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Abstract: Structures located in seismically active regions may be subjected to mainshock-aftershock (MSAS) sequences. 
Strong aftershocks signifi cantly affect the hysteretic energy demand of structures. The hysteretic energy, EH,seq, is normalized 
by mass m and expressed in terms of the equivalent velocity, VD,seq, to quantitatively investigate aftershock effects on the 
hysteretic energy of structures. The equivalent velocity, VD,seq, is computed by analyzing the response time-history of an 
inelastic single-degree-of-freedom (SDOF) system with a varying vibration period subjected to 309 MSAS sequences. The 
present study selected two kinds of MSAS sequences, with one aftershock and two aftershocks, respectively. The aftershocks 
are scaled to maintain different relative intensities. The variation of the equivalent velocity, VD,seq, is studied for consideration 
of the ductility values, site conditions, relative intensities, number of aftershocks, hysteretic models, and damping ratios. 
The MSAS sequence with one aftershock exhibited a 10% to 30% hysteretic energy increase, whereas the MSAS sequence 
with two aftershocks presented a 20% to 40% hysteretic energy increase. Finally, a hysteretic energy prediction equation is 
proposed as a function of the vibration period, ductility value, and damping ratio to estimate hysteretic energy for mainshock-
aftershock sequences.
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1 Introduction 

Recent earthquakes suggest strong mainshocks are 
followed by many aftershocks (CENC, 2008; Kyoshin-
Net, 2009). For example, fi ve aftershocks (Mw>6.0) were 
recorded for the 2008 Mw 7.9 Wenchuan earthquake 
(CENC, 2008). However, there often is insuffi cient time 
to repair mainshock-damaged buildings prior to the 
occurrence of subsequent aftershocks, thereby further 
worsening the conditions of mainshock-damaged 
buildings as confi rmed during post-earthquake fi eld 
reconnaissance (Augenti and Parisi, 2010; Ceci et al., 

2010; Di Sarno et al., 2013). Unfortunately, current 
seismic codes are established on the basis of a single 
design earthquake and do not consider the aftershocks 
(CEN, 2003; IBC, 2006). It is therefore of great 
signifi cance to investigate the effects of mainshock-
aftershock (MSAS) sequences on such structures.

Currently, extensive investigations have been 
conducted  to discuss the importance of considering 
the effects of aftershocks on the inelastic response 
spectra of single-degree-of-freedom (SDOF) systems 
(Hatzigeorgiou, 2010a, b; Moustafa and Takewaki, 
2011; Goda, 2012; Goda and Taylor, 2012; Di Sarno, 
2013; Zhai et al., 2013a, b; Zhai et al., 2014, 2015). 
Several principles have been proposed to consider the 
effects of aftershocks in performance-based seismic 
design. In addition, some studies have exhibited the 
effects of aftershocks on multiple-degree-of-freedom 
(MDOF) structures (Hatzigeorgiou and Liolios, 2010; 
Moustafa and Takewaki, 2010; Ruiz-García and 
Negrete-Manriquez, 2011; Faisal et al., 2013; Nazari et 
al., 2013).

Housner (1956) initially proposed the energy 
method, which was subsequently employed by many 
investigations (Zahrah and Hall, 1982; Akiyama, 1985; 
Kuwamura and Galambos, 1989; Uang and Bertero, 
1990; Fajfar and Vidic, 1994; Chai et al., 1995, 1998; 
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Chai and Fajfar, 2000; Zhai et al., 2016) to replace 
conventional design methods. Recent scientifi c efforts 
(Decanini and Mollaioli, 1998, 2001; Manfredi, 2001; 
Riddell and Garcia, 2001; Arroyo and Ordaz, 2007a, b; 
Dindar , 2015) have been devoted to interpreting 
the seismic demand of structures from the perspective 
of the hysteretic energy demand spectra. Several studies 
extended the energy method from SDOF systems to 
MDOF systems (Choi and Kim, 2006; Bojórquez et 
al., 2008; Bojórquezet et al., 2010; Gong et al., 2012). 
The equivalent energy velocity has been used in several 
seismic design codes for the energy spectra design 
(Benavent-Climent et al., 2002, 2010; Amiri et al., 2008; 
López-Almansa et al., 2013).

Hysteretic energy and damage simultaneously appear 
and are caused by the inelastic deformation of structures. 
Therefore, hysteretic energy can be considered as an 
effective measure in assessing seismic structural damage. 
Nevertheless, the effects of aftershocks on hysteretic 
energy have not been fully investigated. In addition, 
many studies (Hatzigeorgiou, 2010a, b; Moustafa and 
Takewaki, 2011; Goda, 2012; Goda and Taylor, 2012; 
Di Sarno, 2013; Zhai et al., 2013a, b) have noted the 
prominence of aftershock effects in performance-based 
seismic design. Therefore, it is of great signifi cance to 
investigate the characteristics of hysteretic energy in 
mainshock-aftershock sequences.

In light of the above discussions, the present study 
evaluated the hysteretic energy of inelastic SDOF 
structures subjected to MSAS sequences. Three 
hysteretic models were chosen to represent structures 
with different inelastic behaviors. The relative intensity 
( PGA), which is defi ned as the ratio of the aftershock 
PGA to that of the corresponding mainshock, was used 
to scale the intensity of the aftershocks. The hysteretic 
energy of the MSAS sequences was normalized by 
its mass, m, and expressed in terms of the equivalent 
velocity, VD,seq. Finally, a prediction equation for VD,seq 
was proposed through extensive parameter analysis.

2   Defi nition of energy response parameters

The hysteretic energy of a SDOF system can be 
expressed as follows (Uang and Bertero, 1990):

  
2

H s sd ( ) / (2 )E f x f k                        (1)

where EH is the hysteretic energy, and fs is the resisting 
force.

In this study, the hysteretic energy is normalized by 
mass m and expressed in terms of the equivalent velocity, 
VD, which is defi ned as follows:

D H2 /V E m                                (2)

Dindar et al. (2015) investigated the relation between 
hysteretic energy, EH, and PGA, as follows:

 
 2 0.1g

H H/ 0.1gE PGA E                        (3)

where PGA is the peak ground acceleration of the ground 
motions and 0.1g

HE  is the hysteretic energy for a PGA of 
0.1 g. The relation between the equivalent velocity, VD, 
and PGA of the ground motions can be deduced from 
Eqs. (2) and (3) as follows:

  0.1g
D D/ 0.1gV PGA V                       (4)

where 0.1g
DV  is the equivalent velocity for a PGA of 0.1 

g. Equation (4) is suitable for the relation between the 
equivalent velocity, VD, and PGA for structures under 
single ground motions.

The aftershocks were scaled for different intensities 
to investigate the effects of aftershocks on hysteretic 
energy. The notation  PGA is introduced and is defi ned 
as the ratio of the PGA of the aftershock, PGAas, to that 
of the corresponding mainshock, PGAms, as follows:
  

as ms/PGA PGA PGA                        (5)

The PGA of aftershocks can be written as follows:

 as msPGA PGA PGA                         (6)

From Eqs. (4) and (6), the equivalent velocity of 
the mainshocks and aftershocks, respectively, can be 
expressed as follows:

  0.1g
D,ms ms D,ms/ 0.1gV PGA V                     (7)

 
  0.1g

D,as ms D,as/ 0.1gV PGA PGA V              (8)

where VD,ms is the equivalent velocity of the mainshocks,  
0.1g

D,msV
 is the equivalent velocity of the mainshocks for 

a PGAms of 0.1 g, VD,as is the equivalent velocity of the 
aftershocks, and 0.1g

D,asV  is the equivalent velocity of the 
aftershocks for a PGAas of 0.1 g.

The equivalent velocity of the MSAS sequences is 
described as follows:
 

   
  

ms 0.1g 0.1g
D,seq ms D,ms ms D,as

0.1g 0.1g
ms D,ms D,as

/ 0.1g + / 0.1g

= / 0.1g +

PGAV PGA V PGA PGA V

PGA V PGA V

    

 
 

(9)

If an MSAS sequence with a PGAms has a value equal 
to 0.1 g, then the PGAas of the MSAS sequence would 
equal  PGA×0.1 g. According to Eq. (4), the equivalent 
velocity of the mainshock with a PGAms of 0.1 g and an 
aftershock with a PGAas of PGA×0.1 g, respectively, 
can be written as follows:

  0.1g 0.1g
D,ms D,ms D,ms0.1g / 0.1gV V V               (10)
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  0.1g 0.1g

D,as D,as D,as0.1g / 0.1gV PGA V PGA V       (11)

Thus, the equivalent velocity of this MSAS sequence 
can be written as follows:

0.1g 0.1g 0.1g
D,seq D,ms D,asV V PGA V                  (12)

where  0.1g
D,seqV  is the equivalent velocity of the MSAS 

sequences for a PGAms of 0.1 g.
According to Eqs. (9) and (12), the equivalent 

velocity of MSAS sequences can be written as follows:

 ms 0.1g
D,seq ms D,seq= / 0.1gPGAV PGA V                 (13)

Therefore, the present study may proceed with the 
use of Eq. (4) for the examined MSAS sequences used 
in this study, where the energy terms were computed in 
terms of the unit mass.

The present study employed three hysteretic 
models: (i) elastic-perfectly-plastic (EPP) model, which 
represents a non-degrading system; (ii) modifi ed-clough 
(MC) model, which simulates the fl exural behavior and 
exhibits stiffness degradation upon reloading (Miranda 
and Ruiz-Garcia, 2002; Zhai et al., 2013b); and (iii) 
stiffness strength degradation (SSD) model based on the 
three-parameter model (Kunnath et al., 1990; Kunnath 
et al., 1992), which represents the global behavior of 
systems that exhibit stiffness degradation and strength 
deterioration during reloading branches. Moreover, 

Figure 1 presents the force-displacement loops for 
these three models, which were obtained from the time 
history analysis of a SDOF structure subjected to an 
MSAS sequence with one aftershock (Mw=5.9) that was 
recorded in the Chi-Chi earthquake (TCU067 N-S).

The present study evaluated inelastic SDOF systems 
with a set of 79 vibration periods (a period range of 0.1 
s–2.0 s with a time-step of 0.05 s and a period range 
of 2.0 s–6.0 s with a time-step of 0.1 s). Three viscous 
damping ratios (ζ = 0.02, 0.05, and 0.1) were adopted. 
Five ductility values (μ = 2, 3, 4, 5, and 6) were considered 
to investigate different ductility performances. The 
ductility value is defi ned as follows:

m

y

x
x

                                    (14)

where xm is the maximum relative displacement of 
a SDOF system, and xy is the yield displacement of a 
SDOF system.

Figure 2 illustrates the computation fl owchart of 
hysteretic energy. c, K0, wn, Fe, xe, and VD,ms represent the 
damping coeffi cient, elastic stiffness, natural circular 
frequency, maximum elastic force, maximum elastic 
displacement, and equivalent velocity of the mainshocks, 
respectively. The hysteretic energy was calculated by 
gradually reducing the applied strength of the SDOF 
systems from the corresponding elastic strength demand 
until a specifi ed ductility value with a tolerance of 1% 
was achieved.
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Fig. 1  Force–displacement loops of SDOF structures under a set of given conditions (for Chi-Chi earthquake sequence including  
            one aftershock Mw = 5.9, ζ = 0.05,  PGA = 0.8, μ = 2 and T = 0.2 s), for three models: (a) EPP; (b) MC; (c) SSD
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3   Ground motions

The present study evaluated two kinds of MSAS 
sequences, with one aftershock and two aftershocks, 
respectively. The site classifi cation in this study adopted 
the defi nitions of the USGS site classifi cation system 
(Boore, 1993). The number of qualifi ed MSAS sequences 
recorded for site classes A and D was not included in this 
manuscript as they are limited.

Many researchers (Baker and Allin, 2006; Baker, 
2010; Katsanos et al., 2010; Ay and Akkar, 2012) 
proposed the criteria for selecting single earthquake 
ground motions, though these criteria are not applicable 
for selecting MSAS sequences given the limited number 
of MSAS sequences. Therefore, MSAS sequences were 
selected from the earthquake database in such a way 
that (1) there is suffi cient geological and geotechnical 
information at the recording station, where an 
acceleration device was located; (2) the ground motion 
was recorded at a free fi eld station, or on the ground level 
of a building; (3) for sequences with one aftershock, the 
PGA of the mainshocks and aftershocks are both greater 
than 0.1 g; and (4) for sequences with two aftershocks, 
the PGA of the mainshocks is greater than 0.1 g, and the 
PGA of every individual aftershock is greater than 0.05 

g. Tables 1 and 2 present the selected MSAS sequences 
for the present study, specifi cally a total of 218 recorded 
MSAS sequences with one aftershock and a total of 
91 recorded MSAS sequences with two aftershocks. 
The MSAS sequences were obtained from the PEER 
NGA database (http://ngawest2.berkeley.edu/). The 
present study applied a time gap of 100 s between two 
consecutive ground motions to simulate a real situation 
(Hatzigeorgiou, 2010a; Moustafa and Takewaki, 2011; 
Zhai et al., 2013a, b; Zhai et al., 2014, 2015).

For MSAS sequences with one aftershock, 
aftershocks with  PGA < 0.5 presented slight infl uences 
on the structural response (Zhai et al., 2013a). Thus, PGA = 
0.5 was employed as the smallest relative intensity. 
Although cases that exhibited a larger aftershock PGA 
than that of the corresponding mainshock have been 
recorded in the Chi-Chi earthquake (Zhai et al., 2013a), 
it is a rare phenomenon. Therefore,  PGA = 1.0 was 
employed to simulate the extreme case, while  PGA = 
0.8 (Zhai et al., 2013a; Dong and Frangopol, 2015) was 
considered as a moderate aftershock.

The intensities of aftershocks are dependent on 
earthquake magnitude, rupture distance, and site 
condition. Thus MSAS sequences with two aftershocks 
generally present different aftershock intensities and 
vary signifi cantly with changes in magnitude, rupture 
distance, and site condition. In order to simplify the 
situation, two aftershocks were scaled to the same 
intensity.  PGA = 0.5 was used as the smallest relative 
intensity. Hatzigeorgiou (2010b) repeated a seed record 
component with a scaling factor of 0.8526 to construct 
an MSAS sequence with three seismic events. According 
to Goda (2012), the method may induce bias towards the 
evaluation of the seismic demand. Therefore,  PGA = 
0.8 was used to simulate the extreme case.

A sequence with two aftershocks recorded in the 
Chi-Chi earthquake (CHY046 W-E) was selected 
to demonstrate the aftershock effects on hysteretic 
energy. The PGA of the mainshock, fi rst aftershock, 
and second aftershock are equal to 0.1424 g, 0.1204 g 
and 0.1012 g, respectively. Figure 3 (a) presents the 
ratio of the hysteretic energy for the sequence with 
one aftershock to that of the corresponding mainshock. 
Figure 3 (b) illustrates the ratio of the hysteretic energy 
for the sequence with two aftershocks to that of the 
corresponding mainshock. Figure 3 indicates that the 
sequence with one aftershock can increase the hysteretic 
energy by 15%, whereas the sequence with two 
aftershocks presented a hysteretic energy incremental 
percentage increase of 40%. Therefore, research on the 
effects of aftershocks on hysteretic energy is necessary.

4  Infl uence of various factors on VD,seq

4.1 Mean VD,seq

A total of 1,098,495 hysteretic energy indices, 
specifi cally 309 MSAS sequences, 79 vibration periods, 

Input ground motion and hysteretic model properties

Specify m, T, ζ, μi

Calculate K0, c, ωn

Calculate Fe, xe = Fe/K0

Time history analysis of the specifi ed system, calculate 
xm, then calculate the μ with equation μ = xm/ xy

Fy = Fe- ∆F, xy = Fy/K0 

|μ-μi | ≤ 0.01μi

No

Yes

Calculate VD, ms, VD, seq, VD, seq/ VD, ms

Proceed to 
another T or μi

Fig. 2  Computation fl owchart of hysteretic energy
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fi ve levels of ductility values, and three levels of 
relative intensities, for the three hysteretic models were 
computed as a part of this investigation. The result of 
each period, each ductility value, each relative intensity 
value, and each local site condition were then averaged 
to calculate the mean hysteretic energy indices. Note 
that for the brevity of the paper, MSAS sequences with 
one aftershock were used to study VD,seq in the following 
sections except Section 4.4. The seismic sequences 

effects on VD,seq were investigated using MSAS sequences 
with one aftershock and two aftershocks in Section 4.4. 
The mainshock in the MSAS sequences was scaled to 
0.1 g. The short, medium, and long period ranges were 0 
s–0.5 s, 0.5 s–1.5 s, and 1.5 s–6 s, respectively.

Figure 4 presents the variation of the mean VD,seq  for 
the EPP systems under a set of given conditions (for MSAS 
sequences with one aftershock, ζ = 0.05, PGA = 0.5 and 
m = 2, 3, 4, 5, and 6) at two different site classes. In the 

Table 2   Seismic information of MSAS sequences with two aftershocks and the number of ground motions 

   ChiChi Mainshock       1st Aftershock    2nd Aftershock Number of ground motions
Time MW Time MW Time MW Site Class B Site Class C

1999-9-20 7.62 1999-09-20, 17:57 5.9 1999-09-20, 18:03 6.2 3 4
1999-09-20, 21:46 6.2 0 2
1999-09-22, 00:14 6.2 1 1
1999-09-25, 23:52 6.3 2 0

1999-09-20, 18:03 6.2 1999-09-20, 21:46 6.2 6 2
1999-09-22, 00:14 6.2 11 6
1999-09-25, 23:52 6.3 12 0

1999-09-20, 21:46 6.2 1999-09-22, 00:14 6.2 2 2
1999-09-25, 23:52 6.3 5 4

1999-09-22, 00:14 6.2 1999-09-25, 23:52 6.3 14 14

Table 1   Seismic information of MSAS sequences with one aftershock and the number of ground motions 

Earthquake name
 Aftershock Number of ground motions

Time MW Time MW Site Class B Site Class C
Imperial Valley 1979-10-15,23:16 6.53 1979-10-15, 23:19 5.01 0 19

Northridge 1994-01-17,12:31 6.69 1994-01-17, 12:32
1994-03-20, 21:20

6.05
5.28

1
13

8
19

ChiChi 1999-09-20 7.62 1999-09-20, 17:57
1999-09-20, 18:03
1999-09-20, 21:46
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1999-09-20, 23:52
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6.2
6.2
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7
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Fig. 3   Ratios of hysteretic energy between sequence and mainshock for sequence recorded in Chi-Chi earthquake (CHY046 W-E): 
            (a) sequence with one aftershock; (b) sequence with two aftershocks
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short period range, the mean VD,seq increased following 
an increase in vibration period. In the medium-long 
period range, the mean VD,seq was moderately dependent 
on the vibration period and exhibited a slow increase 
with an increase in vibration period. In the long period 
range, the mean VD,seq was dependent on the vibration 
period and presented a decrease with an increase of the 
vibration period.

The critical period was introduced to defi ne different 
variations of the mean VD,seq versus vibration period. 
For example, structures built on site classes B and C 
exhibited a rough constant of 0.5 s for the fi rst critical 
period, wherein the ductility value  increased from 2 to 
6 (Fig. 4). The mean VD,seq in site class B exhibited a 
second critical period decrease from 0.90 s to 0.65 s as 
the ductility value increased from 2 to 6, as presented in 
Fig. 4 (a).

For the whole period, the mean VD,seq was dependent 
on and increased with the ductility value, μ, except 
ductility values μ =2  and μ =3 in the long period range. 
Structures built on site class C exhibited a mean VD,seq 
increase from 0.22 to 0.30 as the ductility value, μ, 
increased from 2 to 6 at a vibration period of T = 0.5 s. 

Likewise, the mean VD,seq increased from 0.31 to 0.38 as 
the ductility value, μ, increased from 2 to 6 at a vibration 
period of T = 2 s.

4.2  Variability of VD,seq

The coeffi cient of variation is denoted as COV and 
refl ects the relative dispersion of a series of numbers. 
Figure 5 illustrates the COV variation of VD,seq for the 
EPP systems under a set of given conditions (for MSAS 
sequences with one aftershock, ζ = 0.05,  PGA = 0.5, 
and μ = 2, 3, 4, 5, and 6) at two different site classes.

The variation of COV in Fig. 5 presents a similar 
general trend regardless of site conditions. The COV 
varied from 0.2–0.3 to 0.8–0.9 in the period range, which 
is meaningful for engineering structures. The largest 
value of COV (1.02) corresponds to a ductility value, μ,  
of  2 in Fig. 5 (b). The ductility value, μ, did not present 
any signifi cant effect on the COVs in the short period 
range. By contrast, the differences among the COVs for 
different ductility values, μ,  gradually enlarged as the 
vibration period increased. The COVs were signifi cantly 
dependent on the variation period for the whole period 
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range as they exhibited increases with an increase in the 
vibration period.

4.3  Effect of soil condition

An error may have been produced as the mean VD,seq 
of a specifi c site class was evaluated using the mean 
VD,seq of all site classes. The results in Fig. 6 provide 
assessment measurements for errors generated by 
ignoring the infl uence of specifi c site conditions. The 
mean VD,seq of a given site in Fig. 6 was normalized by 
the mean VD,seq of all the site classes for the EPP systems 
under a set of given conditions (for MSAS sequences 
with one aftershock, ζ = 0.05,  PGA = 0.5 and μ = 2, 3, 
4, 5, and 6). VD,B and VD,C represent the mean VD,seq of site 
classes B and C, respectively. VD,BC represents the mean 
VD,seq of all site classes.

In general, the VD,B/VD,BC ratios in Fig. 6 (a) were 
greater than 1.0 in the short period range, which 
indicates the production of an underestimation error 
when the mean VD,seq of site class B was evaluated using 
the mean VD,seq of all site classes. The VD,C/ VD,BC ratios 
(<1) in the short period range in Fig. 6 (b) indicate 
an overestimation error when the VD,seq of site class C 
was evaluated using the mean VD,seq of all site classes. 
Structures with long periods presented a high level of 
underestimation or overestimation of 25%, which may 
have been caused by resonance with the soil. Therefore, 
the effects of the site conditions could not be neglected 
in the long period range. However, the ratios in Fig. 6 are 
approximately close to 1.0 in the short-medium period 
range, thereby suggesting a low level of underestimation 
or overestimation of 6%. Thus, the effects of the site 
conditions on the VD,seq could be reasonably neglected in 
the short-medium period range.

4.4 Effect of relative intensity and number of 
         aftershocks

The ratios of VD for the MSAS sequences to that for 
the corresponding mainshock were calculated for each 
MSAS sequence, each vibration period, each ductility 

value, and each relative intensity value to study the 
effects of aftershocks on VD. The equivalent velocity 
for the MSAS sequences and for the corresponding 
mainshock are denoted as VD,seq and VD,ms, respectively.

Figure 7 presents the variation of the mean VD,seq/VD,ms 
for the EPP systems under a set of given conditions (for 
MSAS sequences with one aftershock on site class B, 
ζ = 0.05 and μ = 2, 3, 4, 5, and 6) for different relative 
intensities. Figure 7 presents a mean VD,seq/VD,ms greater 
than 1.0, which indicates an aftershock-caused increase 
in VD. The mean VD,seq/VD,ms in Fig. 7 (a) is roughly less 
than 1.05 and is almost independent of the vibration 
period. Figures 7 (b) and (c) exhibited a mean VD,seq/VD,ms 
of around 1.1 and 1.15, respectively.

As the relative intensity,  PGA, increased from 
0.5 to 1.0, the effects of the aftershocks on VD generally 
increased from 5% to 15% for most of the vibration 
periods. The effects of the aftershocks on the hysteretic 
energy in Fig. 7 presented an increase from 10% to 30% 
as the relative intensity,  PGA, increased from 0.5 to 
1.0.

The mainshock-damaged structure is generally 
subjected to several aftershocks. Thus, the effects of 
MSAS sequences with two aftershocks on VD were 
investigated. Figure 8 illustrates the variation of the 
mean VD,seq/VD,ms for the EPP systems under a set of given 
conditions (for MSAS sequences with two aftershocks 
on site class B, ζ = 0.05 and μ = 2, 3, 4, 5, and 6) for 
different relative intensities.

Figures 7 and 8 present a mean VD,seq/VD,ms that 
demonstrates similar trends. The results in Figures 
8 (a) and (b) indicate that MSAS sequences with two 
aftershocks have a more signifi cant effect on VD than 
MSAS sequences with one aftershock, as presented 
in Figs. 7 (a) and (b), respectively. The effects of the 
aftershocks on hysteretic energy in Fig. 8 exhibited an 
increase from 20% to 40% as the relative intensity, 
 PGA, increased from 0.5 to 0.8.

The aftershock effects on the hysteretic energy 
cannot be ignored based on the above observations. In 
particular, the aftershock more signifi cantly infl uences 

1.2

1.1

1.0

0.9

0.8

0              1             2             3             4             5              6
                                           T (s)

μ = 2

μ = 3

μ = 4

μ = 5
μ = 6

(a)

0              1             2             3             4             5              6
                                           T (s)

(b)

μ = 2
μ = 3

μ = 4

μ = 5
μ = 6

Fig. 6   Mean VD,seq of a given site normalized by mean VD,seq of all site classes for the EPP systems under a set of given conditions 
             (for MSAS sequences with one aftershock, ζ = 0.05,   PGA = 0.5 and μ = 2, 3, 4, 5 and 6): (a) site class B; (b) site class C

V D
,B

/ V
D

,B
C

1.2

1.1

1.0

0.9

0.8

V D
,C

/ V
D

,B
C



284                                            EARTHQUAKE ENGINEERING AND ENGINEERING VIBRATION                                             Vol.17

the hysteretic energy of structures with short periods 
as compared to structures with other periods. The 
same conclusion is stated in literature (Goda, 2012; 
Goda and Taylor, 2012; Zhai et al., 2015) for other 
response measures such as inelastic displacement 
ratio, peak ductility demand, and strength reduction 
factor. Compared with the results reported in literature 
(Goda, 2012; Goda and Taylor, 2012; Zhai et al., 2015), 
the aftershock has a more signifi cant infl uence on the 
hysteretic energy. 

4.5  Effect of hysteretic model

The mean VD,seq  was analyzed with different models 
to investigate the effect of the hysteretic models on the 
mean VD,seq. The mean VD,seq for a given hysteretic model 

in Fig. 9 was normalized with the mean VD,seq of an 
EPP model under a set of given conditions (for MSAS 
sequences with one aftershock on site class B, ζ = 0.05, 
 PGA = 0.5 and μ = 2, 3, 4, 5, and 6) for two different 
hysteretic models.

The VD,seq ratios in Fig. 9 were signifi cantly 
dependent on the vibration period in the short period 
range and exhibited sharp decreases with an increase 
of the vibration period. In the medium and long period 
range, the ratios of VD,seq were moderately dependent on 
the vibration period and presented a slow decrease with 
an increase in the vibration period. This phenomenon 
indicates that degrading structures with short periods 
experience a larger hysteretic energy than non-
degrading structures and degrading structures with long 
periods experience a smaller hysteretic energy than 
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non-degrading structures, all of which was confi rmed 
by recent earthquakes. For example, in the 2010-2011 
New Zealand earthquakes (Kam et al., 2011; Jeon et al., 
2015), the fi rst aftershock resulted in the column shear 
failure and column shear cracking of a three-story RC 
frame building with masonry infi ll, whereas the second 
aftershock resulted in the complete collapse of the 
damaged building. In addition, many masonry structures 
have collapsed or have been damaged in the earthquake 
sequences of central Italy (GEER, 2016).

In the short period range, the effects of the structural 
degrading behaviors were signifi cant for structures with 
lower ductility values, μ. For example, the maximum 
ratio of VD,seq corresponding to μ = 2 in Fig. 9 (b) was 
about 2.8. In the medium-long period region, the ratios of 
VD,seq varied within the interval of [1.0 1.5]. In the whole 
period, the VD,seq ratios were dependent on the ductility 
value, μ, and decreased with an increase in the ductility 
value, μ. The effects of the models on the ratios of VD,seq 
were more signifi cant for structures with lower ductility 
values  than for structures with higher ductility values. 
The infl uence of the SSD model on VD,seq was more 
signifi cant than that of the MC model. For example, the 

maximum effect of the MC model on VD,seq was about 
140%, whereas the maximum effect of the SSD model 
on the VD,seq was about 180%.

4.6  Effect of damping ratio

The VD,seq for an EPP system with a damping ratio, ζ, 
of 0.02 and 0.1 was calculated to investigate the effects 
of damping ratios on the mean VD,seq. The VD,seq for an 
EPP system with ζ = 0.02 and 0.1 was then normalized 
by the VD,seq of an EPP system with ζ = 0.05 for each 
MSAS sequence. Finally, the mean normalized VD,seq of 
the MSAS sequences was computed.

Figure 10 presents the variation of the mean 
normalized VD,seq for the EPP systems under a set of given 
conditions (for MSAS sequences with one aftershock on 
site class B,  PGA = 0.5 and μ = 2, 3, 4, 5, and 6) for 
two different damping ratios. The mean normalized VD,seq 
in Figure 10 (a) was greater than 1.0, while that in Figure 
10 (b) was smaller than 1.0. This phenomenon indicates 
a VD,seq decrease with a damping ratio, ζ, increase.

The majority of the mean normalized VD,seq values 
in Fig. 10 (a) were smaller than 1.3, and majority of 
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the mean normalized VD,seq values in Figure 10 (b) were 
greater than 0.8. Thus, the maximum error was about 
130% when the mean VD,seq with ζ = 0.02 was evaluated 
using the mean VD,seq with ζ = 0.05. The maximum error 
was about 80% when the mean VD,seq with ζ = 0.1 was 
evaluated using the mean VD,seq with ζ = 0.05.

The conclusions in Section 4 are applicable to 
structures with nonlinear dynamic responses dominated 
by the fundamental vibration mode. The reliable 
modifi cation of the results obtained in this manuscript 
can also be used to evaluate the nonlinear responses of 
structures higher vibration modes.

5   Prediction equation

Based on the above statements, the mean VD,seq is 
dependent on the vibration period, damping ratio, and 
ductility value, μ, of the whole period region. In addition, 
the relative intensity,  PGA, and hysteretic models 
have an obvious effect on the hysteretic energy of the 
structures. Furthermore, the hysteretic energy should 
satisfy the following boundary conditions:

 D , 1 0V T                              (15)

According to the above discussions and Eq. (15), the 
hysteretic energy prediction equation can be expressed 

as follows:

6 7

0.1 0.3 0.45 0.3
1 2 3
1.

0.1
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4 5

(ln )
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1 ln 0.75 (ln )b b
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 
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  
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


  
(16)

where T is the vibration period and 0.1
D,seq

gV  is the mass-
normalized hysteretic energy for the benchmark seismic 
intensity (PGA = 0.1 g). Parameters b1, b2, b3, b4, b5, 
b6, and b7 were computed by a nonlinear least-square 
regression analysis using the Levenberg-Marquardt 
method (Bates and Watts, 1988).

The prediction equation heavily depended on the 
inspection of the data and characteristics of the predictive 
equations. Many tentative parameters were considered 
in the initial form to determine the fi nal form of Eq. 
(16). These parameters were modifi ed according to the 
residuals until a predictive equation was acquired to 
obtain a good estimation of the mean plus one standard 
deviation of VD,Seq at different cases. Although the 
subjective judgment cannot be avoided in this process, it 
is an effi cient method for obtaining a prediction equation 
with high accuracy and fewer parameters.

The values of b1, b2, b3, b4, b5, b6, and b7 of the mean 
plus one standard deviation of VD,seq for the MSAS 
sequences with one aftershock and two aftershocks 
are summarized in Tables 3 and 4. Figures 11 and 12 
present a comparison between the computed mean 
plus one standard deviation of VD,seq from Eq. (16) and 

Table 3  Site-dependent parameters of mean-plus-one standard deviation of VD,seq to be used in Eq. (16) for MSAS sequences 
              with one aftershock 

Relative intensity Site class Model b1 b2 b3 b4 b5 b6 b7

 PGA = 0.5 B EPP -5.71 7.04 -0.83 -1.11 3.87 0.78 3.54
MC -5.88 7.93 -1.11 -1.91 4.97 0.83 4.12
SSD -6.17 8.31 -1.14 -2.22 5.67 0.85 4.32

C EPP -3.60 4.60 -0.61 -0.29 -0.19 0.86 2.44
MC -3.64 5.22 -0.84 -0.46 0.01 2.55 3.02
SSD -4.36 6.06 -0.92 -0.68 0.72 0.96 3.28

 PGA = 0.8 B EPP -6.26 7.69 -0.89 -1.22 4.29 0.81 3.62
MC -6.48 8.71 -1.21 -2.16 5.60 0.85 4.23
SSD -6.72 8.96 -1.17 -2.51 6.26 0.89 4.41

C EPP -3.77 4.81 -0.60 -0.39 0.01 2.51 2.44
MC -4.20 5.90 -0.92 -0.60 0.39 1.10 3.11
SSD -4.73 6.52 -0.98 -0.78 0.94 0.97 3.36

 PGA = 1.0 B EPP -6.69 8.22 -0.95 -1.33 4.60 0.83 3.68
MC -6.89 9.20 -1.25 -2.32 5.87 0.88 4.28
SSD -7.10 9.40 -1.22 -2.61 6.38 0.91 4.45

C EPP -3.93 5.07 -0.70 -0.32 -0.14 0.68 2.49
MC -4.45 6.22 -0.97 -0.65 0.49 1.09 3.15
SSD -5.01 6.86 -1.02 -0.83 1.05 1.00 3.41



No.2                           Zhai Changhai et al.: Hysteretic energy prediction method for mainshock-aftershock sequences                           287

the statistical results of the MSAS sequences with one 
aftershock on site classes B and C, respectively. In 
general, the proposed simplifi ed equation in Figs. 11 

and 12 provided good estimates of the mean plus one 
standard deviation of VD,seq. 

Table 4   Site-dependent parameters of mean-plus-one standard deviation of VD,seq to be used in Eq. (16) for MSAS sequences 
               with two aftershocks 

Relative intensity Site class Model b1 b2 b3 b4 b5 b6 b7

 PGA = 0.5 B EPP -7.24 8.69 -0.90 -0.80 4.17 0.59 3.41
MC -7.31 9.57 -1.18 -1.39 4.62 0.72 3.95
SSD -7.59 9.92 -1.19 -1.61 5.14 0.75 4.13

C EPP -5.45 6.50 -0.70 -0.40 0.01 2.93 2.39
MC -5.55 7.52 -1.11 -0.59 0.13 1.80 3.04
SSD -5.93 8.00 -1.16 -0.72 0.42 1.40 3.24

 PGA = 0.8 B EPP -9.07 10.81 -1.08 -1.10 5.73 0.65 3.66
MC -9.00 11.67 -1.36 -1.92 6.30 0.77 4.23
SSD -9.18 11.79 -1.28 -2.17 6.65 0.82 4.38

C EPP -5.95 7.17 -0.83 -0.39 0.01 2.91 2.42
MC -6.15 8.37 -1.25 -0.67 0.29 1.52 3.12
SSD -6.72 9.00 -1.28 -0.85 0.70 1.29 3.35
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6   Conclusions

The present study evaluated the hysteretic energy 
of SDOF structures subjected to MSAS sequences. 
The hysteretic energy of the MSAS sequences was 
normalized by mass, m, and was expressed in terms 
of the equivalent velocity, VD,seq. The variation of the 
equivalent velocity, VD,seq, was studied for consideration 
of the ductility values, site conditions, relative intensities, 
number of aftershocks, hysteretic models, and damping 
ratios. The equivalent velocity was computed for the 
MSAS sequences and subsequent statistical studies were 
performed. The following conclusions were drawn from 
the investigation:

1.  The mean VD,seq for the EPP systems increased 
following an increase of the vibration period in the 
short period range, though signifi cant changes were not 
observed in the vibration period of the medium-long 
period range. In the long period range, the mean VD,seq 
of the EPP systems decreased with an increase of the 
vibration period. The mean VD,seq was dependent upon 
the ductility value, μ, and increased with an increase in 
the ductility value, μ, except for lower ductility values 
(i.e., μ = 2, 3) in the long period range.

2.  The coeffi cients of variation (COVs) signifi cantly 
changed with vibration period changes in the whole 
period range. The COV varied from 0.2–0.3 to 0.8–0.9 

in the period range, which is meaningful for engineering 
structures. The COVs of the VD,seq for different site classes 
of MSAS sequences with one aftershock exhibited a 
similar trend. The effect of the ductility value, μ,  on the 
COVs changed with the vibration period.

3.  The effects of the site conditions on VD,seq was 
negligible in the short-medium period range. In the long 
period range, the effects of the site conditions on VD,seq 
was high. The overall error reached 25% in the long 
period range if the mean VD,seq for all site classes was 
employed to estimate VD,seq for a given site. Note that 
results in this study are not applicable to structures on 
soft soil and rock.

4.  The aftershock ground motions increased VD,seq 
as compared to cases that solely consider the mainshock 
ground motion. As the  PGA increased from 0.5 to 1.0 
for MSAS sequences with one aftershock, the effects 
of the aftershocks on the VD,seq and hysteretic energy, 
EH,seq, generally increased from 5% to 15% and 10% to 
30%, respectively. As the PGAas/PGAms increased from 
0.5 to 0.8 for MSAS sequences with two aftershocks, 
the aftershock effects on VD,seq and the hysteretic energy, 
EH,seq, increased from 10% to 20% and 20% to 40%, 
respectively.

5.  Degrading structures with lower ductility values 
produced more hysteretic energy than non-degrading 
structures with lower ductility values when subjected to 

0.8

0.6

0.4

0.2

0
0              1             2             3             4             5            6
                                            T (s)

Statistical 
results

Equation (16)μ = 2

V D
,se

q

(a)

Statistical 
results

Statistical 
results

Statistical 
results

Equation (16)

Equation (16) Equation (16)

μ = 4

μ = 5 μ = 6

V D
,se

q

V D
,se

q

V D
,se

q

0              1             2             3             4             5            6
                                            T (s)

0              1             2             3             4             5            6
                                            T (s)

0              1             2             3             4             5            6
                                            T (s)

(b)

(c) (d)
Fig. 12  Comparison of mean-plus-one standard deviation of VD,seq computed using Eq.(16) with the statistical results for the EPP 
                  systems under a set of given conditions (for MSAS sequences with one aftershock on site Class C, ζ = 0.05 and   PGA = 0.5)
              for different ductility values: (a) μ = 2; (b) μ = 4; (c) μ = 5; (d) μ = 6

0.8

0.6

0.4

0.2

0

0.8

0.6

0.4

0.2

0

0.8

0.6

0.4

0.2

0



No.2                           Zhai Changhai et al.: Hysteretic energy prediction method for mainshock-aftershock sequences                           289

MSAS sequences. The effects of the hysteretic models 
on VD,seq were more signifi cant in the short period range 
than in other period ranges. The mean VD,seq for the EPP 
systems decreased with an increase of the damping ratio, 
ζ.

6. The present study proposed a prediction 
expression for VD,seq as a function of the vibration period, 
ductility value, and damping ratio. A comparison was 
executed between the computed VD,seq using the proposed 
expression and the exact VD,seq for EPP systems subjected 
to MSAS sequences with one aftershock. The computed 
results agree well with the statistical results.

The MSAS sequences were only selected for three 
earthquakes (Imperial Valley, Northridge, and Chi Chi) 
due to recorded MSAS sequence limitations. Therefore, 
the conclusions given in this manuscript may not be 
suitable for regions that may exhibit different earthquake 
mechanisms from these three regions.
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