
Vol. 20, No. 1                                 EARTHQUAKE ENGINEERING AND ENGINEERING VIBRATION                           January, 2021

Earthq Eng & Eng Vib (2021) 20: 101-111                                                                   DOI: https://doi.org/10.1007/s11803-021-2008-9 

A frequency and velocity-dependent impedance method for prediction of 
rail/foundation dynamics

Reda Mezeh1, 2†, Marwan Sadek1, 2‡, Fadi Hage Chehade2‡ and Isam Shahrour1‡

1. Laboratory of Civil Engineering and GeoEnvironment, University of Lille, Sciences and Technologies, Polytech’Lille, 
                 Villeneuve d’Ascq, Hauts-de-France 59655, France 
              2. Doctoral School of Science and Technology, Lebanese University, Beirut 0000, Lebanon

Abstract: This paper presents an efficient numerical tool for the prediction of railway dynamic response. A behavior 
calibration of the infinite Euler-Bernoulli beam resting on continuous viscoelastic foundation is proposed. Constitutive laws 
of the discrete elements are determined for a rectilinear ballasted track. A three-dimensional model coupled with an adaptive 
meshing scheme is employed to calibrate the beam model impedances by finding the similarity between the output signals 
using the genetic algorithm. The model shows an important performance with significant reduction in computational effort. 
This study emphasizes the major impact of the excitation characteristics on the parameters of the discrete models.
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1  Introduction

Running trains on an imperfect wheel/rail interface 
generates dynamic loads on the railway structure, 
which leads to vibrations of the track and supporting 
soil that may seriously influence the living and work 
environment of people. As pointed out by a number of 
authors (Madshus and Kaynia, 2000; Auersch, 2008; 
Alves Costa et al., 2009) the track response is strongly 
influenced by the soil, in which the normally stiff 
soils yield completely different levels of ground-born 
vibration compared to very soft soils. 

For soil/structure problems under dynamic loading, 
the soil can be compared to a frequency-based filter with 
regard to the response of the structure. In other words, it 
contributes in the amplification of some components of 
the excitation signal to the detriment of the attenuation 
of the other ones. In order to accurately reproduce the 
structure response, the system parameters should be 
carefully selected. Several researchers have carried 
out studies to develop simplified models composed 
of discrete elements. Mulliken and Karabalis (1998) 

proposed a frequency-independent discrete model for 
the analysis of the dynamic interaction between two rigid 
foundations posed at the top surface of an elastic soil 
layer. Ju (2003) employed three-dimensional (3D) finite 
element simulations to determine equivalent matrices of 
mass, damping and stiffness for an embedded foundation 
subjected to dynamic loading. Avilés and Suárez (2002) 
studied the dynamic behavior of a 3D axisymmetric 
model consisting of a one-story superstructure supported 
by an embedded rigid foundation. They investigated 
the effective period and damping of the system by 
considering the contribution of the soil layer. By 
analyzing the transfer function of the interacting system, 
the targeted parameters were associated, respectively, 
with the resonant period and peak amplification. 3D 
finite element/infinite element modeling was performed 
by Zhai et al. (2010) to predict the free field vibration 
generated by high-speed trains. Using a Green′s function 
for multi-layered poroelastic half-space, Wang et al. 
(2017) analyzed the ground vibration due to railway traffic 
in layered ground with shallow ground water table. They 
conclude that the wavelength of wheel-rail unevenness 
has a notable effect on the resulting displacement and 
pore pressure. A 2.5D finite/infinite element approach 
presented by Hsiao Hui and Yang (2010) allows the 
computation efficiency to be enhanced in the analysis of 
the ground vibrations due to underground trains. Maravas 
et al. (2014) developed a simple oscillator attached on a 
flexible base to simulate the response of a single or a 
multi-story structure supported by either surface footing 
or pile foundation resting on an elastic half-space. They 
proposed analytical relations for the simplified model 



102                                           EARTHQUAKE ENGINEERING AND ENGINEERING VIBRATION                                            Vol. 20

parameters comprising the damping and the natural 
period. However, the railway track dynamics problem is 
considered between the most critical problems due to the 
related issues comprising the moving loads velocity and 
the formation of the track structure. 

Numerical models intended to predict the track/
ground response under high-speed train loading have 
been widely reported in the literature. They are mainly 
concerned with the ground borne vibrations in the 
low frequency range. Despite the recent advances in 
numerical techniques, the infinite beam resting on 
a continuous elastic foundation remains a frequent 
solution (Paolucci et al., 2003; Yang et al., 2003; Koh et 
al., 2003; Ang and Dai, 2013; Tran et al., 2014; Mezeh 
et al., 2019) for the assessment of the interaction forces 
acting on the rail foundation. In this context, Paolucci et 
al. (2003) represented the track embankment by means 
of an elastic foundation. Yang et al. (2003) transmitted 
the dynamic impact of the moving train into the soil 
stratum using the response of an infinite beam resting 
on an elastic foundation. Koh et al. (2003) studied four 
cases of a moving vehicle that traversed a rail-beam 
supported by a viscoelastic foundation. Later, Ang and 
Dai (2013) investigated the motion of a high-speed train 
at constant velocity, crossing a zone with a sudden change 
of foundation stiffness. They highlighted the problem of 
a jumping wheel. Tran et al. (2014) studied the impact 
of velocity change (acceleration or deceleration) on the 
response of the train/track system.

As a matter of fact, the use of continuous support 
eliminates the dynamic effect of sleepers. However, this 
hypothesis is considered suitable for slab tracks modeling 
whereas for ballasted tracks, it neglects the sleeper 
passing frequency. To overcome this simplification, the 
rail is modeled with predefined elastic supports. Zhai 
and Cai (1997), Kouroussis and Verlinden (2015) and 
Connolly et al. (2019) analyzed the track using three 
layers of spring-damper units representing, respectively, 
the rail pads, ballast and subgrade. In their studies, the 
shear coupling effect in the ballast was taken into account 
by means of shear springs and dampers. Lei and Noda 
(2002) and Xia et al. (2010) employed a computational 
model consisting of a beam resting on two layers of 
discrete viscoelastic units for the vehicle and track 
coupling system. For a more complete discussion of the 
vehicle and track coupling problem, refer to Connolly et 
al. (2015).

Note that the previously mentioned studies omitted 
the existence of any correlation between the parameters 
of the discrete models and the frequency content and/
or the velocity of the moving loads. The present study 
aims at improving and adapting the well-known model, 
i.e., the infinite Euler-Bernoulli beam that rests on 
continuous viscoelastic foundation, in order to correctly 
simulate the dynamic response of the rail under high-
speed moving harmonic loads. This goal is achieved 
by conducting a large number of numerical simulations 
using a sophisticated 3D finite difference model for a 

wide range of selected loading frequency that can reach 
50 Hz. The 3D model involves a high realistic simulation 
of force transmission from the rail interface to the ground 
via an adaptive meshing scheme, i.e., step-by-step 
procedure in the time domain based upon the creation of 
load-attached moving nodes on the rail rolling surface. 
The analysis is performed within the frame of a reference 
case consisting of a classical rectilinear ballasted track 
supported by a homogeneous clayey soil layer underlain 
by a rigid substratum. The obtained results are employed 
to determine the parameters of the simplified discrete 
model using the genetic algorithm, which is applied to 
find the convergence between the responses of the two 
models. This procedure leads to the proposed frequency 
and velocity-dependent dynamic impedances for rail 
vibrations modeling. A major influence of the moving 
load characteristics on the parameters of the studied 
model is found.

The paper is organized as follows: Section 2 describes 
the main components of the reference case as well as the 
3D finite difference model used. Section 3 presents the 
novel predictive tool of track response under dynamic 
loading. Finally, Section 4 discusses the obtained results.

2  Reference case

The reference case consists of a conventional 
ballasted railway track. It rests at the top surface of soft 
clayey soil which extends over a total depth H = 5 m. 
The standard gauge track is composed of two parallel 
continuous welded rails discreetly supported by regularly 
spaced horizontal sleepers. The rail-sleeper interface is 
considered to be perfectly linear elastic. As shown in 
Fig. 1, the railway foundation consists of ballast and 
sub-ballast layers which ensure the loads transmission 
to the subsoil.  

The elastic properties E (Young′s modulus), ν 
(Poisson′s ratio) and ρ (material density) of the track 
foundation are given in Table 1.  

Table 2 lists the mechanical parameters of the rail-
beam. 

A finite spatiotemporal domain is considered to 
numerically simulate the problem of interaction between 
train loads, track and subsoil. The track formation is 
represented by 3D solid elements with eight nodes per 
element whereas two-noded elastic structural elements 

Fig. 1  Cross-section of the rectilinear ballasted track
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are used to model the rails and sleepers. 
At the model boundaries, viscous elements are 

employed to prevent spurious reflections that could 
strongly impact the stability of numerical solving.  In 
this study, it is assumed that there is no interaction 
between the two rails due to the similarity in load paths 
along each rail. That is why the symmetry condition is 
applied along the track centerline. On the other hand, 
the clayey soil is supposed to overlay a rigid bedrock. 
Consequently, at the bottom of the model, the nodes are 
prevented from moving. The top surface is considered 
to be free. Figure 2 shows an illustrative example of the 
computational finite difference grid with the adopted 
boundary conditions. 

The Load-Attached Moving Node (L-AMN) 
scheme which has been developed by Mezeh et al. 
(2018a) is employed to model the track loading via 
periodic adaptation of the spatial mesh. The proposed 
approach has been efficiently implemented in the three-
dimensional finite difference explicit code "FLAC3D" 
in which a Matlab subroutine has been implemented in 
order to allow a rapid development of the generic input 
files. Further details on the L-AMN approach can be 
found in Mezeh et al. (2018a), including the coupling of 
the adaptive formulation with the finite difference code 
for predicting ground-borne vibration from railways. 

Note that the FLAC program has been successfully used 
in the analysis of the traffic-induced ground vibration 
(Mhanna et al., 2012) and the efficiency of different 
techniques for the attenuation of vibrations (Mhanna et 
al., 2014).

During the numerical simulation, the vertical 
deflection of the rail, noted by yr, is recorded at selected 
predefined points including unloaded moving nodes; 
they are located at each time step with respect to the load-
attached moving axis Xr. Figure 3 shows a typical output 
of the interaction model comprising the spatial spread of 
the induced seismic waves and the rail dynamic response 
obtained under the effect of a high-speed moving load 
traveling the rail at constant velocity. 

3  Predictive model for rail vibrations

Prediction of train-induced vibrations has to cope 
with the complexity of the mutual dynamic interactions 
between train loads, track components and the subsoil. 
A classical solution is based upon the substructuring 
approach (Paolucci et al., 2003; Yang et al., 2003; 
Kouroussis, 2012; Kouroussis et al., 2016; Alexandrou 
et al., 2016; Sun et al., 2016) and it consists of two 
calculation phases. The first phase aims to study the train/
track interaction using a Spring-viscous Damper-lumped 
Mass system (SDM model) which provides a simplified 
approach to account for the dynamic behavior of the 
rail foundation. The second phase simulates the induced 
seismic waves that propagate in the substructure of the 
railway by applying the previously obtained reactions at 
the decoupling interface. In this context, Kouroussis et 
al. (2016) have employed this approach to investigate 
the impact of foundation and vehicle modeling, local 
defects, and vehicle speed on the generation of ground-
borne vibrations. They have validated the model 
parameters by means of experimental measurements 
performed on the L161 line in Brussels (Belgium). 
Alexandrou et al. (2016) have studied the vibrations 

Table 1  Mechanical parameters of the track foundation

Layer E (Mpa) ν ρ (kg.m3)
Ballast 130 0.4 1600

Sub-ballast 80 0.4 1600
Subsoil 25 0.45 1800

Table 2   Mechanical parameters of the rail

Rail parameter Value 
Young′s modulus E 210 GPa

Poisson′s ratio ν 0.25
Material density ρ 7897 kg/m3

Area of the rail section A 6.5538×10-3 m2

Second moment of inertia Iy 1.2449×10-5 m4

Fig. 2  Computational finite difference grid: 194972 zones and 
            207972 grid points
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induced by urban tramways in which they have assessed 
the periodic impact on the rail due to a flat wheel using 
a flat spot model taking into account Hertz′s contact law. 

Figure 4 shows an illustration of the aforementioned 
modeling methodology of ground vibrations. 

By focusing on the SDM models which are reported 
in the literature review, the effect of the frequency 
content and traveling velocity of the applied moving 
loads on the dynamic impedances is generally neglected. 
Thus, the purpose of the current study is to evaluate the 
sensitivity to load frequency and velocity of the dynamic 
impedances. Herein, the infinite Euler-Bernoulli beam 
with constant mass per unit length m resting on a 
continuous viscoelastic layer is considered to assess the 
response of the rail under moving loads. The equivalent 
foundation is comprised of an infinite series of linear 
elastic vertical springs with linear stiffness k. The 
damping of the equivalent layer is integrated through 
linear viscous dampers η continuously distributed 
beneath the beam. Note that the dynamic behavior of 
a single viscous dashpot is similar to that of a semi-
infinite bar excited from its end. This shows the potential 
capacity of a limited number of discrete elements to 
represent the response of a continuum with an unlimited 
number of degrees of freedom. 

In order to obtain a good agreement between the 
predictions of the rail response from the simplified and 

3D models, the dynamic impedances are calibrated using 
a curve fitting procedure. Figure 5 shows a schematic 
illustration of the adopted procedure for the assessment 
of the frequency and velocity-dependent impedances of 
the rail foundation. 

3.1  Statement of the problem 

3.1.1 Beam on viscoelastic foundation 

The problem of a harmonic load ( )P t  that moves at 
constant velocity V along an infinite beam resting on a 
continuous viscoelastic foundation is analytically solved 
by Andersen et al. (2001). ( )P t  is expressed in terms of 
the amplitude 0P  and angular frequency ω  as follows: 

( ) i
0 e tP t P ω−=                              (1)

where t  denotes the time and i the imaginary unit. 
The displacement field ay  of the beam is expressed 

in the moving spatial reference Xr as follows, in which 
four wave numbers r r( i )X Xτ σ+  are highlighted: 
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The four complex numbers ( )1, ,4jA j = …  could 
be determined by imposing the continuity of the 
displacement, rotation, moment and shear force at the 
loaded point ( )r 0X = .

Note that this analytical solution is proposed for 
a uniform motion of deterministic load. However, in 
the case of adopting of nonlinearity contact theory, 
non-uniform motion, etc., numerical methods must be 
employed. In this context, Mezeh et al. (2018b) have 
proposed the PCU method, which is based upon a step-
by-step solving of the dynamic equation by performing a 
periodic change of the initial condition at the beginning 
of each step. 

3.1.2  Optimization process

In this work, the dynamic parameters of the 

simplified model ( ), ,k mη , are calibrated to minimize the 
divergence with the sophisticated 3D model. Obviously, 
for each case studied, the two models are subjected to a 
similar load. The optimization problem consists of:

( ) [ ]/ minFind g g
Ω

Ω α∈ =α
                 

(3)

where α is a vector of the simplified beam parameters, 
and g  is called the objective function which is expressed 
in the search space 3Ω =  :

:g Ω→                                 (4)

Herein, the genetic algorithm (GA) is employed to 
solve Eq. (3). As indicated by its name, the vector α is 
optimized by a process oriented by genetic operations in 

Fig. 4   Substructuring approach for the assessment of ground vibrations

Fig. 5  Calibration process of the simplified predictive model
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which the fittest individuals in the population 1N −  have 
more chance to govern the characteristics of the next 
generation. For more details about genetic algorithms, 
the reader to the literature (Michalewicz, 1996; Reeves, 
2003).

The objective function g  which is intended to 
measure the deviation between the output signals, is 
determined for each vector α as the square root of the 
mean squared error (MSE). It is calculated using a set 
of  Np  points (governed by the output of the 3D model):

( )
p 2

r
1p

1 imag
N

ag y y
N

 = − ∑
            

 (5)

where the applied load is taken as [ ]imag P ; that is why 
the imaginary part of the analytical solution has appeared 
in the expression of the objective function. 

3.2  Dynamic impedances of the simplified model

To investigate the behavior of the simplified model, 
40 loading cases are taken into account. They correspond 
to four sets of 10 cases of linear frequency f  ranging 
from 5 to 50 Hz that fall within the frequency range, 
which is usually retained in vehicle/track/soil interaction 
problems, including building response. Each set is 
characterized by a uniform traveling velocity V which 
varies between 50 and 300 km/h. After applying each 
loading case, characterized by ( ),f V , to the 3D model, 
the dynamic response of the rail yr is obtained. 

The stiffness, damping and mass factors representing 
the dynamic components of the rail foundation are 
depicted in Fig. 7. Note that each triplet ( ), ,k mη  for 

a loading scenario ( ),f V  is obtained after reaching 
the convergence of the GA. Herein, the evolution of an 
initial random population of 300 individuals is simulated 
over 100 generations. 

The obtained results show that the trend of the curve 
representing the linear stiffness k  of the equivalent 
foundation is generally increasing with the frequency 
and velocity. Conversely, the vibrating mass per unit 
length m  tends to decrease simultaneously with f and 
V. Therefore, the mobilized frequency f0 (Eq. (6)) of 
the simplified model tends to increase with the loading 

Fig. 6   Flowchart of the Genetic Algorithm
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frequency and traveling velocity. Figure 7 also illustrates 
the variation of f0 to load frequency ratio Φ according 
to f . It reflects a clear tendency of the dimensionless 
ratio to have a vertical asymptote in the vicinity of the 
subsoil natural frequency fs which is equal to 3.5 Hz 
(shear wave speed divided by the layer depth H ). This 
fact highlights the capacity of the equivalent foundation 
to rigidify depending on the external loading.  

( ) ( ) 1
0 , 2 kf f V

m
−= π     

                 
(6)

Note that the current study aims to reproduce the 
foundation effect on the rail dynamic response through 
the use of a calibrated SDM model. Therefore, such 
frequency and velocity-dependent discrete elements 
seem to pose non-conceptual problems; they cannot be 
built in reality. 

On the other hand, Fig. 8 depicts the relative 
divergence between the two output signals. The 
committed error in the calculated displacement field 
is expressed in terms of the normalized value of the 
objective function, Г (Eq. (7)), which is calculated at 
the load position ( )r 0X =  after the convergence of the 
optimization algorithm. 

[ ]rmax
g

y
Γ =

                          
(7)

The continuous viscoelastic foundation is found to 
give acceptable results. The calibration process reveals 
that the error ranges from 8% to 20%. Note that the 
numerical modeling gives rise to a stationary response 
preceded by a transitory part, whereas the analytical 
solution is stationary from 0t = . That is why the 
parameter Г seems to overestimate the committed error 
on the displacement field. Figures 9 to 12 present the 
dynamic response of the simplified model compared to 
that of the 3D model, at Xr = 0, for the four cases of 
V.  They correspond to a load amplitude 0 100 kNP = . 
As stated before, an excellent agreement in terms of 
amplitude and phase between the two models can be 
easily noticed. This conclusion remains valid on the 
whole plan ( ),f V . 
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The simplified model with improved input parameters 
is proved to be able to reliably reproduce the dynamic 
response of the rail. The mutual dynamic interaction 
is taken into account through the proposed behavior 
of the discrete elements. Note that the ratio between 
the required calculation time of the three-dimensional 
simulation and that of the simplified model exceeds 2000 
for several cases. Consequently, it proves the efficiency 
of the simplified model, which avoids time-consuming 
3D simulations that require very complex modeling of 
the different components of the system.

4  Conclusion

This study shows the significant effect of the track/
ground dynamic interaction on the parameters of the 
discrete models. Generally, it can be concluded that a 
simplified calculation protocol should be preceded by 
a reliability study before being used in the vibratory 
analysis of railways under high speed time-variant 
moving loads. In this study, the reference site has been 
chosen as a rectilinear ballasted track resting at the top 
of a homogeneous clayey soil. Physical decoupling 
between the rail and the other components of the track has 
been proposed in which the rail (Euler-Bernoulli beam) 
has been considered to be supported by a viscoelastic 
foundation. To integrate the foundation dynamic effect 
in the response of the beam, the results obtained from 
three-dimensional simulations have been used. The 

sensitivity of the dynamic impedances of the simplified 
model has been investigated with respect to the frequency 
and traveling velocity of the load. The genetic algorithm 
has been used for parameter optimization purposes. 
The continuous viscoelastic foundation has been found 
to give acceptable results in which the error on the 
displacement field ranges from 8% to 20%. On the other 
hand, the developed model allows a large decrease in 
the calculation time when compared to an equivalent 3D 
advanced simulation.
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