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Abstract: Nested Newmark model (NNM) can obtain the post-earthquake profile of the slopes in limit equilibrium 
or limit analysis method. The purpose of this study is to extend the NNM from the limit equilibrium method to a limit 
analysis method, and then involve the dynamic response of slopes into the prediction of the permanent displacement based 
on decoupled analysis. Parametric studies are carried out to further investigate the influences of slope height, soil shear 
wave velocity and input ground motion. The calculated results indicate that neglecting the dynamic response of slopes 
can underestimate the post-earthquake displacements. As the slope height increases or shear wave velocity reduces, the 
underestimation is more significant. At the fundamental natural period of the site, the underestimation is particularly 
remarkable. For induced earthquake waves with a small value of mean period, the influence of the dynamic response can be 
ignored when the fundamental period deviates from the mean period.
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1  Introduction

Earthquake-induced landslides are very common in 
seismic areas and the evaluation of slope stability needs 
to be given more attention. The approach of seismic 
assessments for slope stability can be divided into three 
main categories: pseudo-static method (e.g., Terzaghi, 
1950; Sarma and Bhave, 1974), Newmark sliding block 
analysis (e.g., Newmark, 1965; Sarma, 1975), and stress-
deformation analysis (e.g., Seed et al., 1975; Lee et al., 
1974). The traditional pseudo-static method carries out 
the limit equilibrium (LE) or limit analysis (LA) to obtain 
the factor of safety for a given peak acceleration and 
neglects the acceleration-time history of the seismicity. 
The Newmark method can determine the permanent 
displacement of the slope during the earthquake. 

Furthermore, conducting dynamic finite-element (FE) or 
finite-difference (FD) analyses (e.g., Serff et al., 1976; 
Chugh et al., 2006) can obtain the stress and strain 
results of the slopes induced by earthquakes. However, 
the accuracy of the numerical results depends on the 
soil dynamic constitutive and boundary conditions. The 
estimation of permanent displacement of a slope based 
on the Newmark method bridges the gap between the 
simplified pseudo-static method and complicated stress-
deformation analysis.

The classic Newmark method originates from the 
single rigid sliding block for seismic analysis of an earth 
dam and its results have been validated with laboratory 
model tests (e.g., Goodman and Seed, 1966; Wartman 
et al., 2005). Through dynamic centrifuge model tests, 
Kutter and James (1989) found a deep rotational failure 
surface in a clay embankment. The Newmark method 
was developed to determine the displacement using a log-
spiral surface in LE or LA (e.g., Ling and Leshchinsky, 
1995; You and Michalowski, 1999; Aminpour et al., 
2018; Yang et al., 2020). However, the rotational failure 
mechanism was still limited to sliding of a rigid body. 
Experimental results (Wartman et al., 2005; Kutter and 
James, 1989) demonstrated general deformations which 
exhibit multiple failure surfaces or regions of internal 
shear movements. To include general deformation in 
the Newmark method, Leshchinsky (2018) recently 
proposed a Nested Newmark model (NNM) to predict 
the post-earthquake displacement profiles of slopes using 
both of planar and rotational failure surfaces in LE. The 
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effects of multiple slip surfaces and dispersed regions of 
internal shear movement are considered in NNM.

The influence of slope response on the post-
earthquake deformation was observed in some shaking 
table tests (Hong et al., 2005; Lin and Wang, 2006) and 
numerical simulations (Boukovalas, 2005; Dai et al., 
2019; Zhang et al., 2018). Through comparisons of the 
seismic displacements obtained from different Newmark 
methods, Jibson (2011) found that the assumption 
of rigid-block sliding could yield an unconservative 
estimation on the displacement due to the flexibility of 
the earth structures. The dynamic response of soil slopes 
should be considered by the seismic assessment. Makdisi 
and Seed (1977) extended the Newmark procedure with 
a decoupled analysis, in which the computation of the 
dynamic analysis and the displacement were performed 
independently. To provide more appropriate dynamic 
analysis for application, Rathje and Bray (2001) carried 
out one-dimensional (1D) and two-dimensional (2D) 
dynamic response analyses of earth structures and 
demonstrated that 1D analysis can provide a reasonably 
conservative estimate of the seismic loading and 
earthquake-induced permanent displacement for deep 
sliding surfaces. However, their dynamic response 
analyses were limited to one-block sliding. The purpose 
of this study is to include the 1D dynamic response 
analyses into NNM. In the framework of LA, the log-
spiral failure surface is employed here to determine the 
post-earthquake displacement profiles of soil slopes. 
Parametric studies are performed to investigate the 
influence of slope height, soil shear stiffness, and input 
motions on the deformation.

2   Methodology

In the framework of the Newmark method, 
Leshchinsky (2018) employed the LE approach to 
determine the post-earthquake profile of the slopes 
subjected to translational and rotational failure. As 
presented in Baker and Garber (1978), using the 
variational extremization of the factor of safety obtained 
the most critical failure surface, which was defined as 
a log-spiral. Leshchinsky et al. (1985) presented the 
equivalence between the variational LE approach and 
the kinematic approach of LA based on the upper-bound 
(UB) theorem of plasticity. This study involves the log-
spiral failure surface in NNM and then determines the 
seismic displacements of earth slopes.

Figure 1 represents a homogeneous soil slope model 
subjected to pseudo-static seismic forces at the verge of 
failure. The inclination of the slope is described by angle 
b; the height of the slope is defined as H; and the soil 
is characterized by internal friction angle φ, cohesion 
c, and unit soil weight γ. First, conducting the pseudo-
static approach can obtain the yield acceleration and the 
corresponding critical slip surface. The sliding body ABC 
rotates about the center O along a log-spiral AC passing 
through the slope toe. The log-spiral AC is expressed as

0( ) tan
0er r θ θ ϕ−=                            (1)

where r0 = distance between center O and point A; θ0 = 
angle between line OA and a horizontal line; and θh = 
angle between OC and horizontal line.

Based on the UB theorem, equating the rate of work 
done by the external forces (i.e., soil gravity weight and 
seismic forces) to the rate of the energy dissipation along 
the slip surface can yield the energy balance

sW W Dγ + =                             (2)

where Wγ = rate of work done by soil weight, Ws = rate 
of work done by the pseudo-static seismic load which 
defined by seismic coefficient k; and D = rate of internal 
energy dissipation for the sliding body ABC. The work 
rate Wγ can be calculated as the work rate of fictitious 
block OCA minus the work rates of the blocks AOB, 
BOC

3
1 2 3 0= wW W W W r fγ γ γ γ γω− − =                 (3)

where Wγ1, Wγ2, Wγ3 = the rate of work done by the soil 
weight of OCA, AOB, BOC respectively; and fw = the 
function coefficient of β, θ0, θh; ω = angular velocity. 
Similarly, the rate of work done by seismic forces S can 
be written as

3
1 2 3 0=s s s s sW W W W k r fγω− − =                 (4)

where Ws1, Ws2, Ws3 = the rates of work done by the 
seismic forces on OCA, AOB, BOC respectively; 
and fs = the function coefficient of β, θ0, θh. In terms of 
the principal strain rates, the dissipation within the slip 
surface can be expressed as

Fig. 1   Failure mechanism of rotational collapse
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2
0 dD c r fω=                             (5)

where fd is the function coefficient of θ0, θh, φ. The 
detailed expressions of fw, fs, and fd are given in the 
Appendix.

Substituting Eqs. (3)-(5) into Eq. (2) can obtain the 
seismic acceleration coefficient k, as

0

d w

s

cf fk
sr fγ

= −                           (6)

The upper bound of the yield acceleration ky is 
determined through the search for the minimum of k 
using Eq. (6), and the most critical slip surface is also 
obtained. After determining ky, the derived sliding body 
ABC is discretized into n blocks. For arbitrarily arbitrary 
nested block i, the corresponding slip surface (AC)i starts 
from point Ai and exits the slope face on point Ci. To 
avoid overlapped blocks, this procedure assumes that 
point Ai is in the front of the beginning point of the 
adjacent slip surface which is below the block i and point 
Ci is above the exiting point of that block. Repeating Eq. (6) 
can obtain the yield accelerations and geometry of the 
rest of the nested blocks. In this study, all the mentioned 
variables with subscript i correspond to block i.

The relative displacement of an arbitrary block 
i can be evaluated by combining the corresponding 
yield acceleration kyi and the input of acceleration-
time history ki(t) that is computed through dynamic 
analysis corresponding to the given block, following the 
decoupled theorem. This process is presented as follows.

In the arbitrary block i, the movement triggered by 
seismic forces is assumed as rotational collapse. Hence, 
an additional work rate of the rotation of the sliding body  

g
i

i i
G lθ

 
will appear as a term on the right side of Eq. (2)

( )3 3
0 0 g

i
i i i si i di i i

Gr f k t f cr f lγ θ+ = +  


          
(7)

where θ  = the rotation acceleration; Gi = the weight of 
the rotation block; li = the distance from center Oi to the 
gravity center of the rotation block; and g = the constant 
of gravity acceleration. The detailed expressions of Gi, 
li are given in the Appendix. The rotation acceleration-
time history is solved as

( )
3

0
y

2
( )

g

i
i i i si

i
i

rt k t k fG l

γ
θ  = − 


               

(8)

In terms of the Newmark theorem, the rotation 
velocity θ  increases as long as ki(t) exceeds kyi and 
reaches its maximum when ki(t) decreases again to kyi. 
When ki(t) drops down to some value below kyi, the block 

slows down and ceases. Double integrating iθ  over the 
time interval with a triangle transform, the horizontal 
relative displacement uxi, which occurs at point Ci, can 
be calculated.

( ) h hsin d dxi i i it r t tu θ θ= ∫∫                       
(9)

Based on Seed and Martin’s (1966) theorem, 
a dynamic analysis is performed to provide the 
acceleration-time history ki(t) independently for the 
decoupled calculation of relative displacements. In 
the 1-D analysis, ki(t) can be easily calculated by 
k = τ/σ, where τ is the shear stress at a given height, and 
σ is the total vertical stress at a given height. The max 
seismic coefficient at a given height [kmax(h)] defines 
the maximum equivalent loading for a given input 
motion along the height. Using the one-dimensional site 
response analysis program – DEEPSOIL (Hashash et al., 
2016), the dynamic analysis of soil slopes in this study 
is performed to provide a corresponding acceleration-
time history ki(t) to evaluate the relative displacement 
uxi. DEEPSOIL is a widely used program in 1-D site 
response analysis that can perform: 1-D nonlinear time 
domain analyses with and without pore water pressure 
generation; 1-D equivalent linear frequency analyses 
including convolution and deconvolution; and 1-D linear 
time and frequency domain analyses. To simplify this 
procedure in this study, 1-D linear frequency domain 
analyses of DEEPSOIL are used to calculate the response 
acceleration and shear stress distribution to provide the 
acceleration-time history ki(t). The parameters such as H, 
γ, Vs, and λ should be input, where Vs is the shear wave 
velocity of a soil column and λ is the damping ratio.

The total horizontal displacement of each nested 
block is then integrated for a given time increment, 
starting with the basal region and sequentially proceeding 
towards the crest (see Fig. 2).

( )
0

d
H

H xid u t H= ∫
                       

(10)

Furthermore, yield accelerations of the upper nested 
blocks increase as the height increases. Therefore, 
the upper regions may not encounter yield and their 
displacement is solely a result of displacement of 
underlying failures.

3  Verifications

Following the same example given by Leshchinsky 
(2018), a 1:1 slope (Fig. 3(a) is built on a rigid base, 
consisting of a uniform soil characterized by γ = 20 kN/m3, 
φ = 34° and c = 15 kPa. The dynamic properties of 
the soil are preestablished with a constant shear wave 
velocity Vs = 640 m/s and damping ratio λ = 0.2. The 
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slope is subjected to a seismic input of the 1999 Chi-Chi 
earthquake in Taiwan (M = 7.52, Station TCU072-000, 
t = 66 s, Δt = 0.005 s, the vertical acceleration is ignored) 
scaled to the maximum horizontal acceleration of 0.4 g, 
as shown in Fig. 3(b). Conducting the presented method 
can obtain the yield acceleration along the slope height, 
as illustrated in Fig. 4(a). They are in good agreement 
with the results given by Leshchinsky (2018).

Using the same input parameters into DEEPSOIL, 
the 1D dynamic analysis of the slope is carried out to 
calculate the maximum accelerations of the equivalent 
seismic loading along slope height, kmax(h), as shown 
in Fig. 4(b). Different from a constant value of the kmax 
using in Leshchinsky (2018), the value of kmax derived 
from the dynamic analysis increases along the height 
due to the effect of seismic amplification in layered soil. 
The acceleration kmax can reach 0.6 g on the crest of the 
slope. Based on NNM, 10 evenly-spaced nested blocks 
are applied to estimate the post-earthquake displacement. 
Using the yield curve and the equivalent acceleration-
time history, the horizontal relative displacement of the 
series of nested blocks can be calculated. By integrating 
the relative displacement of each block from toe to 

crest, the horizontal displacement profile is determined, 
as shown in Fig. 5. Figure 6 also illustrates the total 
displacement time-series and initial/deformed slope 
profiles. Although the seismic amplification towards 
the crest of the slope is 1.5 times, the calculated total 
displacement is slightly larger than that of Leshchinsky 
(2018). The results of decoupled/coupled and rigid block 
analysis, which are obtained by SLAMMER, are also 
illustrated in Fig. 6. The maximum displacements are 
41.85 cm and 39.62 cm for the decoupled and coupled 
methods, respectively. They are greater than that of the 
rigid block analysis (29.90 cm), but are much smaller 
than the NNM result.

4  Parametric studies

Using the extended NNM approach, parametric 
studies (e.g., slope height, shear stiffness, and input 
motion) are given here to investigate their influences 
on the post-earthquake displacement profiles of earth 
slopes.

(1) Slope Height
For homogeneous slopes comprised of the soil 

properties γ = 20 kN/m2, c = 20 kPa, φ = 33.8° and 
λ = 0.2, Vs = 300 m/s and the inclination β = 45°, the 
slope height can affect the seismic stability according to 
both the pseudo-static analysis and dynamic response 
analysis. Different heights H = 20 m, 30 m and 40 m 
are considered here and then the corresponding yield 
accelerations for the critical failure are calculated as 
ky = 0.21, 0.14 and 0.07, respectively. Based on the 
obtained critical slip surface, the yield acceleration 
along the slope height can be determined, as shown in 
Fig. 7(a). As expected, the yield acceleration increases 
with the increasing height. DEEPSOIL is used to obtain 
the maximum acceleration along the slope height with 
the Chi-Chi seismic input, as illustrated in Fig. 7(b). The 
amplification of the maximum acceleration on the crest 
increases from 1.53 to 1.74 as the slope height increases. 

As presented in Huang et al. (2009), the ratio of 
the seismic horizontal displacement and the slope 
height (dH/H) is given along the height, as shown in 
Fig. 8. The results derived from the method proposed Fig. 2  Displacement pattern of rotational collapse

Oi

AAjB

C

Ci

(a) (b)
Fig. 3   Example and input motion: (a) slope geometry and soil properties; (b) input seismic motions
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by Leshchinsky (2018) are also included here for 
comparison to demonstrate the significant influence 
of the dynamic response on the seismic displacement. 
More seismic displacements are induced in slopes with 
a greater value of height. Figure 9 illustrates the post-
earthquake profiles for slopes with different values of 
height. The dynamic response makes the higher slope 

unstable, producing larger seismic deformations. Rigid 
block and decoupled/coupled analysis are also conducted 
by SLAMMER for comparison, and these results are 
filled in Table 1. The method of this study yields the 
greatest value of the seismic displacement. For slope 
height H = 20 m, the result of NNM method is closer 
to the results of the decoupled and coupled methods. 
However, as the slope height increases, the difference 
becomes significant.

(2) Shear wave velocity
As previously stated, the shear stiffness is 

characterized by the shear wave velocity Vs. The value of 
Vs can be estimated by max /sV G ρ= , where Gmax = the 
maximum shear modulus and ρ = soil density. A slope is 
comprised of H = 35 m, β = 45°, c = 20 kPa, φ = 33.8° 
and λ = 0.2. Different shear wave velocities Vs = 200 m/s, 
300 m/s, 400 m/s, and 500 m/s are considered here for the 
investigations. The yield accelerations of nested blocks 
are calculated first using DEEPSOIL and the Chi-Chi 
seismic wave to obtain the maximum acceleration, as 
shown in Fig. 10(a). As the shear wave velocity increases, 
the effect of the seismic amplification becomes less 
significant on the slope crest. Typically, the amplification 
of the maximum acceleration decreases from 1.91 times 
to 1.59 times when the shear wave velocity increases 
from 100 m/s to 500 m/s. The seismic displacement is 
calculated along the slope height, as shown in Fig. 10(b). 
The displacement increases as the shear wave velocity 
decreases. The maximum displacement derived from the 
present method occurs at the positions of 28 m for Vs = 
500 m/s, while the maximum displacement determined 
by NNM occurs at a height of 17.5 m. Figure 11 

(a) (b)
Fig. 4   Comparison of yield acceleration and maximum seismic acceleration: (a) yield curve; (b) maximum seismic accelerations 
              along the slope height

Fig. 5  Horizontal displacement profiles from this study and 
             Leshchinsky (2018)
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illustrates the post-earthquake profiles for slopes with 
different shear wave velocities. It indicates that ignoring 
the dynamic response could underestimate the seismic 
deformation. The post-earthquake deformation becomes 
more obvious as the shear wave velocity decreases.

(a) (b)
Fig. 6  Comparisons of the displacements of different Newmark methods: (a) displacement time-series; (b) initial/deformed 
              slope profiles

(a) (b)

Fig. 7   Yield acceleration and maximum acceleration: (a) yield curve; (b) kmax along the slope height from 1D dynamic analysis

Fig. 8   Horizontal displacement profiles

Fig.  9   Initial/deformed slope profiles
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The NNM proposed by Leshchinsky (2018) and the 
Newmark method based on a rigid block neglect the 
soil dynamic response. Once the soil dynamic response 
is involving in Newmark methods, the shear wave will 
affect the displacements, as shown in Fig. 12. The results 
of the decoupled/coupled methods are also included. It 
can be seen that, the effects of the dynamic response 
become more significant as the shear wave velocity 
decreases. In addition, the results of decoupled/coupled 
method are in the range between results of Newmark 
rigid-block and NNM methods. Therefore, the shear 
stiffness should be paid more attention to the seismic 
design of slope stability for practice.

(3) Input Ground Motion
Two selected earthquake records are used here as 

input into both the present analysis and the NNM. 
Figure 13 presents the seismic waves for the Chi-Chi 
and Big Bear earthquakes and two sinusoidal waves, of 
which the mean period Tm is the same as that for Chi-Chi 

and Big Bear earthquakes, respectively. The mean period 
of the Chi-Chi earthquake (Tm = 0.59 s) is greater than 
that of the Big Bear earthquake (Tm = 0.26 s, 6/26/1992, 
Civic Center, 90°). The mean period Tm of an earthquake 
ground motion is defined as follows:

( )2

m 2

1 /i i
i

i
i

C f
T

C
=
∑
∑

                       (11)

where Ci = square roots of the sum of the squared 
real and imaginary parts of the positive frequency fast 
Fourier transform coefficients; and fi = discrete fast 
Fourier transform frequencies from 0.25 to 20 Hz.

The maximum acceleration of the sinusoidal 
motions is identical to that of the earthquakes. The 1D 
fundamental period of soil slopes, Ts, can be estimated 

Fig. 11  Initial/deformed slope profiles Fig. 12  Effects of the shear wave velocity on the seismic 
                 displacement using various Newmark methods
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Fig. 10  Influence of soil shear wave velocity: (a) yield curve and maximum seismic accelerations along the slope height; 
                (b) horizontal displacement profiles
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by Ts = 4H/Vs. To further investigate the influence of 
the dynamic response on the seismic displacement, 
parameter η is introduced here, as the ratio of the 
maximum horizontal displacements derived from the 
present method and the NNM.

Figure 14 illustrates the variation of the displacement 
ratio η with the period ratio Ts/Tm. The calculated 
results are fitted by the Gaussian regression. When the 
fundamental period is closer to the mean period of the 
input motion, the predicted displacement of the present 
analysis is much quieter than the displacements derived 
from NNM. For the sinusoidal motions, their difference 
can reach the maximum value corresponding to Ts/Tm = 0.98 
and 0.99 for the two cases. For the earthquake records, 
the ratio η reaches the maximum value when the values 
of Ts/Tm are 1.14 and 1.22, respectively. The condition 
approaches resonance when the input motions are 
smooth sinusoidal wave motions (i.e., not erratic). Figure 
14 also indicates that the range of the ratio η varies with 
the mean period. When the mean period of the input 
motion is 0.59 s, neglecting the dynamic response can 
underestimate the seismic displacement, especially for 

sinusoidal motions. In Fig. 14(b), the present method 
would be unconservative when Ts/Tm > 1.80 in recorded 
ground motion or Ts/Tm > 1.38 in the sinusoidal wave 
motion.

The decoupled/coupled analyses are also conducted 
for the discussion. Parameter η is redefined as the ratio 
of results obtained by decoupled/coupled analyses and 
Newmark rigid block analysis here. For slopes subjected 
to Chi-Chi (1999) earthquake, the η is illustrated in 
Fig. 15. They are smaller than the ratio obtained by the 
presented method, as shown in Fig. 14(a). The input 
ground motion can affect the deformation of the slopes 
and result in resonance effects. When the fundamental 
period Ts deviates from the mean period of the input 
motion comprised of low values of the frequency, the 
predicted displacement of the present analysis is closer to 
the result of NNM. In this situation, the influence of the 
dynamic response can be ignored. When the ratio Ts/Tm 
is greater than a certain value, the displacement obtained 
from the present method tends towards being smaller 
than the result of NNM for input motions comprised of 
high frequency. The influence of the dynamic response 

(a) (b)

(c) (d)
Fig. 13  Input motions: (a) Chi-Chi Earthquake; (b) Big Bear Earthquake; (c) sinusoidal wave (Tm= 0.59 s); (d) sinusoidal 
                wave (Tm= 0.26 s)
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Fig. 14   Effect of input motions: (a) Chi-Chi Earthquake and sinusoidal wave (Tm= 0.59 s); (b) Big Bear Earthquake and sinusoidal 
              wave (Tm= 0.26 s)
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can be ignored when the fundamental period is far away 
from the mean period of the input motion.

5  Conclusion

This study takes the dynamic response account 
of NNM to obtain the post-earthquake deformation of 
slopes in cohesive soils. The rotational log-spiral surface 
is adopted in LA to determine the upper-bound solution 
of the yield acceleration. 1D dynamic analysis is carried 
out in the framework of DeepSoil. Using the decoupled 
analysis can evaluate the effects of the dynamic 
response on the seismic slope displacement. Based on 
the calculated results, the following conclusions can be 
obtained.

(1) Neglecting the dynamic response can 
underestimate permanent displacements of the seismic 
slope.

(2) Involving the dynamic response, the elevation 
of the maximum displacement is closer to the slope 
crest. Due to the dynamic response, more nested blocks 
encounter yield and the deformation becomes more 
obvious.

(3) When the fundamental period Ts approaches 
the mean period Tm, the resonance effect is dominant 
and yields more seismic displacements. For induced 
earthquake waves with a small value of Tm, the 
fundamental period deviates from the mean period 
and then the influence of the dynamic response can be 
ignored. For high slope comprised of soil with low shear 
wave velocity, the influence of the dynamic response 
should not be omitted due to Ts < Tm.

As the potential deformed shape and the 
corresponding maximum deformed region can be 
obtained from NNM with dynamic analysis, it’s useful 
for seismic design in practice. The presented method 
neglects the sliding in the dynamic response analysis and 
is limited to the uniform slopes. For reinforced slopes/
walls, their flexible or rigid reinforcements may affect 
both the failure mechanism and the dynamic response. 
Extrapolating the application of the present analysis to 
reinforced structures is straightforward.
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