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Abstract: A modifi ed energy-balance equation accounting for P-delta effects and hysteretic behavior of reinforced 
concrete members is derived. Reduced hysteretic properties of structural components due to combined stiffness and strength 
degradation and pinching effects, and hysteretic damping are taken into account in a simple manner by utilizing plastic 
energy and seismic input energy modifi cation factors. Having a pre-selected yield mechanism, energy balance of structure 
in inelastic range is considered. P-delta effects are included in derived equation by adding the external work of gravity loads 
to the work of equivalent inertia forces and equating the total external work to the modifi ed plastic energy. Earthquake 
energy input to multi degree of freedom (MDOF) system is approximated by using the modal energy-decomposition. Energy-
based base shear coeffi cients are verifi ed by means of both pushover analysis and nonlinear time history (NLTH) analysis of 
several RC frames having different number of stories. NLTH analyses of frames are performed by using the time histories 
of ten scaled ground motions compatible with elastic design acceleration spectrum and fulfi lling duration/amplitude related 
requirements of Turkish Seismic Design Code. The observed correlation between energy-based base shear force coeffi cients 
and the average base shear force coeffi cients of NLTH analyses provides a reasonable confi dence in estimation of nonlinear 
base shear force capacity of frames by using the derived equation.
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 1   Introduction

The general trend in determination of base shear force 
for each lateral direction in seismic codes is typically 
based on elastic response spectrum analysis. Natural 
vibration period is the basic parameter in strength-
based seismic design since it specifi es the spectral 
acceleration and thus the elastic base shear force. It is 
impractical yet not economical to design structures to 
withstand seldom major earthquakes within their elastic 
limits. Consequently, the linear elastic base shear force 
is reduced by employing response reduction factors to 
account for the ductility capacity of the system and the 
inherent overstrength for design purposes and the reduced 
seismic forces are distributed laterally through the total 
height of structure. However, it is well recognized that 
structures (particularly with large R values) designed 
in accordance with current seismic design codes are 
exposed to large nonlinear deformations during severe 
earthquakes. 

Structural displacements due to seismic actions are 
the primary cause for the damage in structures subjected to 
ground motions. Therefore, it seems rational to consider 
the displacements at the beginning of the design process 
rather than forces. In this regard, the conventional force-
based design methods are insuffi cient since structural 
damage states can better be represented by deformation, 
rather than by strength. Recently, alternative and more 
realistic design methodologies based more on member 
deformation capacity, such as displacement-based 
design based on performance-based design, have 
become popular with a better understanding of nonlinear 
structural response. However, the level of earthquake 
induced damage does not only depend on structural 
deformations but also on response characteristics 
obtained from the time history of ground motions (Kim 
et al., 2004; Choi and Kim, 2006; Acun and Sucuoğlu, 
2010; Alıcı and Sucuoğlu, 2016).

Energy-based design methods deal directly with 
hysteretic energy as a main parameter in design, provide 
a better estimation on inelastic response of structures 
and control of distribution of the structural damage and 
energy dissipation mechanism. In this manner they offer 
more comprehensive solutions for design. It is quite 
important to consider the inelastic seismic response of 
structures directly in seismic design procedure to achieve 
the primary goal of energy-based design methodologies 
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(Chao et al., 2007). Since the basic concepts of energy-
based design was originally demonstrated by Housner 
(1956), a great deal of effort has been devoted to energy 
concepts (Akiyama, 1985; Uang and Bertero, 1990; 
Fajfar and Vidic, 1994; Decanini and Mollaioli, 1998; 
Akbas et al., 2001; Chou and Uang, 2003; Park and Eom, 
2006; Kalkan and Kunnath, 2008; Leelataviwat et al., 
2009; Benavent-Climent et al., 2010; Lopez-Almansa et 
al., 2013; Wang et al., 2015; Ke et al., 2016). The energy 
concept seems the best way to point out the inelastic 
response of structures subjected to major earthquake 
excitations (Okur and Erberik, 2012).

In energy-based procedures, the effect of earthquake 
ground motion is interpreted as seismic energy input to a 
structure and the design is entirely achieved by providing 
an adequate dissipation capacity to structural members to 
dissipate the imposed energy input. Among the specifi c 
types of energy, the input energy, i.e. the energy demand, 
is a stable parameter in structural response and there 
have been many attempts on consistent prediction of 
input energy (Housner, 1956; Akiyama, 1985; Uang and 
Bertero, 1990; Decanini and Mollaioli, 1998; Benavent-
Climent et al., 2002; Benavent-Climent et al., 2010; 
Tselentis et al., 2010; Okur and Erberik, 2012; Dindar 
et al., 2015; Alıcı and Sucuoğlu, 2016). The earthquake 
energy input to a structure is partly dissipated by damping 
and through inelastic deformations. The design criterion 
in energy-based procedures is based on the comparison 
of earthquake energy input and the energy dissipation 
capacity of structures. In this regard, the fundamental 
concepts of energy balance are widely used.      

When ductile structures exhibit large inelastic 
deformations, the destabilising infl uence of gravitational 
loads, i.e. P-delta effects, may become signifi cant while 
P-delta effect is usually not taken into consideration 
when deformations are within the elastic range. In such 
a situation, gravitational loads induce a negative slope 
in the inelastic region of load-displacement curve and 
they amplify the earthquake induced large inelastic 
deformations (Adam and Jager, 2011, 2012). The 
tendency for the displacement to increase indicates the 
reduction in stiffness of the structure in the inelastic 
range due to inclusion of P-delta effect (Fenwick et al., 
1992). P-delta effect corresponds to a potential energy 
release in the gravitational fi eld and reduces lateral 
strength of the structure (Akiyama, 2002). Although 
P-delta effect and its possible infl uence on both static 
and dynamic responses of structures has been widely 
studied, very limited studies account for the effect of 
P-delta in displacement-based design (Asimakopoulos 
et al., 2007; Pettinga and Priestley, 2007, 2008) while 
hardly any study existing in scientifi c literature includes 
P-delta effect in energy-based design.  

Since the inelastic phase of the structure is considered 
in energy-based procedures, the infl uence of P-delta 
effects associated with large lateral displacements may 
be of prime importance. However, this fact is not taken 
into consideration, the additional lateral forces due to 

gravitational loads are not included in design and the 
energy equilibrium of structures is achieved in a lower 
base shear. In this study, a more realistic ultimate base 
shear force coeffi cient considering P-delta effects is 
derived by using the input energy from the design 
pseudo-acceleration spectrum of Turkish Seismic 
Design Code (TSDC, 2007), a desirable and predictable 
yield mechanism, and an ultimate target drift. Having 
pre-targeted the yield mechanism, the derived base 
shear force accounts for P-delta effects and considers 
the energy balance of the structure in its inelastic 
range of response and the reduced hysteretic behavior 
of reinforced concrete (RC) members. Energy-based 
base shear force coeffi cients are verifi ed by means of 
pushover and NLTH analyses of several RC frames. 
A very good correlation between energy-based base 
shear force coeffi cients and the average base shear force 
coeffi cients of NLTH is observed.    

2   Modifi ed energy balance concept

Like many other fundamental parameters of structural 
dynamics, energy related concepts are fi rst formulated 
based on single degree of freedom (SDOF) system. The 
seismic response of an inelastic lumped-mass SDOF 
system subjected to an horizontal earthquake excitation 
is governed by the following general equation of motion 
(Chopra, 1995): 

   s gm u c u f u m u t        
                (1)

where u is the relative displacement of the system 
with respect to ground, m is the mass, c is the damping 
coeffi cient, fs(u) is the restoring force for nonlinear 
system and  gu t is the ground acceleration. Energy 
response parameters of an inelastic SDOF system may 
be expressed by integrating Eq. (1) over the relative 
displacement as indicated in Eq. (2): 
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Introducing d du u t   and integrating over the 
entire duration of an earthquake (t), the relative energy 
equation can be rearranged as shown in Eq. (3):
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Equation (3) may be stated in general type of energy 
components as below:

K S IE E E E                           (4)

where EK represents the relative kinetic energy, Eξ stands 
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for the damping energy and ES is the total absorbed 
energy. The energy component on the right-hand side 
of Eq. (4) indicates the relative earthquake input energy 
(EI), or in other words, the energy demand. Meanwhile, 
the total energy dissipated by the structure is composed 
of two parts as elastic strain energy (ESe), and hysteretic 
energy (Ep) which is the main energy component in 
nonlinear behavior, i.e. the plastic strain energy. So that 
Eq. (4) can be written as:

K Se p IE E E E E                           (5)

Since the summation of EK and ESe constitutes the 
total elastic energy (Ee) of SDOF system, Eq. (5) can be 
rearranged as:

 
e p IE E E E                            (6)

The energy balance equation may also be expressed 
as follows by taking the energy component dissipated 
by the inherent damping (Eξ) to the right-hand side of 
Eq. (6):

e p I DE E E E E                      (7)

Since the part of seismic input energy will be 
dissipated by Eξ as earthquake induced ground motion 
ends, the difference between EI and Eξ appearing in Eq. (7) 
indicates the energy input that contributes to damage of 
structures (ED), and originally denominated by Housner 
(1956). Once EI is computed via the design input energy 
spectra, the energy conducing to structural damage to 
a great extent can be predicted as the multiplication 
of input energy (EI) with a factor λ, which depends on 
the damping ratio (ξ), ductility (μ) and the cumulative 
ductility factor (η). Introducing λ, the modifi cation factor 
of earthquake energy input, in Eq. (7), yields the energy 
balance equation given by Eq. (8):

e p IE E E                             (8)

Although there are many empirical studies (Akiyama, 
1985; Kuwamura and Galambos, 1989; Fajfar and Vidic, 
1994; Benavent-Climent et al., 2002; Benavent-Climent 
et al., 2010) about the estimation of λ factor, in this 
study the modifi cation factor defi ned as a function of a 
structural damping by Akiyama (1985) is used:

  2
1 3 1.2  


                        (9)

Modelling of component hysteretic behavior, which 
have direct infl uence on energy dissipation capacity, is 
essential for the accurate estimation of energy-based 
base shears. The energy dissipation capacity of RC 
members subjected to reverse cyclic loading decreases 
due to combined effects of degradation of stiffness and 
strength and pinching effects, which are particularly 
common in RC members. The area surrounded by loops 

of the hysteretic model with moderate or severe pinching 
behavior is smaller than the area of the hysteresis loops 
of elasto-plastic or strength hardening non-degrading 
piecewise linear hysteretic models, which have stable 
hysteresis loops. Also, if a structural member exhibits 
some level of stiffness degradation or experiences 
a strength degradation due to increasing inelastic 
displacements or repeated cyclic load reversals, the area 
enclosed by the hysteresis loops will decrease. Therefore; 
the reduced hysteretic model of RC structural members 
should be considered while the dissipated energy is 
computed and the hysteretic (or plastic) energy of the 
system for the stable models (generally elasto-plastic or 
bilinear strength hysteretic model) should be modifi ed 
with a factor (ηp) to consider the reduced hysteresis rules 
(Bai and Ou, 2012). Accordingly, the modifi ed energy 
balance equation, which is acceptable for all structural 
systems, can be written as:

e p p IE E E                         (10)

Utilizing of the plastic energy modifi cation 
factor (ηp) provides a practical approach in structural 
design to account for the reduction in the area of 
hysteresis loops of RC members, which are not stable 
and smooth. Otherwise, calculation of irrecoverable 
hysteretic energy based on stable hysteresis loops will 
overestimate the energy dissipation capacity resulting in 
excessive damage. Figure 1 shows the smooth and the 
reduced hysteresis loops together, where AF stands for 
the area of full hysteresis loop, and AP represents the 
area of hysteresis loop with strength degradation and 
pinching effects. Δy is the yielding displacement, Δmax 
is the maximum displacement and Ki and Keff are the 
elastic and the effective stiffnesses, respectively. The 
r indicates the post-yield stiffness or the second-slope 
stiffness ratio and rKi is the slope (secondary stiffness) 
of the hysteresis loop. R-P-P is the rigid-perfectly-plastic 
hysteresis loop as mentioned in Jacobsen’s approach to 
obtain the equivalent damping value (Jacobsen, 1930; 
Dwairi, 2004).

Accordingly, the modifi cation factor of plastic 
energy (ηp) is given by:

p p pRPP
p

F F RPP RPP

(1 )
( 1) (1 )

A A AA r r
A A A r A

 


    
           

(11)

where μ = Δmax/Δy is the displacement ductility demand 
of the structural member. In Eq. (11), the ratio of ARPP/AF 
can easily be obtained in terms of μ and r by using the 
rectangular area of R-P-P model and the trapezoid area 
of bilinear model (Fig. 1). 

The ratio of AP/ARPP is derived using the concept of 
modelling of the hysteretic damping with the equivalent 
viscous damping concept (Blandon and Priestley, 2005; 
Rodrigues et al., 2012). The equivalent viscous damping 
(ξeq) is often expressed as the summation of the initial 
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elastic damping (ξ0) and the hysteretic damping (ξH):
 

eq 0 H                                (12)

The elastic damping component (ξ0) is commonly 
accepted as 5% for typical RC structures. However, 
the hysteretic damping representing the dissipation of 
energy due to nonlinear behavior depends essentially 
on the inelastic characteristics of structural members. 
Jacobsen (1930) defi ned the hysteretic damping ratio by 
using the energy dissipated in harmonic vibration. By 
integrating the second energy component on the left-
hand side of Eq. (3) from t = 0 to t = 2π/ω, the energy 
dissipated by viscous damping per cycle (Eξ) is obtained 
as (Chopra, 1995):

2 2
0 0

n

2E c u k u
 


           
         

(13)

where ω is the frequency of harmonic loading, ωn is 
the natural circular frequency, k is the stiffness and u0 
is the displacement amplitude. As illustrated in Fig. 2, 
the dissipated energy (Edis) is equal to the area inside the 
hysteresis loop and Esto stands for the elastic strain energy 
stored by the system. With reference to Fig. 2, the hysteretic 
damping may be approximated by equating the energy 
dissipated in viscous damping to the energy dissipated 
in the inelastic behavior (the area of hysteresis loop). 
Finally, assuming that the frequency of the excitation is 
equal to the natural frequency of free vibration (ω = ωn), 
the equation of hysteretic damping is determined as:

dis
H

sto

1
4

E
E

  
                            

(14)

It is quite evident that the structural response to 
earthquake induced ground motions cannot be exactly 
represented by steady-state vibration and accordingly, 

the shape of hysteresis loop will not be exactly an 
ellipse. Consequently, there are some empirical 
proposals in literature regarding the equivalent damping 
in RC members subjected to uniaxial loadings (Priestley 
et al., 2007; Dwairi et al., 2007). If combined stiffness 
and strength degradation, and pinching effects are 
considered, the simplest approach proposed by Jacobsen 
to estimate the hysteretic damping as a function of AP/ARPP 
can be used (Khan et al., 2016):

p
H

RPP

2 A
A

  
                            

(15)

For the theoretical R-P-P hysteresis loop dissipating 
more energy in comparison to available hysteretic 
models, the hysteretic damping value is found to be 2/π 
by using Jacobsen›s approximation.

Utilizing AP/ARPP ratio of Eq. (15) in Eq. (11), leads 
to the following equation of plastic energy modifi cation 
factor (ηp):
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(16)

Many approaches and formulas are available in the 
scientifi c literature for estimation of hysteretic damping 
(ξH) considering different hysteretic models (Gulkan and 
Sozen, 1974; Kowalsky, 1994; Priestley, 2003; Blandon 
and Priestley, 2005; Dwairi et al., 2007). Among them, 
the latest one proposed by Dwairi et al. (2007) is used 
in this study, which accounts for the effect of hysteretic 
behavior and can easily be implemented in simplifi ed 
design methods: 

H LT
1 %C 


 
                           

(17)

In Eq. (17), constant CLT depends on hysteresis rule 
and effective period (Teff). For large Takeda hysteretic 
model, which is suitable for RC frame type structures, if 

eff 1 sT   then  LT eff65 50 1C T     and, if eff 1 sT   
then LT 65C  .

3   Elastic vibrational energy

Elastic vibrational energy comprises the relative 
kinetic energy as well as the elastic strain energy and this 
component of energy is related with the linear-elastic part 
of Fig. 3, where the graphical interpretation of elastic 
and plastic energies together with the modifi cation 
factors ηp and λ is shown. Akiyama (1985) revealed that 
the elastic vibrational energy may be determined with a 
judicious accuracy by presuming MDOF system to be 
reduced into an equivalent SDOF system. Accordingly, 
the elastic energy may be estimated with:

2
ye

e y y
1 1 g
2 2 2

VT
E V M

W
 

                     
(18)

where Vy is the yield base shear force, Δy is the yielding 
displacement, W is the total seismic mass, Te is the elastic 
vibrational period and g is the gravitational acceleration.

4   Seismic input energy to MDOF system

It was shown by Housner (1956) that the pseudo 
velocity spectra of many major earthquakes tend to be 
almost constant over wide period ranges (Leelataviwat 
et al., 2002). According to this assumption, the seismic 
energy input to an equivalent nth mode SDOF system 
(EI(SDOF)n) considering the elastic velocity response 
spectra (SV,n) can be approximated as:

2
2 2

( ) , ,2

1 1
2 8

n n
I SDOF n n V n a n

M T
E M S S




              (19) 

where T
n n nM m     is the generalized mass, ϕn is the 

natural mode vector of the nth mode and m is the mass 
matrix. Equation (19) can also be written using pseudo-
acceleration (Sa,n,) and the natural period (Tn) of the nth 
mode.

Since it enables a clear understanding of derivation 
of seismic energy input to MDOF system, the governing 
equation of motion of a nonlinear MDOF system is 
formulated in terms of modal coordinates qn(t) as 
(Chopra, 1995):

.. . ..

g( ) 2 ( ) ( )n
n n nn n
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f
q t q t u t

M
         

      
(20)

where ξn represents the damping ratio and ωn is the 
natural circular frequency of nth mode of vibration, 
respectively, fn is the nonlinear restoring force vector, and 
Γn is the modal participation factor of the nth vibration 
mode and is determined as indicated above:

1T
n

n T
n n

m
m


 

 
 

 
                            (21)

where 1 is a Nth order infl uence vector with each element 
equal to unity.

When compared to the governing equation of 
motion of nonlinear SDOF system (Eq. (1)), it is clear 
that magnifying the earthquake excitation by Γn results 
in the magnifi cation of seismic input energy by 2

n . 
Accordingly, once relative earthquake input energy of 
each equivalent SDOF system (i.e., SDOF system with 
free vibration characteristics of the nth mode of MDOF 
system) is estimated we only need to perform modal 
analysis to get Γn and then EI(SDOF)n is converted to the 
relative input energy contribution of nth mode of MDOF 
system (EI(MDOF)n) as:

2
( ) ( )I MDOF n I SDOF n nE E                       (22)

The term “relative” is related to the defi nition of 
input energy since integrating the governing equation 
of motion of SDOF system in time domain on relative 
displacement with respect to ground leads to relative 
energy equation. The relative earthquake input energy 
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Fig. 3   Modifi ed energy balance concept
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of MDOF system may be estimated considering the 
superposition of energies related to the fi rst few vibration 
modes (Kalkan and Kunnath, 2007). Therefore, the 
total earthquake energy input to MDOF system is 
approximated by means of modal energy-decomposition 
approach as indicated below:

3
2 2

( ) ( ) ( )1 1
1

2 2
( )2 2 ( )3 3

N

I MDOF I SDOF n n I SDOF
n

I SDOF I SDOF

E E E

E E





    

  



   

(23)

5 Derivation of energy-based ultimate base 
    shear force including P-delta effects

The derivation of energy-based ultimate base shear 
force including P-delta effects is directly based on a 
certain pre-selected failure mechanism and involves 
considerable inelastic (plastic) state of a structure. 
Although frame structures may experience different 
failure mechanisms, the global failure mechanism, where 
fl exural plastic deformations concentrate fi rst at the end 
of beam elements and then at the bottom end of the fi rst 
story columns, is always preferable in seismic design 
since this type of mechanism leads to a ductile collapse 
by satisfying strong column-weak beam design principle 
(Fig. 4). Additionally, global failure mechanism may 
increase the energy dissipation capacity by imposing less 
ductility demand on structural members through other 
possible failure modes, and exhibits a more uniform 
interstory drift pattern (Bai and Ou, 2015). In local or 
soft-story failure mechanisms plastic hinges occur at 
both ends of particular story columns and hence the 
stability of vertical members under gravity loads may 
not be preserved causing a catastrophic collapse. So, 
these types of mechanisms are not considered in seismic 
design.    

P-delta effects are usually negligible in elastic 
design methodology, which is performed by assuming 
that at design loads structures behave in a linearly elastic 
manner. But, when the structure is considered at its 
ultimate state, the destabilising infl uence of gravitational 
loads, i.e. the P-delta effects, may become signifi cant due 
to large inelastic lateral deformations. Furthermore, as 
number of story increases, P-delta effects become more 
important. It is possible to account for P-delta effects in 
order to derive energy-based ultimate base shear force. 

Considering the pre-selected failure mechanism of 
Fig. 4, the moment of external forces about the baseline 
can be written as:

1 1

N N

i i N N i i u
i i

M F H F H w H 
 

                 (24)

where Fi is the lateral load at story level i, ΔFN is the 
portion of the base shear force assumed to be concentrated 

at top level N in addition to FN, Hi and HN is the height 
of levels i and N, respectively. wi is the gravitational 
load acting at story level i and θu is drift ratio targeted 
in the design and also supposed to be almost constant 
throughout the structure height for simplicity.

Rearranging Eq. (24) leads to:
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(25)

where P
i i uF w     represents the additional lateral 

force acting at each fl oor level due to P-delta effect.
One can easily recognize from Eq. (25), the lateral 

design seismic force applied to level i including P-delta 
effect ( P

iF  ) is:

 P P
i i i i y N i uF F F V F w               (26)

where α1+α2+…+αN = 1. It is obvious that smaller 
lateral forces (Fi) are required when P-delta effects are 
considered.

Accordingly, the external work done by both the 
equivalent inertial and gravitational forces is equal to:

p p

p p
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(27)

where θp is the plastic base rotation.
Considering an inverted triangular lateral force 

distribution, the inertial force acting on each fl oor level 
can be associated with the base shear (Vy) by Eq. (28) as:

   y y
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Fig. 4   Pre-selected failure mechanism
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The additional lateral seismic force acting on the top, 
ΔFN, can also be related to base shear in accordance with 
TSDC (2007):

y0.0075NF N V                        (29)

where N is the story number. 
Substituting P

iF   from Eq. (26) and NF  from Eq. 
(29) to Eq. (27) leads:

 p
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p y p u
1

1 0.0075 0.0075
N

i i N
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(30)

The second term on the right-hand side of Eq. (30) 
represents the work done by gravitational forces. This 
term can be treated as geometric energy term (EG), 
which is originally introduced by Hernández-Montes 
et al. (2015) to account for P-delta effects on dynamic 
response of nonlinear SDOF systems. The geometric 
energy term can be included in the equation of motion in 
terms of energy and can be shown as external load acting 
along with EI.    

The energy-based ultimate base shear force is 
derived from classical work-energy principle equating 
the modifi ed plastic energy of MDOF systems to the 
external work done by the equivalent inertial forces and 
the gravitational forces. First, the plastic energy equation 
is expressed in terms of ηp and λ modifi cation factors by 
rearranging Eq. (10). Elastic vibrational energy (Ee) from 
Eq. (18) and MDOF nth mode input energy contribution 
(EI(MDOF)n) from Eq. (22) are substituted in Eq. (10) 
and then is equated to Eq. (30). Finally, following the 
necessary arrangements, a quadratic equation in terms of 
Vy is obtained as below:
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  (31)

Once ηp and λ modifi cation factors are estimated and 
θu is considered at the beginning, energy-based ultimate 
base shear force accounting for P-delta effects can be 
readily obtained by solving Eq. (31). While P-delta 
effect is not included, the term of Eq. (31) incorporating 
gravity loads (wi) will drop automatically. Finally, 
dividing energy-based base shear force to seismic weight 
yields energy-based base shear force coeffi cient (Vy/W).  

The base shear force is completely obtained from 
energy balance equation, so the all energy terms should 

be included explicitly in the equation. Accordingly, 
it seems reasonable to implement nonlinear dynamic 
analysis in order to obtain each energy response 
parameter. However, using nonlinear dynamic analysis 
would be unpractical for design purposes. So, simple 
yet realistic base shear formula considering the energy 
balance of the structure in inelastic range is derived. 
Accordingly, the authors show tendency to use the 
commonly accepted approximate methods relating to 
the estimation of energy components. Consequently, 
these approximations may lead to different base shear 
forces. Computing the energy components by means 
of nonlinear time history analysis and relating them to 
base shear force to be used in design may provide an 
opportunity to compare the resultant base shear forces 
of the study.  

6   Case study

Theoretical RC frame structures having regular 
masses and rigidities are used in order to determine the 
energy-based base shear force coeffi cients including 
P-delta effects. All of the considered structures are 
typical RC frames consisting of beams and columns 
without shear walls. 

6.1   Description and design of RC frames

The 3 to 8 story 3 bay moment resisting frames are 
seismically designed and properly detailed according 
to the requirements of TSDC (2007) considering both 
gravity and seismic loads and as well as TS500 (2000). 
The characteristic compression strength of concrete is 
taken to be 20 MPa, and the characteristic yield strength 
of both longitudinal and transverse reinforcement steel 
is 420 MPa. Frames are assumed to be in seismic zone 1 
and the site condition is chosen as Z3 according to TSDC 
(2007). In TSDC (2007), the design base shear force is 
calculated considering the 5% damped elastic design 
spectrum and it is reduced depending on the structural 
characteristics of the system by the response reduction 
factor (Ra). The elastic spectrum coeffi cient (S(T1)) 
is determined as a function of natural period (T1) and 
corner periods (TA and TB) depending on soil conditions. 
The spectral acceleration coeffi cient (A(T1)) is given as a 
product of the seismic zone coeffi cient (A0), the building 
importance factor (I) and S(T1). Accordingly, the design 
base shear coeffi cient is calculated as V/W = A(T1)/Ra(T1). 
Rectangular beams and square columns are considered 
in RC design and the design of frames is performed 
using the structural analysis program SAP2000 (2016). 

Figure 5 describes the geometry of 3 to 8 story 
frames used in the analyses. The story heights (Hi), span 
lengths of frame model, uniformly distributed dead (gi) 
and live (qi) loads in all spans and concentrated dead and 
live loads acting on exterior and interior beam-column 
joints denoted as (Gei, Qei) and (Gii, Qii) are shown on this 
fi gure as well. 
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Table 1 lists the magnitude of distributed and 
concentrated gravity loads. The selected frame is 2D 
modeling of an internal frame of a 3D structure which 
has symmetrical distribution of stiffness in all directions 
and uniform mass distribution on the plan and the 
magnitudes of gravity loads are determined accordingly. 
Live load participation factor (n) is taken as 0.30 and 
fl oor weights and related masses, which are considered in 
seismic calculations, are determined as the combination 
of dead loads and 30% of live loads. 

6.2  Energy-based base shear force coeffi cients and 
        comparison with pushover results 

Seismic input energy of an equivalent nth mode 
SDOF system, thereby of MDOF system, is a function 
of natural periods and modal vectors. Additionally, 
calculation of plastic energy modifi cation factor (ηp) 
makes essential the estimation of the ductility ratio 
(μ), which can be calculated from pushover analysis. 
Thereby, two-dimensional nonlinear mathematical 
model of each frame is created in SAP2000. Initial 
effective stiffness values of RC components are reduced 
according to TSDC (2007) on account of cracking during 
the inelastic response of frames. Beams and columns 
are modeled as nonlinear structural components with 
lumped plasticity by assigning plastic hinges at both 
ends. Force-displacement capacity boundaries (i.e., 
backbone curves) of the components are defi ned in 
accordance with FEMA-356 (2000). 

Some fundamental dynamic parameters determined 
from eigenvalue analysis of frames, the seismic input 
energy of the equivalent nth mode SDOF system and 
seismic input energy of MDOF system are listed in 
Table 2, where Tn is the natural period of the nth mode, 

T 1n nL m   , αn is the effective modal mass participating 

ratio of the nth mode and meff,n is the effective modal 
mass of the nth mode, respectively. 

The seismic input energy of the equivalent nth 
mode SDOF system is approximated using the design 
acceleration spectrum of TSDC (2007). The post-yield 
stiffness (r) is assumed as 10% of the initial elastic 
stiffness. Damping ratio (ξ) is taken to be 5% and the 
corresponding value of seismic input energy modifi cation 
factor (λ) is calculated from Eq. (9). For the probability 
level of exceedance 10% in 50-year period (the design 
earthquake level), the maximum interstory drift ratio 
(θu) is suggested as 2% (Bayat et al., 2008; Liao, 2010). 
The design earthquake of TSDC (2007) corresponds to 
this probability and θu = 0.02 is considered accordingly. 
The return period of the design earthquake is 475 years 
(the probability of exceedance in 50 years is 10%) for 
buildings having importance factor of 1 and 2475 years 
(the probability of exceedance in 50 years is 2%) for 
buildings having importance factor of 1.5. Finally, the 
plastic base rotation is calculated as θu-θy, where θy is 
determined individually for each frame from pushover 
analysis.   

The energy-based base shear force coeffi cients 
including and not including the effect of P-delta are 
compared to the results of pushover analysis. Since 
all the frames satisfy strong column–weak beam 
principle of design and the derivation of energy-based 
base shear force coeffi cients is mainly focused on this 
failure mechanism, this comparison can be reasonably 
acceptable. In pushover analysis, beams and columns are 
modeled as nonlinear structural members by assigning 
plastic sections at the end parts of these members and 
an invariant lateral load distribution which corresponds 
to the fi rst-mode shape is used. Frames are pushed up to 
δ/HN = 0.02, which is also considered in determination 
of energy-based base shear force coeffi cients. Pushover 
curves excluding and including the infl uence of P-delta 
effects are illustrated in Fig. 6. The vertical axis of 
pushover curve is base shear force coeffi cient (V/W) and 
the horizontal axis is roof drift ratio (δ/HN). 

Energy-based base shear force coeffi cients obtained 
using the derived equation in the study, pushover-based 
base shear force coeffi cients corresponding to 2% drift 
ratio and code-based ones are summarized in Table 3. 
Energy-based base shear force coeffi cients refl ect the 
expected decreasing trend in strength (and therefore 
stiffness) while P-delta effects are implemented in the 
analysis. Meanwhile, base shear force capacity of the 
system reduces due to consideration of P-delta effects in 
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Gi1, Qi1

gN, qN GiN, QiN GeN, QeN
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g1, q1 Gi1, Qi1

Ge1, Qe1

Hi = 2.7 m

3@5 m

Fig. 5   Frame model and gravity loads

Table 1   Magnitude of gravity loads

Uniform loads (kN/m)
gi qi gN qN

20.50 6.67 15.50 5.00
Concentrated loads (kN)

Gei Qei Gii Qii GeN QeN GiN QiN

71.00 16.65 102.63 33.33 52.50 12.50 77.45 25.00
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Fig. 6   Pushover curves of frames

Table 2   Equivalent SDOF system properties of frames and seismic input energy of MDOF system

Frame Tn
(s)

Ln
(tons)

Mn
(tons)

αn
(%)

meff,n
(tons)

Γn EI(ESDOF)n
(kNm)

EI(MDOF)n
(kNm)

EI(MDOF)
(kNm)

3-story 1 0.607 142.508 110.736 86.71 183.401 1.287 48.838 80.894 81.902
2 0.188 -57.239 147.459 10.50 22.209 -0.388 6.352 0.956
3 0.104 58.296 575.968 2.79 5.901 0.101 5.056 0.052

4-story 1 0.746 187.597 143.954 83.47 244.458 1.303 68.898 116.976 119.185
2 0.228 -71.569 158.233 11.05 32.362 -0.452 10.026 2.048
3 0.120 58.461 289.853 4.03 11.803 0.202 3.940 0.161

5-story 1 0.884 234.520 178.973 81.47 307.294 1.310 91.590 157.178 161.220
2 0.269 -86.369 178.796 11.06 41.717 -0.483 15.769 3.679
3 0.139 64.807 249.324 4.47 16.860 0.260 5.366 0.363

6-story 1 1.024 283.344 215.576 80.11 372.412 1.314 117.123 202.224 208.914
2 0.311 -102.157 204.333 10.99 51.090 -0.500 24.088 6.022
3 0.160 72.512 245.969 4.60 21.384 0.295 7.675 0.668

7-story 1 1.206 331.710 253.126 79.60 434.665 1.310 146.815 251.949 262.919
2 0.372 -117.071 234.916 10.70 58.429 -0.498 39.623 9.827
3 0.196 78.890 254.081 4.49 24.519 0.310 11.897 1.143

8-story 1 1.341 383.260 291.808 78.76 503.369 1.313 176.960 305.074 320.834
2 0.412 -134.244 264.387 10.66 68.130 -0.508 54.699 14.116
3 0.216 88.727 271.993 4.53 28.952 0.326 15.467 1.644
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energy-based analysis. As number of stories increases, 
energy-based base shear force coeffi cients excluding or 
including P-delta effects decrease. These are verifi ed by 
means of pushover analysis.  Also when the number of 
stories increases, P-delta effects become more important 
(e.g., in 3-story frame the decrease in Vy/W when 
P-delta effect is considered is 5.8%, while it is 6.1% in 
7-story frame). However, the variation is limited since 
the resultant P-delta effects are properly controlled by 
the adequate lateral stiffness of the frame models. This 
variation is more obvious in pushover-based base shear 
force coeffi cients when compared to energy-based ones. 
Energy-based base shear coeffi cients vary between 1.8 
and 2.1 times of design base shear coeffi cients, while the 
ratio of pushover-based coeffi cients to code-based ones 
is between 1.35 and 1.60. While considering P-delta 
effects in analyses, the ratio of energy-based base shear 
coeffi cients to code-based ones decreases (the variation 
is between 1.70 and 1.95).   

Frame models behave almost elastically until 
0.4% roof drift level. The slope of the initial stiffness 
curve is slightly decreased in its elastic part of lateral 
deformation. The post-yield stiffness ratio of the frame 
reduces due to P-delta effects and starts to generate a 
negative post-yield stiffness. 

6.3  NLTH analysis of structural models

A total of ten real accelerograms are selected 

regarding to the magnitude, distance, fault type, and 
soil profi le type information. The accelerograms with a 
magnitude range of w6.5 7.5M   and source-to-site 
distances (RJB) less than 50 km are compiled from PEER-
NGA strong ground motion database, which is used 
as the main source (PEER, 2016). Since all frames are 
assumed to be in Z3-type site class, the site conditions 
of the accelerograms represent the features of Z3 soil. 
Soil profi le type defi nitions of Z3 is considered as the 
counterpart of NEHRP D site class, which is classifi ed 
as 30180 360SV  . The selected ground motions have 
strike-slip fault mechanism and near-fault effects are not 
considered. The list of available ground motion records 
and the overall characteristics of accelerograms are 
presented in Table 4, where Mw is the moment magnitude 
of earthquake, RJB is the Joyner-Boore distance, VS30 
is the average shear-wave velocity to 30 m depth of 
subsoil, PGA is peak ground acceleration, PGV is peak 
ground velocity and PGD is peak ground displacement.

The selected real accelerograms are scaled in terms 
of amplitude in time domain to make them proper for the 
code-based seismic hazard level, which is traditionally 
defi ned in the form of 5% damped elastic response 
spectra of acceleration. The scaling procedure used 
herein is based on minimizing the differences between 
the scaled acceleration response spectrum and horizontal 
elastic design spectrum of TSDC for local site class Z3 
by using the method of least-squares. This way, a total 
of ten scaled accelerograms fulfi lling duration and 

Table 3   Comparison of energy-based base shear force coeffi cients

Frame
Energy-based Pushover Design

Vy/W Vy/W (P-delta) Vy/W Vy/W (P-delta) V/W (TSDC)

3-story 0.258 0.243 0.221 0.202 0.125
4-story 0.225 0.211 0.199 0.181 0.125
5-story 0.224 0.211 0.193 0.175 0.125
6-story 0.213 0.201 0.173 0.156 0.114
7-story 0.196 0.184 0.152 0.134 0.099
8-story 0.182 0.171 0.141 0.124 0.091

Table 4   Selected earthquake ground motions and major seismological parameters of records

Record name Earthquake name Recording station Mw RJB
(km)

VS30
(m/s)

PGA
(g)

PGV
(cm/s)

PGD
(cm)

IMPVALL.I_I-ELC180 Imperial Valley-02, 1940 El Centro Array #9 6.95 6.09 213.44 0.281 30.93 8.66
IMPVALL.I_I-ELC270 Imperial Valley-02, 1940 El Centro Array #9 6.95 6.09 213.44 0.211 31.29 24.18
SUPER.B_B-POE360 Superstition Hills-02, 1987 Poe Road 6.54 11.16 316.64 0.286 29.02 11.56
BIGBEAR_HOS180 Big Bear-01, 1992 San Bernandino-E & 

Hospitality
6.46 34.98 296.97 0.101 11.85 3.36

KOBE_KAK000 Kobe, 1995 Kakogawa 6.9 22.5 312.0 0.240 20.80 6.39
KOBE_SHI000 Kobe, 1995 Shin-Osaka 6.9 19.4 256.0 0.225 31.33 8.38

KOCAELI_DZC180 Kocaeli, 1999 Duzce 7.51 13.6 281.86 0.312 58.85 44.05
DUZCE_DZC270 Duzce, 1999 Duzce 7.14 0 281.86 0.515 84.29 47.99

SIERRA.MEX_CHI090 El Mayor-Cucapah, 2010 Chihuahua 7.2 18.21 242.05 0.197 34.03 31.22
SIERRA.MEX_GEO090 El Mayor-Cucapah, 2010 Cerro Prieto 

Geothermal
7.2 8.88 242.05 0.288 49.54 40.31
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amplitude related requirements of TSDC for NLTH 
analysis are provided. 

The scale factors (αST) providing the best match to 
elastic design spectrum of TSDC over a period range of 
interest (TA = 0.01 s and TB = 4.00 s) and some relevant 
parameters (duration, zero period spectral acceleration 
of scaled records (Sae(T0))) that may be used to check 
the code requirements of accelerograms to be used in 
NLTH analysis are summarized in Table 5. Strong 
shaking duration is considered as bracketed duration 
defi ning as time interval length between the fi rst and the 
last occurrence of an acceleration exceeding the certain 
threshold value of absolute 0.05 g. The mean of Sae(T0) 
values of TSDC elastic design spectrum compatible 
ground motions is 0.43 g. The scaled accelerograms 
satisfy duration and amplitude related requirements of 
TSDC. 

Figure 7 shows individual linear-elastic acceleration 
response spectra of scaled accelerograms, their median 
linear elastic response spectrum and the elastic design 
acceleration spectrum of TSDC for site class Z3, 
all developed for a damping ratio of 5%. Response 
spectra are constructed by using SeismoSpect software 
(SeismoSpect, 2016).

In order to compare the energy-based base shear 
force coeffi cients to those obtained from dynamic 
analysis, NLTH analyses of frames are performed by 
using the time histories of the scaled accelerograms 
complying with the elastic design acceleration spectrum 
of TSDC (2007). Direct integration method is used as 
the calculation method. Due to complexity of nonlinear 

dynamic analysis of MDOF system, a relatively simple 
hysteretic model is preferred. Accordingly, a bilinear 
strength-hardening hysteretic model with post-yield 
stiffness ratio of 10%, which is compatible with the 
moment-rotation relationships of structural members, 
is used in SAP2000. Firstly, P-delta effects are not 
incorporated into nonlinear dynamic analyses. Since 
ten recorded accelerograms are selected, totally 60 
NLTH analyses are performed considering the nonlinear 
structural models created in SAP2000 environment. 
Modal damping ratio is assumed as 5% and Rayleigh 
damping model, which assumes that the damping is 
proportional to a linear combination of stiffness and mass 
(Chopra, 1995), is used in dynamic analyses. Both the 
maximum base shear force coeffi cients and the average 
of the maximum values are summarized in Table 6.  

The average base shear force coeffi cients of Table 6 
indicate a very good correlation with the energy-based 
base shear force coeffi cients. It is found that energy-
based base shear coeffi cients show better agreement 
with the average results of NLTH analyses rather than 
pushover-based base shear force coeffi cients (Fig. 8). The 
derived energy-balance equation considers the hysteretic 
behavior of RC members while monotonic force-
deformation properties of members are implemented in 
pushover analysis. That this is the reason why energy-
based base shear coeffi cients show better agreement 
with the average results of NLTH analyses rather than 
pushover-based base shear force coeffi cients. The last 
founding indicates the effi ciency of the derived equation 
in the prediction of inelastic base shear capacity of frame 
structures.     

Dynamic instability frequently occurs in NLTH 
analysis of frames while including P-delta effects in 
dynamic analyses. Accordingly, after the signifi cant 
yielding systems undergo large lateral displacements, 
interstory drift ratios increase in one direction of the 
earthquake loading causing convergence problems and 
base shear forces cannot be obtained due to convergence 
problems. Large displacements cause enormous lateral 
force (fs(u)) which leads to a sudden increase in the V/W 
coeffi cient. The variation of base shear force coeffi cient 
of 3- and 8-sory frames exposed to different earthquake 
ground motions are presented in Fig. 9 and Fig. 10, 
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Table 5   Some parameters of scaled accelerograms

Record name Record duration (s) Bracketed duration (s) αST Sae(T0) (g)
IMPVALL.I_I-ELC180 53.710 30.160 1.58 0.4449
IMPVALL.I_I-ELC270 53.450 30.600 2.07 0.4360
SUPER.B_B-POE360 22.290 20.130 1.63 0.4653
BIGBEAR_HOS180 99.990 38.590 3.99 0.4021

KOBE_KAK000 40.950 25.710 2.02 0.4845
KOBE_SHI000 40.950 17.020 1.74 0.3912

KOCAELI_DZC180 27.180 19.920 1.41 0.4404
DUZCE_DZC270 25.880 19.020 0.87 0.4477

SIERRA.MEX_CHI090 129.995 76.070 2.01 0.3965
SIERRA.MEX_GEO090 99.995 53.515 1.35 0.3892
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respectively. Oscillation occurs while P-delta effects 
are not included in dynamic analyses. On the contrary, 
P-delta effects cause dynamic instability. Therefore, base 
shear forces including P-delta effects in NLTH analysis 
cannot imported.

7   Summary and conclusion 

A modifi ed energy-balance equation based on a 
pre-targeted failure mechanism and an ultimate target 
drift is derived considering the reduced hysteretic 
behavior of RC members and including P-delta effects. 
The modifi ed plastic energy, which accounts for the 
reduction in the area of hysteresis loops of RC members 
and comprises seismic input energy modifi cation factor, 
is equated to external work of both equivalent inertia 
forces and gravity loads. Relative seismic energy input 
to MDOF system is approximated by the sum of the 
energies related to the fi rst three vibration modes and 
consequently the earthquake effect is considered as 
energy input to the structure. Pushover analysis and 
NLTH analysis using ten recorded accelerograms, which 
fulfi ll the duration and amplitude related requirements 
of TSDC, are performed and energy-based design base 
shear force coeffi cients are compared to the results of 
both nonlinear static analysis and nonlinear dynamic 
analysis.

Material nonlinearity, hysteretic properties of 
structural components and hysteretic damping are 
taken into account in a simple manner in the derived 
energy-based base shear force coeffi cients. The ductility 
and yield characteristics of the structure is explicitly 
considered in the derived equation. Moreover, P-delta 
effects are also included in the derived equations and the 
infl uence of P-delta action on energy-based base shear 
force coeffi cients is observed. While P-delta effects are 
incorporated into the analyses, energy-based base shear 
force coeffi cients decrease. Consequently, base shear 
force capacity of the system reduces when considering 
the infl uence of P-delta effects in energy-based analysis. 

Table 6  Base shear force coeffi cient results of NLTH

Record name V/W
3-story 4-story 5-story 6-story 7-story 8-story

IMPVALL.I_I-ELC180 0.259 0.229 0.243 0.211 0.164 0.167
IMPVALL.I_I-ELC270 0.254 0.227 0.217 0.221 0.190 0.183
SUPER.B_B-POE360 0.253 0.239 0.236 0.205 0.186 0.178
BIGBEAR_HOS180 0.264 0.250 0.236 0.200 0.183 0.171

KOBE_KAK000 0.241 0.224 0.220 0.206 0.182 0.173
KOBE_SHI000 0.291 0.238 0.244 0.227 0.209 0.174

KOCAELI_DZC180 0.250 0.217 0.225 0.214 0.164 0.179
DUZCE_DZC270 0.258 0.236 0.216 0.202 0.170 0.163

SIERRA.MEX_CHI090 0.260 0.229 0.221 0.207 0.192 0.186
SIERRA.MEX_GEO090 0.247 0.221 0.229 0.199 0.180 0.176

Average 0.258 0.231 0.229 0.209 0.182 0.175
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Energy-based base shear force coeffi cients excluding or 
including P-delta effects decrease, as number of stories 
increases. These results are also verifi ed by means of 
pushover and NLTH analyses. A very good correlation 
between energy-based base shear force coeffi cients and 
the average base shear force coeffi cients of NLTH is 
observed. Energy-based base shear force coeffi cients 
are found to show better agreement with the average 
results of NLTH analyses rather than pushover-based 
base shear force coeffi cients. So it can be concluded that, 
the derived equation provides a reasonable confi dence in 
estimation of the inelastic base shear force capacity of 
frame structures. 

Since a global failure mechanism based on strong 
column–weak beam principle is considered as a failure 
mechanism, the obtained base shear force coeffi cients 
represent the nonlinear base shear force capacity of 
ductile frames. The derived equations provide a practical 
estimation of nonlinear base shear force capacity of 
frames without requiring time consuming inelastic 
modelling. It is evident that, estimation of nonlinear 
capacity of RC frames, which is essential in seismic 
design, requires considerable computational efforts 
and thus the derived equation, where the inelastic 
behavior of RC members is modeled by a plastic energy 
modifi cation factor, can be used to defi ne the capacity in 
a simple manner.

The base shear force obtained from the derived 
equation may be used in plastic design of structures, 
where the design of structures for a pre-selected failure 
mechanism is emphasized, in the context of performance-
based seismic design. In the design process, using the 
base shear force obtained from the proposed formulation 
may reduce the local member damage since all of the 
energy is assumed to dissipate in the plastic hinges 
of the pre-selected failure mechanism. Moreover, it 
considers P-delta effects that may infl uence the capacity 
of members in plastic design.

In the proposed energy-based equation, the 
distribution of lateral forces along the stories is 
associated with the base shear force by assuming an 
inverted triangular distribution of lateral load which 
is generally valid when the fi rst mode of vibration is 
dominant on the total dynamic response. Accordingly, 
the application of the proposed formulation is essentially 
limited to regular RC frame structures. However, the 
derived formulation can be extended to different types 
of structures by relating the total base shear force to 
different lateral force distributions including the higher 
mode effects.          
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