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Abstract: To meet the demand for an accurate and highly effi cient damage model with a distinct physical meaning for 
performance-based earthquake engineering applications, a stiffness degradation-based damage model for reinforced concrete 
(RC) members and structures was developed using fi ber beam-column elements. In this model, damage indices for concrete 
and steel fi bers were defi ned by the degradation of the initial reloading modulus and the low-cycle fatigue law. Then, section, 
member, story and structure damage was evaluated by the degradation of the sectional bending stiffness, rod-end bending 
stiffness, story lateral stiffness and structure lateral stiffness, respectively. The damage model was realized in Matlab by 
reading in the outputs of OpenSees. The application of the damage model to RC columns and a RC frame indicates that 
the damage model is capable of accurately predicting the magnitude, position, and evolutionary process of damage, and 
estimating story damage more precisely than inter-story drift. Additionally, the damage model establishes a close connection 
between damage indices at various levels without introducing weighting coeffi cients or force-displacement relationships. The 
development of the model has perfected the damage assessment function of OpenSees, laying a solid foundation for damage 
estimation at various levels of a large-scale structure subjected to seismic loading.
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 1 Introduction

As an important component of performance-based 
seismic engineering, structural damage analysis has 
become a topic of considerable interest in the fi eld of 
civil engineering. In recent decades, various analytical 
damage models (Park and Ang, 1985; Ghobarah, 2001; 
Hindi and Sexsmith, 2001; Heo, 2009; Yazgan and 
Dazio, 2012) for RC members and RC structures have 
been proposed, and several of these damage models 
are currently being applied in actual projects. Usually 
a damage model quantifi es the damage magnitude with 
a damage index, which is expressed as a function of 
one response parameter or functions of certain response 
parameters, such as stress, displacement, ductility, 
stiffness, hysteretic energy, or    fatigue characteristics.     

One of the commonly used parameters of a   
degradation-based  model is stiffness, which allows for 
a direct description of the mechanical characteristics of 
a material, a section, an element and a structure. Thus, 

stiffness-based damage models can     be used to assess the 
damage at all the above-mentioned levels. In addition, 
as the initial and degraded stiffness of members can 
be detected by dynamic testing methods (Maas et al., 
2012), stiffness-base d   damage models   can be verifi ed at 
the section level and member level without considerable 
diffi culty.   Various stiffness-based damage models 
have been proposed in the literature (Ghobarah et al., 
1999; Kunnath et al., 1997).   Recently, Li et al. (2013) 
evaluated the damage of an RC member and frame 
by introducing damaged hinges and plastic hinges to 
capture their stiffness degradation behavior. Fro m the 
existing literature, it can be concluded that the existing 
stiffness-based damage models can evaluate member, 
structure , and even section damage, but the connection 
between  damage at these  levels is not clear. In addition, 
to the authors’ knowledge, it is assumed by nearly all 
of the existing stiffness-based damage models that 
damage   is concentrated in certain specifi c regions of a 
member, and embodied by introducing plastic hinges or 
other types of hinges. However,  due to the randomness 
of structural parameters and earthquake excitations, 
the damage location also possesses uncertainty. Thus, 
existing stiffness-based damage models may provide 
an  inaccurate assessment of the local damage to a 
member, which would make it diffi cult to determine 
the failure paths of a member or structure and predict 
the failure modes of a structure. Different from the 
aforementioned assumption,   fi ber beam-column 
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elements allow for inelastic behavior to spread 
throughout the entire element (Calabrese et al., 2010), 
and therefore, the latter problem is expected to be solved 
by introducing fi ber elements into damage analysis.

In the   fi ber beam-column model, the response of 
a given  cross-section can be derived by integrating the 
inelastic material response over the section (Kostic 
and Filippou, 2012). The element inelasticity is then 
obtained by integrating the contribution provided by 
each section (Calabrese et al., 2010); then, the response 
of members and structures can be obtained sequentially. 
Thus, the defi nition of the fi ber damage index is the 
cornerstone of the damage model using fi ber beam-
column elements, and  determining how to establish the 
connection between the   various levels of  damage indices 
is the main task. To defi ne the damage index of a concrete 
fi ber, concrete stress, fracture parameter, initial reloading 
modulus have been introduced. To defi ne the damage 
index of a steel fi ber, steel strain and the low-cycle 
fatigue law have been adopted. Though fi ber damage can 
be defi ned sensibly and monitored experimentally, the 
connection between the various levels of damage indices 
may not be established rationally for the frequent use 
of the artifi cially defi ned weighting coeffi cient method 
(Heo, 2009; Li et al., 2014), maximum/minimum value 
method (Teng et al., 2011; Li et al., 2011; Amziane and 
Dubé, 2008) and average value method (Tsuchiya and 
Maekawa, 2006). These methods not only destroy the 
link between damage indices and their physical meaning, 
but also introduce considerable uncertainty during 
damage transformations, especially from member level 
to story level and from story level to structure level.

To overcome the limitations of the existing 
damage models, this study developed a damage model 
using stiffness degradation and fi ber beam-column 
elements simultaneously. Meanwhile, the direct stiffness 
method and static condensation method were used 
during damage transformations. Finally, the proposed 
damage model was applied to RC columns and an RC 
structure that were monitored under cyclic loading and 
seismic loading to assess their damage states and verify 
the reliability of the damage model.

   

2   Damage model based on stiffness degradation

In this study, the simplifi ed Chang and Mander 
concrete model (Chang and Mander, 1994; Waugh, 2011) 
and the reinforcing steel model modifi ed by Mazzoni et 
al. (2006) were applied to characterize the mechanical 
behavior of concrete and reinforcing bars. As shown 
in Fig. 1, the fi nite element program Opensees (Open 
System for Earthquake Engineering Simulation), which 
incorporates the aforementioned constitutive models, 
was used to perform the nonlinear analysis and export 
the stress-strain recorders of concrete and steel fi bers 
by “record” command. Then the stress-strain recorders 
were read into Matlab by its “load” command, and fi ber, 

section, member and structure damage indices were 
calculated sequentially by the proposed damage model 
realized in Matlab. In the damage model developed, 
the damage to the concrete fi bers was defi ned by the 
degradation of the initial reloading modulus, and the 
damage to the reinforcing steel fi bers was described 
by the low-cycle fatigue law. All of the fi ber damage 
indices were calculated by custom functions. Then, 
section damage was evaluated by the degradation of the 
sectional bending stiffness, including the contributions 
of the damaged fi bers. Next, the effective section 
stiffness was transformed to effective element stiffness 
using the force-based method, and the effective element 
stiffness was transformed into effective member stiffness 
corresponding to the degree of freedom of the rod-end 
using the direct stiffness method and static condensation 
method. The member damage index was defi ned by the 
degradation of the rod-end bending stiffness. Finally, 
story and structure damage was estimated by the 
degradation of the story lateral stiffness and structure 
lateral stiffness, which were obtained by the static  
condensation method.   The concept based on  stiffness 
degradation permeated the defi nitions of all levels of 
damage indices. 

  
2.1 Damage to concrete fi bers

To describe the damage to a concrete fi ber, the   
constitutive model     of a concrete fi ber under uniaxial 
loading (Fig. 2) is expressed as    

Simplifi ed Chang and 
Mander model

Reinforcing steel model

Stress and strain of a 
concrete fi ber

OpenSees

Stress and strain of a 
steel fi ber

Degradation of the 
initial reloading 
modulus

Low-cycle fatigue law

Damage index for a 
concrete fi ber

Damage index for a 
steel fi ber

Effective section stiffness
Degradation of 

the sectional 
bending stiffness

Damage index for 
the section

Effective rod-end 
stiffness of a member

Degradation of 

the rod-end 
bending stiffness

Damage index for 
the member

Effective lateral stiffness 
of a story

Effective lateral stiffness 
of a structure

Degradation of 

Degradation of 

the story lateral 
stiffness

the structure 
lateral stiffness

Damage index for 
the story

Damage index for 
the structure 

Fig. 1  Flo wchart for deriving damage indices at various levels

Matlab
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where σc is the concrete stress, εc and p
c  are the total 

and plastic concrete strain, respectively, Ec is the initial 
tangent modulus of concrete, and Dc is the concrete 
damage index.

Accor  ding to Eq. (  1), the damage index Dc, i for the 
ith concrete fi ber is defi ned as
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where c,iE  and c,iE  are the initial tangent modulus and 
initial reloading modulus of the it  h concrete fi ber (Fig. 2), 
respectively.

In this study, the simplifi ed Chang and Mander 
concrete model was chosen to simulate the hysteretic 
behavior of both confi ned and unconfi ned concrete 
fi bers. In this constitutive model, the initi  al t    angent 
modulus of concrete is expressed as follows (Chang and 
Mander, 1994):

' 3/8
c c8 200( ) MPaE f                       

(3)

whe     re '
cf  is the peak stress for unconfi ned concrete in 

MPa. 
In the concrete model, the initial relo    ading modulus  

cE  in tension and compression can be expressed as 
follows (Chang and Mander, 1994):
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where εcc and εt are the concrete strain at the peak 
compressive stress and peak tensile stress, respectively, 

unf  and un   are the unloading stress and unloading strain 

fr  om the compressive envelope curve, respectively, 
while unf   and un   are the unloading stress   and unloading 
strain from the tension envelope curve, respectively.

Substituting Eqs. (3)   and (4) into     Eq. (2), the damage 
index of the ith concrete fi ber can be derived as 
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and assuming  that c, 1iD   wh  en un sp    or un crk   ,
where sp  is the spalling strain in compression and crk  
is the c racking strain in tens   ion.

2.2   Damage to reinforcing steel fi bers

In the present study, the simplifi ed equation proposed 
by Koh and Stephens (1991) was used to estimate the 
low-cycle fatigue life of a reinforcing steel fi ber: 

s,max s,min '
a f f(2 )
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where εa is the strai  n amplitude,   is the total strain 
range, εs, max and εs, min are the maximum and minimum 
strains in a cycle, respectively, ε'f is the fatigue ductility 
coeffi cient, 2Nf 

is the number of half-cycles to failure, 
and c  is the fatigue ductility exponent.

By substituting Eq. (6) into Miner’  s linear damage 
accumulation rule (Miner, 1945), the damage to a 
reinforcing steel fi ber due to ductility exhaustion is 
obtained: 

 
1

a,
s, '

1 1f f

1
(2 )

cn n j k
j

k kk

D
N







 

 
  
 
 

                (7)

where Ds, j is the damage index for the jth steel fi ber, 
(2Nf)k is the number   of   half-cycles to failure at the strain 
amplitude εa, j of the kth half-cycle, and n is the number 
of half-cycles in which Ds, j is computed.

Strength deg  radation can be considered as a     
phenomenon that results from fatigue damage (Fig. 3) and 
is assumed to have a linear relationship with fatigue 
damage. The strength degradation is expressed as 
follows (Heo, 2009): 

SR, d s,j jZ D                                   (8)
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where SR, j  is the strength deg    radation factor for the jth     
steel fi ber and Zd  is the degradation con  stant.

In addition, suppose the stress-strain   relationship of 
the former cyc    le is identical to that of the latter cycle 
after the fi rst cycle. From this perspective, the strength 
degradation is an experimental phenomenon that results 
from a reduction in the effective cross-sectional   area. 
Thus, according to Eq.   (8), the effective area of a steel 
fi ber   is
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and assuming that s, 0jA 
 when s, 1jD  , where εp, j is 

the plastic strain of the jth steel fi ber,   and As, j  is the cross-
sectional area of the jth steel fi ber withou  t plastic 
deformation and fatigue damage.

For the sake of brevity and convenience, we 
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According to existing literature (Dodd and Restrepo-
Posada, 1995; Mansour et al., 2001), the unloading 
stress-strain curve is essentially straight initially and then 
becomes curved. To reduce computational complexity 
and increase prec  is   ion of the estimation of the unloading 
stress-strain curve, the unloading and reloading strain-
stress curve be tween the unloading point and zero-stress 
point is approximated by a straight line with slope Es, 
which is the initial tangent modulus of reinforcement 
(Hsu and Mo, 2010). Thus, the initial r  eloading modulus  

,s jE  of the jth steel fi ber is assumed to be a constant 
equal to s, jE .

2.3  Damage at section level

The effective section stif     fness sec ( )xK , which has a 
relation     ship between the section resisting forces       sec ( )xF  
and the corresponding deformations 

sec ( )xd , can be 
determined by the assumption about the plane cross-
section and principl  e of virtual displacements. In the 

uniaxial bending case, sec ( )xK  takes the discrete form 
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where ( )n x  is   the total number of fi bers in   the section, 
   iE  is the initial reloading modulus of the ith fi ber, iA  is 
the effective area of the ith fi ber, iE  is the   initial tangent 
modulus of the ith fi ber,   iA  is the initial area of the ith 
fi ber, iD  is the    damage value for the ith fi   ber equal to 
Dc, i  or Ds, i, and iy  is  the y coordinates of the ith fi ber 
in the local-coordinate system (Fig. 4). 

According to Eq. (11), the relatio  nship   between 
s ( )xK  and s ( )xd  can be expressed as 
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By eliminating the contribution of ( )x x  to ( )zM x , 
Eq. (12b) can be rewritten as 
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Equation (13) adds a nonlin    ear correction term to 
the bending stiffness, which has a similar form as the 
equation proposed by Van Pae  pegem et al. (2005). Based 
on the bending stiffness degradation and according to 
Eq. (13), the damage index for th  e kth section sec,kD  can 
be defi ned as 
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2.4   Damage at member level
To evaluate the damage to a member, the state of its 

component elements should be  determined fi rst. The 
effective element stiffness, which is use    d to estimate the 
damage to the eleme  nt, can be obtained by the force-
based method or displacement-based method (Li et al., 
2012). 

In the force-b  ased method, the effective element 
stiffness e ( )xK  , which is der  ived by inverting the 
effective el    ement fl exibility e ( )xf , is expressed   as
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Using the Gauss-Lobatto integration method 
(Welfert, 2010), the discr    ete form of Eq. (    15) can be  
expressed by Eq. (16). 
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where L  is the length of the member,   and i  and ix  are 
the quadrature weight and  location of the ith section. 

If an individual member is simulat ed by one 
element, the relationship between the rod-end forces 
and the rod-end deformations in rigid-body mode can be 
directly described by the coordination-transformed form 
of Eq. (16).   If an individual member is discretized into 
several elements, the effective member stiffness matrix 
in rigid-body mode can be obtained by assembling all of 
the effective element stiffness matrices, and then static 
condensation is applied to the stiffness matrix to remove 
the degrees of freedom associated with internal nodes. In 
both cases (Fig. 5), the relationship between the rod-end 
forces Fmemeber and the rod-end deformations dmemeber  for 
the member is expressed as 

member member member F K d    
               

(17)
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where member
K   is the effective member stiffness that 

has been condensed, Fpx, up and 
p p,u uk  are the force, 

displ   acemen t and effe ctive rod-  end stiffness in the 
X direction at Node p, Fpy, vp and  

p p,v vk  are the force, 
displacement and effective rod-end stiffness in the Y 
direction at Node p, Mpy, ϕp and 

p p,k 
   are the bending 

moment, rotation and effective rod-end bending stiffness 
at Node p, Fqx, uq and 

qqu ,uk  are the force, displacement 
and effective rod-end stiffness in the X direction at 
Node q, FqY, vq and 

q q,v vk  are the force, displacement 
and effective rod-end stiffness in the Y direction at Node 
q, Mq, ϕq and 

q q,k 
  are the bending moment, rotation 

and effective rod-end bending stiffness at Node q, and 
the left elements of member

K  are the effective stiffness 
infl uence coeffi cients. 

The damage to the member Dmemeber can be described 
by the effective ro d-end bending stiffness as

.

Fig. 5   Beam element with nodal displacements and forces
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where 
p p,k   and 

q q,k   
are the i  nitial rod-end bending 

stiffness corresponding to  ,p p
k   and  ,q q

k  .

2.5  Damage at story and structure level
The effective stiffness matrix of a given story (Fig. 6(a)) 

can be determined by assembling the effective member 
stiffness matrices, which have been obtained and 
condensed using the direct stiffness method according 
to node numbers. The effective lateral stiffness for the 
equivalent story  story

K  (Fig. 6(b)), which relates the 
story shear Fstory to the story deformati on dstory(Chopra, 
1995), is obtained by neglecting the axial deformations 
of beams and condensing out all of the degrees of 
freedoms except that are associated with  the horizon  tal 
displacements and is expressed as

story story story F K d
                           

(20)
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1

1 1 1

, ,

1 1, ,

s s s s

s s s s

u u u us s

s su u u u

k kf u
f uk k



  
 

        
     

 

              (21)

where sf , su  and  ,s su uk  are the shear, displacement and 
effective lateral stiffness in the X direction at node s, 

1sf  , 1su   and 
1 1,s su uk
 

 are the shear, displacement and 
effective lateral stiffness in the X direction at node s-1 , 
and 

1,s su uk


and 
1 ,s su uk


 are the effective stiffness infl uence 
coeffi cients. 

The damage to the story Dstory can be described by its 
effective lateral stiffness as
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(22)

wh  ere ,s su uk and 
1 1,s su uk
 

 are the initial story lateral 
stiffness corresponding to  ,s su uk  and 

1 1,s su uk
 

.
After obtaining all of the effective stiffnes  s matrices 

of the equivalent stories that have been con  densed 
(Fig. 7(a)), the effective stiffness matrix of a structure 

(Fig. 7(b)) can be determined by the direct stiffness 
method according to the serial number of a story. The 
effective lateral stiffness for the equivalent structure 

structure
K  (Fig. 7(c)), which relates the structure shears 

Fstructure   to the structure deformations dstructure, is obtained 
by condensing out the degrees of freedom associated 
with internal nodes and expressed as

structure structure structure F K d                    
(23)

namely
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where 0F , 0u  and  00 ,u uk  are the force, displacement and 
effective lateral stiffness in the X direction at node 0, 
and nF , nu  and  ,n nu uk  are the force, displacement and 
effective lateral stiffness in the X direction at node n. 

Given that the infl uence of damage location, such as 
to a lower story, is more critical than that to an upper 
story, the structure damage Dstructure can be described by 
its effective lateral stiffness at top node n and expressed as 

structure 1 n

n

k
D

k
 



                          
(25)

where nk  is the initial structure’s lateral stiffness 
corresponding to  nk .

3   Validation of the damage model in RC columns

In this section, several columns were selected to 
verify the established damage model at fi ber, section and 
mem  ber levels. First, the damage analysis results and 
numerical simulation results of two RC columns with 
different reinforcement rates were compared. Then, an 
RC column was selected to compare the damage analysis 
results with the experimental results. Finally, ex amples 
of application of the established damage model to a 
column subjected to seismic actions were presented. In 
the following numerical models, the simplifi ed Chang 
and Mander concrete model was adopted for the confi ned 
concrete and unconfi ned concrete, and the modifi   ed 
reinforcing steel model was adopted for the reinforcing 
steel bars. 

Fig. 6   Damage analysis at story level
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3.1  Numerical validation of the damage model

Two columns with different reinfor  cement ratios 
tested by Saatcioglu and Grira (1999) were chosen as 
an example to illustrate and verify the damage model 
deve loped. The cross-sections o f the columns, denoted 
as BG-2   and BG-5, were square-shaped  with dimensions 
of 350 mm × 350 mm. The geometry of the column 
specimens is shown in Fig. 8; all of the longitudinal 
reinforcing bars had a diameter of 19.5 mm, and the 
transverse reinforcements had diameters of 9.5 mm and 
a pitch of 76 mm apart centered throughout the length 
of the columns. The l   ongitudinal reinforcing bars had 
a yield stress of 455.6 MPa and an ultimate tensile 
strength of 660 MPa. The two columns were subjected 
to approximately 40 percent of their nominal axial load 
strength, and lateral deformation reversal s were applied 
horizontally at a point 1645 mm above the column 
footing.

Figure 9 shows the numerical model build-up and 
fi ber element discretization for the RC columns. Each 
column in the numerical model consists of fi ve elements, 
and each reinforcing steel bar is treated as a single fi ber. 
The element lengths are identical, and there are three 
integration points for each element. The mechanical 
parameters for the concrete are shown in Table 1.

The lateral load-lateral displacement curves for 

the two column specimens are shown in Fi gs. 10 and 
11. The fi gures show good ag reement between the 
simulation results and the experimental results, where 
the stiffness degradation of the columns under cycle 
loadings is rationally refl ected. This result confi rms 
that the developed fi ber analytical model can be used to 
estimate the damage to the s  elected column specimens. 

The damage evolution process of each concrete 
fi ber and steel fi ber can be obtained using the proposed 
damage model at the fi ber level. Cross-section N1’, 
which is located between Points 1 and 2 of column BG-5 
(Fig. 9), was chosen to account for the evolution process. 
The compressive damage to Concrete Fibers C1, C2 and 
C3 is shown in Fig. 12, and the fatigue damage to steel S1 
and S2 is shown in Fig. 13. As expected, the computed 
damage index value of cover Concrete Fiber C1 reached 
1 considerably earlier than those of C2 and C3, and the 
damage index value of Steel Fiber S1 is considerably 
greater than that of S2 because of their positions. For 
Concrete Fibers C2 and C4, which have opposite local 
y values, the damage index value of C2 is smaller than 
that of C4 before the former reaches 1 due to the effect 
of lateral confi nement (Fig. 14).

Sections N1, N2, N3 and N6 (Fig. 9) were chosen 
to account for the damage e  volution process o  f column 
sections. The comparison in Fig. 15 shows that the 
closer to the column footing, the faster the evolution 

Table 1   Parameters for the confi ned and unconfi ned concrete models

Column tag Concrete type
Cylinder 

compressive 
strength (MPa)

Strain at cylinder 
compressive stress 

(10-3)

Initial elastic 
modulus 

(104 MPa)

Tensile 
strength 
(MPa)

 Strain at peak 
tensile stress 

(10-4)
BG-2 Confi ned concrete 52.8 5.816 3.04 

3.04
3.56 
3.56

2.341 
2.341Unconfi ned concrete 33.0 2.079 

BG-5 Confi ned concrete 60.0 7.179 3.04
3.04 

3.56 
3.56

2.341
2.341 Unconfi ned concrete 33.0 2.079 

F
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70

Loading beam

76

350

29
2

BG-2

350

29
2

BG-5
Fig. 8 Geometry of the column specimens (Saatcioglu and 
            Grira, 1999)
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of damage to the section chosen will be. The damage 
index of Section N1 approached 0.9795 at the end of the 
reversed cyclic loading, whereas the damage index of 
Section N6 remained very small (0.0250). These results 
are in excellent agreement with the analysis results (Fig. 16 ). 

The damage evolutions of Columns BG-2 and BG-5 
are shown in Fig. 17. As the longitudinal reinforcement 
ratio of BG-5 (2.9   4%) is higher than that of BG-2 
(1.9  6%), the damage index value of BG-5 is smaller than 
that of BG-2 at the end of the loading process, and BG-5 
exhibited better displacement ductility. Additionally, the 
damage indices of both columns were almost equal and 
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increased rapidly for the top lateral displacement of less 
than 20 mm, possibly because the stiffness degradation 
in a column primarily results from the development of 
cracks at the early stage of loading. 

3.2 Experimental validation of the damage model

To verify  the damage model developed at the section 
and member levels, an RC column tested in Tsinghua 
University was selected to compare the damage analysis 
results with the experimental results. The specimen is 
chosen from the work of Lu et al. (2012a, b) and Xie et 
al. (2015), where it is referred to as Middle Column C. 
The geometry of the column specimen is shown in Fig. 
18. In the test, a constant vertical load of 256.25 KN was 
fi rst applied on the top of the column, and then cyclically 
reversed lateral loading was applied at a point 750 mm 
from the column footing. 

The column specimen is modeled with fi ve 
displacement-based elements, and each element is 
integrated with three Gauss-Lobatto points. All elements 
have the same length, and each transversal section has 
been discretized into 10×10 fi bers. The mechanical 
parameters for the concrete and reinforcing bars are 
listed in Table 2 and Table 4(a), respectively. The lateral 
load-lateral displacement response for the column is 

shown in Fig. 19. The analytical results exhibit rational 
correspondence with the experimental results.

  Five displacement points, A, B, C, D, and E, were 
selected on the   load-displacement curve (Fig. 20), and 
their displacements are 1.134 mm, 6.885 mm, 17.408 
mm, 37.683 mm and -2.649 mm, respectively. Fig. 21 (a) 
shows the failure   process of the column, and Fig. 21(b) 
shows the corresponding section damage of the column. 
The dimension of the squares marked on the specimen 
surface was about 50 mm × 50 mm (Fig. 21(a)). When 
the lateral displacement reached 0.429 mm   (Point A), 
no obvious cracks were observed. Though the tensile 
strain in the concrete located on both sides of the   column 
base may be smaller than the ultimate tensile strain, the 
tensile stresses are not proportional to tensile strains 
which leading to the smal  l section damage in the column 
base  (Fig. 21(a)). Meanwhile,   the damage index of the 
column approached 0.1444. Initial cracks were observed 
on the left side of the specimen at a lateral displacement 
of 3.016 mm (Point B), and one of the horizontal cracks 
propagated to a point near the neutral plane. At this 
stage, the section damage increased signifi cantly, and the 
damage index of the column approached 0.5828. Cracking 
of the right side was observed in the very next cycle in 

Fig. 17   Da  mage evolution in Columns BG-2 and BG-5
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the reverse direction of loading. After two cycles, no 
new cracks occurred and the width of the existing cracks 
grew steadily. At Point C, the damage index value of the 
column was 0.6908, and the corresponding experimental 
phenomena and section damage are shown in Fig. 21. As 
the lateral loading continued to increase, cover concrete 
started to spall off. At Point D, all of the cover concrete 
at the column base completely crushed, and section 
damage was caused mainly by the compressive damage 

of concrete fi ber  s rather than their tensile damage. At the 
end of the loading (Point E), the carrying capacity of 
the column was approached, and the concrete at the base 
exhibited severe damage. The comparison between the 
experimental results and section damage of the column 
indicates that the established damage model shows 
a reasonable correspondence with the experimental 
phenomena at the section level.

From Fig. 21(b), it is observed that the damage of the 

Table 2   Parameters for the confi ned and unconfi ned concrete

Concrete type
Cylinder 

compressive 
strength (MPa)

Strain at cylinder 
compressive stress 

(10-3)

Initial elastic 
modulus 

(104 MPa)

Tensile 
strength 
(MPa)

 Strain at peak 
tensile stress 

(10-4)
Confi ned concrete 30.8 2.591 2.69

2.69
3.02
3.02

2.247
2.247Unconfi end concrete 23.8 1.916

Table  3    Features of three ground motions

Earthquake name Station name Closest distance to rupture plane (km) PGA (g) PGV (cm/s) PGD (cm)
Imperial Valley El Centro Array #9 6.09 0.2584 31.74 18.01

Loma Prieta LGPC 3.88 0.7835 77.15 42.67
Kern County Taft Lincoln School 38.89 0.1728 15.72 9.34

Table 4   Mechanical properties of materials
        (a) Steel bar

Mechanical property ϕ4 ϕ6 ϕ8 ϕ10
Yield strength fy (MPa) 390 441 582 481
Yield strain 0. 0021 0. 0022 0. 0020 0. 0020
Ultimate strength fu (MPa) 414 529 855 745
Modulus of elasticity Es 
(MPa) 195000 203941 289850 265433

Elongation factor (%) 26.7 34.2 28.8 23.6
 (b)  Concrete

Story Concrete type Member tag Section type
Cylinder 

compressive 
strength (MPa)

Strain at the peak 
compressive stress 

(10-3)

Initial Elastic 
modulus 
(104MPa)

 1 Confi ned Column11, Column12, 
Column13, Column14

Densifi ed 32.2 2.558 2.75
2.75
2.75
2.75
2.75

Undensifi ed 28.7 2.279
Beam11, Beam12, Beam13 Densifi ed 27.7 2.202

Undensifi ed 26.4 2.101
Unconfi ned 25.2 1.943
Confi ned Column21, Column24 Densifi ed 27.8 2.308 2.71 

2.71
2.71
2.71
2.71
2.71
2.71

Undensifi ed 26.0 2.154 
 Column22, Column23 Densifi ed 31.2 2.584 

Undensifi ed 27.6 2.292 
Beam21, Beam22, Beam23 Densifi ed 26.7 2.211 

Undensifi ed 25.4 2.105 
Unconfi ned 24.1 1.923 
Confi ned Column31, Column34 Densifi ed 27.1 2.319 2.67

2.67
2.67
2.67
2.67
2.67
2.67
2.67 

Undensifi ed 25.2 2.159 
 Column32, Column33 Densifi ed 30.4 2.603 

Undensifi ed 26.9 2.301 
Beam31, Beam32, Beam33 Densifi ed 25.9 2.218 

Undensifi ed 24.6 2.109
Unconfi ned 23.4            19.71

2

3
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selected sections was higher for sections that were closer 
to the column footing at the same lateral displacement. 
Furthermore, the results also indicate the section damage 
progressed rapidly from the base up to a distance of 200 
mm, while the section damage in the remaining area 
progressed slowly during the loading process, which is 
consistent with the experiment (Fig. 21(a)). Thus, the 
established damage model can accurately identify the 
location and magnitude of the local damage in real time.

Figure 22 compares the proposed damage model with 
the modifi ed softening index (Kunnath et al., 1997) ) 
and Park-Ang model (Park and Ang, 1985). The damage 
index proposed in this study and modifi ed softening 
index increase rapidly in the early stage of testing and 
slowly from this point to failure, which well refl ects the 
tensile and compressive damage to concrete. The Park-
Ang model shows a gradual progression throughout 
the loading history. All of the three damage models can 
adequately show the fi nal damage.

3.3  Numerical validation of the damage model under 
       seismic actions

To further verify the damage model, the specimen 
selected in Section 3.2 was considered under seismic 
actions. The same fi ber element model as Section 3.2 was 
employed and the vertical load acting on the column was 
also the same. A 14 t-lumped mass is located at the top of 
the column. The Imperial Valley, Loma Prieta and Taft 
records (Table 3) have been selected for the following 
nonlinear time history analysis. PGA values for the 
input ground motions started from 0.0g and gradually 
increased to 0.4g with the increasing step of 0.05g. 

Figure 23 shows that column damage indices constantly 
increased as the PGA values increased, and Imperial 
Valley motion could cause more serious damage under 
the same PGA value.

To illustrate the infl uence of the number of elements 
on the established damage model, the column also 
has been modeled with a single displacement-based 
element which has fi ve Gauss-Lobatto integration points. 
Figure 24 shows a comparison of the damage curves  
between two different numbers of elements. The curves 
show that no major differences between two elements 
are recognizable, while   one element with fi ve Gauss-
Lobatto points is suffi cient for accurate integration with 
the displacement-based element quantities. Therefore, 
throughout the following analysis, a single displacement-
based element with a constant number of Gauss-Lobatto 
integration points per column equal to fi ve will be used.
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4  Validation of the damage index in a RC frame 

To verify the established damage model at the 
member, story and structure levels, one three-story three-
span reinforced concrete plane frame tested by Lu et al. 
(2012a, b) and Xie et al. (2015) in Tsinghua University 
was chosen for the study. The frame was at 1:2 scale, and 
its details are depicted in Fig. 25.  

Figure 25 also shows the tags of nodes, beams and 
columns. Each beam and column in the numerical model 
consists of one displacement-based element, and each 
column and beam element has fi ve and six Gauss-Lobatto 
integration points, respectively. For the reinforcing 
bars, the modifi ed reinforcing steel model has been 
adopted, and the mechanical parameters in engineering 
coordinates are listed in Table 4(a). For the concrete, the 
simplifi ed Chang and Mander concrete model has been 
used, and compressive mechanical parameters for the 
concrete are listed in Table 4(b). Tensile strengths of 3.11 
MPa, 3.05 MPa and 3.00 MPa are assumed respectively 

for the concrete of the fi rst, second and third story, while 
tensile strains of 2.263×10-4, 2.251×10-4 and 2.242×10-4 are 
assumed respectively for the concrete of the fi rst, second 
and third story.

Examples of validation and application of the damage 
model to nonlinear analysis of the selected reinforced 
concrete frame are presented in this section, including 
tests using cyclic loads and subjected to seismic actions.

 4.1  Reinforced concrete frame subjected to cyclic 
         loads

In the example,  constant vertical loads were fi rst 
applied to the top of the columns, and then   horizontal loads 
were applied to the frame at fl oor level. The  horizontal 
loads were controlled by the force-displacement mixed 
method and the force ratios among the third, second, 
and fi rst stories was 18:2:1. The reversed  cyclic loads 
followed the aforementioned loading pattern with an 
incremental amplitude, with each amplitude in the 
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loading history repeated twice. The analytical and 
experimental base shear-top displacement response of 
the frame is shown in Fig. 26 and the analytical results 
exhibited good agreement with the   experimental results. 

 For conciseness and clarity, Fig. 27 only shows 
the damage evolution process of three columns in the 
fi rst story. It can be observed that the fi nal damage 
index values of Column12, Column13 and Column14 
were 0.7992, 0.8630 and 0.7430, respectively. The 
analysis results have the same variation trend as the 
experiment results where the damage to Column13, 
Column12, and Column14 decreased in turn at the end 
of the loading.

  Eight displacement points were selected on the 
top displacement curve as shown in Fig. 28, and 
their displacements we  re 8.05 mm, 33.27 mm, 51.58 
mm, 83.66 mm, 101.55 mm, 139.24 mm, 164.42 mm 
and 189.98 mm, respectively. Analyzing the damage 
evolution process of each story (Fig. 29), it is observed 
that all of the story damage values were small (Point 
A) at the early stages of the loading. As the lateral 
displacement increased, diagonal cracks appeared at the 
middle joints of the fi rst story (Point B), while the damage 
indices of the fi rst story and second story were 0.40949 
and 0.46809, respectively. Then, concrete crushing was 
obvious at the bottom of the side and middle columns, 
and concrete peeling took place at the joints (Point 
D). The damage index of the fi rst story was 0.70983. 

Afterward, severe concrete spalling was observed on the 
cover layer at the bottom of Column13 (Point F), while 
the damage index of the fi rst story reached 0.75862. 
Finally, concrete at the bottom of Column13 completely 
crushed, and the damage value of Column 13 was 
0.8630. During this process, the damage values of the 
fi rst story were higher than those of the other two stories 
under the same displacement (Po int B →   Point G). The 
result is confi rmed by experiment where the frame failed 
mainly because of the damage to the fi rst story (Fig. 30). 

By comparing the st ory damage indices (Fig. 31) 
and the inter-story drifts (Fig. 32), it can be seen that 
their values increased with an increase in displacement, 
showing rational correspondence with each other except 
at three displacement points (Points C, D and E). At 
Points C, D and E, the inter-  story drifts of the fi rst story 
(0.01008, 0.01757, 0.02236) were smaller than those of 
the second story (0.01255, 0.02041, 0.02464), but the 
story damage indices of the fi rst story (0.626  56, 0.70983 
and 0.72346) were greater than those   of the second 
story (0.59216, 0.65515, 0.66712). This   occurred since 
the concrete compression strength of the fi rst story 
was higher than t  hat of the second story (Fig. 25 and 
Table 4(b)). Equation (5) indicates that the higher the 
compression strength a concrete fi ber has, the faster the 
stiffness degradation and the more serious damage it 
will suffer under the same strain. Given the relationship 
between strain and inter-story drift, stories with different 

Fig. 27  Damage evolutions in column 12, column 13 and 
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stiffnesses may have different damage values even 
though they may have the same inter-story drifts. That’s 
also why different drift limitation values have been 
suggested for different structural systems. 

A comparison of the damage evolution process of the 
frame and stories is presented in Fig. 33. The comparison 
illustrates that the damage index values of the frame 
belonged to the interval which was determined by the 
damage index values of the stories. The result indicates 
that story damage can be accurately transformed into 
structure damage by the proposed damage model 
accurately without introducing weighting coeffi cients.

4.2 Reinforced concrete frame subjected to seismic 
       acceleration

This example studies the evolutions of the damage 
in the three-story three-span RC plane frame of Fig. 25 
subjected to horizontal ground motion. The same fi nite 
element model as in Section 4.1 was employed and the 
vertical loads acting on the frame were the same as 
before. The masses are lumped at the beam-to-column 
intersections. The values of the computed masses were 
6.00 t for the side beam-to-column intersections, while 
11.83 tons were utilized for the middle beam-to-column 

intersections. In the present study, ‘Rayleigh damping’, 
which is a linear combination of the mass and stiffness 
matrices, was used. 

The far-fi eld earthquake Imperial Valley (1945) 
was used for the nonlinear dynamic analysis, and 
PGA values for the input load started from 0.06g and 
gradually increased to 0.42g PGA. Figure 34 shows the 
evolution of the story and global damage indices. As 
expected, story and global damage indices constantly 

(a) Global failure (b) Failure of column
Fig. 30   Failure mode of RC frame (Lu et al., 2012)
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0.8

0.6

0.4

0.2

0
0                  4                  8                 12                16                 20
                                 Number of cycles, N

Frame
1st fl oor
2nd fl oor
3rd fl oor

F ig. 32   Inter-story drift a t the specifi ed displacement

D
am

ag
e 

in
de

x



No.4            Guo Zongming et al.: Stiffness degradation-based damage model for RC members and structures using fi ber-beam elements      711

increased in time, and possessed a larger value as the 
PGA values increased. Comparing the damage indices 
of each story (Fig. 34(a), (b), (c)), it can be observed that 
the damage indices of the fi rst, second and third story 
decreased successively under the same PGA value at the 
same time. Damage also decreased with the height. 

5   Conclusions 

To id  entify the damage states of an RC member and 
structure accurately in real time, and to establish a close 
link between damage indices at various levels, a damage 
model for RC members and frames was established 
based on stiffness degradation using fi ber beam-column 
elements. The damage model was realized in Matlab by 
reading in the stress and strain of fi bers, and the outputs 
of OpenSees. The validation of the damage model 
developed was illustrated on three RC columns and one 
RC plane frame that were tested under cyclic loading 
and seismic actions. On the basis of the study, the major 
conclusions obtained are as follows:

(1) The damage model developed can accurately 
determine the damage location, damage magnitude 
and damage evolution of RC columns as shown in the 
comparison between numerical simulation results and 
damage evolution process of two RC columns, and 
the comparison between the experimental results and 
damage evolution process of one RC column. 

(2) The damage index increased rapidly at the early 

stage, and slowed down at the following stage. This is 
because the stiffness degradation of a structural member 
prima rily results from the development of cracks at the 
early stage of loading, and then the stiffness degradation 
is infl uenced mainly by the compressive stress in 
the compression zone.

(3) Alth ough both the  damage model proposed in the 
study and inter-story drift can estimate story damage, the 
former may be more precise, especially for a str  ucture 
with variable lateral inter-story stiffness, even a frail 
story.

(4) With  the effective stiffness and effective area of 
a fi ber as the basis for calculation, the model developed 
is enabled to estimate the damage states at the section, 
element, member, story and structure levels without 
introducing weighting coeffi cients or the corresponding 
force-displacement relationships. Additionally, 
for the same reason, the proposed damage model 
can accurately identify the damage at the story and 
structure levels by the direct stiffness method and static 
condensation method without introducing weighting 
coeffi cients. 

The proposed damage model is proved to be a 
valuable and promising method for the analysis of 
the damage evolution of a structure at various levels 
in providing a solid foundation for predicting failure 
modes of a structure. Furthermore, the damage model 
has perfected the damage assessing function of 
OpenSees for RC members and structures, which should 
be conducive to damage estimation at different levels of 
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(a)  Damage evolution of the fi rst story
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 (b) Damage evolution of the second story
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(c) Damage evolution of the third story
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(d) Damage evolution of the plane frame
Fig. 34  Damage evolution of stories and plane frame under El Centro earthquake with various intensity



a large-scale structure under seismic action. However, 
several limitations of this study should be noted. The 
relationship between the compressive and tensile 
damage states and the effect of inelastic buckling of the 
longitudinal reinforced bars were not considered in this 
work. In addition to the enhanced damage models for 
concrete and reinforcing bars, the damage index-based 
limit state criterion should be determined to quantify the 
performance level in an RC structure under earthquake 
loading. 
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List of symbols

2Nf :  Number of half-cycles to failure
(2Nf)k : Number of half-cycles to failure at the  
               strain amplitude εa, j of the kth half-cycle

iA :  Initial area of the ith fi ber
iA :  Effective area of the ith fi ber

As, j : Cross-sectional area of the jth steel fi ber   
            without plastic deformation and fatigue damage
c :  Fatigue ductility exponent
Dc:  Concrete damage index
dmember : Rod-end deformations for a member
dsec (x) :  Section deformations 
dstory :  Story deformations 
dstructure : Structure deformations

iD :  Damage value for the ith fi ber
Dmember :  Damage index for a member  
Ds, j :  Damage index for the jth steel fi ber
Dsec, k :  Damage index for the kth section 
Dstory:  Damage index for a story
Dstructure :  Damage index for a structure 

Ec :  Initial tangent modulus of concrete
Ec, j :  Initial tangent modulus of the ith concrete fi ber

c,iE :  Initial reloading modulus of the ith concrete  
          fi ber

s, jE :  Initial reloading modulus of the jth steel fi ber
iE :  Initial tangent modulus of the ith fi ber
iE :  Initial reloading modulus of the ith fi ber

Fmember :  Rod-end forces for a member and the rod-
               end deformations dmember 
Fsec (x):  Section resisting forces 
Fstory :   Story shears  
Fstructure :  Structure shears 

0F , 0u ,  00 ,u uk :  Force, displacement and effective 
                          lateral stiffness in the X direction at 
                          Node 0 

nF , nu ,  ,n nu uk :  Force, displacement and effective 
                          lateral stiffness in the X direction at
                          Node n. 

pxF , pu ,  u ,up p
k :  Force, displacement and effective 

                              rod-end stiffness in the X direction 
                             at Node p

pyF , pv ,  ,p pv vk :  Force, displacement and effective 
                            rod-end stiffness in the Y direction 
                            at Node p,

qxF , qu ,  u ,uqq
k :  Force, displacement and effective 

                           rod-end stiffness in the X direction
                           at Node q

qyF , qv ,  ,q qv vk :  Force, displacement and effective 
                           rod-end stiffness in the Y direction
                           at Node q

e ( )xf :  Effective element fl exibility
fc:  Peak stress for unconfi ned concrete

sf , su ,  ,s su uk :  Shear, displacement and effective 
lateral stiffness in the X direction at Node s 

1sf  , 1su  , 
1 1,s su uk
 

:  Shear, displacement and 
effective lateral stiffness in the X direction at Node s-1

unf  : Unloading stress from the compression 
           envelope curve

unf  :  Unloading stress from the tension envelope 
           curve

e ( )xK :  Effective element stiffness 
member
K :  Effective member stiffness that has been 

                condensed,
sec ( )xK :  Effective section stiffness
story
K :  Effective lateral stiffness for an equivalent 

            story
structure
K :  Effective lateral stiffness for an equivalent 

                structure  
nk :  Initial structure lateral stiffness corresponding 

        to  nk
,s su uk , 

1 1,s su uk
 

:  Initial story lateral stiffness 
                          corresponding to  ,s su uk , 

1 1,s su uk
 

.

p p,k  , q q,k   :  Initial rod-end bending stiffness 
                        corresponding to 

p p,k 
 , 

q q,k 
 .
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L :  Length of a member
Mp, ϕp, p p,k 

 :  Bending moment, rotation and 
                                   effective rod-end bending stiffness 
                             at Node p
Mq, ϕq, q q,k 

 :  Bending moment, rotation and  
                          effective rod-end bending stiffness 
                          at Node q
n:  Number of half-cycles at which Ds, j is computed

( )n x : Total number of fi bers in a section
ix :  Location of the ith section
iy :  y coordinates of the ith fi ber in the local-

coordinate system
Zd:  Degradation constant
 :  Total strain range 

εa :  Strain amplitude
εc :  Total concrete strain

p
c :  Plastic concrete strain

εcc :  Strain at the peak compressive stress
εt :  Strain at the peak tensile stress
εcrk:  Cracking strain in tension
ε'f : Fatigue ductility coeffi cient
εp, j :  Plastic strain of the jth steel fi ber
εsp:  Spalling strain in compression

,maxs :  Maximum strain in a cycle
,mins :  Minimum strains in a cycle

un  :  Unloading strain from the compression 
         envelope curve

un  :  Unloading strain from the tension 
         envelope curve

SR, j :  Strength degradation factor for the jth steel 
            fi ber
σc :  Concrete stress

i :  Quadrature weight of the ith section
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