.8 0.98

γ=1.0 α=0 0.09 0.1782 -0.009 0.8 -0.2 0.162 1.5 0.85
α=0.03 -0.0177 0.2347 0.0007 0.8 -1.2 -0.0207 1.0 0.97
α=0.05 -0.1055 0.07 -0.005 0.3 -0.5 -0.009 1.4 0.97

γ=1.2 α=0 0.1763 0.7367  -0.02 1.0 1.0 -0.3045 2.0 0.9
α=0.03 0.7955 0.1 -0.4867 0.3 0.9 -0.035 2.4 0.97
α=0.05 0.046 1.267 -0.016 0.9 1.08 -1.248 1.8 0.97

γ=1.5 α=0 1.365 0.098 -0.1593 0.45 -2.7 0.5665 1.8 0.87
α=0.03 0.43 0.08 -0.2226 0.36 -0.4 0.2918 2.0 0.96
α=0.05 0.2768 0.096 -0.1711 0.3 -0.6 0.2104 2.0 0.97

Table 5  Values of unknown coefficients of Eq. (5)

Post-yield stiffness 
ratio c1 c2 c3 R2

α=0 0.09 0.023 -0.066 0.99
α=0.03 0.084 0.011 -0.04 0.99
α=0.05 0.083 0.009 -0.037 0.99

5

4 7

5

4 7

1 2 3
6

ra
1 2 3

6

1 Posotive polarity of  aftershock

1 Negative polarity of  aftershock

a
a a

b
b b

a a T a R RR a R
T R

I
b b T b R RR b R

T R

 + + − + + 
 = 

+ + −  + +   (4)

max,m 1 2 3c T c R c= + +δ                      (5)

6   Numerical example 

The residual displacement of the structure is obtained 
by the following steps.

- Determine an equivalent SDOF for the structure 
considered. 

- Calculate T, R, α, δy, where δy is the yield 
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Fig. 16  Predicted values of Ira against actual ones for: (a) R=2.0; (b) R=3.0; (c) R=4.0; (d) R=5.0; (e) R=6.0
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displacement.  
- Obtain Ira using Eq. (4) for both positive and 

negative polarities.
- Obtain δmax,m  using Eq. (5).
- Calculate δres,a  by multiplying Ira and δmax,m for 

both polarities and the maximum one is considered as 
the response.

An equivalent SDOF system with these properties, 
T=2.2 s, R=4.0 and α=0.05 is considered. The bi-linear 
material model is assigned to this system and the 
yield displacement is considered to be 0.0029 m. This 
structure is analyzed under the Imperial Valley seismic 
sequence to obtain δres,a and this demand is computed 
as 0.039 and 0.04 for positive and negative polarities, 
respectively. On the other hand, Ira is predicted by 
Eq. (4) for both polarities, with values of 0.2069 and 
0.2077 for positive and negative polarities, respectively. 

After that, δmax,m= 0.1816 m is obtained using Eq. (5). 
Then δres,a is calculated using Eq. (1), namely δres,a= 
Ira× δmax,m=0.2069×0.1816=0.0375 m for the positive 
polarity, and δres,a= Ira× δmax,m=0.2077×0.1816=0.0377 m 
for the negative polarity. The final estimated value is the 
maximum of 0.0377 and 0.0375, namely 0.0377, which 
is very close to the actual one (0.039 or 0.04 for positive 
and negative polarities, respectively).

7  Summary and conclusions

The prediction of seismic demand of mainshock-
damaged structures against aftershocks is a vital 
task which must be conducted using a rapid and 
robust method due to the uncertain occurrence time 
of subsequent seismic events. To this aim, this study 
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introduces a simple and novel index to predict residual 
displacement of structures subjected to aftershocks. 
The index (shown by Ira) is defined as a ratio between 
the residual displacement of mainshock-damaged 
structures against an aftershock and the peak inelastic 
displacement of intact ones subjected to a mainshock. A 
large set of real seismic sequences (330 sequences with 
five scale factors to maintain different aftershock relative 
intensities) are considered to develop constant strength-
spectra based on the proposed index, considering a wide 
range of structural and seismic parameters. The most 
significant achievements of this study are:

•	 For the moderate-to-long period structural 
systems with linear elastic-perfectly plastic behavior 
(T>1.0 s, α=0), the larger values of Ira are obtained from 
the moderate-moderate subset (moderate mainshock and 
moderate aftershock) compared to another magnitude-

based subset (severe-moderate subset), approximately 
43% and 37% for R=3.0 and R=5.0, respectively.

•	 The long-period structures (T>1.5 s) having 
lower values of the strength reduction factor (R≤3) built 
on site class C experience more values of Ira (13% on 
average for three values of α) in comparison with those 
built in site class D.

•	 The structures with α=0 as well as T≥1.0 s are 
more vulnerable during near-field mainshocks, when 
they will be subjected to near-field aftershocks. In this 
regard, Ira values estimated for these systems against 
a near-near subset are about 28% and 48% larger than 
the near-far and far-far subsets, respectively. This trend 
reduces as the post-yield stiffness ratio (α) increases.

•	 The short duration mainshocks and short 
duration aftershocks (SD-SD subset) cause higher 
Ira for the flexible SDOF systems (T≥1.0 s) than LD-
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SD and LD-LD subsets, by 28% and 65% on average, 
respectively. This proves that the seismic vulnerability 
of long structures after short duration mainshocks will 
be markedly affected during subsequent short duration 
aftershocks.

•	 The normalized residual displacement (Ira) 
increases as the aftershock relative PGA (γ) increases. 
This increase is highlighted for systems with the linear 
elastic-perfectly plastic model, such that the values of Ira 
predicted from γ=1.5 are wider (57% on average) than 
γ=0.5, in the case of R=3.0. 

•	 Ira tends to increase as the post-yield stiffness 
ratio (α) decreases; this pattern is more obvious when 
R increases. The Ira values estimated for structures with 
R=6.0, and α=0 are larger than those systems possessing 
α=0.03 and α=0.05, by 232% and 369%, respectively. 
This proves that the use of high‐strength elastic materials 
which leads to increased α, can be an efficient approach 
to decrease the residual displacement of structures. 

•	 The normalized residual displacement increases 
as R increases, when α=0. This trend is inverse for 
α>0, i.e., α=0.03, and α=0.05. Namely, Ira decreases as 
R increases, so that when R raises from 2.0 to 6.0, the 
decrease percentage of Ira are approximately 66% and 
98% for α=0.03 and α=0.05, respectively. As a result, the 
structures with α=0 and R=6.0 have the worst conditions 
from point of view of the structural safety after multiple 
earthquakes.

•	 Several analytical equations are presented to 
predict the proposed index for both cases of positive and 
negative polarities of aftershocks and the peak inelastic 
displacement which is necessary to calculate Ira. The 
equations can be used for rapid seismic assessment 
of mainshock-damaged structures against subsequent 
aftershocks in terms of the residual displacement 
demand. These equations can be extended for a class 
of steel or RC buildings to estimate probable residual 
displacement/drift demands of these structures against 
aftershock.  
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